RESONANCE PHENOMENA IN A SINGULAR PERTURBATION
PROBLEM IN THE CASE OF EXCHANGE OF STABILITIES

GEORGIA KARALI AND CHRISTOS SOURDIS

ABSTRACT. We consider the following singularly perturbed elliptic problem:
0
e2Au = (u—a(y)) (u—b(y)) in €, 8—u =0 on 09,
n

where Q is a bounded domain in R? with smooth boundary, € > 0 is a small
parameter, n denotes the outward normal of 052, and a, b are smooth functions
that do not dependent on . We assume that the zero set of a — b is a simple
closed curve T, contained in €, and V(a —b) # 0 on I'.  We will construct
solutions us that converge in the Holder sense to max{a,b} in 2, and their
Morse index tends to infinity, as € — 0, provided that ¢ stays away from
certain critical numbers. Even in the case of stable solutions, whose existence
is well established for all small € > 0, our estimates improve previous results.

1. INTRODUCTION

1.1. The problem and known results. In this paper we consider the following
elliptic problem:

2Au— (u—a(y)) (u—>b(y)) =0 in Q, % =0 on 09, (1.1)

where (2 is a smooth bounded domain in R2, containing the origin, the functions
a, b are five times continuously differentiable in a tubular neighborhood of the curve
I, defined below, and two times in the complementary points of Q. By n=n(y) we
denote the outward unit normal to 02, and € > 0 is a small number. We assume
that there exists a simple, smooth and closed curve I' C £ which separates the
domain into two disjoint components, namely

Q=0 UTUQ,, (1.2)

such that

a(y) > b(y) in Q1, a(y) <b(y) in Qq, da < % on T (1.3)
ov  Ov
where v = v(y) denotes the outward unit normal to 9Q;. The last assumption in
(1.3) be viewed as a non-degeneracy condition.

We are interested in solutions of (1.1) that converge to max{a,b}, as € — 0, uni-
formly in (2. Note that, by assumption (1.3), the singular limit function max{a,b}
is merely continuous and not differentiable across the curve I'. In other words, the
solutions we seek have a corner layer along the curve I'. More precisely, our pur-
pose in this paper is to show, via a perturbation argument, the existence of highly
unstable solutions of this type. To the best of our knowledge, with the exception of
one-dimensional or radially symmetric cases, elliptic or parabolic problems involv-
ing corner layered solutions have been treated thus far only by constructing upper
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and lower solutions or by weak convergence arguments (see the discussion below).
The case where a, b do not intersect is by now standard, see [16].

Let us mention that, even if posed in a one-dimensional domain, problem (1.1)
(under (1.3)) is non-trivial. This is due to the fact that the solution set of the limit
algebraic equation

(u—a(y)) (u—"b(y)) =0 (1.4)
undergoes a transcritical bifurcation as y crosses the point corresponding to I'. At
the bifurcation point, the two branches of solutions of (1.4), namely,

Co=A{(a(y),y), yeQ}, C={0y)y), yeQ},
exchange stabilities with respect to the dynamics of

i=—(u—a(y)) (u=">(y)),

see [25, pg. 29]. Equation (1.4) is frequently referred to as the outer problem and,
loosely speaking, determines the slow manifold of the slow-fast system corresponding
to the one-dimensional version of equation (1.1) (see [30]). As predicted by the above
discussion, the slow manifold looses its normal hyperbolicity, due to a transcritical
bifurcation, which prevents the use of standard geometric singular perturbation
theory [30] and one has to use a blow-up procedure (see [44]).

Motivated from reaction kinetics, it was shown in [9], by the method of upper
and lower solutions, that problem (1.1) (under (1.3)) has a solution such that

lue — max{a,b}|| L) = O(E%), €—0, and uc >aonT. (1.5)

In the special case where b is identically zero, problem (1.1) becomes the well known
scalar logistic equation, see [12], and the existence of a positive solution which sat-
isfies (1.5) was shown in [26], using a different construction of upper and lower
solutions than [9]. In this context, relation (1.5) describes spatial segregation (see
also [34]). Furthermore, it was also shown there that u. is asymptotically sta-
ble (with respect to the parabolic dynamics), and the principal eigenvalue of the
associated linearized operator satisfies

2
A >ce3 >0,

for some constant ¢ > 0 and all small € > 0 (see also [10] for a different proof
of this lower bound in the one-dimensional case). Let us point out here that the
method of upper and lower solutions captures only stable solutions and, in general,
is not applicable to the study of systems (see [45]). The possibility of formulating a
theorem regarding the asymptotic behavior, as € — 0, of uniformly bounded stable
solutions of (1.1), with a, b as in the present paper, has been speculated in pg. 79
of the review article [15].

On the other hand, in the radially symmetric case (in N > 2 dimensions), with
' = {]y| = ro}, it was shown in [32], by a perturbation argument, that problem
(1.1) (under (1.3)) has an unstable radial solution u_ such that, in particular,

|uz — max{a,b}| =) = O(e%), e—0, and ug <aonl. (1.6)

Furthermore, given m € N, the first m eigenvalues of the linearized operator around
u_ , restricted to the radial class of functions, satisfy

Mie = pics +O0(e3), =0, i=1,---,m, (1.7)
where p; are the first m eigenvalues of a limit problem and satisfy

w1 <0, p2>0.
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It was also shown, by expanding in polar coordinates, that the first K eigenvalues
(not counting multiplicities) of the linearized operator, in the general class, satisfy

Aie = e +152me2 + 0(E3), i=1--- K, €0, (1.8)

where 7, = (i—1)(i+ N—3), i = 1,-- -, are the eigenvalues of the Laplace-Beltrami
operator of S¥ 1, provided

1+ 152K —1)(K + N - 3)et < %.

As a consequence, it was shown that the Morse index M, of u_, namely the number
of negative A;’s (counting multiplicities), satisfies

lim M. /e 50 = (1.9)

where p, depends only on rg, 1, and the dimension N. Moreover, it was proven
that bifurcations of non-radial solutions take place along a certain infinite discrete
set of values €; — 0. The goal of the present paper is to show that the perturbation
argument of [32], and the infinite-dimensional reduction of [17], can be adapted to
capture analogous solutions, in two dimensions, without the simplifying assumption
of radial symmetry.

Let us end this subsection by mentioning that, in the one—dimensional case,
solutions of (1.1), oscillating close to a, b or min{a, b}, have been investigated in
[24].

1.2. Motivation for the current work. Convergence, in the singular limit, to the
maximum or minimum of a family of functions, as in (1.5) or (1.6), typically occurs
in systems of nonlinear elliptic equations with competition, and describes phase
separation, as the repulsive interaction tends to infinity. These include systems
of Lotka-Voltera type [13], and systems arising in the Hartree-Fock theory of a
mixture of Bose-Einstein condensates [47]. Actually, the original problem that
led the authors of [9] to study (1.1) was a coupled system of this type. Elliptic
systems where the singular limit has Holder or Lipschitz regularity also arise in
combustion theory [11]. Remarkably, unstable solutions with corner layer profile
of the same nature as those considered in the present paper can be found in [11]
(see Remark 3.1 below). In most cases, standard weak convergence arguments are
quite sufficient to pass to the singular limit in the pointwise and strong L? sense.
An important question, treated in the previously mentioned references, is whether
families of bounded solutions converge in spaces of Hélder continuous (or Lipschitz)
functions and keeping track of the maximal global regularity available. For the
problem at hand we answer this question, for the solutions we construct, and we
hope that the perturbation approach of the current paper can be useful in the more
general situations mentioned above. We note that, in contrast to weak convergence
or upper and lower solution arguments, perturbation arguments can be applied to
general systems without special monotonicity properties.

Elliptic singular perturbation problems, where the singular limit is Holder con-
tinuous, but not Lipschitz, appear frequently in applications. In these situations,
the limit algebraic equation (the analog of (1.4)) typically undergoes a pitchfork or
saddle—node bifurcation as the parameter y crosses a curve I'. The case of pitchfork
bifurcation has received a lot of attention recently, as it occurs when minimizing
a Gross-Pitaevskii functional (see [1], [2], [3], [21], [27], and [40]). Due to the ir-
regular nature of the singular limit (it does not belong in the Sobolev space H'),
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standard weak convergence arguments are not applicable. Furthermore, it seems
to be hard to construct a good pair of upper and lower solutions (especially). Ac-
tually, to the best of our knowledge, the behavior of solutions near I' (estimates,
monotonicity properties, etc), as ¢ — 0, is well understood only in the case of radial
symmetry'. Typically, the behavior of solutions can be satisfactory studied outside
of an e-dependent tubular neighborhood of the bifurcation curve I'; by constructing
suitable upper and lower solutions. Then, taking advantage of the radial symmetry,
one shows that positive solutions are monotone in this tubular neighborhood and,
therefore, is able to complete the picture (see [2]). A class of slow-fast Hamiltonian
systems, in which the slow manifold loses normal hyperbolicity due to a pitchfork
bifurcation, arises in the study of crystalline grain boundaries, see [4]. This prob-
lem has been treated successfully by a shooting argument in [20], geometric singular
perturbation theory in [44], and a perturbation argument, in the spirit of the cur-
rent paper, in [46]. A class of elliptic equations, where the corresponding limit
algebraic equation admits a saddle—node bifurcation, appear in the proof of the
Lazer—Mckenna conjecture for a superlinear elliptic problem of Ambrosetti-Prodi
type, see [14] (in this case we have I' = 9§2). We believe that the perturbation
approach we introduce in the current paper can be useful in these problems, since
it provides very accurate estimates up to the bifurcation curve T, of the form (1.17)
below. In turn, these are important for understanding interesting phenomena such
as the appearance of vortices (see [2]), or the existence of small peak solutions (see
[14]), close to T.

1.3. Statement of the Main Result. To state our main result, we feel that it is
useful to first make some definitions available, and formally review some arguments,
from the rest of the paper.

Let T be the closed smooth curve in (1.2), and let £ = |T'| denote its total length.
We consider the natural parametrization v = v(8) of I' with positive orientation,
where 6 denotes an arc length parameter measured from a fixed point of I'. Let
v(6) denote the outer unit normal to T', as in (1.3). Points y that are dp-close to T,
for sufficiently small dg, can be represented in the form

vy =~(0) +tv(8), |t| <do, 6€]0,£), (1.10)

where the map y — (¢, ) is a local diffeomorphism. Note that ¢ > 0 in Q.

Blowing up (1.1) around the curve T', via the rescaling (3.2), (3.11) below, and
keeping in mind that this inner blow up must match with the outer blow up of
max{a, b}, will lead us to the problem:

Voo + Ve — 02+ 22 =0, (2,2) € RZ
(1.11)
v—|z| =0, xr — Fo0,

with v being £/e3 periodic in the variable z, with / as in (7.21) below. A stable
one—dimensional solution V,, of the above equation, can be constructed by the
method of upper and lower solutions. We have that V is even, (V,), >0, = > 0,
and Vi >z, © > 0. We then seek other solutions of (1.11) in the form v =V, — W,
and find that W has to satisfy:

1By adapting the approach of the current paper, we have recently removed this restrictive
assumption in [33].
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W.. + W, — 2V (2)W+ W2 =0, (z,2) € R?
(1.12)
W — 0, x — +oo,
with W being E/E%fperiodic in z. We will show, in Proposition 3.1, that (1.12) has
a one-dimensional, positive, even solution w such that V(x) := Vi (z) — w(z) <
|z], € R, solves (1.11). Furthermore, the associated one-dimensional eigenvalue
problem
boz — 2V =g, z €R, ¢(+00) =0, (1.13)
has eigenvalues \g > Ay > -+, with A\g > 0 and Ay < 0; we denote by Z > 0 the

L?-normalized eigenfunction corresponding to \g.
We define the number )\, as

y) 2
A = )\Oﬁ (/0 5(9)(13) , (1.14)

where (3 as in (3.10) below.
Now we can state our main result:

Theorem 1.1. Given ¢ > 0, there exists €9 > 0 such that for all € < g9 satisfying
the gap condition
6342 — A\,| > g5 Vi€EN, (1.15)
where Ay > 0 is the number in (1.14), problem (1.1) has a solution such that
llue — max{a,b}|| L) = (’)(5%) and u. <a onT. (1.16)

More precisely, there exist constants 6 > 0 (small) and D > 0 (large) such that the
following estimates hold: Near the curve T, for y given by (1.10),

a(0,6) + 3820V (8(0) 4 ) + “C2CN 1 0 (4 442), 1 <,

ua(y) =
max{a, bh(y) + O(=1)G (B(0) 4 ) + O(2) Y, Det <
B (1.17)
where ,
G(r) = r_%e_%iﬂ, r>0. (1.18)

Away from the curve ', we have

max{a, b}(y) + O(e?), if dist(y,T) > § and dist(y, 0Q) > 6,

ue(y) = (1.19)
max{a,b}(y) + O(e), if dist(y,00Q) <.

