LAYER DYNAMICS FOR THE ONE DIMENSIONAL e-DEPENDENT
CAHN-HILLIARD / ALLEN-CAHN EQUATION

D.C. ANTONOPOULOUM, G. KARALI*#, AND K. TZIRAKIS*

ABSTRACT. We study the dynamics of the one-dimensional e-dependent Cahn-Hilliard / Allen-
Cahn equation within a neighborhood of an equilibrium of NV transition layers, that in general does
not conserve mass. Two different settings are considered which differ in that, for the second, we
impose a mass-conservation constraint in place of one of the zero-mass flux boundary conditions at
x = 1. Motivated by the study of Carr and Pego on the layered metastable patterns of Allen-Cahn
in [11], and by this of Bates and Xun in [6] for the Cahn-Hilliard equation, we implement an N-
dimensional, and a mass-conservative N —1-dimensional manifold respectively; therein, a metastable
state with NV transition layers is approximated. We then determine, for both cases, the essential
dynamics of the layers (ode systems with the equations of motion), expressed in terms of local
coordinates relative to the manifold used. In particular, we estimate the spectrum of the linearized
Cahn-Hilliard / Allen-Cahn operator, and specify wide families of e-dependent weights 6(¢), u(e),
acting at each part of the operator, for which the dynamics are stable and rest exponentially small
in e. Our analysis enlightens the role of mass conservation in the classification of the general mixed
problem into two main categories where the solution has a profile close to Allen-Cahn, or, when
the mass is conserved, close to the Cahn-Hilliard solution.

1. INTRODUCTION

1.1. The equation. In this paper, we examine the dynamics of the Cahn-Hilliard / Allen-Cahn
equation

(1.1) up = —0(e) (e*upy — f(u))m + u(e)(Euge — f(u)), z€(0,1), >0,
in a neighborhood of a layered equilibrium parameterized by a small positive constant €.

The nonlinearity f(u) = F’(u) is the derivative of a double equal-well potential F' taking a
non-degenerate global minimum value zero at © = +1, where

(1.2) F(&1) = f(1) =0,
(1.3) f'(£1) >0,
(1.4) F(u) >0 for we(—1,1).
We define, for simplicity,
fu) = —u,
which is a typical example for a potential F'(u) := i(u2 — 1)2. However, many of the results are

valid for more general nonlinearities.
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The initial condition
ug(z;e) =: u(x,0), z € (0,1),
is assumed layered with respect to € which stands as a measure of the layers width corresponding
to a time scale proportional to %! for C > 0, and therefore, to very long times as ¢ — 0 where
the solution is expected to change very slowly; see in [11] for the analogous considerations on the
Allen-Cahn equation.

We introduce the positive constant §(g) > 0 and the non-negative one p(e) > 0 in order to
control the coexistence of the 2 operators in terms of €. Moreover, we impose the presence of
the Cahn-Hilliard part in the combined model as §(¢) # 0, while for §(¢) := 1 and u(e) := 0 the
Cahn-Hilliard equation stands as a special case.

Equation (1.1) is a gradient flow for the associated free energy with respect to an e-weighted
metric. In particular, the standard Allen-Cahn equation is written as

up = (A — e 2w =: A%(u),
the Cahn-Hilliard equation, after rescaling, as
up = (—eA)(A — e 2Nu = (—eA) (A% (u)),
while (1.1), as
up = (€2(=0(e)A + p(e) D)) (A — e Nu = (2(=6(e) A + () 1)) (A (w)),
and the e-weighted metric is given by

< f,9>a= (f, (E2(=0()A + u(e)) 'g),
for (-,-) the L?((0,1)) inner product; see also the discussion in [19].

A main result of our work is the analysis of the spectrum of the linearized operator, where a

crucial spectral condition

*ule) = 0(4(e)),

is determined. Considering the CH/AC equation (1.1), in higher dimensions, and for a specific
choice of the coefficients u(e) := e72, d(e) := O(1), which we stress that satisfy the above
inequality, motion by mean curvature was derived on the sharp interface limit ¢ — 0, in [19], as
in the Allen-Cahn equation limiting dynamics. The sharp interface limit problem of the multi-
dimensional Allen-Cahn equation (which is equation (1.1) for §(g) := 0, and yu(e) := e 2) as e — 0,
is motion by mean curvature given by V = k, where V is the velocity of the interface in normal
direction, and ~ the mean curvature of the interface. In [19], the authors introduced in the Allen-
Cahn equation the Cahn-Hilliard operator with weight () = O(1), significantly smaller than 2
as € — 0, and proved that the mixed model exhibits on the limit a qualitatively analogous behavior
with velocity proportional to k. Due to lack of comparison principle for the CH/AC equation,
convergence was shown until the first singularity of the limiting evolution occurs, by making, in
the proof, a formal asymptotic expansion rigorous with the help of linear stability in the spirit of
[1].

For the existence and regularity properties of (1.1), we refer to [20] where the Galerkin method
was adapted, while the stochastic version thereof was investigated in [5]. In more detail, in [20],
the initial and boundary value problem with Neumann b.c., constant coefficients, for € := 1, posed
in space in D in dimensions d = 1,2, 3, was written as a system for u and the chemical potential
v := Au — f(u). There, it has been proven that if the initial condition wg is sufficiently smooth
(in H'(D)), then for any T > 0 there exists a unique regular solution (u,v) € C([0,T]; H*(D)) x
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L%([0,T); HY(D)). Higher regularity for v in C([0,T]; H*(D)) was derived when ug € H?(D).
The authors in [5] proved local existence and uniqueness for the stochastic problem with non-
smooth multiplicative space-time noise with standard Neumann boundary conditions when posed
on rectangles in dimensions d = 1,2, 3, by employing the Green’s function estimates of the linear
part of the operator. Moreover, when the noise diffusion coefficient satisfies a sub-linear growth
condition, they proved for d = 1 global existence of solution, for d = 2,3 existence of maximal
solutions, and also derived space-time path regularity.

1.2. Physical motivation of the CH/AC equation. Let us describe first the main lines of the
physical motivation of the Cahn-Hilliard / Allen-Cahn model, from [21, 19, 5] and the references
therein.

An equation of the form (1.1) has been first analyzed in [19] as a mean field model of the
microscopic dynamics associated with adsorption and desorption mechanisms in the context of
surface processes; we also refer to [21, 5] for the detailed physical problem presentation. The
combined model describes surface diffusion including particle/particle interactions and adsorption
and desorption from the surface. It is noticeable that the mobility is completely different from
this of Allen-Cahn equation, which implies that the diffusion speeds up the mean curvature flow,
([18, 23]).

More analytically, the CH/AC mixed equation models two surface processes that take place
simultaneously. The Cahn-Hilliard operator represents the mass conservative phase separation
and surface diffusion in the presence of interacting particles, while the Allen-Cahn operator is
related to phase transition and serves as a diffuse interface model for the antiphase boundary
coarsening. Surface processes, such as catalysis, chemical vapor deposition and epitaxial growth,
typically involve transport and chemistry of precursors in a gas phase; unconsumed reactants and
radicals adsorb onto the surface of a substrate where numerous processes may occur concurrently,
for instance surface diffusion, reactions and desorption back to the gas phase.

