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Abstract: Based on [1], we derive equations for the radii and the centers that we relate
to the Lifshitz-Slyozov-Wagner theory.

Introduction

In this note, based on the estimates in [1], we derive rigorously corrections to the equa-
tions of the Lifshitz-Slyozov-Wagner theory of coarsening (cf. (1.2) in [1]). Specifically
we correct the equations for the radii by taking into account the distance and the size
of the neighboring particles. We also provide equations for the motion of the centers
of the particles. These corrections amount to carrying out (rigorously) the asymptotic
expansion to a higher order. Because all this can be achieved by elaborating the main
estimates in [1], for keeping the size of the present paper under control, we did not opt
for a self contained exposition; instead we took the liberty of referring to the various
formulae in [1] with a minimum of explanation.
We establish the following refinement of the main theorem in [1]:

Theorem 1. Ler Q@ C R3 be a bounded, smooth and connected domain. Assume that
ro= UlNle?, N > 2, where Fl(-) satisfies I'; = {x\x =& +epi(1 +e€rij(u)u, u € 52}
with &9 € Q, pio > 0, and rig € C3*(8?) satisfying Jeriwdu = 0,
fSZ riu)(u,ej)du =0, j =1,2,3. Assume ;o # &jo fori # j, p1o < ... < pno.
There is € > 0 such that, if 0 < € < €, then the solution t — T'(t) of the Mullins-
Sekerka problem for this class of initial conditions T'° can be represented in &, p and r
coordinates and exists globally as a weak solution. There exist constants Cp,, C¢ > 0
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where p = N+z+l th and ||ri (1) || c3+a(s2y < Cr as long as r; is defined.
h=1

The symbol }_" means summation avoiding equal indices. Here y is the smooth part
of the Green’s function (cf. (3.8)). Notice that p, and £ form a closed system of equations
if the highest order terms are ignored. Equations (1) are derived formally in [2] for the
case when the boundary 92 is further away (y = 0). Special cases of (1) have appeared
in the literature before. The p-equations with y = 0 are derived in [5]. The £-equations
for 2 particles were derived in [4] by the method of images (that does not extend to
more particles). Also in two dimensions and for two particles a simpler analog of system
(1) can be found in [3]. It is worth mentioning that Egs. (1) provide a correction to the
classical Lifshitz-Slyozov-Wagner theory of coarsening by taking into account the size,
the distance of the neighboring particles and the effect of the boundary. If we consider
the p equations, we observe that the main term is —(l — —) and the rest of the terms

are smaller in relation to the main term which is hke < Moreover, the centers do move
but in general slower than the radii.

In what follows we denote by V the normal velocity which is taken positive for a
shrinking sphere, H the mean curvature, H = ﬁ fr HdSy the average mean curva-
ture, || the surface area, W; = H(x) — E with E = H — |11‘_| Jr Jr 8, )V (y)dydx
and T the Dirichlet-Neumann operator (cf Sect. 6 in [1]). We take I' = U{V: [i with
i ={x\x = X)) =& +eoi(1 +eri(w)u,u € SZ}. If € > 0 is small, the map
X' : §? — T is a diffeomorphism with the same regularity as r;. We let u’ : I' — §?

be the inverse of X’. Under the above assumption Eq. (3.3) in [1] is written in the
form

N
Z/ g, V" (»)dy = H(x) —E, xelii=1,...,N.
h=1"Tn

We begin by presenting a refinement of Proposition 8.1 in [1] from which the proof
of Theorem 1 follows.
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Proposition 1. Let & € Q, p; > 0,r; € C1H4(8%), W; e C1(8%),i=1,...,N, be
given and assume that & # &; for i # j. Then the system

N
Z/F g0 Vi (y)dy = Wi (). x € Tyi=1,... . N @
h

has a unique solution V; € C*(S%). Moreover the following estimate holds true:

3 1

5ri(v) — 5 ri(

Eini—ToWi—i—eTO/ 2 =50
52 4wl —v|

(ToW)()dv + Y epny (i, €n) fS ToWi
h

/ €on 2 ri(-) +ri(v)
+ S STTE—— ToWy — € Tof — ri(v)(ToW;)(v)dv
; 4|5 — Enl Js2 2 Aml-—v| ’
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Z |&n — & < & — €h|> 0 h+Z pnrny (. &) oWp

h

+262 23< 3V($z,$h)>/ ToW, +Z /< 3V(§;Eh)>(TOWh)
$2

Co(852)
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l

Proof. We have that

1
f g(x, YV (y)dy = / V" (y)dy + / Y e, Vi (v))dy
'y 'y 47T|x - }’|

W)
and arguing as in [1] we obtain

V) :/ 1 <|u—v|—|u—v+6(rl-(u)u—r,-(v)v)|> V- ()dv
S2 47T|M — U|

€lu —v+e@ri(wu —ri(v)v)|
/ 1 (Iu—vl—Iu—v+6(ri(u)u—ri(v)v)|>26r_vl(v)dv
2 4rlu — v| €lu — v+ e(ri(wu — ri(V)v)] .
1 <|u—v|—Iu—v+6(ri(u)u—ri(v)v)|)
+/;2 4 |u — v| €lu —v+e(ri(w)u —ri(v)v)|
0 (1rillEriass) ) Viw)dv
= (V)W) + (LV)(u) + (I3V;) (). 4
From (8.16), (8.17), (8.18) in [1] we obtain

2
113Villetregsyy < CEXlril3rma s I Villeracs2). 5)
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From the above, it follows that
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From the analysis above it follows that

f g(X! ), Vi @' (1)dy = ep; f T Vidv + o (1" V) (v),
r; s2 4m|u — v|
where 7' is a linear operator that satisfies
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From the definition of X*,h = 1, ..., N, that implies

‘ Iy i Ay Gi,
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It follows that
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System, (2) is equivalent to

N
epiVi = ToW; — ) epnTol ™" Viy. (14)
h=1
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From (12), (14) it follows that
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Thus, we have the estimates
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The proof of Proposition 1 is complete. 0O
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Consider the conservation condition (9.2) in [1]

/FV=Z/FhV=O, (18)

h
and recall that
W, =H, — E. (19)

Proposition 2. The conservation condition (18) determines uniquely the constant E.
Moreover we have the following expression:
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Proof. Analogous to that of Proposition 9.1 in [1] and is omitted. O

Proposition 3. We have that
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where K/ satisfies the estimate

Proof. Analogous to that of Proposition 9.2, and it is omitted.
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