Moreover, there exists a constant C > 0 such that
[Vu(y)| < C, ye, (1.20)

and u. — max{a,b} in C(Q) as e — 0, satisfying (1.15), for every 0 < a < 1
but not for a = 1.

Let us briefly comment on our result, and in particular on the structure of the
set in which the parameter € can be chosen. As will be apparent in the proof, our
construction does not hold for all values of the parameter ¢ close to zero. There
is a resonance phenomenon which prevents the construction to hold for any small
value of € and which forces € to be taken away from a set of critical numbers, as
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described in (1.15). The latter condition is called resonance. Such a phenomenon
is not new and, in the context of singularly perturbed semilinear elliptic equations,
was originally found by A. Malchiodi and M. Montenegro in [38]. Since this seminal
paper, this phenomenon has also been found in other instances, for example in
the study of other semilinear partial differential equations [17, 18, 35, 37, 42] or
in the study of constant mean curvature surfaces [36, 39]. Loosely speaking, it is
caused by the presence of the tangential dimension 6 along the curve I' and the fact
that the profile in the normal ¢ direction in unstable (see the discussion in the next
paragraph). The significant difference of the problem at hand, with respect to those
in the aforementioned references, occurs in the normal direction ¢, where we have a
corner layer profile. This delicacy can already be seen from the fine estimate in the
second relation of (1.17).

The fact that we are not able to construct the solutions for all values of ¢ close
enough to zero is also reflected in another important feature of our solutions, namely
that their Morse index (defined above (1.9)) tends to infinity as € tends to zero.

Proposition 1.1. As e in (1.15) tends to zero, the Morse index of ue tends to
nfinity.

We feel that it will be helpful to the reader to present at this point a formal
argument that justifies part of (1.15): The linearization of the blown-up problem
(1.11) on V, namely

D, + D, —2V(2)® = AP, (z,2) € R?,
(1.21)
d — 0, T — oo,

with ® being ol / sgfperiodic in the variable z, has functions of the form

21 2 21 2
[asin <gl£3z) + beos (}mssz)] Z(x)

as eigenvalues associated to eigenvalues

471'2‘ 4 .
Ao — 2 i%e3, ieN.

Hence, when ¢ hits the critical numbers ¢;, with

i = /\04%2@%‘*2 72D \.i2,
we have the presence of a kernel. Thus e should stay away from these numbers,
which motivates condition (1.15).

It is irresistible to relate our result to that of [17], where concentrating solutions
along closed geodesics for the nonlinear Schrodinger equation were constructed in
the semiclassical limit regime. There the blow up problem was (1.12) with constant
positive potential V; and power nonlinearity of exponent p > 1. (Recall that in our
case the blow up problem is (1.11) and not the auxiliary problem (1.12)). In that
reference a similar resonance phenomenon was observed and treated successfully by
introducing an infinite dimensional Lyapunov-Schmidt reduction. The eigenvalues
of the linearization, corresponding to (1.13), were --- < A; = 0 < A9, and the fact
that A\; = 0 caused a further difficulty that is not present in our case. An elliptic
problem, involving resonance, in which the corresponding eigenvalues are as in the
present situation, as described below (1.13), can be found in [42].
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Remark 1.1. The same result continuous to hold for the more general problem

2Au = flu,y) in Q, a—q:l =0 on 09,

0

as treated originally in [9]. In order to bring out clearly the underline ideas we
refrain from any such generalization.

Remark 1.2. Using the perturbation approach of the current paper, one can show
that all the assertions of Theorem 1.1, with the exception of (1.15), (1.16), hold
true for all small € > 0 if V is replaced by the one-dimensional stable solution
Vi of (1.11). In this case, with the obvious notation, the same result continuous
to hold if Q is a smooth domain in RN, N > 1, and the zero set of a — b is an
(N — 1)-dimensional submanifold M of Q such that V(a —b) # 0 on M. (One
could also formulate a theorem for the case where M is (N — m)—dimensional,
1 <m < N —1). The corresponding estimates sharpen and are considerably more
elaborate than those of [9] or [26] (recall (1.5)). Furthermore, we believe that they
can be used in extending to arbitrary dimensions Theorem 1.5 in [34] which is proven
in one space dimension.

Non—degeneracy conditions, as the last assumption in (1.8), are common in the
study of transition layered solutions of elliptic equations with bistable nonlinearity
(see [37]) and the references therein). In that context, the curve T' represents the
interface of the layer. It turns out that, in some cases, the aforementioned con-
ditions can be removed completely (see [16]). In particular, the interface may be
non-smooth or intersect the boundary of the domain. Such generalizations may also
be possible for problem (1.1), at least for the case of stable solutions. In this regard,
we refer to [12, Prop. 3.16] for a related result.

1.4. Method of proof of the main theorem, and structure of the paper.
We briefly describe the reasons which cause the main difficulties in proving Theorem
1.1.

The proof of Theorem 1.1 consists in showing that there exists a genuine solution
near a suitably constructed approximate solution, provided the parameter ¢ is cho-
sen small enough and away from a set where resonance occurs. We find it convenient
to work exclusively with the equivalent formulation of (1.1) in stretched variables
Yy = sfgy, see (3.1) below. The approximate solution u,y, is carefully built in sev-
eral steps throughout Sections 3-5. Using the one-dimensional solution V of (1.11),
described above, and a lower order correction ¢, determined by the inhomogeneous
linear problem (3.33)—(3.34) below, we construct an inner approximation w;,. This
inner approximation is valid only near the (stretched) curve I'¢, in the sense that it
leaves a remainder in the equation which grows with respect to the distance from
the curve. The next step is to match the inner approximation wu;, with the outer
uy = max{a(e3y),b(c3y)}, which is valid for y ¢ I'-, in order to obtain a smooth
approximation u,, that is valid in the whole (stretched) domain Q.. The fact that
the inner approximation wu;, is valid only in a tubular neighborhood of I'., makes
it already delicate to use a partition of unity type argument in order to smoothly
interpolate between u;,, and ug. Worse than this, the lower order inner blow up pro-
file ¢1 converges algebraically slowly to the blow-up of the corresponding outer (see
Proposition 3.2). This difficulty is not present in other well known elliptic singular
perturbation problems such as the nonlinear Schrodinger or Allen-Cahn equation,
where the corresponding convergence is exponentially fast (see the references in the
discussion following Theorem 1.1). We overcome these difficulties by adapting to
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the general case a procedure we introduced for the radially symmetric case in [32]
(see Sections 4, 5 below). Actually, by suitably incorporating a partition of unity
type argument, we are able to considerably simplify some arguments of [32]. We
emphasize that we are able to apply the standard partition of unity argument only
after we carefully perturb, as in [32], the outer approximation ug to an improved
outer approximation w.,:. We refer the interested reader to Remark 5.1 for this
subtle point. Loosely speaking, the new outer approximation i, is closer to w;;,,
and leaves a smaller remainder in the equation, than ug. Smoothly interpolating
between u;, and 1, leads us to an approximation @, which is valid in the entire
domain but is more accurate near the curve I'.. Finally, motivated from [32], we
iterate once, using a modified Newton’s method, to improve the accuracy of 4y
away from Iz, and obtain the desired approximation .

Once we have constructed our approximate solution, we look for a genuine solu-
tion in the form

U= Ugp + @, (1.22)

hoping to find ¢ using the contraction mapping theorem. Therefore, in order to
proceed, we need to study the associated linearized operator around u,,. Here one
faces a dramatically different situation compared to the radially symmetric case
(recall (1.7)). This is clearly seen already by linearizing around the corresponding
spherically symmetric approximate solution u,,, since the eigenvalues closest to zero
are given by formulas (1.8) divided by 3 (due to the rescaling). These formulas
predict that the linearized operator around u,p, in the general case at hand, will
also have an increasing number of negative eigenvalues, as ¢ — 0, many of which
accumulate to zero and sometimes, depending on the value of €, we even have
the presence of a kernel. This clearly causes difficulties in applying local inversion
arguments to find ¢, and ¢ must be taken away from these values. This kind
of phenomena have been dealt with in various problems, see the references below
Theorem 1.1. The scheme employed here follows the lines set in [17]. A difficulty
we had to face was that, as we discussed in the previous subsection, the limit
problem (1.12) in the present situation has a potential that grows, as x — oo,
in contrast to that in [17] which was a constant. The main steps of this scheme
are the following: In Section 6 we adapt a very nice trick, already used in [17],
in order to reduce the whole problem to a nonlocal problem in an infinite strip.
The main advantage of working in the strip is that we can perform a separation of
variables in order to study the associated linearized problem (see Section 7). Rather
than solving the problem in the strip directly, we first solve a natural projected
problem where the linear operator is uniformly invertible (see Section 8). Then,
the resolution of the full problem becomes reduced to a nonlinear, nonlocal, second-
order system of differential equations, which turns out to be directly solvable thanks
to the assumptions made (see Sections 9-11). We end this paper by presenting some
related open problems and conjectures in Section 12.

2. NOTATION

Throughout this paper, unless specified otherwise, we will denote by ¢/C positive
small/ large generic constants, independent of £, whose values will change from line
to line. The value of ¢ will satisfy 0 < & < g¢ with g getting smaller at each step
(so that all previous relations still hold). Frequently we will suppress the obvious
dependence of quantities on €. Moreover, Landaus symbols O(1),0(1), € — 0, will
be understood in the sense that |O(1)| < C for small € > 0, and o(1) — 0 as ¢ — 0.
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Abusing notation, frequently we will denote points y simply by their image (¢,0)
under the mapping of (1.10). For some further notation, we will use in this paper,
see Remark 3.2 below.

3. SETUP NEAR THE CURVE

In this section we will construct an approximation for (1.1) which is valid only
near the curve I'.

In the coordinates (¢, 8), defined in (1.10), near I" the metric can be parameterized
as

gro = dt* + (1 + kt)*do?,

and the Laplacian operator is

0? 1 0? k 0 Kt 0
o2 T U4 k20 T 14 kot (1+ k)06’
where k() is the curvature of T' (see for instance [37]).

In stretched variables y = £~ 3y, recall (1.10), problem (1.1) becomes

ou

o =0 on 09, (3.1)

where Q. = 5*%9, and n = n(y) denotes the outward unit normal to 9. For

future purposes, we denote I', = e~ 3T and Q= 73 (), i=1,2 (recall (1.2)).
Let

ANY

2

Au—e 3 (u - a(zs%y)) (u - b(egy)> =0 in Q.,

(5,2) = &7 5(1,0) (3.2)
be natural stretched coordinates associated to the curve I'y, now defined for
s € (—505*%, 505*%), e {0,5*%6). (3.3)

Near I'., the metric can be written as
oo = ds® + (1 + e5 ks)2d2?,
and the Laplacian for u expressed in these coordinates becomes
Au = u,, + uss + By (u), (3.4)

where

1 e5k(e3 2)us e3sk’(e32)u,
Bulu) = —wes |1 = 79 | +1 gk i oy
(1+5§k(5§z)3) +esk(e

Hence, equation (3.1) takes the form
Uzz + Uss + By (u) — e73 (u - (I(E%S,E%Z)) (u — b(ehs, E%Z)) =0, (3.6)

in the region (3.3). For further reference, it is convenient to expand the operator
Bl as
Bi(u) = (E%]{?(E%Z) - E%kQ(E%z)s) us + Bo(u), (3.7)

where

2(13(5%3,5%2)%, (3.8)

By(u) = 6%5a1(6%s,5%z)uz + 5%802(5%8, 5%z)uzz + %5
for certain smooth functions a;(¢,6), j = 1,2,3. Observe that all terms in the

2
operator By have €3 as a common factor.