The mathematical tools employed in the statistical mechanics models of surface processes are
Interacting Particle Systems (IPS), which are Markov processes set on a lattice corresponding to a
solid surface. Typical examples are the Ising-type systems, describing in the microscopic level the
evolution of an order parameter at each lattice site. The mesoscopic model in study is derived in
[21] from microscopic lattice models when the local mean field limit is considered. The energy of
the system is given by a Hamiltonian involving the interparticle potential which is assumed even,
rapidly decaying at infinity, and non-negative i.e. the interactions of the particles are attractive.
The assumption that the potential is non-negative is an important one from a physical point of
view, since it implies that clusters of particles are energetically preferred to totally disordered
structures. This is translated, in the mathematical statement of equation (1.1), to the condition
d(g) > 0 posed on the Cahn-Hilliard operator coefficient.

At large space/time scales and for long range potentials, it turns out that the small scale fluctua-
tions of the Ising systems are suppressed and an almost deterministic pattern emerges. In [19], the
macroscopic cluster evolution laws and transport structure have been rigorously derived. Therein, a
space-time diffusive scaling in € was applied that described the long-time behavior of large clusters.
Random fluctuations, when included in the mesoscopic model, appear as stochastic higher order
corrections. In [5], the authors derived the stochastic non-linear equation version of this model by
inserting in the CH/AC equation a multiplicative space-time white noise with a diffusion coefficient
of linear growth stemming from the free energy and thermal fluctuations.
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The deterministic Allen-Cahn equation was proposed in [3] as a model for the dynamics of
interfaces of crystal structures in alloys. As far as the one-dimensional case is concerned, the
limiting behaviour was analyzed in [11, 14]. After a very short time, generation of many very
steep transition layers is observed. These well developed transition layers then start to move very
slowly, and each time a pair of transition layers meet, the two layers annihilate each other, and thus
the number of layers decreases gradually. Although those collision-annihilation process takes place
rather quickly, the motion of layers between the collisions is extremely slow and the solution exhibits
a metastable pattern. The situation is quite different in the multi-dimensional case, where such
metastable patterns hardly appear because of the curvature effect on the motion of the interface
as ¢ — 0; for rigorous justification of singular limits, see for example in [9], [12, 13], [22]. The
deterministic Cahn-Hilliard equation, proposed by [10], describes the evolution of transitions (mass
transfer) during the phase separation of alloys. In the case of only two layers, the exponentially slow
dynamics have been studied in [2], where a one-dimensional invariant manifold of slowly moving
states was constructed. More details of the phenomenon and the motion towards the boundary can
be found in [17], [16].

1.3. Main results. As it has been observed in [5], the operator at the right-hand side of the
equation (1.1) is strongly parabolic in the sense of Petrovskii and the bi-Laplacian since existing
(6(¢) > 0) dominates, resulting to regularity properties identical to the Cahn-Hilliard equation (at
least in the stochastic setting). However, the sharp interface limit of the deterministic equation may
exhibit a different profile closer to this of the Allen-Cahn, [19]. The above, ignites a special interest
on the scaling of the chosen parameters d(¢), u(e), and the motivation of a further investigation of
their influence on the dynamics of the layers.

It is well known that the Cahn-Hilliard equation with the standard Neumann boundary conditions
for u and its Laplacian is mass conservative in the sense that the integral of the solution in space
is time independent. In contrast, the Allen-Cahn equation with Neumann or Dirichlet boundary
is not satisfying such a property unless a non-local integral term is added, which is the case for
the mixed equation as well; this is not considered in this work, however it consists a future plan
in progress the detailed investigation of the dynamics for such a version, i.e., (1.1) with the extra
integral term.

Our main aim is to obtain the equations of motion and estimate the dynamics of a fixed number
of layers, when ¢ is sufficiently small, for the combined model (1.1), and in dimension one. For
this, when the initial and boundary value problem involves the Neumann conditions, and so mass
conservation is not holding true, the solution will be approximated into the manifold constructed
and effectively used for the Allen-Cahn equation in the classical result of Carr and Pego, [11]. Then,
by imposing mass conservation, not through the pde but replacing one only of the b.c. with an
integral one, we will apply the mass conserving manifold of Bates and Xun, [6, 7], which has been
proposed for the integrated Cahn-Hillliard equation. There, the derived initial and boundary value
problem for the integrated equation is identical to this of [6, 7], when u(e) := 0. We note that
the problem is of fourth order, since () is not vanishing, while in dimension one the boundary
consists of only two well separated points where four boundary conditions are applied on, and could
be therefore of different type. In both cases we will determine the ode systems of the dynamics,
and investigate the main order terms with respect to the order in ¢ of §(¢) and (), and stability.

The general approach for deriving the equations of motion, as a system of odes, consists of
specifying the approximate solution into a proper approximate manifold with a residual orthogonal
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to a set of approximate tangent vectors to the manifold. Differentiating in time the orthogonality
condition then yields the system describing the dynamics of the layers.

Let u be the solution of (1.1), with the standard Neumann conditions, u; = tzz, = 0 at z =0, 1,
(non mass conserving case). Given a configuration

h:(hl""vhN)a

of exactly N layer positions, we will construct a function u” = u"(x) approximating a metastable
state of u with N transition layers. Here, we will use the parameterization of Carr and Pego, [11],
for the approximate manifold.

More precisely, the function u” will almost satisfy the steady-state problem of (1.1), that is
A, (uP) is very small, where A, is the operator given by the right-hand side of (1.1)

(1.5)  Ac(u) i= =8(e) (*taz — f(w)) ,, + 1(e) (EPuze — fu)) = —6(e) A, (u) + p(e)A, . (u),
for
A (u) = <€2um — f(u))m,

the negative of the Cahn-Hilliard operator, and
A, (u) = 2y — f(u),

the Allen-Cahn operator.
We shall then define the set of admissible layer positions by

€ € . €
Qp:{h:(hl,...,h]v). ?p<h1<"‘<hN<1—%, and 2I<r;1<nN(hj—hj_1)>p},
for some p small and independent of &, which will be described in detail in the next section.
Moreover, we shall specify the N-dimensional manifold of approximate steady states

M:={u":heQ,}.

The residual v of the approximation is defined as orthogonal to IV approximate tangent vectors to
M at ul.

Section 2.5 presents the equations of motion through the ode system (2.30) for the positions
hi, i =1,--- ,N. The spectrum of the linearized CH/AC operator is investigated at Section 2.6,
and as well the positive definition of the induced bilinear form, when applied on the residual v if
e2u(e) > Cod(e) for some Cy > Cpin > 0 sufficiently large and specified through the supremum
in (0,1) of |2(f"(u"))zz] = O(1), see Main Theorem 2.4. Then, Main Theorem 2.8 at Section 2.7
estimates the velocities h; of the layers; at this technical part, we followed the approach of Bates
and Xun, [6].

Finally at Section 2.8, after a rather extensive calculus and using the spectral condition of the
linearized operator, we specify a wide class of pu(e), d(¢), for which the dynamics are stable, and
exponentially small in g, cf. (2.46), (2.119), and Main Theorem 2.11 for the attractiveness and the
slow evolution of states within the slow channel defined by (2.113).

