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1. Introduction

This article is concerned with the mathematical study of the following mean field partial differential equation which was
recently derived and studied in [1-3]:

_ 2 fw fw)
U = —e“DA (AU+GT>+AU+€T (1.1)
u(0, x) = up(x),
where f(u) = —W/(u), W is a double-well potential with wells &1, D > 0 is the diffusion constantand 0 < € <« 1isa

small parameter. A typical choice for W is W (u) = (u?> — 1)?/4, in which case we have f (u) = u — u>.

From the physical point of view, Eq. (1.1) is associated with the effect of multiple microscopic mechanisms such as
surface diffusion and adsorption/desorption which are typically involved in surface processes, on macroscopic cluster
interface morphology and evolution. Typically surface processes take place simultaneously and interact. For instance we can
consider a combination of Arrhenius adsorption/desorption dynamics, Metropolis surface diffusion and simple unimolecular
reaction; the corresponding mesoscopic equation is:

uy — DV - [Vu — u(1 — u)V] x u] — [kap(1 — u) — kquexp (=B8] xu)] + ku=0. (1.2)

Here D is the diffusion constant, k;, k4 and k, denote, respectively the reaction, desorption and adsorption constants and p
is the partial pressure of the gaseous species. The partial pressure p is assumed to be a constant, although realistically it is
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given by the fluids equations in the gas phase. However there are no general rigorous results available on the existence of
travelling waves for (1.2); some numerical simulations were carried out in [1] indicating the existence of non-monotone
travelling waves. Results on existence, uniqueness and stability concerning non local evolution equations can be found in
[4-6]. Our model (1.1) in discussion can be obtained from rescalings of (1.2) close to the critical temperature and retains all
its fundamental structure.

We note that Eq. (1.1) may be viewed as a combination of the well-known Cahn-Hilliard (CH) equation

u = —€’A (Au +J¥> . u(0,x) = up(x)

and of the Allen-Cahn (AC) equation

fw)
U = Au+ e u(0, x) = ug(x). (1.3)
We recall that the CH model can describe surface diffusion including particle/particle interactions, while the AC describes a
simplified model of adsorption to and desorption from the surface. It is worth mentioning that in the model described by (1.1)
the mobility is completely different from the one of the AC equation. This implies in particular that the diffusion speeds up
the mean curvature flow, [2]. It is well known that the AC and CH equations can serve as diffuse interface models for limiting
sharp interface motion. The AC equation serves as a diffuse interface model for antiphase grain boundary coarsening in the
sense that the singular limit of the equation yields a geometric problem in which a sharp interface separating two phase
variants evolves according to motion by mean curvature (V = k), [7-9]. On the other hand, the CH equation was constructed
to describe mass conservative phase separation. By considering an appropriate singular limit (¢ — 0) it can describe the
motion of interphase boundaries separating two phases of differing composition during the later stages of coarsening.

Our aim in this article is to construct suitable sequences (u,) of solutions to (1.1), such that u, converges to a solution u
of the second order AC equation. The interest of such sequences lies in the fact that, since their limits satisfy a second order
equation, certain properties typical to solutions of second order equations, such as the maximum property or some of its
consequences, may be extended to u,, for large values of n, despite the fact that u, satisfies a fourth order equation. It should
be mentioned that, unexpectedly, an analogous situation occurs in the quite different context of Maxwell-Chern-Simons
(MCS) vortices [10], which was actually the main motivation of our analysis. Indeed, MCS vortices are generally described
by a nonlinear fourth order elliptic equation. The fourth order term corresponds to the Maxwell term. When neglecting the
Maxwell term, the equation reduces to a second order elliptic equation describing “pure” Chern-Simons multivortices, see,
e.g., the monograph [11]. The existence of sequences of MCS vortices converging to a Chern-Simons vortex is a key issue
in [10]. It is used to obtain multiplicity of solutions to the MCS equation, by adopting to the corresponding fourth order
equation an argument from [ 12] for second order equations, involving super/subsolutions. On the other hand, the existence
of special solutions to (1.1) which are “close” to solutions of the second order AC equation opens the interesting possibility
of extending to the fourth order equation some of the many existing powerful techniques developed for the second order
AC equation, such as those in [8,13,14]; see also [15].