RESONANCE PHENOMENA IN THE CASE OF EXCHANGE OF STABILITIES 10

We now consider a further change of variables in equation (3.6). Note that,
thanks to (1.3), we have

b:(0,0) — ar(0,0) > ¢, 0 € [0,0). (3.9)

Letting

B(0) = (bt(o’ ) ;at(o’ 9)>3 >0, 0€el0,0), (3.10)

we define v(z, z) by the relation

u(s, z) = a(O,E%z) + E%ﬁQ(sgz)v(x,z) + c3 at(O,Egz);rbt(O,a§Z)571(5§2)x,
(3.11)

x = B(e32)s.
Choosing a smaller dg, if necessary, we may assume that the coordinates (z, z) are

also defined for |z| < dpe~ %, z € [0,e~3¢). We want to express equation (3.6) in
terms of these new coordinates. We compute:

Ug = E%B?”l}x 13 “t(ovfgz);‘bt(ovf%ﬂ’
24
Uss = 536 Vga,
2 2
u, = e3ag(0,632) + 2638 Bv + &3 8 Bav, + e3 f20, 4 o5 w022 tb0(082) g1y
U, = e3agp(0,632) + 262(8) %0 + 228" Bu + 42(8') 2av, + 463 B/ Bu, + 28" B,

2 2
+2€%5’Bm)ﬂ + 62(,8')2332111-1- + 5%62"],2,2 + &2 atee(0»632)-2i-btee(07€3 Z)/@—lx.

(3.12)
In order to write down the equation, it is also convenient to expand
1
a(s%s, agz) = a(0, s%z) + a:(0, 5%2)5%5 + iatt(O, s%z)s%sz + a4(s%s, 6%2’)&‘283,
(3.13)

2

1
b(eds,edz) = b(0,5%Z)+bt(0,5%z)5%5+§btt(0,E%z)eész—i—%(e%s,5%2)5233, (3.14)

for some smooth functions a;(t,0), i = 4,5, satisfying

1 2
a4(5§s, E%Z) = 6am(0,€%z) + (7,6(6%8,6%2)658, (3.15)
2 2 1 2 2 2,2
as(e3s,e32) = gbm(O,sﬁ z) 4+ ar(e3s,e32)ebs, (3.16)

for some smooth functions a;(¢,6), ¢ = 6,7. It turns out that u solves (3.6) if and
only if v, defined by (3.11), solves

S(v) = B2, + Vgp — 2 + 22 + B3(v) =0, (3.17)
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where Bs(v) is a differential operator defined by

2 2
By(v) = Btk —etk?Ba)u, + B4 (eth — e h2plp) a0t 08)

+e3 8 %ag(0,e32) 4 263 (8)26 v + 263 87 B30 + 423 (8)2 B 4zv,

+4e5 88730, + €5 878 wv, + 263 88 00, + €5 (8)287 2P 0p,

+€7af66(0532)+bf96 OESZ)B x+€7btt(0632 5 x 1)+53 btt(O€3Z)6
2

+630tt(0532)6 —e3 att(053z)6 4.'L'3+5§b“t(0632)/8 5$4+€ b,tt(Os’iz)ﬂ

2
4 0, 3 b (0, B 4 (0,3 — 4 (0, B
€3att( €3 2)bs (0,63 2) ﬂ T +€3attt ,6 Z)ﬂ 5$3 ggattt 65 z) ﬁ 51‘4+B ( )

(3.18)
and
2
By(v) = &%a787 52 + c%a7B 02t + e2a6B 0w — e2a6B 02 — szw%ﬁ’g 5
2
2082 4 3945 _ 5 aas 871020 + 673 574 By (u),
(3.19)

where By(u) is the operator in (3.8) with derivatives expressed in terms of formulas
(3.12) and s replaced by B~ lz; the a;’s, i = 4,---,7, are given by (3.13) through
(3.16) and are evaluated at (¢33~ 1z, 3 2).

Let V(z) be as in the following proposition, proven in [32].

Proposition 3.1. There exists a unique even solution V of

Vg =02 — 22, zER,

(3.20)
v(z) — |z] -0, z — oo,
satisfying Vy(x) >0, © > 0, and
V(z) <lz|, xeR (3.21)
Furthermore, we have
V(@) — |oll < C(le| + 1)~ he= 2Pl 5 eR, (3.22)

3
and |V, — 1| < Ce=“l12 ¢ > 0. Moreover, the spectrum of the linearized operator,
in L*(R),

LO(w) = wza: - vaa
consists of simple eigenvalues Ag > Ay > -+ with A\; = —00, i — 00, and
Ao > 0> Aq. (3.23)

Proof. (Sketch) It is well known that problem (3.20) has an even solution V such
that Vi (z) > |z|, z € R, and (V})z(z) > 0, > 0. This can be proven by the
method of upper and lower solutions, see [13, 26, 28, 32, 44]. Actually, by a theorem
of [8], this is the unique non-negative solution in R? of the elliptic equation of (1.11).
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We then seek another solution in the form v = Vi — w. In terms of w, problem
(3.20) is equivalent to

Wer —2Viw+ w2 =0, z€R,
(3.24)
w(z) — 0, x — o0,

which describes ground states of a nonlinear Schrodinger equation with potential
2V, see [43]. Existence of a positive solution w of (3.24) follows from a variational,
mountain pass type, argument which makes use of the positivity of V; and the fact
that Vi (x) — oo as ¢ — %00, see [43]. This last fact also implies that w decays to
zero super-exponentially as x — £o0o0. Hence, since V is even, and increasing for
x > 0, we can apply the method of moving planes [22] to show that w is even and
strictly decreasing for x > 0. Letting V = V4 — w, it is clear that V solves (3.20),
is even, and strictly increasing for x > 0. Furthermore, we can write

—(V—-2)ge+ (V+2)(V—-—2)=0, x>0.

Now, relation (3.22) follows at once thanks to the asymptotic theory of linear differ-
ential equations [6] and the evenness of V. Relation (3.21) follows from a standard
maximum principle argument in the above equation. Again by the maximum prin-
ciple, recalling that V, > 0, we deduce that any non-trivial solution of (3.24) is
strictly positive. Hence, adapting the arguments of [31] (using crucially that V is
even and (V1 ), >0, > 0), we can show that w is the unique non-trivial solution
of (3.24). In turn, this implies that the only solutions of (3.20) are V and V.
Since V' — oo as  — 400, the linearized operator, in L?(R),

M("/’) = Yz — 2V,
has spectrum consisting only of simple eigenvalues A\g > A\; > ---. The eigenfunction
associated to A; is even if 7 is even and vice versa. Testing the eigenvalue equation

by w yields that Ag > 0; whereas testing by w, yields that A; < 0 (we make essential
use of the evenness and strict monotonicity of V, at this point). O

Remark 3.1. The unstable solution V' shares some similarities with the flame layer
solution found in the appendiz of [11].

Then, taking V(z) as a first approximation in (3.17), the error produced is €3
times a function with polynomial growth. Let us be more precise. We need to
identify the terms of order 3 and those of order £3:

S(V)=Bs(V) =38, + ¢3S + By(V) + e3k'B O wag + 2c5kB Pwage, (3.25)

where

b b b .
S) = ﬂ*lkv$+‘”T“ﬂ*‘*kw*‘*a@ﬁgﬁ*%v+§ﬁ*4x3+%ﬁ*4x2vf%5*%3,
(3.26)
Sg — _B—2k2xVI _ at—Q&-bt 5‘5k2x + 2(6/)26_4‘/ =+ 25//5—3‘/ =+ 4(ﬁ/)2ﬁ_4l'vm

+B" B8V, + (B)2 B4V + Ueaibion g5y 4 bur 5554y bus g0 8y

—a“Tb“B’Sx‘l + %5*5x3V — %5*%4 — k' B %xag — 2kB P zags.
(3.27)
Actually, it turns out that By (V) + e3 k' 8~ >zag + 263 kB Sxagy is of size €2 (more
precisely is bounded by Ce?(1 + |z|?)).
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Remark 3.2. Notation. In the above relation and throughout this paper, unless
specified otherwise, we will assume that 5‘Z0§u, u=a,b, i,j =1,---, are evaluated
at (O,E%Z), whereas the a; 1 =1,---, at (E%Bflx,sgz).

We now want to construct a further approximation to a solution that eliminates
the terms of order €3 in the error. We see that, for any smooth function ¢(z, 2),

S(V+¢)=8V)+ Lo(¢) + Ba(®) + No(9), (3.28)
where
L0(¢) = 672(252.2 + ¢xa: - 2V($)¢, (329)
By(¢) = B3(V + ¢) — B3(V), (3.30)
and
No(¢) = —¢°. (3.31)
We write
SV+¢) = [5%51 + oy — 2V| + €585 + Bo(V) + 3k B xag + 2e3 kB P zagy

+/B_2¢zz + B4(¢) + NO((b)

(3.32)

We choose ¢ = ¢1 in order to eliminate the term between brackets in the above
expression. Namely, for fixed z, we need a solution of

—yy +2Vh =638, —o00 << +o0. (3.33)

In order that the “inner” solution, described by (3.11) with v = V + ¢, matches

with the “outer” solution max {a(egy), b(egy)} at Q. N {x = £L}, it is easy to

check that the desired asymptotic behavior of ¢; should be

% btt (0, 5% Z)

2

%att(O,s%z)

> 422 =0 as x — oo,

(3.34)

4% -0 as * — —o00, P—¢

¢p—e

(see [32] for detailed computations in the radial case).
Based on the invertibility of the linear operator in the lefthand side of (3.33)
(recall Proposition 3.1), we can show:

Proposition 3.2. There exists a smooth solution ¢1(z,z), (z,2z) € (—o00,00) X
0,67 34] of (3.33)-(3.34). Moreover, we have

2 btt(O, E%Z)

o= 200 gmag 4 o), o oo, (3.35)
0.e5
¢ = 8%%@2)5_4%2 +e50(@™), &= —oc,

Dle = E%Gttﬁ_4l’+€%0(l’_2), T — —00, Q15 = E%bttﬁ_4$+8%0(.r—2), T — 00,
D1 ,p0 = €%attﬂ_4+€%(’)(x_3), T — —00, Plgz = E%bttﬂ_4+5§0(x_3), T — 00,
uniformly in z € [0,e734], and

612 < Ce¥ (@ +1), |p12] < Ce3 (2] +1), 6122 < C2(@% + 1),
for (x,2) € (—00,00) x [0,e734].
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Proof. Let
€%bttﬁ_4x2, xz 2z Oa

!
D=

h={
%Eéattﬂ_‘lmQ, x < 0.
We seek a solution of (3.33), (3.34) in the form ¢ = ¢, + ¢ with lim| ;o0 () = 0.
A direct calculation shows that ¢ should satisfy

—pue + 2V =3 f, (3.36)
where
bu B4+ BV, + Bkt Btagy — buso B 2(V — 1), x>0,
f(z) =
auB~t + BV, + Bk Ut 4 B4agp + b5 B42(V 4 1), x <0,

In view of the estimates of Proposition 3.1, we search a solution of (3.36) in the
form

1
= §n1|$|_15%foo + 9,

where n; is a smooth cutoff function (see (4.2) below), and

b+ Bk + Bk + B Yage, x>0,

foo(@) =

auB~ =Bk + /5_47676“;1” + B %agg, = <O.

We find that 1 should satisfy
—ya + 2V = 9, (337)
with ¢ satisfying
gl + 27 3]g:| + e 8]g..| < C(la| +1) 3, —so<w <00, 0<z<edL

By Proposition 3.1, the linear operator in the lefthand side of (3.37) is invertible.
Note that, for fixed z, we have g € L?(R). Hence, for fixed z, there exists a unique
solution of (3.37) such that ¢ € H?(R) and Vi € L?(R). This solution clearly
depends smoothly on z. This gives us the existence part of the proposition. The
desired bounds follow from a barrier argument (see [32]) applied to (3.37) and its
derivatives with respect to z, z.

The proof of the proposition is complete. O

Remark 3.3. If b is a harmonic function, then f, defined above (3.37), becomes
identically zero for x > 0 (recall that a = b on T, (3.4), (3.5), and (3.10)). In
turn, this implies that the rate of decay in (3.35) is super—exponential as x — oo.
A similar comment applies in case a is harmonic.