The second part of this manuscript is devoted, at Section 3, to the mass conserving layer dy-
namics, and the strategy applied is analogous to this in [6].
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Let M be a fixed mass in (—1,1). Restricting one degree of freedom we impose a mass con-
servation property, and define the second approximate (N — 1)-dimensional manifold, which is a
submanifold of M, by

My = {uhEM:/Oluh(x)dx:M},

and further define the manifold

M = {&h c e My, al(z) = /Om u () dy}.

We impose the mass conservation condition fol u(x,t)dr = fol uo(z)dxr = fixed, in place of the
b.c. gz (1,t) = 0. Then, for the integrated equation, we derive the CH/AC initial and boundary
value problem given by (IACH)-(IBC1). In the Appendix we discuss the well posedness of the mass-
conserving problem and derive a priori estimates by using the corresponding energy functional.

In Section 3.2, we specify the ode system for the equations of motion of the N — 1 layers and
estimate their dynamics, in the mass conservative case, see in Theorem 3.1.

Finally, at Section 3.4, we prove the Main Theorem 3.2, establishing attractiveness of the manifold
and stability of the dynamics, again for a wide class of u(e), d(¢) for which the dynamics are stable,
and exponentially small in €.

We have also included, at the end, an Appendix where we collected and proved various estimates
used throughout the text.

2. NON MASS CONSERVING LAYER DYNAMICS

We supplement (1.1) with the standard Neumann b.c. on u and u,,, and consider the following
initial and boundary value problem

uy = —6(¢) (52um - f(u))m + M(g)(EZUM — f(u)), xe(0,1), t>0,
(2.1) Up = Ugee =0 at x=0,1, t>0,
u(z,0) = ug(z,e), =z €(0,1).

Let us point out that (2.1) does not conserve mass for any u(e) # 0 since in general

1 1 1 1
= up(x, t)dx = 2Uge (2, 1) — flulz, r=— u(z, T,
) /0 u(e, t)dz = /0 (. t)d /0 () (e, ) — F(ule, 1))de = —p(e) /0 f(u(z, 1)d

is not the zero function, while the solutions of the boundary problem

gy — f(u) =0, 0< <1,

(2.2)
u, =0 at x=0,1,

are obviously steady states of (2.1); (2.2) follows by setting u; = 0 at the equation of (2.1) and
integrating in space twice using the boundary conditions.
We assume, therefore, in the context of Section 2, that u(¢) > 0 for all € > 0.

Remark 2.1. We observe that the free energy of the problem analyzed in this section is decreasing
mn time.
Indeed, the relevant to the scaling of the standard Allen-Cahn operator

52Au - f(u)7
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free energy functional is defined as follows

(2.3) E(u) = /01 <€2|Zu’2 + F(u))dm

Multiplying both sides of the equation of the i.b.v.p (2.1) with e2Au — f(u), integrating in space,
and using the boundary conditions, we derive
(ur, € Au — f(u)) = = 3(e)(A(e*Au = f(u)),e*Au — f(u)) + pu(e) | Au — f(u)|*

=6(e) IV (2 Au — f(w))|* + p(e)lle* Au — f(u)]?,

where here and for the rest of the manuscript, (-,-) denotes the L?*((0,1)) inner product, and | - ||
the induced L?((0,1)) norm.

Differentiating in time, (2.3) yields

OE(u)
ot

(2.4)

1
:/ (52VuVut + F’(u)ut>daz
0

(2.5) = /01 (62VuVut + f(u)’LLt> dx

:/01 (— 2 Auuy + f(u)ut)dx
= — (ug, e2Au — f(u)).

So, by (2.4) and (2.5), we obtain the free energy decreasing property for the combined model

(2.6 ) — 56V (80— F(@) I~ )| A~ f)|P <0,

since §(g) > 0 and pu(e) > 0.

Besides the three homogeneous equilibria v = +1 and u = wug for the zero ug of f in (—1,1)
(u =0 for odd f as in our special case), problem (2.2) has non-constant solutions for all sufficiently
small €; see e.g. [17]. More precisely, if e,11 < € < &, with &; := (—f(0))/?/27i, i = 1,2,...,

then problem (2.2) has exactly n pairs of non-constant solutions uf, 1 < i < n (ug = —uf if
f is odd). For each i, the equilibria u;,u; have exactly i zeros at x = 1/24,3/2i,...,1 — 1/2i.

The two solutions for ¢ = 1 are monotone, and the other solutions for ¢ > 2 are oscillating taken
as rescaled reflections and periodic extensions of monotone solutions, they correspond to periodic
orbits around the origin on the phase plane and we speak of solutions with ¢ internal transition
layers.

Since the internal transition layers of stationary solutions must have periodic spacing, the so-
lutions of (1.1) which reach patterns that are nearly piecewise constant, say with N transition
layers, but not periodic, they are close to a stationary state but they are not solutions of the steady
state problem and we do not expect them to remain at these patterns. We will concern with these
solutions yet not with their end-state but rather with their dynamics as long as they remain at
these “metastable” N-layered patterns.

2.1. The approximate manifold. First we note that assumption (1.3) ensures the existence of
an a > 0 such that f'(u) > 0 for |u+ 1| < a, so let us fix such an a > 0.

We will follow the strategy of the pioneering works of Carr and Pego [11], and Bates and
Xun [7] for the construction of the approximate manifold solutions; we refer also to the work of
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Antonopoulou, Blomker, Karali [4] for the Cahn-Hilliard equation with noise where this approach
was applied effectively in the stochastic setting as well.

For initial condition ug(z;€) = u(x,0) close to the manifold M, we will approximate the profile
of a metastable state of the solution u of (2.1) with N transition layers by piecing together the
stationary solutions of (1.1) satisfying the following boundary value Dirichlet problem for the
bistable equation,

l
52¢xx*f(¢):07 |$|<§+E,

()0

with ¢ > 0 denoting the distance between two successive layer positions.

(2.7)

Remark 2.2. We summarize briefly the properties of the solutions of (2.7), as established in [11],
cf. Prop. 2.1. therein:
There exists pg > 0 such that if €/¢ < py, then

(i) a unique solution ¢.(x,¢,+1) of (2.7) exists, with
¢(z, 0, +1) >0 for |z|<{/2, and |p-(0,4,41) — 1] < a,
(ii) a unique solution ¢.(x,¢,—1) of (2.7) exists, with
¢.(x,0,—1) <0 for |z|<L/2, and |p-(0,4,—1) + 1| < a.
Moreover, the functions ¢. are smooth and depend on & and £ only through the ratio €/¥.

2.2. The approximate solution. Let us consider a smooth cut-off function satisfying

(2.8) X :R—[0,1] with x(z)=0 for z< -1, and x(z)=1 for z>1.
Given a choice of admissible layer positions h = (hy,...,hy) € Q,, let
fj:hj—hj,1 for j:2,3,...,N, and f1:2h1, €N+1:2(1—h]\[),
hi—1+h;
(2.9) m; = %—H for j7=2,3,...,N, and m1 =0, myy1 =1,
IjZ[TYLj, mj+1] for j=1,2,...,N.