Arelevant mathematical feature of (1.1) which we will use throughout this paper is that it may be formulated as a system
of two second order equations with “good signs”. Namely, setting v = Au + f(u) in (1.1), we see that (1.1) is equivalent to
the following system of second order equations:

Uy = —€?DAv + v
v = Au+ € f(u) (1.4)
u(0, x) = up(x).

This paper is organized as follows. In Section 2 we first construct solutions to (1.1) in the case where f is a general nonlinearity
satisfying ||f [z < oo, for any fixed value of D > 0, see Theorem 2.1. To this end, we use a Galerkin approximation
following some ideas from [16]. Then, in Theorem 2.2 we show that in the case where D — 0, the corresponding solutions
converge to a solution for the AC equation. In Section 3 we obtain an energy estimate for the physically significant case where
f(u) = u — u?. We show that, consequently, in the one-dimensional case the Galerkin approximation yields solutions to
(1.1) with f (u) = u — u?, see Theorem 3.1. Moreover, as D — 0, such solutions converge to an AC solution, see Theorem 3.2.
In Section 4 we consider the stationary problem under Dirichlet boundary conditions, namely:

—eZDA(Au—I—f(—Lzl))—{—Au—l—f(—L;):O in £2, u=g¢ onas2, (1.5)
€ €

where £ C RY is a smooth bounded domain and ¢ is a bounded function. In Theorem 4.1 we will show that for any fixed
value of D a suitable sequence of solutions u, to (1.5) may be constructed, such that u, converges to a solution u to the
stationary AC equation

u
Au—|—jL2):O in 2, u=¢ onoasf.
€
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2. The evolution case: A Galerkin approximation

In this section we assume that £2 is without boundary and f € C2(R) is a general nonlinearity such that ||f|l2 < oo.
We set 21 = §£2 x (0, T). Our aim in this section is to prove the global existence of solutions to (1.1) which tend to an AC
solution as D — 0 by a Galerkin approximation. By the rescaling t = €2t’, x = ex/, we may assume that € = 1. In this case,
Eq. (1.1) takes the form

{u[ = —DA(Au + f(u)) + Au+f(u) 26)
u(0, x) = ug(x), :
and (1.4) takes the form

u = —DAv+v

{vtz Au+ f(u). (2.7)

We first prove an existence result.

Theorem2.1. Let T > O, ||flc2 < oo and suppose that uy € H'(£2). There exists a pair of functions (u, v) such that
u e [0, T; H'(2)) N C(0,T]; H*), A < 1,v € [*(0,T; H'(2)), u; € 1>(0,T; H'(2)), u(0) = uq in L>(2), and
(u, v) satisfies (1.4) in the following weak sense:

// vw:—// Vquo—l—/ fwe

f2r 7 2r (28)
// utq):D// VvVgo—{-ff ve

or Qr 2r

forall ¢ € [?(0, T; H'(£2)).

Now we show that the solutions obtained in Theorem 2.1 converge to an AC solution as D — 0, in the following sense.

Theorem 2.2. Let D,, — 0 and denote by (u,, v,) the solutions to (2.8) as obtained in Theorem 2.1. Then, there exists a solution
u to the AC equation (1.3) such that u, — u weakly-*in L>°(0, T; H'(£2)).