Substituting ¢ = ¢; into (3.32), we can compute the new error

S(V+61) = e5 8o+ Bo(V)+ei k' B0wag+25 kB wagg+B 21,22+ Ba(d1)+No(¢1).

(3.38)
Observe that since ¢; is of size 0(5%) (and has polynomial growth with respect
to x), all terms above carry 3 in front. Observe also that all functions involved
are expressed in (z, z)—variables, and the natural domain for those variables is the
infinite strip

S:{—oo<x<oo, ngga_%l}. (3.39)
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We now want to measure the size of the error in the L?(Sy,)-norm, where
Sp=8n{lz| <L}, (3.40)

and L > 0 is a fixed number such that V(z) > 1 for |x| > L. It is easy to verify, via
(3.38) and the fact that |Sp| < Ce™3, that

[S(V + ¢1)l|L2(s,) < Ce. (3.41)
At this point we can define the inner solution of (3.1), in Q. N {|z| < de3}, as

§at(0,5%2) _2|' bt(oaegz)ﬁ—l(&.%z)x7

(3.42)

win (x, 2) = a(O,E%z) + 5%62(5%2)(‘/ +¢1)+e

(recall (3.11)).
The following proposition contains the main estimate regarding ;.

Proposition 3.3. The inner approximation wu;y,, defined in (3.42), satisfies

2

|Auin — &3 (win — ae3y)) (win = b(E3y)) Iraaungeicey < CF. (343)

Proof. From (3.6) and (3.12), in Q. N {|z| < L}, we have

2

Auiy =7 (win — ale?y)) (uwm = b(e3y)) =BV + 1),

Now, the assertion of the proposition follows at once from (3.41).
The proof of the proposition is complete. O

4. SET UP AWAY FROM THE CURVE

In this section we will suitably modify max {a(ggy), b(agy)} in order to bring
it closer to u;,, near the curve I'., while at the same time improving the remain-
der it leaves in (3.1) (away from the curve). We accomplish this, loosely speak-
ing, by replacing the linear and quadratic order terms of the Taylor expansion of

max { a(e3y), b(agy)}, near I'., by the terms in wu;, having linear and quadratic
asymptotic behavior respectively.
For convenience purposes, we will additionally assume that

@:O on 03 NIN and @:O on 0y N oS (4.1)
On On
The general case can be treated by simply adding a standard boundary layer cor-
rection, close to the boundary 92, to the outer approximation we will construct in
this section (see for instance [29]). (Under (4.1), the estimate in the first relation
of (1.19) holds all the way up to 0f2).

Let § < dp/100 be a fixed number. We consider a smooth cutoff function

Lot <5,

ns(t) = (4.2)
0, |t > 20
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Motivated from the radial case [32], we define our first approximation in Q. /{]z| <
L} to be

Gout(y) =  aledy)+ns(e3a) (6%52‘/ febbizagly 4 c3820, — %séanﬁ‘%ﬁ)

2 a(ely) tns(ela)t 07 (Vo o - gt

(4.3)
for y € O1,/{—L < x < 0}. Similarly we define gy in Qa./{0 <z < L}.
The following lemma contains the main estimate regarding qy.

Lemma 4.1. Let
Eout (y) = Adlgys — 57% (aout — a(&‘%y)) (aout — b(e%y)) ,
then 2
i O(2)z]), ye€ Q. N{L < |z| <5},
Eout(y) = X .
O(t),  yeQ/{al <ot}

Proof. Making use of the definitions of 5(0), V(z), ¢1(z,z) (recall (3.10), and
equations (3.20), (3.33)), one can calculate that, in Q. N {—de~3 < z < —L}, we
have

Adigyy — ™3 (ﬂout - a(e:%y)) (ﬂout - b(sgy)) =

£ (att(e%ﬁ_lx,sgz) —ay + agg(agﬁ_lx,agz) — agy + kat(a%ﬁ_lx,s%z) — k;at)
—eiBtor (1 — et pta?) + et (g - et B42) — (a4 — a5)e28 7103 (V + x)
(a1 — as)eB10® (g1 — e o) + <2 [2B)PV + 28" BV +4(8'aV, + B BaVi

(B2 Vg + 0050000 =1y 4 e~ 5 B3¢y, — kay B e — B ak%a (5 B a, g8 2)

32KV, — k225U 8 1s 4 ayag(e3 B, €5 2) B e + asage(e5 B, agz)ﬁ_lx}

o3 (278 (8)201 + 25738861 + 423 (8) 2610 + e 3B Bad1 0+ F () 2261 00
— gl f2g2 — 5_%52k2$¢1,w + auB2ka® + azay(e3 B 1w, e32) B 22

+a12(28'V + B'aV,) + azB7 w (2(8')2V 4 28" BV + 4(B)*aV, + B BxV, + (B)22 Vi)

bro— - brog— - by — -
—|—agﬁx2Vm + “’Tmalﬁ 222 4 %ﬂhee@ﬁ 222 4 ‘T‘”agﬂ 2,2

+a12(28'¢1 + B'xgre) + asf w (2(8')° 61 + 28" B¢1 + 4B xdr e + B Brdre + (B) 271 0x)

+agBatdr ] — ¥ [a142 7320 + a4 B30 + azan B30
Hence, by the estimates of Propositions 3.1, 3.2, we infer that the assertion of the
lemma holds true in €2, 0{755*% <z < —L}. The previously mentioned estimates,
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and (4.3), also imply that

ot — a(ely) = ns(3a)e3 B (V 4o+ o1 - Belpa?) = 0(H),  (44)
uniformly in Q. N {—26c~3 < z < —de~3}. Similarly, one can check that
u(y) = U(Sa Z) = ’U(l‘, Z) = ’&/Out - a’(‘g%y)
satisfies
8 2 10 4 4
lua| < Ces, o] S Ce3, |ugg| < Ce™, vge| < Ce3, |vs| < Ces,
for z € [-20e~3,—6c~ 3], z € [0, 3/]. In turn, via the relations

Us = Bug,
Uss = Bzvmxa

U, = 5%5’5’%% + v,

4 4 2
Uzz = 556//6_1wi +e3 (51)2/8_2-/1;211361 + 2556/6_1371}%2 + Vzz,
these estimates imply that
4
lus| < C’s%, lu.| < Ceg, luss| < Cs%, lu..| < Ces,

for s € [—265_%6_1, —55_%5_1], z € [0,5_%6]. These last estimates, by virtue of
(3.4), yield that

Au=0(e

4
3

Wi

) uniformly in Q. N {—265*% <x< —de”

}.
So,
Aligyr = A (a(egy)) +(’)(5%) = (’)(5%) uniformly in Qsﬂ{—%s_% <zx< —65_%}.

In view of (4.4), and the above relation, we find that the assertion of the lemma
holds true in Q. N {—20e~3 < z < —fc 3} as well. In the remaining region
QLE/{—Q(%—% < x < 0}, we have gyt = a(egy) and the assertion of the lemma
clearly holds. Identical calculations also apply in Qs /{0 < x < L}.

The proof of the lemma is complete. O

The following estimates will be useful in the sequel:
Lemma 4.2. We have
Tout — Uin = O(223) in Q. N{L < |z| < (55_%}, (4.6)
and
IV (tour — tin)| + [A(Gous — uin)| < Ce? in Qe N{L < |a| < 3L}
Proof. From (3.42), (4.3), we find that

1
(TUout — Uin) (s, 2) = a(E%s, 6%2) —a—aEis — §att5352, (4.7

for y = (s,2) = (B~ a,2) € Q. N {—(58_% < x < —L}. An analogous relation,
with a replaced by b, holds true in the corresponding region with x > 0. The first
assertion of the lemma now follows at once.
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Note that, from (4.7), we also get

(aout - uz’n)s = 0(5252)5 (aout - uin)ss = 0(525)7

(aout - uin)z = O(S%SS); (aout - uin)zz = 0(5%53)7

for y = (s,2) = (B a,2) € Q. N{—dc3 < a < —L}. Analogous relations hold
true in the corresponding region with x > 0. The second assertion of the lemma
now follows readily, via (3.4), and the fact that there exist constants ¢, C' > 0 such
that
¢ (fus| + [uz]) < fug, [+ Juy, | < C (jus| + |uz]), (4.8)
for y = (y1,52) € {(5,2) | |s| < e~ 3, 2z € [0,e”3/]}, and any smooth function
u defined in this region (recall that the mapping y — (¢(y),6(y)), defined below
(1.10), is a diffeomorphism close to the curve I', and (£(y), 0(y)) = &3 (s(z—:’%y), z(sfgy)) ).

The proof of the lemma is complete. a

5. THE MATCHING PROCEDURE

In this section we will carefully interpolate between u;, and ¢ in order to get
a smooth approximation 14, in {2, without affecting the order of remainder that
Uin, Uoyt left in (3.1) separately. Then we will appropriately iterate once in (3.1) in
order to obtain an even better approximation tgp.

5.1. The first global approximation tg,. Let
ﬂap = Ujn + (1 - TLL(J?)) (aout - uin)a (51)
where the cutoff function ny, is as in (4.2).

Lemma 5.1. Ife > 0 is sufficiently small, we have

. . . O(2|z| +£2), yeQn{|z| <3},
Aaap*é‘ig (ﬂap - a(sgy)> (ﬂap - b(gﬁy)) - . )
Ot yen/al <ot

(5.2)
and
\ , , cal,  Q-N{L< |z < de"i},
3 (20p) —alefy) —bety) =4 2 (5.3)
ce”3, Q/{|x| < de73}.

Proof. In view of the proof of Proposition 3.3 and Lemmas 4.1, it remains to show
estimate (5.2) in the intermediate region Q. N {L < |z| < 2L}. There, we have

(aap - a(E%y)) (aap — b(E%y)) = Aujy,—c 3 (Um — a(g§y)) (uin _ b(g%y))

Wl

Al — €
7(AnL)(aout - uin) - 2anv(ﬂout - uzn)
+(1 - nL)A(ﬂ/out - uzn) - E_%(l - nL)2(ﬂ/out - uin)2

—e73(1 — np ) (Gout — Uin) (2um —aleiy) — b(egy)) .

The first line of the righthand side of the above relation can be estimated directly,
as before, from the proof of Proposition 3.3; the second and third by Lemma 4.2;
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the fourth by Lemma 4.2 and (3.42) (recall that @ = b on I'). The desired estimate
(5.2), in the region Q. N {L < |z| < 2L}, follows at once.

The proof of the lower bound (5.3) proceeds as follows: In Q.N{—2L <z < —L},
recalling (3.42) and the definition of L (from (3.40)), we have

Wi

2uin(y) — a(e3y) — b(edy) = 26382V + O(e¥) > ce3 > b a.

£
2L

In Qeﬂ{—ée_% < x < —2L}, by the estimates of Propositions 3.1, 3.2, and (4.3),
we obtain that

2iou(y) — alety) —bedy) = alety) —b(ety) + 223 BV + 0) + 2362 (91 - 2gedpta?)

— (ar —b)ed B le + O(e3a2) + O(edeL?) 4 O(A L)

(3.9)

> ced|z| — Coella] — CeS L

> ced || — Coed || — Ced L2|a
> ceSal,
(5.4)

where we have decreased 0y > 0 and increased L > 0 if necessary (independently of
¢). Whereas, in Qy . /{—6c~% < z < 0}, thanks to (1.3) and (4.4), we have

2itour (y) — aledy) — b(e3y) = a(edy) — bedy) + O() 2 c.
The above estimates also hold true in Qs ./{0 < z < L}. Hence, recalling Lemma

4.2 and (5.1), we conclude that relation (5.3) holds.
The proof of the lemma is complete. O

Remark 5.1. It is tempting to simply define a global approzimation in the form
Dap = tin + (1 — nar, (2)) (uo — win),

where uy = max {a(agy), b(E%y)}, and L < M. < 6=~ 3 to be chosen. However, as

one can readily verify, we would get

Abyp —c75 (17ap - a(egy)) (@ap - b(€%y))

e3G(M,) + M7 %es + M®&2,

in the region M, < |x| < 2M,, where G is a positive super—exponentially decaying
function of the form (1.18), and q1,q2 are positive constants. The natural choice
M. = |Ine¢| leads to an estimate of order |ln5\_q16% for the righthand side of the
above relation. This is much weaker than that provided by (5.2), for x in the same
region, which is of order |Ine|e?.