We define the approximate solution v for any z € I s by

u"(x) 2[1—X< )} ¢(z —my, €, (~1)7)

I’—hj

(2.10)

x —h; ;
R G CACE R G )

In order to ease notation, we suppress the dependence of u” on € and omit hereafter the subscript
in ¢. by simply writing ¢, and define
(2.11) gbj(a:) = ¢E($—mj, hj —hj_l, (—1)j),
for ¢, the steady states presented analytically in Remark 2.2.

Moreover, we define

(2.12) X () = X(%hj)-

The profile of u” is presented at Figure 2.1.
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uh = ¢j 2¢e

—_— —~

-< 1+ — — ==
\ mi ™2\ . mj M4l r— ....... [ TMN+1 \\ T
_th—l b\ [hjv1 _y 1 hnta

1 —~— —~ —~ —_— ~—
2e 2e 2e wh = ¢j+1 2e
FIGURE 2.1. Given a configuration h = (hi,--- ,hn) of N layer positions, we construct u" by

piecing together steady state solutions of (2.7). We set u” = (1 —x?)¢’ + x? ¢’ ™! on [h; — e, hj +¢]
(shaded areas). Note that hg = —h1, hy41 =2 — hy, and m; = 0,my41 = 1.

2.3. Properties of u". Note that u" is a smooth function of  and h. In particular, for = €
[mj, mjt1], we have

J

22 mj <z < hj—e¢,
(2.13) up = 4k (P =)+ (1=x) b+ i, o=yl <e,
it hj+e <@ <mji,
and so
(2.14)
I, m; <x < hj —¢,
Uy =\ e (7 = @7) + 200 (627 = 63) + (L= X)he + W 00n', o= Dyl <e,
it hj+e <z <mjpa,

where, from the definition of ¢’ (see (2.7)),

(2.15) ¢, = [(¢)),  on [hj1—e hj+el
It is then straightforward to see that u” satisfy the bistable equation
(2.16) L) =0, for |x—h;|>e, 7=1,2,...,N.

where " is the bistable operator
(2'17) gb(u> = Az,s (u) = 52uaxx - f(u)

Notice also that by reflecting the solutions ¢(-, ¢, £1) of (2.7) about the origin we can show that
they are even in z, and thus

(2.18) ¢2(0,¢,£1) =0,

which together with (2.10) and (2.8) yields
ul(mj)=0,5=1,...,N+1.

So, we obtain

(2.19) ul(0) = u(1) =0,

and, therefore,

(2.20) —flu" =0 at z=0,1.
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Moreover, we note that

ul ~ —uh

; e as r— 0, uniformly on I := [m;, mji1],

see Remark 4.9 for more details thereof.

2.4. The coordinate system. Following [11], we introduce a local coordinate system

u s (h,v),
in a tubular neighborhood of the approximate manifold M, defined by the decomposition
(2.21) u(z,t) = u"(z) 4+ v(x, ),

with u" € M, and v satisfying the orthogonality condition

1
(2.22) <vj7'jh> = /0 ’UT;L dx =0, j=1,...,N,

where T]h are approximate tangent vectors to M at ul.

More precisely, let

(2.23) 7 () = () [ - x ()

which yields that

() = {07 z ¢ (my, mjy1),

1, z€[mj+2e, mjq — 2.
The approximate tangent vectors are then defined through v/ (z) by

(2.24) (@) = 7/ (x) uj(x)

which are smooth functions of x and h.
Considering differentiation, we introduce the notation

h h
= —8Tj and T = —8Tj
IR Oy, ST

and observe that T;fx =0atxz=0,1,forj=1,...,N.

2.5. Equations of motion. For a classical solution v = wu(z,t) of (1.1), we will establish the

ODEs system for the dynamics of (h,v), which is defined by (2.21)-(2.22).

This first order ODE system with unknowns the positions coordinates hi(t), k = 1,--- | N
for each one of the N layers (fronts) will be derived by differentiating in time the orthogonality
condition (2.22). We will insert the Cahn-Hilliard / Allen-Cahn equation into the differentiated
condition and then we shall use linearization which will be given by the linear combination through

the weights d(¢), p(e) of the C-H and A-C linearized operators respectively.
We differentiate (2.22), with respect to ¢, to get

<8tv,T;L>+<v,8tTjh>:O, j=1,...,N.
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Using (2.21), and the substituting u; by the equation (1.1), together with the definition (1.5) of
the operator A., we obtain

v =0 (u — ul)
== 3(e) (Puae = f(0)) 4+ ez — f(u) = Ot - O

N
=A.u— o = Agu — Z(@hkuh)hk,
k=1
to arrive at the system
N .
(2.25) Y ajhy = (A(u"+0), 1), j=12...,N,
k=1
where
(2.26) ajk = <uZ , Tjh> - (v, Thk> j,k=1,2,...,N.
In the above, the subscripts k indicate differentiation w.r.t. hg, i.e.,
oul orh
h ._ h ._ J
Up = aihk and Tj,k = aihk
We expand
(2.27) Ac(u +0) = A(u") + LMw) - d(e) (fh Uz)m + p(e)fho?,

where L"(v) is the linearization of A. at u”, i.e.,

LE(w) = = 3(e) (Pve — £ (@) + p(e) (vus — f ("))

(2.28)
= — 8(e) LY - (v) + p(e) L (v),
and
1
(2.29) i) = /0 (t = 1) f'(u" 4 Tv) dr.

Using (2.27), then the system (2.25) is written as
N .
Zajk hy, = <Aa(uh) ) T]h ) + <L?(v) ’ Tyh )
k=1

= 0(e)((f* ), )+ (M T
—0(2) (Arc(u") + LE () + (f"0?),, . ™)
+ p(e)(Age(u) + L (v) + fM0?, 7))
— 8(e) (Are (), 7Y + u(e) (Ag o (ul), 71
= o(e) (Lh. () + (F"v?),, » )
+p(e) (L (v) + Mo, 7,

(2.30)

for j=1,2,...,N.
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Remark 2.3. We note that as in the Allen-Cahn case, v-independent exponentially small terms
in the dynamics (2.30) will be derived by the term

€)<A27E(uh), TJh>,

due to the second order operator there. Of course p(e) will influence the result.
More specifically, as in [11] Lemma 3.3., when p in the definition of Q, is sufficiently small, we
observe that

hj+e
. OAnea) ) == ule) [ (b = Fluuda
() [F (") ~ S @ = ple) (@ — ),

where the difference a’t! — o’ is exponentially small in .
In our case, we also have the v-independent term

(A1), 77),
stemming from the Cahn-Hilliard part, which will be shown exponentially small as well.