In order to define the Galerkin approximation, let i, i € N denote the eigenfunction of —A on £2 corresponding to the
eigenvalue A;, namely

—Al//i = A.jl//j in £2.
We assume the normalization condition fg Yy = & for0 = Ay < Ay < ---. Forevery N € N we consider the pair of
functions (u", vV) defined by the Galerkin ansatz

N N
W) =) @Oy,  Vx 0= bNOYiK), (29)

i=1 i=1
and subject to the following conditions related to (2.7):

/HWJ:—D/ Av”wj+/v”wj, j=1,2,...,N
2 2 2

/v”%:/ AuijJr/f(uN)wj, ji=1,2,....N (2.10)
2 2 2

/UN(XvO)wj:/uOij ji=12,...,N.
2 o

System (2.10) yields the following initial value problem for af’ ®),j=1,2,...,N:

da (t)
1 = (D)\j + 1) |:—}\ja][-\](t) + / f(UN)wj:|
dt 2 (2.11)
a'(0) = [ uoyy,
2
while b]f" is determined by af’,j =1,2,...,N,Dby the equation
b () = —Xa)' (1) + /Qf(u”)wj. (2.12)

By standard arguments, it is readily seen that problem (2.11) has a local solution. We want to show that a global solution
(a}\’)jzlyz,,_”,v exists on (0, T) for any T > 0. Namely, we have the following.



4274 G. Karali, T. Ricciardi / Nonlinear Analysis 72 (2010) 4271-4281

Proposition 2.1. Let T > 0. Forevery N € N there exists a solution (a" a;', b; )] 1.2...N t0(2.11)-(2.12) globally defined on (0, T).

We begin by obtaining some estimates for u".

Lemma 2.1. Let uM be defined by (2.9)-(2.11). Then, the following identity holds:

2dt/ [VuN)? +D[ |V AuN|? —I—/(Au) = /f(u yA2uN /f(u yAuN. (2.13)

In particular, we have the following estimates:

(i) supreory [o IVUN > < 20T [ |Vug|?;
. T T
(ii) D [y [o IVAUNP +2 [5 [ (AuN)? < (2CTe* " 4+ 1) [, [Vuol?,

where Co = [Ifllc, (1 + 3 If llcy)-

We collect in the following lemma some well-known identities which will be used repeatedly.

Lemma 2.2. The following identities hold, forallN € N,i=1,2,...,N

f VUil = A
2
N
(i) f V2 = 3 ey
N
(iii) / (auM? =3 2@
i ; r(d
N
(iv) /|VAuN|2=ZA?(a,N)2
2 i=1
N N
D ondipi=—ad, Y Wy = A%
i=1 i=1

Proof. (i) We readily have that

/w, _ fwaw,:A,»/ V2 =

(ii) Using the orthogonality conditions on v; and (i), we have

N
[
2 2 |i=1

N N
Sava] = S [ wur = S
i= i=1 i=1

(iii) Similarly as above, we have

N
/(AuN)ZZ/ (Za?’A‘(//I) /ZA (a )? w —ZA (a )2
2 2 \i=1

(iv) We note that

N N
val' =) ' Vayi= - na Vi
i=1 i=1
Therefore, recalling (i) and the orthogonality conditions we obtain

N 2 N N
VAN2=/_ ra V| = /Af?zvi2= 2
/Q| uV| Q‘;a, w‘ ;Q(G)IWI ;(a)

(v) We have

N N N
Dokali=) al(—AY) =AY a'yi=—
i=1 i=1 i=1
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Note that A%y; = —1;Ay; = A2 Therefore,
N N N
> Oa’alyi =) ala’y; = A° (Z ai x/n) = a7 O
i=1 i=1 i=1
Proof of Lemma 2.1. Multiplying (2.11) by —Aja]’."(t) and adding overj =1, 2, ..., N, we have

N daV N N
- ledf;aj.v = > Ox+DAF @) =Y ya Dx+ 1) fgf(u”)wj.
j=1 j=1

=

We have in view of Lemma 2.2-(ii) that

N daN 1d N
=Y y—td = —-— ) n@)=- f vul
;’dtf 2dt;’(1) zac /!