5.2. The improved global approximation u,,. Starting from @, we will apply
one step of a modified Newton’s method in (3.1) in order to improve the accuracy
of 1., away from the curve I'.. (As one can check, iterating more than once does
not lead to further improvements).
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5.2.1. An approximate linearization. As we have discussed in the introduction, we
expect the linearized operator

~A+e 8 (Qﬁap - a(E%y) — b(&:%y)) (5.5)

to be near non-invertible. We will improve the approximate solution g, using one
step of a modified Newton’s method where, instead of the linear operator (5.5), we
will use an invertible approximation which is obtained by suitably modifying the
potential in (5.5). This technique was already used in [32], for the radial case, but
for the purpose of matching a perturbation of @,y with w;,. The issue in [32] was
that the potential in (5.5) becomes negative close to I'. (the radial operator (5.5)
is invertible, recall (1.7)).

Let
MO LA L) (o 4 1) + p(—57L,2), y = (870,2) € QN {lal < L},
p(y) = . . . )
e (2uap() — alety) — b(ety)) y e Q/{jz| < L}.
_ (5.6)
Note that p € C(€2.). Furthermore, in view of (5.3), we have
¢ y=(8"wz) e n{l] <L,
py) = clzl,  y=(8"'z,2) € QN{L < |z| <75}, (5.7)

ce73, ye Q. /{|x| < (55_%}7
and, recalling (3.42) and the first part of (5.4),

C, in Q.n{lz| <L},

p(v) =7 (200p(y) — alety) — ()| < ) (5:8)
0, in Q./{|z| < L}.

Remark 5.2. This type of modification was originally used in the matching pro-
cedure performed in [46]. However, in light of Lemma 2.2 of the recent paper [21],
it turns out that the potential of the linear operator in [46] is positive. Therefore,
there is no need for using this modification in [46).

5.2.2. A modified Newton’s method. We define a new approximate solution for (3.1)
as
Uap = aap + o, (59)

where o is determined from the following modified Newton’s method:

—A0 +po = Aligy — e 3 (ﬂap — a(sgy)> (ﬂap - b(E%y)) in Q,
(5.10)
g—‘; =0 on 0f)..
Lemma 5.2. Ife > 0 is sufficiently small, there exists a unique solution of (5.10),
and satisfies

ol oe .y < C®. (5.11)

Proof. By virtue of (5.7), the linear operator in the lefthand side of (5.10) is invert-
ible, and existence and uniqueness of ¢ follow immediately.
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Let y. € Q1./{—L < x <0} be such that

g — maxa.
(y) 1

€

Without loss of generality we may assume that o(y.) > 0. Three possibilities can
occur:

(1) If y. € Q. N {Jz| < L}, then Ao(y.) < 0. Thus, by (5.2), (5.7), and (5.10),
we deduce that
co(ye) < Ce?,

ie., o(y.) = O (e?).
(2) If y. = (5_1(5%25)905,26) € Q. N{L < |z| < de3}, we have Ao (y.) <0,
and we obtain as before that
clzelo(y:) < 052@6‘7
ie., o(y.) = O (e?).
(3) If ye € Q. /{|z| < de= 3}, we have Ac(y.) < 0 (if y € Q. we have to use
the strong maximum principle), and as before we get
2 4
ce 30(y.) < Ce3,
ie., o(y.) = O (g?).
Hence, we have maxg_o = O(e?). Similarly we can show that ming_o = O(e?).

The proof of the lemma is complete. O

The following proposition contains the fundamental estimates regarding the ap-
proximation u,,, and will be used in an essential way in the next sections.

Proposition 5.1. The approzimate solution uqp, defined in (5.9), satisfies

|Auap =3 (tap — alz3y)) (wap — b(eP9) ) lr2(any < C=F, (5.12)
ag;” =0 on 9., (5.13)

and
(top — win)(y) = O(%2® + %) if y=(F"'w,2) € QN {ja| <673}, (5.14)
as € — 0, where w;y, is the inner solution as defined in (3.42).

Proof. By (5.10), we find that

Augy — 3 (uap — a(E%y)) (uap — b(sgy)) = [p — 3 (2ﬂap — a(E%y) — b(zs%y))} o

Thus, by (5.8), (5.11), we infer that
O0(?), yeQ-n{lz] <L},
Augpy — e”3 (uap - a(s%y)) (uap - b(a%y)) =
O@E7), yeQ/{|z| <L}
(5.15)
Now, estimate (5.12) follows by simply noting that [ N {|z| < L}| = O(¢~%) and
Q. /{|z| < L}| < Ce~3. Relation (5.13) follows at once from (4.1), (4.3) and (5.10).
Finally, relation (5.14) follows readily from Lemma 4.2, (5.1), and (5.11).
The proof of the proposition is complete. O
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5.3. Further improved approximation close to the curve I'.. To further
improve the approximation for a solution, we need to introduce a parameter e.
We let (Mg, Z(x)) be the principal eigenvalue- eigenfunction pair of the problem

Guz — 2Vh = Ao, d(£00) = 0. (5.16)

Then, from Proposition 3.1, we know that A\g > 0 and Z(z) is one signed and
even in z. Furthermore, the eigenfunction Z decays super-exponentially to zero, as
x — £oo, with the same rate as the righthand side of (3.22). Moreover, without
loss of generality, we may assume that || Z]|2®) = 1.

Let e(0) be a twice differentiable, f—periodic, function which will be determined
later. We define our basic approximation to a solution to the problem, near the
curve I'., to be

W = Ugp + eSe(e32)2, |z] < Soc73, z€ [07587%}. (5.17)
In all that follows, we will assume the validity of the following constraint:
ESONZ 20 2
lelly :==e3[le" 1220, + €3 [|€'l| L2(0,) + €l Lo (0,0) < €5 (5.18)

In reality, a posteriori, this parameter will turn out to be smaller than stated here.
The new error of approximation is

B, = Aw-—¢c3 (w - a(zs%y)> (w - b(5§y))
(5.19)
= Ey+eiA(eZ) - (2uap —a(edy) — b(E%y)) eZ —c3e? 72,
where
Ey = Augy — e~3 (uap - a(s%y)) <uap - b(fs%y)> . (5.20)

Let us recall that, thanks to (3.4), (4.5), the Laplacian of u(y) = u(s, z) = v(z, z),
in coordinated (z, z), becomes

Au = v, + %040 + B1(v), (5.21)
where
Bi(v) = E%B”B_lxvx + 5%(5’)25_29021)3” + 25%/6”6_195%2 + Bi(u), (5.22)

and Bj is the differential operator in (3.5) with derivatives expressed by (4.5) and
s replaced by B71z. Note also that from (3.42), (4.6), and (5.11), we obtain that

Qiap — a(edy) — bedy) = 26382V +£350(2% +1), || < Spe™ 3. (5.23)
A short calculation, using (5.21), (5.22), and the above relation, shows that
e3A(eZ)— (2uap —a(esy) — b(sgy)> eZ = 2" Z+ Meb f2eZ4e8 By (eZ)+e3 O(a?+1)e .

(5.24)
We write

By =c%"Z + MNeif%Z and Eyp = Ey — Eyy (recall (5.19)). (5.25)
We set up the full problem, close to the curve, in the form
Aw+¢) = (w+ o —a(eiy) (wt+o—bety)) =0,
which can be expanded in the following way:

A¢p—e™3 (2w - a(E%y) - b(E%y)) p—e 3 p?+Aw—e"3 (w - G(S%y)) (w - b(E%y)) = 0.
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In summary, near the curve, the problem takes the form:
B2L1(¢) + Bi(¢) + N1(¢) + E1 =0,
where Ey, B are described in (5.19), (5.22) respectively, and

Ll((b) = B_2¢zz + Gpe — 5_%5_2 (2w N G(E%y) - b(n‘:‘%y)) b, N1(¢) = —E_%¢2.
(5.26)
We recall that the description made here is only local (for |z| < doe=3). We will
be able however to reduce the problem to one qualitatively similar to that of the
above form in the infinite strip S (recall (3.39)).

6. THE GLUING PROCEDURE
Let us first define some useful cutoff functions
X5(x) == 77/5(6%.%'), d >0, (6.1)

where ns is the smooth cutoff function defined in (4.2). The choice of the power 1/3
will become clear in the proof of Proposition 7.1 below (in particular, see relation
(7.28)).

We define our new global approximation to be simply

W = Ugp + egxgov(x)eZ, (6.2)

recall (5.17), where v > 0 is a small constant, independent of &, to be chosen (until
then, unless specified otherwise, all the following constants will implicitly depend
on 7). Then, the function w + ¢ solves (3.1) if and only if

L(¢) = N(¢)+ E in €, gf; =0 on 09,
where
L(9) = A¢ -3 (2w —a(ety) (=) 4, (6.3)

N(@)=c"3¢> and E=—-Aw+¢e 3 (w - a(sgy)) (W - b(egy)) .

We now use a very nice trick which was already used in [17]. This trick amounts to
decompose the function g{) into two functions, one of which is supported in a tubular
neighborhood of I'. and the other one being globally defined in .. Therefore, we
decompose ¢ in the following form:

b= X530+,

where, in coordinates (z, z), we assume that ¢ is defined in the whole strip S. We
want

N N . , B
L0G,0) + L) = B+ N(x,6+ ) in 0, GE =0 on o0
We achieve this if the pair (¢, ) satisfies the following nonlinear coupled system:
Xir (@) = 5B+ SN (9 + ) + 2Ge S (w—a)y in S, (6.4)

AYp—Qyp—2(1—x5)e™ 5 (w—it)yp = (1—x2>E+<1—x2>N<x§7¢+w)—2V<x§7>V¢(—A§x§7>¢
6.5
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: oY _
in O, and 7~ = 0 on 9., where
n

2 2
U = max {a(ggy), w + E%, b(agy)} and @ = e~ 3 (211 — a(zs%y) — b(g%y)> .
(6.6)
Notice that the operator L in the strip S may be taken as any compatible extension
outside the {|z|] < 676_%}7neighborhood of the curve. For future reference, it is
useful to note at this point some properties of @ and @: Recalling (1.3), it is easy
to see that there exists an O(1) neighborhood U. of the curve I'c such that

a(eby), y € M\Ue,
2 2
o)) — a(e3y)+b(e3 2
a(y) w +e%, yeU., (6.7)
b((i%y), Yy e QQ\UE'
Furthermore, observe that relation (3.9) implies that
c, y=(87"z,2) € QN {la| <7e73},
Qy) = (6.8)

ca’%, y € Q\{|z] < 75*%}.

Moreover, recalling (4.4), (5.1), (5.9), (5.11), (5.18), and the super-exponential
decay of Z, we find that

(1- Xi)a_g(w —u)| <Ce in Q.. (6.9)

Remark 6.1. Everything in this paper, except from relation (6.8), still holds with
the choice u(y) = max{a(c3y),b(e3y)}.