Moreover, we apply (2.21) to (1.1) to get
N
(2.32) v =A(u" +v) =Y ulh;.
7=1
As above, we expand in (2.32) the term A.(u” + v), according to (2.27), to get

(2.33) vy = A(u") + L) — 8(e) (f"v?), . + ple)fv? Zu h;
or discriminating between the CH and AC parts,

v = —0(e) [Alys(uh) + Lfa(v) + (fh UQ)M]

(2.34) N

) [Azs(uh) F L)+ S vﬂ ~ Sty
j=1

According to Proposition 2.3 in [11], there exist py > 0, constants Ag, C' and b(p) = o(1) as
p — 01 such that if h € Q, with p < ps, then:

(1) fOI‘j:1727"' 7N7

(2.35) (Ao —b(p))Q&tfl < <u§b, 7']h> < (A0+b( ))2 -1

(2.36) H H < Oe3/2 and IEs ]HLl < Ot
(ii) for j # k,

(2.37) [l )| < b(p)e™

(2.38) It < b2 and el < bp)e
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2.6. The spectrum of the linearized operator and transverse coercivity. A key point in
the analysis of the equations of motion (2.30),(2.33) is the spectral analysis of the linear operator
L" on v = u — u", the part of the solution transverse to the manifold M.

We consider the eigenvalue problem

L?(qﬁ) = —d(¢g) (52¢” — f’(uh)qﬁ)// + ,u(&t)(ngb” — f’(uh)¢) =Ae)p, 0<z<l,
(EVP) ¢'(0) = ¢'(1) =0,
(b”/(O) — (;5///(1) — 0’

and the associated quadratic form
Acfg] = —(LL(9). @)
1
39) = [ [5e) (20 + F) 02 = F (7 (h),,07) +ue) (262 + 1)) a

where we have applied integration by parts. We note that the operator L : D(L?) — L%(0,1),
with domain

D(LL) = {6 € H'(0,1): ¢/(0) = ¢/(1) =0 = ¢"(0) = 6" (1)}

is not symmetric in L?(0,1). However (EVP) may be recast into a self-adjoint form, as the form
A, it will be seen in the sequel to be lower semibounded and it is also closable since it is associated
with the symmetric operator S : D(S?) — L2(0,1), defined by

(240)  8M0) = ~0E) (28" — (7N — 5(F (),,0) + ule) (S0 — 7)),
with domain D(S") = D(L}), in the sense that

(2.41) (LL(9), o) = —Ac[¢] = (SI(¢), ¢),  forany ¢ € D(LL).

We can then consider the self-adjoint extension (Friedrichs extension) of S! associated with the
closure of A. which we still denote by S”. The spectrum of S” turns out to consist of a sequence
of real eigenvalues

S AN S AN S <A
satisfying, when £2u(g) > O(8(¢)),
Ak < Cp(e),
and in particular for k=N 4+ 1, N +2,---
A < —C=—-C(e) <0,

for some C' = C(e) which will be specified. To this aim, we will use the variational characterization
of the eigenvalues for S?,

2.42 —AN41 = max min —=,
(242 TV sevi [912
dim V=N

where the maximum is taken over the linear N-dimensional subspaces V of

(2.43) {¢ € H*(0,1): ¢/(0) = ¢/(1) = 0}.
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Let us decompose the Rayleigh quotient in (2.42) into the Cahn-Hilliard and the Allen-Cahn
part, i.e.

(=S(¢),¢)

(2.44) R(9) =

= 0(e)R1(¢) + p(e)R2(9),

for

’

1
/0 (262, + P — L (FWh), ¢*)de

R1(¢) = ”QSHQ )

(2.45) (L .0)

s
/ (6 + [/ da
0

162

In the sequel we will assume that d() > 0 and p(e) > 0 satisfy the condition

Ry(¢) =

(2.46) e2u(e) > Coé(e) Ve >0,

for some Cp > Ciyin > 0, where Cpin depends on the supremum of [e2(f/(u"))..| = O(1) in (0,1)
and can be determined implicitly in the context of the proof of following theorem.
We shall show that when §(¢), u(e) satisfy (2.46), then

“Ant1 > C(e) = O(u(e) — Crind(€)e™2) > 0.

For our purpose, we state the result in the variational form. The main implication for us is the
transverse coercivity (cf. Lemma 2.6), the coercivity of L" on v = u — u” which recall that is
approximately orthogonal to the tangent space (see (2.22)).

Theorem 2.4. Let 6(g) > 0 and p(e) > 0 satisfying (2.46). Then there exist A, py > 0 such that
for h € Q, with p < py it holds that

o (SE6), 0)

o g 21 >0

for V.= span{r, i = 1,2,..., N}, with 7' are the approzimate tangent vectors defined in (2.24),
and

(2.47) n(e) := A(u(e) — Crind(e)e™2).

Proof. Remind that f(u) = u® —u, and so f/(u) = 3u® — 1> —1.
Moreover, it holds that

(f (W")eel <C™2 in [0,1),
since there
i < Ce™t, ul,l < Ce7?

see in Appendix relations (4.34), and (4.35), while u" is bounded.
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Using that §(¢) > 0, u(e) > 0, and the above, we get for any ¢ € V+

_Sh ,
Rig) == 0
1
/0 (€202, + f/(uM)e2 — L (f (uh)), ¢%)dx
— EE
f01(52¢;2z + f/(uh)¢2)dx
) ol
1
¢rda 1, 2,2 10 RN 42
- /Om Jo (€267 + f/(u")¢?)dx
S I P
1
1 4 h 2
(2.48) B /0 3(f (W), o%dw
O e
1
$pdz Lo 249 2
_ gg c f0(5¢x+¢)d$
B T . T
- (Sg@?glg\(f/(uh))xz\

1
JASCRCIE T ,
> Jo : T u(&)A — suple2(f (u"))ae]
9l (0,1)

2
|||FZZ;6||||2 + Ae? (u(a)sQ — ﬂé(e))

where we applied the Main Theorem 4.2 (i) of [11], at pg. 538, and defined
Cr 2= suple?(f (u))ue]| = O(1).
1

)

More specifically, we used that for some A > 0 and p2 > 0
1 1
| (@ patyityis = [ (2624 o
0 0
for h € Q, with p < pa. Here, A satisfies

A
A<
_A*+27

é(e) 2

2

15

(see [11], at pg. 541, and use the specific f), with A, arbitrary in (0, A.) for some A, > 0 such that

A < min f/(&£1) = 2,

see [11], at pg. 536, for the detailed definition.
Therefore, in (2.48), if we choose p(e),d(e) such that

e*ule) = Cod(e),
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for 1 ¢
1 2
> in \= -
Co > Chin maX{A7 2A}+/Ba
for = O(1) # 0 as small, we obtain

W > C(e) = Alu(e) — Cruind(e)e2) > 0,

for any ¢ € V1, and thus the result. O
The next theorem, gives an upper bound for the spectrum.
Theorem 2.5. Let 6(¢) > 0 and p(e) > 0 satisfying (2.46),
e2u(e) > Coé(e) Ve >0,
for Co > Chin > 0 as defined in Theorem 2.4. Then, for any k it holds that
A < Cple),
for some C' > 0.