By making use of Lemma 2.2-(iii)-(iv) we have:

Z(mj + DAX (@) = DZAf(af')z + fo(a]’y)z = D/ [VAuNP? + f (AuM)2.
k7] 2

= =1 =1

Also by Lemma 2.2-(v) we have:

N
> @+ 1) [ F; = DZAZ ¢ [ o >wJ+ZA, [ rat
j=1 j=

:D/ AzuNf(uN)—/f(uN)AuN.
fo) o)

Hence, we obtain that

2dt/|Vu|+D/|VAu|+f(Au)— /f(u)A” /f(u)Au

and (2.13) is established.
In order to obtain the asserted estimates (i)—(ii) we use a Gronwall argument. Integrating by parts, we may write:

/f(uN)AzuN = —/ faHvu . vaul
2 2

/f(uN)AuN = —ff/(uN)IVuNV.
2 2

Hence, for any m # 0 we have:

/f(u”)AzuN < ||f||cl[ /|Vu P+ 2/ v au® |2]

and consequently we derive from (2.13) that

IFlc
S /IW |2+D/ VAP + /(Au”>2 <D||f||c1—f VDS [ vad il [ 196,

Choosing m? = ||f |1, we derive

Zdt/ IVut P+ = / VAUt ? +/(Au 2 < Ifler <*I|f||c1+1>/ IVu|?. (2.14)

At this point a standard Gronwall argument yields, for every N € N:

sup / Vi (x, O < 7 / Vi (x, ).
2

te(0,7T) J 2

We claim that

/|Vu”<x,o>|zs/ Vol
2 2
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Indeed, in view of Lemma 2.2 and the definition of af’ (0) in (2.11), we have:

N N 2 00 2
/ |VUN(X, O)|2 — Zkl(af\’(O))z = Z)\,, (f uOWf) < Z}\.l (/ uolp,-) = / |Vu0|2.
2 i=1 i=1 2 fo) 2

i=

Hence, estimate (i) is established. Integrating (2.14) we derive (ii). O

Proof of Proposition 2.1. Now we observe that, since A; = 0 and ¥; = [£2|~'/2, the initial value problem (2.11) for ‘111\’ (t)
takes the form

@ (0) = IQI””/f(u”), a)(0) = |szr”2/ .
2 2

In particular,
@Y O] < Ifllcol 2] =: €
and we derive that
I,

forallt € (0, T). On the other hand, since [, u¥ = day (t)[£2]"/2, we have that

I [ef-e0)

In view of Lemma 2.1-(i) and the Poincaré inequality, we conclude that
2 OT

Y O < 12172 | uo|+GT

= la) (] 12]* < |2/ (mr”z

SUD WMl ) < Coe
te(0,T

2CoT

Consequently, a}v(t) exists globally in (0, T). In turn, in view of (2.12), bJ’-"(t) also exists globally in (0, T). O

for some C; > 0 independent of N. In view of Lemma 2.2-(ii), we conclude in particular that ||(1]l~v||]_00(0,-[) < Gse

In order to prove Theorem 2.1 we need the following estimates for v and u’[\’ .

Lemma 2.3. Suppose that ||f ||z < +o0c. Let (uN, vN) be defined by (2.9)-(2.11)-(2.12). Then, the following estimates hold:

T T
0o fo [VON? + Jo Jo@M? =cC

(i) 1wt ll2,rm-102y < €

where C = C(T) does not depend on N.

Proof. Throughout this proof, we denote by C = C(T) a general constant independent of N, whose actual value may vary
from line to line. We recall that vV = ZJ 1 J (t)l/f](x) where bN,_] =1,2,...,Nisdefined by

b = —ra + / fahy;.
2
Moreover, by similar arguments as in Lemma 2.2, we have
N N
f @ = 0, / IV =3 40, / oy = B (0) = |27/ / fat).
2 j=1 2 j=1 2 2
Therefore, we may write
N
[ rove - Af g+ Dot [ raty,
j=1

In view of Lemma 2.1, we estimate:

T T /N 2
/ / (Z )\.j(b;\l)2> <Z A.] (aN) )
0 0 \j=1 j=1

T N T 1/2
(/ Zkﬂbf’f) ( Zxﬂa}”f)
0 j=1 0 j=1
T 1/2 T 1/2
(f /|w”|2> (/ |VAuN|2> 5c</ /|w”|2)
0 2 0 2 0 2

N

D _Ha'b)