What we want to do next is to reduce the problem to a problem in the strip.
To do this, we solve, given a small ¢, problem (6.5) for ¢. This can be done in a
straightforward manner. Assume that ¢ satisfies the following conditions:

6(z,2)] < Me3, |z] > 75 and |Vo(z, 2)|+o(z, 2)] < exp{—e~5}, [x] > 3ye™

for a certain constant M > 0. Firstly, we can use (6.8), (6.9), and a maximum
principle argument to bound the inverse of the operator in the lefthand side of (6.5)
(one obtains better estimates if the righthand side has support in |z| < 2ye~3).
Then, a direct application of the contraction mapping principle , recalling (5.15),
(5.18), and the super-exponential decay of Z, yields that problem (6.5) has a unique
(small) solution ¢ = ¢ (¢) with

V()| Lo (02 < CMPE?, (6.11)

if e < e(M), with C independent of e, M. Furthermore, the nonlinear operator 1
satisfies a Lipschitz condition of the form

19 (61)=1(2)l| e () < Celldr—be] %)we%nwl—@)u

L°°(|x\2’ya_ Le° (|w|23wa_%>’
(6.12)
(C independent of £, M) where, with some abuse of notation, by {|z| > re~3},

r > 0, we denote the complement of the {|z| < re~%} neighborhood of T'.. For
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future reference, note that from (6.5), thanks to (6.8) and (6.9), we have

[V(d1) — V(d2) ||y < Cet||¢y — P2llmr(sy, € <eM), (6.13)

with C' independent of €, M.
The full problem has thus been reduced to solving the (nonlocal) problem in the
infinite strip S:

La(¢) = X5E + XS N (¢ + 9(9)) + 2x5e™ 5 (w — @)ih(¢) (6.14)

for a ¢ € H?(S) satisfying condition (6.10). Here Ly denotes a linear operator that
coincides with L on the region {|z| < 1076~} (then we can multiply both sides of
(6.14) by x5, and get (6.4)). We shall define this operator next. The operator L
for |z| < 10y %, in coordinates (z, z), is given by 2Ly + By (recall (5.17), (5.21),
(5.26), (6.2), and (6.3)). We extend it for functions ¢ defined in the entire strip S,
in terms of coordinates (z, z), as follows:

Lo(@) = 82Lo(®) + Xio, B1(9) = Xio, [+7F (20— aleFy) — b(ePy)) —28%V] 0,
(6.15)
where, we recall,
L0(¢) = 6_2¢zz + Gz — 2V . (616)
Rather than solving problem (6.14) directly, we shall do it in steps. Firstly, we

consider the following projected problem in H?(S): given e satisfying bound (5.18),
find functions ¢ € H%(S), d € L?(0, /), ¢-periodic, such that

La(¢) = X5 By + No(¢) + d(e32)x5Z in S, (6.17)
$(2,0) = $(,£/e3), ¢=(w,0) = p=(x,¢/e3), 00 <z < o0, (6.18)
/Z ¢z, 2)Z(x)de =0, 0<z< 6% (6.19)
Here 3 )
N2(¢) = X5N (6 +¥(9)) + 2x5e 3 (w — w)¢(9), (6.20)

(recall that w = w and E = —E; for |z| < 30ye~3). We will prove that this
problem has a unique solution whose norm is controlled by the L?-norm of Eis,
and not by that of the whole E; (recall (5.25)). After this has been done, our
task is to adjust the parameter e in such a way that d is identically zero. As we
will see, this turns out to be equivalent to solving a nonlocal, nonlinear second-
order differential equation for e under periodic boundary conditions. We will deal
with this next. We will carry out this program in the following sections. To solve
(6.17)-(6.19), we need to investigate the invertibility of Ly in an L? — H? setting
under periodic boundary and orthogonality conditions. Let us mention that such
infinite dimensional Lyapunov-Schmidt reduction arguments were first introduced
by Pacard and Ritoré [41] in the context of the Allen-Cahn equation.

7. INVERTIBILITY OF Lo
Let Ly be the operator defined, in H?(S), by (6.15). In this section we study the
linear problem
Ly(¢p) =h+d(e32)x5Z in S, (7.1)
¢(I‘,O) = ¢(9:7€/5%)v ¢z(x30) = d)z(x,E/g%)v —00 < x <09, (72)
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/OO ¢z, 2)Z(x)de =0, 0<z< é, (7.3)

€3
for given h € L%(S).
Our main result in this section is the following:

Proposition 7.1. There exist constants v, €9, C > 0 such that, for all e € (0,e9)
and h € L*(S), problem (7.1)-(7.3), with v = 7., has a unique solution ¢ = T(h).
Furthermore, we have the estimate

1T ()] g2(s) < Cllhllz2(s)-

For the proof of this result, we need to show the validity of the corresponding
assertion for a simpler operator that does not depend on €. Let us first consider the
problem:

L(¢) = —A¢+2Vé=xSh in S, (7.4)
d(x,0) = ¢(z 6/53), ¢.(x,0) = ¢Z($,€/E%)7 —00 <z < 00, (7.5)
/ ¢(x,2)Z(x)dx = 0, 0<z<£ (7.6)

€3

The following a-priori estimate holds:

Lemma 7.1. There exists a constant C > 0, independent of €, v, h, such that
solutions of (7.4)-(7.6), with h € L*(S) and v > 0, satisfy the a—priori estimate

16l 72(s) < CllbllL2cs)-

Proof. Let us consider Fourier series decompositions for ¢ and h of the form

or,2) = S [orate) o (25823:2) + oo s (52232)].

h(z,z) =3 1 [hlk(:zr) cos (#s%z) + hag(x) sin (#s%z)] .

Then we have the validity of the equations

4772k2
— e3¢y, — Lo(ou) = XShik, © €R, (7.7)
with the orthogonality condition
(oo}
/ G Zdx = 0, (7.8)
—oo
for k =0,1,---, 1 = 1,2, where Ly is the linear operator described in Proposition

3.1. Since the righthand side of (7.7) has compact support, and V(z) — oo as
x — Fo0, a rather standard barrier argument can be used to show that each ¢y
decays super—exponentially to zero as x — 400. The same property also holds true
for ¢ii,. Let us consider the bilinear form associated to the operator —Lg, namely

B, 1) = /jo (v2 +2Vy?) dz, ¢ € HY(R) with /jO Vap?da < oo.

Since (7.8) holds, recalling the spectral properties of L from Proposition 3.1, we
conclude that
c (|

)) < Blous ou). (7.9)
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Here, and throughout this proof, by ¢/C' we denote positive generic constants,
independent of ¢,7, k, whose value will decrease/increase from line to line. Using
this fact, and testing equation (7.7) by ¢, we find that

pul| 72y + N1 dukal T2y < ClXShuklT2(w)- (7.10)
Testing (7.7) once again, this time by ¢y 5., We arrive at

C/ (Pt wa)*d < 2/ V¢1k¢zk,mdl’+c/ (XS hu ) *dex. (7.11)

— 00
An integration by parts, which is possible by the super-exponential decay of ¢ii., ¢,
yields

o0 o0 o0
/ Voudik,aedr = —/ V(i) dx — / Ve @ik O,z d. (7.12)
oo —oo —oo
By Proposition 3.1,
-V<C, Vi <1, ze€eR,
and, taking into account (7.10), (7.11), (7.12), we arrive at
1,22 122 () < ClIXSRuklZ2 ) (7.13)
Adding up estimates (7.10) and (7.13) in k and I, we conclude that
1D?||72(s) + [1DB]72(s) + [0l172(5) < ClIXShlF2(s) < Cllbll72(s),s
which ends the proof. O

Next, we consider the following problem: given h € L?(S), find functions ¢ €
H2(S), d € L?(0,¢), {-periodic, such that

L(¢) = X5 h +d(e52)x5Z in S, (7.14)
¢(x,0) = qS(x,E/E%), ¢.(z,0) = q’)z(m,f/es%), —00 < < 00, (7.15)
/00 d(x,2)Z(x)de =0, 0<z< é, (7.16)

o €3

where m € N. Note that, for large m > 0, the righthand side of (7.14) approximates,
in some sense, that of (7.1).

The following lemma provides us with existence of solutions as well as estimates
that will be used in the sequel for passing to the limit m — oco.

Lemma 7.2. Problem (7.14)-(7.16) possesses a unique solution ¢ = Tm(h). More-
over, there exists a constant C > 0, and an go(y) > 0, such that

1T (B) | 112(s) < CllRl|L2(s)s
for alle € (0,e0(7)), v>0, h € L*S), meN.

Proof. To establish existence, we assume that

o

W2 =Y [hlk(x) cos (27%%) + () sin (27%% ,

k=0
and consider the problem of finding ¢;. € H?(R) and constants dj such that

47T2k2 4 e e
2 € b~ Lo(dwk) = Xrphuk + dux5Z, z € R,
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and -
/ ouZdr=0, k=0,1,---,1=1,2.

This problem is solvable provided

g s X Zde
Ik = —ffooo NV .
Observe in particular that
o0
C 2 40 2
> ldul* < 33 IXinPll T2y € 8 |hlli2s), (7.17)
(S5 220 ¥, Z%dx)
if e € (0,e0(7)), for some €¢(y) — 0 as v — 0, and constant C' > 0 independent of

€,7Y, m,h.
Finally, define

ot2.2) = 3 [outr)cos (27

k=0

5§z> + ¢or(z) sin (27;]6533')} , (x,2) €S,

and correspondingly

o) =" [dlk cos (7“9) + doy sin (279)] , 0el0,4.
k=0
Estimate (7.17) implies that d(e3z)Z has its L2(S) norm controlled by that of
h. The a—priori estimates of the previous lemma tell us that the series for ¢ is
convergent in H%(S), and defines a unique solution for the problem that satisfies
the desired bound (with constant independent of €,~v,m, h).
The proof of the lemma is complete. O

We consider now the following problem: given h € L?(S), find functions ¢ €
H?2(S), d € L*(0,¢), {—periodic, such that

L(¢) =h+d(c52)x5Z in S, (7.18)
¢(x,0) = ¢(x, 5/5%), ¢ (x, 0) q’)z(a:,f/sg), —00 < T < 00, (7.19)
/ ¢z, 2)Z(x)dx =0, 0<z<£ (7.20)

€3

Letting m — oo in (7.14)-(7.16), we can obtain the following:

Lemma 7.3. Problem (7.18)-(7.20) possesses a unique solution ¢ = T(h). More-
over, there exists a constant C' > 0, and an £o(7y) > 0, such that

IT ()| 12y < Cllhllz2(s),
for all e € (0,e0(7)), v>0, h € L%(S).
Proof. From Lemma 7.2, given m € N, problem (7.14)-(7.16) possesses a unique

solution ¢,, = Tm(h)7 if 0 < & < g9(y). Furthermore, the sequence {¢,, } is bounded
in H2(S). Hence, passing to a subsequence, we may assume that

bm — ¢ weakly in H?(S).
Keeping everything fixed and letting m — oo in the weak form of (7.14)—(7.16),

we find that T(h) := ¢ solves (7.18)(7.20), and satisfies the desired bound (by the
weak lower semi—continuity of the H?-norm).
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The proof of the lemma is complete. O

We can now give the

PROOF OF PROPOSITION 7.1: We will reduce problem (7.1)-(7.3) to a small per-
turbation of a problem of the form (7.18)-(7.20) in which Lemma 7.3 is applicable.
We will achieve this by introducing a change of variables that eliminates the weight
72 in front of ¢, (recall (6.15), (6.16)).

We let

6. 2) = p(ma(z), alz) = / T B(rar.

The map « : [0,6/6%) — [0,@/6%) is a diffeomorphism, where

0
(= / B(r)dr. (7.21)
0
‘We denote then
¢z = 690z’7 ¢zz = B2(5%Z)902’Z’ + 5%6/(5%2)@%’ (7'22)

while differentiation in 2 does not change. Recalling the definition of Ly from (6.15),
the equation in terms of ¢ now reads

—Ap+2Ve = B350, B1(®) — X0, [6%5*2 <2w —a(e3y) — b(sgy)) — 2‘/} ¥
+e8 BB 20, — B2h — d(e32')B2X5 2,
(7.23)
for (z,2/) € S:={z €R, 2 €][0,{/e3]}, together with the conditions
o(z,0) = go(xj/sg), 0y (,0) = @Z/(x,f/sg)7 —00 < 2 < 00, (7.24)
> ‘
/ o(x,2")Z(x)dz =0, 0<2' < —. (7.25)
oo €3

Here h(z,2') = h(z,a"'(¢)), d(e32') = d (6§0f1(z’)), and the operator Bj is
defined by using formulas (7.22) to replace the z-derivatives by Z'-derivatives, and

the variable z by a~1(2'), in the operator B;. We set

Ba(g) = B7%XG0, Ba(9) and By() = —xfo, [7672 (20 — aley) — () - 2v] .

From Lemma 7.3, we know that equations (7.23)—(7.25) are equivalent to a fixed
point problem

o=T (Bg(tp) + Bs(p) + 588 2. — ,B_QE) . (7.26)
Notice that the operator B, is small in the sense that

- 1 2

1B3(0)l 128, < COvEb + D)l oo (7.27)
for some constant C independent of ¢ and small £,y > 0. This last estimate is a
rather straightforward consequence of the fact that e3|z| < 207e3 whenever the

operator By is supported, and relations (5.22), (7.22). Furthermore, from (5.18),
(5.23), we have

Xy [£75872 (20— alely) — biety)) — 2V ]| < Celfngy, (0®41) < C(P4ed), (3,2 €S,
(7.28)
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where C' is independent of small €,y > 0. Hence, it follows that

S 2
1Bs(@)l 25y < COP +e%)llll 2 s

with C' independent of ¢ and small €, > 0. Let’s recall at this point that the
constant in the estimate of Lemma 7.3 does not depend on v (nor on &, h). This
means that we can fix a small v, > 0, and find an g9 > 0, so that we can apply
the contraction mapping principle in (7.26), with v = v, and € € (0,gp). Thus,
if ¢ € (0,e0), equations (7.23)-(7.25), with v = ~,, have a unique solution ¢(h),
satisfying the estimate H<p(ﬁ)||H2($) < CHHHL?(S) for some constant C' independent
of &, h.