Proof. Using that 6(g) > 0, u(e) > 0, and f(u) = u® —u, f'(u) = 3u? — 1 > —1, we get for any ¢,
and since Cy > % > 1

_Gh ’
o
1
/0 (262, + P — L(f (). )z
=0(e) Tk
S (€22 + f/(uM)¢?)d
+ u(e) Tl
1
/0 (—62 — 3(f (). 6?)du
(2.49) =0(e) EE
(€262 — ¢*)da
TR
1 1 ,
i /0 (—6(e) + ple)e?) g2 /0 () + 6L (F (), |¢%de
- EE - EE
1
) + 845 W), o
> _Jo
z Bk

> — p(e) — C1d(e) 52
This yields that forall k=1,--- /N
Ak < () + Cié(e)de™ < Cule).
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For v € C?([0,1]) with v, =0 at 2 = 0,1, we define the forms

1
A = — 1 h v
250 Adel = [ [ (e Wy ek - 5 (7 h),,00)
+—u(€)<€2v2 £ )} dz,
(see (2.40), (2.39)) and
(2.51) BE[U] — /1 [5(5)521;;36 + (5(5) +M(5)52)U§ + (5(6) + N(E))U2:| di.
0

Lemma 2.6. There is a pg > 0 such that z'fO < p < po and h € §,, then for any v € C? with
’Uz—oatl’—Ola’Ild(’UT>—0j—1 , N,

(2.52) &MSC&M
for some positive constant C, and
(2.53) n(e)Asfv] < [ISE(0)]%.
Proof. By Theorem 4.2 in [11] there exists A > 0 such that
1
(2.54) / 2 4+ f(u )’Ud$>A/8U + 02
0

For such A, and ¢ := max{cy, co} for positive constants of the uniform bounds
|(f/(uh))m| < e ? and | (uM)] < ey and 0, 1],

we have

A[v] = /1 5(e) (621}92” + flu™)v? — %(f’(uh))gcwv?) + p(e) (z-:zv?c + f’(uh)v2> dx
0
_ ! 2,2 ! rio b2 1 (gl h 2 ! 2,2 1, hy, 2
S(e)e*vi, dr + 6(e) [ f'(u™)vi — 5 (f'(u") v de + p(e) [ e*vf + f(u")o?de
0 0 0
1 1 1
§(e)e®v?, dr — ¢6 v 202 dx A 202 4 v da
2/0 (e)evz, (5)/0 >+ € + pu(e) /ng—’_
= /1 5(e)e®v2, + (u(e)Ae? — ed(e))vi + (u(e) A — cd(e)e™?)v? da
0

>C /15(5)5211235 + (8(e) + p(e)e®)vi + (8(e) + p(e))v da
0

=: C B.[v]
for some positive constant C' small enough; the last inequality follows from the assumption (2.46),
since
pe)Ae® — cde) > C (6(e) + ple)e?) < pule)e” > A_C(S(e)
and
c+ Ce

eV A — ede)e > C(5(e) + ple)) <= ple)e >
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Regarding inequality (2.53), we use the estimate

(2.55) 0<C(e) < Jﬁlf}hl;] Vo with v4(0) = vz(1) =0 and <U,T]h> =0, j=1,---,N,
for C(e) = n(e) := A(pu(e) — Crmind(e)e™2), to get immediately
. (2.55) .
@56)  Apl] = USP). o) < ISP ) S o skl - el
and hence (2.53) follows. O

2.7. Flow near layered equilibria. The main result of this section is Theorem 2.8 regarding the
motion of the layers. For v € C*[0,1] with v,(0) = v,(1) = 0, we introduce the norm

(2.57) B:[v] := /1 (€02 + v?] dz
0

and we will study the orbit u(z,t) = u"®(z) + v(z,t), of (1.1) as long as
(2.58) B.[v] < Ce = O(e).

Lemma 2.7. For v € C1[0,1] we have

(2.59) Jolie < 252810,

Proof. Let x1 € [0,1] be such that

(2.60) v¥(a1) = [Jvlff-

and let zo # 1 be such that

(2.61) v?(x2) < B:[v].

We can assume that xo < 1 without loss of generality, for otherwise we would consider the reflection
of v about 1 which would then satisfy this assumption with | - ||zec, B.[-] remaining invariant.

Integrating the inequality

e—? = 2evv, < EQU?E + 02

dx
on [x2,x1], we obtain
(2.62) ev?(z1) — ev? (o) < Be[v]
hence (2.59) results upon the substitution of (2.60)-(2.61) into (2.62). O

For the coefficients aj, of hy in the LHS of (2.25), defined in (2.26), we introduce the matrices

S(h),S(h,v),

(2.63) S(h) = (S(h))jk = <u2 , Tjh> and S’(h, v) = (S(h, U))jk = <U , ijfk >

According to Lemma 3.1 of [11], there exist o1,p1 > 0 such that if 0 < o1 and p < p; and

(h,v) € 4,5, then the matrices S(h) and S(h) — S(h,v) are invertible with
(2.64) IS~ <4A52% and (S —S)7 < 84;%.

Here, || - || denotes the matrix norm induced by the vector norm ||h| = max; |h;| on RN, and 4y is
the constant appearing in (2.35).
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Theorem 2.8. There exists p2 > 0 and a constant C > 0, such that
lhal <C3(2) (=7 alr) + =282 (0] + e BL[))
+ Cp(e) (salr) + 2B wl[a(r) + B(r)] + e~ Belo]),

as long as h € Q,, with p < pa, and the orbit u(z,t) = u"® (x)+v(x,t) of (1.1) remains sufficiently
close to M so that B:[v] = O(e).

Proof. The RHS of (2.30) with

(2.65)

is written as
— () (Are() + LY () + (f*0?),, , Yul)
p(e)(Age(u) + LE _(v) + [ 0* , 47ul).

We will consider the first summand in (2.66) that comes from the CH part, and shall estimate
the terms

(2.66)

(2.67) (Are(u"), ¥uly  +  (Lh.(v), ~¥ul)y  +  ((f"0),,, Yul),
N ———— | S —— o
Ty Ty T3

for j =1,2,..., N, where f" is given in (2.29); here, recall the notation
Ai(u) = (52um - f(u))m, and L}f’s(v) = (62vm - f’(uh)v)m.

Estimate of Ty:
For all j, we have

gb((ﬁ]) =0,
which in view of the definition (2.10), implies that
Aj (uM)y =0 for |z —hj|>e.

Using that A
Y(x)=1 for |z —hj| <e,
we get
(2.68) Ty o= (A1 (u) , ult) = / — flu ))m ul da.
i $b<uh>
In the above, we integrate by parts twice, and obtain
hj+e
(2.69) n=| L () ulpy, da.
i—e

We apply (4.37) together with (4.43) in (2.69), and derive
(2.70) ITy| < Ce2alr).
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Estimate of Ty:
Using 7']}-‘ := yJul we integrate by parts four times the first term and twice the second one, in the
definition of Ty, to get

Ty = <L}1’78(U) , Tjh>
= _62<Uxa:mm s 7_]h> + <(f'(uh)v)m , Tjh>

= —52<U 5 (Tjh)xxxa:> + <U ) f/(uh)(T]h)l”m>

(271&) = —62 [<'U, ’Yj(ulxl)mx:p:v> + 4<’U7 7%(Ug)xm> + 6<'U7 ’Yg:a:(ug)x:p>
AU, Yl + (V) Hat)]
(2.71b) + (v, AWl + 200, AWMl + (o A f Wl

Here, we have used that Tjh, (T;‘)x, (Tjh)m vanish at z = 0, 1.