=1

IA

IA
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Similarly, we have

N 12 /5 N 12
bj/gf(uN)Wj < (;M(b}v)2> (;M (/Qf(UN)%) ) :

We note that |(f,, f(u");)| < C and therefore we may estimate
N 2 N
> ( / f(u”m) <c) | [ rat).
2 j=1 2
Integration by parts yields

j=1
A / fMyy; = — / faMay; = — / F @M Vu Py — / @My auy;.
2 2 2 2

Consequently, recalling Lemma 2.1,

T T T
f A,-/f(u”w,» < Iflle (/ f|Vu”|2+/ flAuN|)§C||f||c2~
0 2 0 2 0 2

It follows that

T N T /N 1/2 TN 1/2
/ ijbf/f(uN)x/f,» < c/ (Zx,—(b}’)z) sc(/ ij(b}’)z)

0 j=1 2 0 j=1 0 j=1

T 1/2
=C (/ / |VvN|2)
0 Je
We have obtained that

[ (l ([ lvwﬁ)l/z)

and hence fOT [ IVUN|? < C. Now we observe that since A; = 0 we have

/vN :b1/1//1 =/f(uN)1/f1 /1//]
2 2 2 2

Hence, we may estimate

N N
/ @7 =N < 6N+ K0’
2 j=1 j=1

It follows that

/fm <c<1+//|Vv|><c

and hence (i) is established.
In order to prove (ii), we denote by ITy : L[*>(2) — span{ys, ¥, ..., ¥y} the projection operator. Let y €
12(0, T; H'(£2)). Then, we have:

/OT/QuW=D/OT/QVUN~V(17Nw)+/OT/Qv”an.

Therefore, in view of Lemma 2.1, we conclude that

T
/fu?w
0 2

Hence, (ii) is also established. O

< [2]1f llee-

< DI lzorm @)

Proof of Theorem 2.1. In view of the estimates in Lemmas 2.1 and 2.3, the proof of Theorem 2.1 readily follows by standard
compactness results, as may be found, e.g.,in [17,18]. O

Proof of Theorem 2.2. For 0 < D, < 1, the estimates in Lemmas 2.1 and 2.3 imply that sup;c 1) fg [Vu, |2 < C,

fOT [o(Aup)* < C, fOT Jo IVual* + fOT Jovi < C lluellzoru-1¢2y < C,where C > 0 depends on f and ug only. Now
the claim follows by standard compactness results. O
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3. An energy estimate and the one-dimensional case

In this section we assume that f has the specific, physically relevant form f(u) = u — u®. Our aim is to derive some
global estimates for this case, that ensure global existence for (1.1) in the one-dimensional case. Namely, we shall prove the
following.

Theorem 3.1. Suppose that 2 = R/Z, f(u) =u —u®>and 0 < D < 1. Then, for every T > O there exists a solution to (1.1) on
22 x(0,T).

Similarly as in Section 2, we consequently derive:

Theorem 3.2. Suppose that 2 = R/Z,f(u) =u —u3 0 < D, < 1and D, — 0. Let u, be the solution to (1.1) with D = D, as
obtained in Theorem 3.1. Then, there exists a solution to the AC equation (1.3) such that, up to subsequences, u, converges to u.

We begin by proving the following estimates, which hold in arbitrary dimension d.

Proposition 3.1. Suppose that f(u) = u — u3,0 < D < 1 and suppose that u(x, t) satisfies (2.6). Then, the following estimate
holds:

2 1 4 2 1 4 2
sup |Vul|” + ut| < [Vug|” + ug+C(T) | ug. (3.15)
teo,n) L2 2 Ja 2 2 Jq 2

In order to establish Proposition 3.1 we first prove an [?-estimate.

Lemma 3.1. Suppose that 0 < D < 1 and suppose that u(x, t) satisfies (2.6). Then, there exists C = C(T) > 0 such that

sup /uz(x,t)§C(T)/ ud.
te(0,T) J 2 2

Proof. Multiplying (2.6) by u and integrating over 2, we have

/uutz—D/ uA(Au+u—u3)+/u(Au+u—u3)
Q Q2 Q2

D/ Au(Au+u—u3)+/ u(Au+u—u?)