The result now follows by transforming the estimate for ¢ into a similar one for
¢ via a change of variables. This concludes the proof. [

Remark 7.1. From now on v will be fixed equal to ..

8. SOLVING THE NONLINEAR INTERMEDIATE PROBLEM

In this section we will solve the nonlinear problem (6.17)—(6.19), i.e.,
La(6) = —x5B1 + Na(9) + d(e32)x5 2. (8.1)

under periodic boundary and orthogonality conditions in S. Here N> is as in (6.20),
whenever this operator is well defined, namely, for ¢ satisfying (6.10). A first
elementary but crucial observation is that the term

E11 = (626,/ + )\Osgﬁze)Z,

in the decomposition of E; (recall (5.25)), has precisely the form d(e%2)Z and can
therefore be absorbed for now in that term. Thus, the equivalent problem we will
look at is

La() = —x5 Era + Na(9) + d(e3 2)x5 2, (8:2)
under periodic boundary and orthogonality conditions in §. The big difference

between the terms F1; and E15 is their sizes. Notice that, by Proposition 5.1, and
(5.18),

X5 B2l r2(s) < Ces3, (8.3)
while x5 E1; is a—priori only of size O(e) in L*(S). We call
EQ = X»EYE12~ (84)

For future reference, it is useful to point out the Lipschitz dependence of the term
of error Fy on the parameter e for the norm defined in (5.18). One can readily
check that we have the validity of the estimate

[E2(e1) — Ea(e2)|l2(s) < Celler — ey (8.5)

Let T be the operator defined in Proposition 7.1. Then, the equation (8.2) is
equivalent to the fixed point problem

¢ =T (—E>+ Na(9)) = A(9). (8.6)

The operator T has a useful property: Assume that h has support on |z| < 275*%,
then ¢ = T'(h) satisfies the estimate

|p(z, 2)] + [Vo(z, )| < [[¢ll(sye >

1
> for |z|>3vye73, (8.7)
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for some constant 1 > 0 independent of e, h. Indeed, since the term involving d
is supported on |z| < 2y~ 3, recalling the comments below (7.27), and (7.28), it
follows that ¢ satisfies, for |z| > 275_%, an equation of the form

B2z 4 00w =2V 6O ()04 x50, O (24 (00 ] + 102 + |60l + [6s] +[02:1)) = 0, € 0,

uniformly in x, z. Then, for z > 275_%7 we can use a barrier of the form
_ _1.3
Bx.2) = [0llr=s) exp { ~D(w = 20782}, D >0,

(recall that V' — |z| — 0 as & — £00) to conclude that

6(w,2) < 9]l (s exp { 2ue 74}, @2 3774,

for some constant p > 0 independent of €, h. The remaining inequalities for ¢ are
found in the same way. The bound for V¢ follows simply by local elliptic estimates.

Now we recall that, for every ¢ fulfilling (6.10), the operator 1(¢) satisfies re-
lations (6.11), (6.12), and (6.13). These facts will allow us to construct a region
where the contraction mapping principle applies to (8.6). We consider the following
closed, bounded, subset of H?(S):

B = {sb € HXS) : ||olluzs) < Me3, [||Vel + |4l < [ éllm=(s)e™

Lo° (‘Z|Z3’Y€7%)

where ¢ > 0 is as in (8.7), and M a constant to be determined (independently of
e). Note that, thanks to Sobolev’s imbedding
18l (s) < Cllgllmz(s) (C independent of €, ¢), (8.8)

functions ¢ in B fulfill condition (6.10) provided ¢ is sufficiently small.
We claim that if the constant M is fixed sufficiently large, then the map A, defined
in (8.6), is a contraction from B into itself for all small € > 0. For functions ¢ in B,
we have the following estimate for Na(¢) = a_gxfy (¢ + w(¢))2+2xi5_% (w—u)Y(9):
IN2(9)l|2(s) < CMe2, € < e(M). (8.9)

(Here, and throughout this section, by C' > 0 we denote a generic constant that is
independent of M and all small € > 0; by e(M) we denote a generic small constant
that depends only on M such that e(M) — 0 as M — o0). To see the above
estimate, let S, = SN {|z| < 275‘%}. Then, for ¢ € B, we have that

IN2()ll2(s) < Ce™5 611745y + ||¢(¢)||i4(sw)} + CllY(P)l z2(s,)

where we also used the easily derived estimate w — 4 = (9(5§), € — 0, uniformly in
Q.. Using Sobolev’s imbedding, we get

10
18l1Zs(5) < Cliolir sy < Cllgllzz(s) < CM*e.
From (6.11), and the fact that the area of S, is O(¢!), we obtain that
_2 5
e [U()ITss,) + 1¥(D)l12s,) < CM?e?, e <e(M).

Hence, estimate (8.9) holds true.
We claim that a Lipschitz property holds for N,. More precisely, there exists a
constant C' such that

[ N2 (1) — Na(¢2)|l 125y < Ce3 |61 — d2lluzis) ¥ 61, 6o € B, (8.10)

N=

b
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provided & < g(M). Indeed, by direct computations, we obtain that
167 — d3llr2s,) < (lp1llacs,) + I2llnas,)) 61 — d2llas,) ¥ 1, ¢2 € HA(S,).

Therefore, we have

IN2(¢1) = No(do)llr2sy < e 3] (b1 +9(61)) — (b2 + ¥(62))” [l r2(s,)
+C[Y(p1) — Y(b2)llL2s,)

IN

(A1 + A2) (|1 — d2llna(s,) + (o) — ¥(d2)lLacs,))

+CNY (1) — (d2)l2(s,)>

where A; = 3 (lpsll s,y + ||w(¢i)||L4(57)), i = 1,2. Arguing as before, and
recalling relation (6.13), we deduce that (8.10) holds.
Now, for ¢ € B, it follows from Proposition 7.1, (8.3), (8.4), (8.6), and (8.9), that

I A()|| 25y < Cue® + CM2e3,

for some constants C,, C independent of M and all small . Thus, choosing any
number M > C,, we have
IA(P) | 2(s) < Me3,

provided ¢ is sufficiently small. On the other hand, the function ¢ = A(¢) satisfies
an equation of the form Lo(¢) = h with h compactly supported on |z| < 2ve~ 5.
Hence, by the discussion leading to (8.7), and Sobolev’s imbedding (8.8), we in-
fer that ¢ belongs to B, provided ¢ is sufficiently small. Furthermore, thanks to
Proposition 7.1, and (8.10), the map A is a contraction. We conclude that (8.6)
has a unique fixed point in B. In turn, this fixed point supplies us with the desired
solution of (8.2).

We recall that the operator A carries the function e as a parameter. Hence,
the fixed point ¢ of A depends on e, and we can write ¢ = ¢(e). A tedious but
straightforward analysis of the terms involved in the differential operator Lo, the
nonlinear operator Ny, and in the error Fs, yields that this dependence is indeed
Lipschitz with respect to the H2-norm (for each fixed ¢). Indeed, from (5.19),
(5.25), (6.5), (6.11), (8.4), and the super-exponential decay of Z, in the same way
as (6.13), we get that, for ¢ € B,

e, (8) = Yea (D)l 21120y < €7 " lex — ez,

where we have emphasized the dependence of the operator ¢ on functions eq, ey
satisfying (5.18). Now, arguing as before, we can show that, for ¢ € B,

8
N2, () = N2 (8) [l L2(s) < Ce?ler — ezllo. (8.11)
Notice that in view of ¢(e;) = A(¢P(e;)), i = 1,2, we can write

Lo (¢(ei)) = —Ea(ei) + Nae, (9(€i)) + 2XT0,Zeip(e:) + de, (5§Z)X»EYZ7 i=1,2,
where Lg o is the linear operator described in (6.15) with e = 0. So,

Lao(p(e1) — dle2)) = —Ez(e1) + Ealez) + Nae, (¢(e1)) — Na, (¢(e2))

+2x50,Z (e10(e1) — e2g(e2)) + d(e3 2)x5 Z,
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where d(#) = d., (0) — de,(f). Finally, by (5.18), Proposition 7.1, (8.5), (8.10),
(8.11), and the above relation, we infer that

(1) — dlea) |l m2(s) < Celler — eallo. (8.12)
We summarize the results we have obtained in this section in the following:

Proposition 8.1. There are numbers p, M > 0 such that for all sufficiently small
e > 0 and all e satisfying (5.18), problem (6.17)-(6.19) has a unique solution
o = ¢(e) that satisfies
5
9l r2(s) < Mes,
and

1
2

Vel + 14l

Lee (\wIZSA/e*%) < ||¢||H2(5)e_“5

Besides, ¢ depends Lipschitz-continuously on e in the sense of estimate (8.12).

Next, we carry out the second part of the program, which is to set up an equation
for e that is equivalent to making d identically zero. This equation will be obtained
by simply integrating (only in z) equation (8.1) against Z. It is therefore of crucial
importance to carry out computations of the term ffcoo X5E1Zdz. We do that in
the next section.

9. ESTIMATES FOR PROJECTIONS OF THE ERROR

In this section we carry out estimates for the term ffooo X5 E1Zdz, where Eq, we
recall, was defined in (5.19).
The main component in this expression is given by

[ee] 1
(e2¢” + Ao B2e) / X5 Z%dx = (%" + Xoe s B2e) (1 +O(e=* ? )) ,
— 00
where we used that ffooo Z%dx = 1, and the (super) exponential decay of Z.
By relations (5.15), (5.20), we infer that

/ X5 EoZdr = £2a,(e32),

for some smooth, uniformly bounded (in ), function a; of § = ez

We will estimate the remaining terms coming from (5.19), (5.24). In view of
(5.22), the evenness and decay of Z, and recalling the normalization || Z| z2®) = 1,
we can show that

s / Xfyél(eZ)Zd:c = e age — &2 (B’Bfl + 5%a3> e + 2age,
for some smooth, uniformly bounded (in €), functions a;, i = 2,3,4, of § = ez
Combining (5.19), (5.24), and the above relations, we conclude that

JEoGEZde = (14l — (3B +hb)e
(9.1)
+e3 (MofB +eSby)e + 3 bye? + bye?,
for some smooth, uniformly bounded (in €), functions b;, i = 1,--- ,5, of @ = €3 2. In

particular, we have that b; are independent of e, and actually by = — ffooc Xf/Z?’dm.
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10. PROJECTIONS OF TERMS INVOLVING ¢

We will estimate next the terms that involve ¢ in (8.1) tested against Z. We call
the sum of them () (recall (6.15)), which can be decomposed as ¢ = Zle 2y
below.

Firstly, note that

oo 2 [e.e] (oo}
/_OO Lo(¢)Zdx = 5—2% (/_OO ¢>de) +A0/_Oo ¢Zdx =0,

thanks to (6.19).
Let

p1(e52) = / X50,B1(8)Zdz.

We make the following observation: all terms in B, (¢) carry 3 and involve powers
of x times derivatives of zero, one, or two orders of ¢. Since Z has super-exponential
decay, the conclusion is that

¢
[ ter@)Rd < 2ol s,
Hence, by Proposition 8.1, we get
lo1llz2c0,0) < Ces. (10.1)

In ¢1 we single out a less regular term, arising from a second order derivative in z
for ¢, namely

oo -
o1 = —/ Xio, [1 -~ +£§kﬁ_1x)_2} 6. Zdz.