We now proceed to pointwise estimates for the terms involving «” in (2.71), within the interval
m;,m;y1] for a fixed yet arbitrary j =1,..., N.

g> hj+ y yJ e

First notice that

(2.72) sg(uh)m - f’(uh)uh = —fb(uh),

and by (2.16),

(2.73) %Xb(uh) =0 except in  [h; — €, hj + €],
while, in view of (2.4),
(2.74) V= e =Viee =0 in [m;+2e,myp1 — 2] D [hj — e, hy +el.
Therefore the last term in (2.71b) is canceled out by the last one in (2.71a), and (2.71) becomes
(2.71a) Ty = —¢? [<U, 'Y](u];)mrxx> + 4(v, ’ch(ulo;)mw> + 5(v, 7?0:1:(“2)1”
+ 40, an(Wh)e) + (0 o)
(2.710') + (v A ugee) + 20, AL @hug,).
We have
d~d
(2.75) | <ce
Moreover, differentiating (2.15) twice, and then using (2.75), (2.74), (4.29), we get for |z —m;| < 2¢,
(2.76) (U )azal = €% I " (") (W3)? + ' (u")ui,| < CeTB(r).
By (2.75), (2.10), (2.15) and for z € [mj, m; + 2] U [mj41 — 2e,mj 1], we derive
(2.77) e (U)aal = € Il | (u")u] < Ce™B(r).

Using (2.75), (2.74) and the estimate (4.29) presented in the Appendix, we get
(2.78) ¥ ea (U)ol = Vool 1 ()] < CeT2B(r),
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and
(2.79) [ £ (") | < CeT25%(r).
By (2.75), (2.13), (2.74) and the estimate (4.27) (see Appendix), we obtain
(2.80) & Whaatiz] < CeT2B(r).

We will see that the dominant asymptotics of T» comes from the term
(2.81) <U ) 'Yj( - EQ(Ug)xmz + f,(uh)“me)>a
which is the leading term of Ty. This term as we will see has order O(s~%/2|jv|).

We may proceed as previously, to get pointwise estimates on [m;, m; + 2¢] U [mj11 — 2, m;j11]
wherein the contribution is in minor order in the asymptotics of 75, while, as we shall see, the main
order comes from the term
(2.82) Toq = —2(u!)poze + f(uMul,, in  [m; + 2, mjp1 — 2¢l.

Differentiating the third derivative of u”, given by (4.36), twice, we obtain

¢szxxma for m; < < hj - &,

Ox® \
+(1 — XJ)¢§;a;m; + X ¢§}jm, for ‘.%' _ hj’ <e,

We use first (2.83), (4.30), (4.31), (4.32), (4.33), (4.36), and get

(284) Tox = O(7a() = & [(1 = X)) Bhamre + X Ghbkas] + F/(Wh)|(1 = )bk + 05,
and then, after differentiating (2.15) three times, we obtain
Ty = O a(n)

(2.85) < V) F (e — X F @G+ P @)1= X)) he + 1541
) (F(@),000 = X (F(&7) 007

=201 =) (f1(6))), 00 — 20 (f/(67)), 00"

O(=7a(r) — (2:85) — (1=x)) [F7(@) (61 + 2 f"(&))F(&)61]

o LA s E ey A VI CAR AR

= 272 [(L =) () F()oh + X9,

(2.15)
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So, this yields
Ty = O a(r) —(285) — |13 (@)(61)° + ¥/ 7@ (1))
=367 [(1 =X @) )k + XL (6T F 6k

= 0( B v» @8&n PG G = 321" () 1 (&)
(2.86a) A R I A AR
(2:36b) +3e2y [f”(¢”)f(¢”)¢é = F el
To estimate the term (2.85a), we use (4.38)-(4.39) with y := x/ and
(2.87) F(s) := f'(61(s)) Oa(s), s €10,1],
where
(2.88) 01(s) :== (1 —s)¢’ +s¢/ T, Os(s) = (1 —s)¢?,, + spitl, s €1]0,1],

so (2.85a) equals to R(x’), (cf. (4.38)-(4.39) for the detailed definition of the remainder R), and
hence, it is given by
i
(2:850) = (1= ) (@1 = )2 [ 5625)f O 01()) ds

0

2 (63— 61 (67 = 01) [ 1 (00(5)) ]
0

0@ = 9 [ (1= 5)0a(5) 1901 () ds

X]
1
(2:89) 20 = o) (@ = 0) [ (=) (015 ds]
x7
The above, in view of (4.30a), (4.32) is bounded as follows
(2.90) |(2.85a)| < Ce3a(r), for |z —hy| <e.

We also exploit (4.23), (4.30), to obtain
(2:86a) = | F()(@))° £ fUNGET) — 1@
< |FO(60)° = (@] + |62 P 1Pt — 1)
< Ce?(ol — 0|+ YY) — )|
< Ce?|pl — ¢l | + CePg Tt — ¢

(2.91) < Ce3a(r), for |z —hj| <e.
A similar argument yields
(2.92) (2.86b) < Ce3a(r), for |z —hj| <e.

Combining (4.26), (2.59), (2.71a"), (2.76)-(2.80), (2.86), (2.90), (2.91), and (2.92), we get the
final estimate for T5, given by

(2.93) Ty < Ce®2BM2[y).
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Estimate of Ts:
Integrating by parts twice, we obtain

(2.94) Ty = (f"?, (Vup),,),

where f" is defined in (2.29).
By (2.58), (2.59) and the fact that

we get
(2.95) u' + v =0(1),

and thus, the integrand |f”(u" + 7v)| in the definition of f” is uniformly bounded; so, using again
(2.59), we derive

(2.96) |fi? < Ce71B[v)].
Then (2.94), by employing (2.13), (2.14), (2.15), (4.36), (4.26), (2.74), (4.28), (4.29), yields
(2.97) T3] < Ce*B.[v].

Gathering (2.70), (2.93), and (2.97), we arrive at the final estimate

(2.98) T+ To + T3 < C(E—QQ(T) + 52BN 5—4BE[U]).

Let us proceed now with the second summand in (2.66) that comes from the AC part.
In particular, we have to estimate the terms

(2.99) (Ao ey, Ay +  (Lh.(v), Yul)y  + (M0, Aul)
I Is I3

for j =1,2,..., N, where f" is given in (2.29); here, recall the notation

Agc(u) = 2ugy — f(u) = L (u) and LQE(U) = 204 — f(uM)0.

Estimate of I; :

For all j, we have

which by the definition (2.10), implies that
Ay (u")y=0  for |z — hj| > e.

Using the fact that
F(z) =1 for |z — hj| <e,
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we get
. jte
(2.100) I = <A275(uh) , ’yju@ = / [€2ugx — f(uh)] ul dz.
hj*E gb(uh)
We apply (4.34), (4.43) into (2.100), and obtain
(2.101) || < Car).

See also the analytical calculation at Remark 2.3.