—D/(Au)2+(l—D)/uAu—l—D/uAu—l—/u —/

Integration by parts yields

1d
—— u2:—D/(Au)2—(1—D)/ |Vu|2—3D/ u2|Vu|2+/ uz—/ u*,
2dt Jg Q2 Q 2 Q Q2

In particular, since 1 — D > 0, we obtain that

va o= )

Now the asserted estimate follows by a Gronwall argument. O

Proof of Proposition 3.1. Setting v = Au + u — u?, we derive the equivalent system

=-DAv+v
v=Au+u—u’ (3.16)
u(x, 0) = ug(x).

Multiplying the first equation in (3.16) by v and integrating, we have:

/vu[: /|Vv|2 / (3.17)

Multiplying the second equation in (3.16) by u; and integrating, we have:

/vu[ /u[Au—i—/ut(u—u _55 [/| ul® — / /ﬂu“]. (3.18)

From (3.17)-(3.18) we derive:

e [y ] o [ [z
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It follows that

1 1
f|Vu|2—/u2+ffu4§/|Vu0|2—/u§+f/u3
2 Q 2 Je Q Q2 2 Jo

and, consequently:

1 1
/|Vu|2+f/u4§/ |Vu0|2+f/u§+/u2.

Now the asserted estimate follows in view of Lemma 3.1. O

Now we can prove Theorem 3.1.
Proof of Theorem 3.1. Proposition 3.1 together with Lemma 3.1 and the Sobolev embedding implies that any solution to
(1.1) satisfies the estimate:

sup Jlu(x, t)llree @) < C(T, up).
te(0,T)
Therefore, the nonlinearity f (1) = u — u> may be truncated. Now existence follows by Theorem 2.1. O
Proof of Theorem 3.2. The proof is analogous to that of Theorem 2.2. O

4. The stationary case

It is readily seen that under doubly periodic or Neumann boundary conditions there is an “order reduction”, in the sense
that the stationary solutions to the fourth order CH/AC equation are exactly the stationary solutions to the second order AC
equation obtained by taking D = 0. Indeed, stationary solutions to (1.4) satisfy

—e2DAv+v=0

v = Au+ e }f ().
Multiplying by v and integrating, under periodic or Neumann boundary conditions we have that €2D fg |Vul2 + fQ v?2 =0.
It follows that v = 0 and u satisfies the stationary AC equation Au 4 € 2f (u) = 0.

Therefore, in this section we focus on Dirichlet boundary conditions. Let 2 C R? be a smooth bounded domain. We
consider the Dirichlet problem

., Fw fw
6DA<Au+62>+Au+€z =0 in£ (4.19)
u=g on 452,
where ¢ is a smooth bounded function. By setting v = Au + fe(—é‘) we are led to consider the system
—e’DAv+v=0 inf
u
—Au=—v+ jLZ) in 2 (4.20)
€
u= (p’ V= ‘(// on 39,
where ¢, ¢ are smooth bounded functions. We assume that f is a continuous function satisfying
lim f = —o0, lim f = +o0. (4.21)
t—+00 t——00

The main result in this section is that solutions to (4.19) may be constructed in such a way that they are arbitrarily close to
a solution of an AC equation. More precisely, we have the following.

Theorem 4.1. Suppose that f satisfies (4.21). For any fixed €, D > 0 there exists a sequence of solutions (u,)nen to the stationary
CH/AC equation (4.19) and a solution u to the stationary AC equation

Au—}—f(—lzl):o in 2
€

u=gq onds2

(4.22)

such that u, — uin C*#(2).

In order to prove Theorem 4.1 we need some lemmas. We begin by obtaining some L> bounds for u, v. We note that such
bounds are independent of D > 0, and that the bound for v is independent of ¢ > 0.