— 00

Emphasizing the dependence on e, we readily see that

loreer) — prae2)|? < et / T ban(er) — o (e0)]? do

So, we get

8.12
loraer) — oralea)lBao) < Ce2loler) ~ dlen)lngs) < Cellles — ealf
i.e,
lp1s(e1) = @ra(e2)ll 20,0y < Ce?ller — eafls- (10.2)
The remainder ¢1 — @1, actually defines, for fixed e, a compact operator of e into
L?(0,¢). This is a consequence of the fact that weak convergence in H?(S) im-
plies local strong convergence in H*(S), and the same is the case for H%(0, /) and
C10,¢). If e; is a weakly convergent sequence in H?(0, /), then clearly the func-
tions ¢(e;) constitute a bounded sequence in H?(S). In the above remainder, one
can integrate by parts if necessary once in x. Averaging against Z, which decays
super-exponentially, localizes the situation and the desired fact follows.
Let us now consider the term

2

p2(e32) = 7/ X104 {sfg (2w - a(sgy) - b(s:%y)> - 252V} $Zdx.
By the first inequality in (7.28), the decay of Z, and Proposition 8.1, we obtain that
lezllzao) < Cellglizas) < Cet. (10.3)
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Finally, let
I L
By (8.9), we deduce that -
lisllz2 0.0 < Ce5 [ Na () 12(s) < Ce . (10.4)

The term ¢s + @3 defines a compact operator for e similarly as the remainder
1 — Plx-

11. SOLVING THE REDUCED PROBLEM FOR €

In this section we set up an equation for e such that, for the solution ¢ of (6.17)-
(6.19), predicted by Proposition 8.1, one has that the coefficient d(egz) is identically
zero. To achieve this, we multiply the equation against Z and integrate only in x.
The equation d = 0 is then equivalent to the relation

o) =~ [ Bzan

Using the estimates of the previous sections, we then find that the above relation
is equivalent to the following nonlinear, nonlocal differential equation for e:
Lle) =e3(B7 2" =B B3¢ )+ oe = e3bie” +e5boe’ +e3bye+bye+e3bs—e23 2 M.
(11.1)
The operator M, = M. (e) can be decomposed in the following form:
Mc(e) = A:(e) + Kc(e),

where K. = £ 3 (1 — 14+ 2 +¢3) is uniformly bounded in L2(0, ¢) for e satisfying
constraint (5.18), recall (10.1), (10.3), (10.4), and is also compact. The operator
A, = e 3¢y, is also uniformly bounded in L2(0, ), and, due to (10.2), satisfies the
Lipschitz condition:

14c(e1) = Ac(ea) 20,0 < =5 lex = eallo- (11.2)

The functions b; = —372b;, i = 1,---,5, are smooth, uniformly bounded (in ¢),
and independent of e (recall (9.1)).

We now use assumption (1.15) to deal with the invertibility of £. We have the
following:

Lemma 11.1. Assume that condition (1.15) holds. If f € L*(0,£), then there is a
unique solution e € H%(0,£) of L(e) = f that is {-periodic and satisfies

4 2 _2
e3le”lz20,00 F € ll€ I L20,0) + llell o0, < Ce™ 3 fllL2(0,0)
with C independent of €, f. Moreover, if f is in H%(0,£), then
4
e3lle”ll 20,0 + €'l z20,0) + el 20,00 < Cllf 120,09,
with C independent of €, f.
Proof. By setting € = £3, this is exactly Lemma 8.1 in [17]. |

We are now ready for the )
PROOF OF THEOREM 1.1: We first solve L(ep) = 8%b5, and replace e = eg + €.
By the second assertion of Lemma 11.1, we have

4 4
e3llegll 220,00 + lleolizz0,6) + lleoll Lo 0,0y < Ce3.
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The resulting equation for € has the same form as (11.1) except that now the term
E%bg, disappears. Let us observe that, by the first assertion of Lemma 11.1, the
linear operator £ is invertible with bounds for L(e) = f given by

_2
lells < Ce™3 [ fllL2(0.0)-

It then follows from the contraction mapping principle, and (11.2), that the problem
[L+e*B72A] (e) = f

is uniquely solvable for e satisfying (5.18) if || f[|z2¢0,¢) < Ce3 ™ for some p > 0.
The desired result for the full problem (11.1) then follows directly from Schauder’s
fixed point theorem. In fact, refining the fixed-point region, we can actually get

lelly = O(e%) (11.3)

for the solution.

The corresponding estimates (1.17), (1.19) for the solution u. we constructed
for the stretched problem follow readily by combining (5.1), (5.11), the asymptotic
behavior of V, ¢1 from Propositions 3.1, 3.2 respectively, Proposition 8.1, and (6.11).
By elliptic regularity [23], or the interpolation-type inequality of Lemma A.1 in [7],
it follows that

Vol +[Vé(e)| + [Ve(9)] < Cet, (114)
and the corresponding estimate (1.20) follows by noting that |Vug,| < Ce? in
Q. N {|z| < de~3} whereas |Viigy| < Ce? in the remaining domain, Lemma 4.2,
and (5.18). Finally, scaling back to the original variables yields (1.17), (1.19),
(1.20). The first assertion below (1.20) follows by the compactness of the imbed-
ding C1(Q) c C%*(Q), 0 < a < 1 and (1.16); the second follows by noting that
the error term in (1.17) is of order £ in the C sense (by Lemma 4.2, (11.4), and
(11.3)).0

Next we present the
PROOF OF PROPOSITION 1.1: For convenience, we will continue working in stretched
variables. Let

2
Ply) = Z(x)B(e3 2),
be a function defined in the tubular neighborhood of I'. described by

U.=0Q.n{|z| < e 3},

where Z was defined in (5.16), and © any smooth, ¢-periodic function. Making use
of (5.16), (5.21), a direct calculation shows that

Ap—e5 (zug —a(efy) - b(s%y)) ) = (3 Qg+ Ao B%0) Z+ (e%@ reto,+ 52@99) F(z,2),

in U., with |F(z,2)| < Ce °*l. Testing the above equality by 1, recalling the
super-exponential decay of Z, the fact that || Z||.2(r) = 1, and using the elementary
inequalities

200)100] < (7302 +363), 200l/0n| < (102 +el6}),
we infer that

/U [—AI/J e 3 (2u5 - a(g%y) - b(s%y)) w} Wy =
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¢ £
E—%/ (502 — A0ﬁ2®2)d9+0(1)/ (@2 46503 +6%939) do.
0 0

(To be more accurate, the righthand side is multiplied by 1 + O(d) arising mainly
from the Jacobian of the transformation y — (z, 2)).
The above relation motivates us to consider the following geometric eigenvalue
problem:
—£50gg — X0B%(0)0 = AO in (0, ),
(11.5)
©(0) =0(f), ©4(0) = Oy(().

It’s well known that the above problem has a sequence of different eigenvalues
A1 < As < -+ with corresponding eigenfunctions ©1,0,,---. It is obvious that
A1 < 0 because of the positivity of \g3? and ©; can be chosen positive. Moreover,
by adapting the proof of Lemma 2.4 in [48], all critical eigenvalues of (11.5) have
good estimates: If € is small then we have, as i — oo,

47‘(‘2 o 4 6%
A = P (%5 —\) 40 <12> , (11.6)

where A, £ as defined in (1.14), (7.21) respectively.
Recalling the definition of the cutoff function ns from (4.2), let us define the
function ¢; € H*(Q.) as
Yily) = ©i(eF 2)Z(@)ns ().
In view of the calculation above (11.5), and the super-exponential decay of Z,
given C' > 0, if 1 < i < [Ce™ 3], we have

[ (190 =78 (20— acty) —biet) ] dy = f’; (et )10 (1),

provided ¢ is sufficiently small and (1.15) holds. Finally, noticing that
| v =0, iz

we conclude that the Morse index of the solution wu. is greater than [‘/5

2
g 3] as

€ — 0 and (1.15) holds. (This is in agreement with the asymptotic formula (1.9) in
the radial case).
The proof of the proposition is complete. [

12. OPEN PROBLEMS

An interesting question is whether one can remove the resonance condition (1.15)
in Theorem 1.1. In problems of constructing solutions concentrating on curves for
the nonlinear Schrodinger equation, this has been achieved (in some cases) very
recently in [5], [19] by constructing approximate solutions from two dimensional
solutions of the corresponding blown up problem, which roughly was (1.12) with
constant positive potential. Let us point out that, in the current situation, solutions
W € H'(R?) of the equation (1.12) are not radial and, to the best of our knowledge,
their non-degeneracy is not known. Here, by non-degeneracy, we mean that the
kernel in H'(R?) of the linearized operator —A + 2(V;. — W) is spanned by Z¥.
(Existence of such W can be established by the same arguments used for the solution
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w € H(R) in Proposition 3.1 and noting that (1.12) is translation invariant in the
direction z).

Naturally, an interesting open problem is to prove an analog of Theorem 1.1 for
problem (1.1) posed in any dimension N > 2, where the zero set of a — b would
be an (N — 1)-dimensional submanifold M of 2 and V(a —b) # 0 on M. (One
could also formulate a theorem for the case where M is (N — m)—dimensional,
1 < m < N —1). The same question has been the subject of a lot of recent
research in other semilinear elliptic problems involving resonance. If NV is arbitrary,
instead of the infinite dimensional reduction of [17], which we use in the present
paper, the preferred approach seems to be that of [38] (see [35, 37, 42]). Let us
briefly discuss this point and what are the difficulties in employing the scheme of
[38] in the present situation. Our construction of the approximate solution can
easily be adapted to problem (1.1) posed in N dimensions. Based on the radially
symmetric case, we expect that the eigenvalues of the linearization of (1.1) around
this approximation should behave qualitatively as A; described in (1.8) where 7; now
are the eigenvalues of the Laplace-Beltrami operator of the manifold M. (Instead
of expanding in polar coordinates, one can use (naively) a Fourier decomposition
with respect to the eigenfunctions of the Laplace-Beltrami operator and the normal
Laplacian on the manifold M, see [35] for a related result). Assuming that this
expectation holds, by Weyl’s asymptotic formula, the eigenvalues that are closest
to zero should behave qualitatively like

Ay = —eb +imTe, (12.1)

Notice that in this way the average distance between two consecutive A;’s (when
they are close to zero) is of order eV =1 so, even if we have invertibility, the distance
of the spectrum to zero is (in the best cases) of order eV ~!. Therefore, the inverse
operator is always large in norm. By this reason, to apply a nonlinear scheme to
perturb the approximate solution into a genuine solution of (1.1), we need first to
find very good approximate solutions, with a precision depending on N, and then
prove that the linearized operator is invertible for suitable values of . This is indeed
a rather delicate issue: for reasons of brevity we do not discuss it here but we refer
directly to [37]. Improving inductively the accuracy of the approximation by adding
lower order terms, determined from linear inhomogeneous problems of the form
(3.33)-(3.34), seems to be difficult and complicated because each inhomogeneous
term and boundary condition grows polynomially instead of decaying exponentially
to zero as was the case in [37] or [38], where arbitrarily high-order approximations
for other equations were constructed in this manner. Unlike the previous references,
the problem at hand has in common with [42] the fact that the linearization of the
profile normal to I is invertible (recall Proposition 3.1), and another possibility for
improving the approximate solution could be to adapt the iteration scheme of that
paper.

Problem (1.1) posed in N dimensions, as in the previous paragraph, has varia-
tional structure, and the stable solution satisfying (1.5) is a local minimizer of the
corresponding functional. So, it is easy to see that (1.1) has a mountain—pass solu-
tion. Motivated from [14], we conjecture that, for all small £ > 0, a mountain—pass
solution satisfies the first inequality of (1.5), and the second outside of an O(e3)-
neighborhood of a point P on I' where the function % — % attains its global
minimum value (recall (1.3)). The profile of a mountain—pass solution should be
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that of a stable solution with the addition of a small downward peak near P (the
point P depends on the family of solutions).

In view of hypothesis (1.3), the function a — b attains its maximum value at
a point @ in ;. Motivated from [48], we conjecture that one can add a sharp
downward spike near @) to the solution of Theorem 1.1 (at least in two dimensions)
or to the stable solution found in [9] and construct highly or not too unstable
solutions respectively with both corner layer and spike.

Based on the two conjectures we formulated above, and motivated from Remark
3.10 in [14], and [15], we further conjecture that, if N = 2, solutions of uniformly
bounded Morse index, for small € > 0, are a superposition of a stable solution, as
described in (1.5), and a finite number of sharp downward spikes in Q\I' and small
downward peaks close to I'.
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