Lemma 4.1. Let (u, v) be a solution to system (4.20). Then, ||v|lcc < ||¥|lco and there exists a constant C(e, || |o0) > 0 such
that [[ulloc < max{[l@lleo, C(€, 1V lloo)}-
Proof. Lety € 2 : v(y) = maxp v. Then —Av(y) > 0 which implies

0= —€e2DAv() + v(F) = v(H).
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Hence, v cannot attain a positive interior maximum and therefore v < ||| . Similarly, lety € £2: v(y) = ming v. Then
—Av(y) < 0which implies
0=—€’DAv(y) + v(y) < v(y).

That is, v cannot attain a negative interior minimum and v > — || || . Hence, the estimate for v is established.

Now we derive the estimate for u. Similarly as before, suppose that x € §2 is such that maxgu = u(x). Then,
0 < —AuR®) = —v(x) + € %f(u(x)) and therefore, e 2f (u(x)) > v(X) > —|¥|ls. In view of (4.21), it follows that there
exists Ci (€, ||¥|loo) > O such that u(x) < C;(e, |¥|l). By an analogous procedure, if x € §2 is such that u(x) = mingu,
then u(x) > —C, (¢, ||¥|loo)- The proof of the asserted estimate for u now follows. O

In the following lemma we prove the existence of at least one solution to (4.20) for any given smooth boundary data ¢, .

Lemma 4.2. For any fixed €, D > 0 and for any sufficiently smooth boundary data ¢, V, there exists a solution (u, v) to system
(4.20).

Proof. By standard elliptic theory, there exists a unique solution v to the problem

2 _ .
{—e DAv+v=0 in$ (423)

v="1 onos2.

Let W(u) = — fouf(t)dt. Then, we equivalently need to solve
W
—Au=—v— 3 in £2

€
u=¢ onos2,

where v is the unique solution for (4.23). We identify ¢ with an extension to £2 as an H'(£2) function and we set w = u — .
Then, w satisfies
Wiw+1
—Aw:—v—%—l—Aq) in 2
€
w=0 onads2.

Solutions to the problem above correspond to critical points in H(} (£2) for the Modica-Mortola type functional:
€ 7%
I(w) = / {Wwf LICR NS A(p)w} .
Q 2 €

In view of (4.21) and the definition of W, there exists W such that W (t) > —W for all t € R. Hence, it is readily seen that

wi2|
I(w)>f/ [Vw —ellv — Agllz|wlz > ae||Vwl|* — =
forsomea, C > 0.Therefore, I is bounded below and coercive. Hence, I admits a global minimum corresponding to a solution
for (4.20). O
Finally, we can prove our main result for the stationary case.
Proof of Theorem 4.1. We recall that (4.19) is equivalent to the system

v = Au+ & in 2
—e2DAv + 16) =0 ing (4.24)
u=g ondf2.

In view of Lemma 4.2, there exist solutions (u,, v,) to the problem
—Au, = —v, + f(uz") n
—€’DAV, +v, =0  inf2 (4.25)
U, = @, vn:% onds2.

Clearly, for every n, (u,, v,) satisfies in particular system (4.24). By Lemma 4.1 and elliptic regularity, v, — 0in C*Vk > 0.
Moreover, we have |uyllcc < C(e, ||l@]|). Consequently, from the first equation in (4.25) we obtain that || Auy| e

C(e, |l¢ll, |$2]). By the Calderén-Zygmund theorem, we have ||D2un||p < Gy(e, ll@ll, 182]) for all p > 1. In turn, Morrey’s

embeddings (see, e.g., Theorem 7.26, p. 171 in [19]) imply that (uy) is compact in C*#(2) for0 < B < 2 — d/p, where
p is sufficiently large. Therefore, we may assume that u, — u in C"#(§2). We are left to check that u is a solution to the
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AC equation (4.22). To this end, we multiply the first equation in (4.25) by a smooth function p and integrate by parts. We
obtain:

ou u
/Vun~Vp—/ pfnz—/vnuwr/f(zn)p.
Q s OV Q o €

Taking limits, we obtain that

d
/va_/ piu:/fwzn)p’
Q s OV 2 €

and therefore u satisfies (4.22). O
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