Estimate of Iy :
With Tjh = yJul we integrate by parts twice the first term, to get

I, = <L;"E(U),7'Jh>

= o )~ (P, )
= 52<v, (Tjh)m> — <f'(uh)v, Tjh>
(2.102) = 52<U> ’Y;Jnx“@ + 252<Ua %Jc(u;b)@ + <Ua ¥ [EQ(UZ)M - f’(uh)uZD
In the above, we used that Tjh, (Tjh)m vanish at z =0, 1.
By (2.13), (2.14), (4.27b), (4.29), (2.74), (2.75) we have

(2.103) |52%{$u;“ < Ce71B(r) and |527§(u2)m’ < Ce1B(r).
Considering third term in (2.102), by (2.72) and (2.73) we have
(2.104) 2 (uM) e — flWMul = 0 except in  [hj —¢, hj +¢].

By (2.13), (4.36) we have, for |z — hj| < ¢

Iy, = fyj [52(u2)m — f’(uh)u;‘]

= 62 [chxcc (¢j+1 - Cb]) + 3chx (¢]w'+1 - ¢]w) + 3X§: (gb]zjc_l - ¢sz) + (1 - Xj) gca:a: + Xj¢gc—ain_a:1]
(A=) X @G (P =)+ (L= x) o+ X it
Using (2.15), it follows that
(2105) To1 = 2| xu (6711 = 7) + 33, (621 — 61) + 33 (612" — )]
+ f’(uh)xfc (¢ = @) + Iy,

where
(2.106) Loz = (1=x')f (@) oL +x7 (" o™ = F((1=x7) & +x7 o) [(1-x) o+ 1]

To estimate the term I2 9, we employ (4.38)-(4.39), for x := x/, and
(2.107) F(s) :== f'(61(s)) 63(s), s €10,1],
where

(2.108) 01(s) :== (1 —s)¢’ +s¢/ T, 03(s) := (1 — s)¢’, + st s € [0,1],
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to obtain
Iz =(1= X)) (¢ = )2 /0 "5 0(5) 7O (01 () ds

26 e (@ o) [ 0ns) as]
0

(2.109) ,

(@ = 9 [ (1= 5)0(5) D 0r() ds
1

P20 =) @ =) [ (-9 0n(s) ds].

X]

Combining (4.30), (4.31), (4.33), (2.59), (2.102)-(2.105), (2.109), and taking into account that
each of the integrals in (2.102) is taken over an interval of length O(¢), we conclude that

(2.110) L] < Ce 2B ) [a(r) + B(r)].

Estimate of Ig :
In view of (2.13), (4.26), (2.96), we obtain

(2.111) 13| < Ce 2B

Gathering together (2.101), (2.110), (2.111), we get

(2.112) I+ I + I3] < C’(a(r) + e 12BI2 ] [a(r) + B(r)] + 5-2BE[U]).

Combining (2.30), (2.64), (2.98), and (2.112), the final estimate (2.65) follows. O

Remark 2.9. In view of the estimate of Main Theorem 2.8 for the dynamics, considering the main
order of the Allen-Cahn part (which follows from (2.112)) in comparison with this of Carr-Pego
[11], let us emphasize the difference in our approach. We estimated separately the contributions of
(S - S’)*l and the right side of the equations of motion, while the analysis in [11] is carried out
only after having applied the inverse (S — g)_l of the coefficient matriz on the right side of the
system; see in particular the first equations of (3.1) and (3.4) therein. Nevertheless, our result is
analogous even if only the Allen-Cahn part is considered.

The estimate (2.65) shows that the main order in the dynamics will be given by the contribution
of B:[v] at the terms where the exponentially small quantities «(r), B(r) do not act.

Using the spectrum of the linearized Cahn-Hilliard / Allen-Cahn operator, and a quite wide class
of weights §(g) > 0, u(e) > 0, we shall show that for initial data close enough to the manifold M
(through a form A.[v]) the layer dynamics will be stable, and will remain exponentially small in & if
the initial data are exponentially small. (The form A.[v] will involve u" and up to second derivatives
of v, and as we shall prove, satisfies Ac[v] > cBe[v].) This stability profile is in agreement to
Sections 1.2-1.3 and (1.2)-(1.3) of [11].
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2.8. The slow channel. We define the slow channel for (1.1) to be

(2.113) r,:= {u(x) cu=u" v, Afv] < cyle) 052(7’)}
with
(2.114) v(e) i= (8%(e)e™® + pP(e)e + e ) /n(e).
We will study the orbit u(z,t) = u"®(z) + v(z,t) of (IACH) as long as
82(e)e™ ™ pP(e)e3 §(e)e™? 5(e)e? <
@) (S e i ) B <0

(conditions (2.119) and (2.115) arise in (2.135)-(2.136) further below); for instance, for the condition
(2.115) it suffices to have

B.lv] < ().
For later use, notice that clearly B. > (§(g) + u(e))B. and the estimate (2.59) directly yields
1 1 ~
+e 3
de)+ple) €

(2.116) ]2 < - [v].

The following Lemma will be also useful.

Lemma 2.10. For v € C?[0,1] with v,(0) = v,(1) = 0 we have
(2.117) gl < 8(e) 21 BY2[0].
Proof. We have

(2.118) vz (z)| = ' /0 Vsa dy\ < veall < 8(e) 72 e BY2[0].

g

Next, besides the condition (2.46) we assume that the coefficients d(¢), u(e) satisfy the condition
(2.119) 6%(e)e™8 < enle)r(e)

for some ¢ > 0 small enough, with v(e) := d(¢) + u(e) and the n(e) given in (2.47).
The result about the attractiveness and the slow evolution of states within the channel (2.113)
is stated in the following theorem.

Theorem 2.11. Let u(x,t) = u"® (z) + v(z,t) be an orbit of (1.1) starting outside but near the
slow channel (2.113) in the sense that v(-,0) satisfies condition (2.115). Then B.[v] will decrease
exponentially until u enters the channel and will remain in the channel following the approrimate
manifold M with speed O(e_c/r), thus staying in the channel for an exponentially long time. It can
leave I, only through the ends of the channel i.e at a time that (hj —hj_1) is reduced to % for some

7.
Proof. Applying (2.52) combined with the estimate B, < 1/(5)_1[;’6 into (2.65) we immediately get
(2.120) |hi| < Co(e) (e72u(e) 2AY 0] + e Pw(e) LA v]) + C(8(e) + ple)e?) e alr)

+ Cu(e)((a(r) + B(r)) 51/2u(5)71/2¢4;/2[v] + Eflu(e)flflg[fu]).
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We have to estimate the growth of A.[v(-, )], so that to prove the attractiveness of the slow channel,
and then combined with (2.120), we will get an upper bound of the layers’ speed within the channel;
see (2.139). To this end, we set

(2.121) =

where, we recall by (2.28),

(2.28) Lhw) = =6(e) (Pvaw— f'(W")0)  +p(e)  (Pvaw — f'(u")v)
L?ys(v):the lir?e,arized CH part Lgys(u)zthe linearized AC part

In order to write I[v] in a more convenient form, we first notice the pointwise estimate

%L?(U) = % {—(5(5) (%02 — F(WM)0)  + p(e) (%Vaa — f’(uh)v)}
(2122 = L) + 8@ ((F W) ), — ) (F ),

and note also that integration by parts yields
(2.123) (L), v) = (vg, L)) = 6(e)(vr, (f' ("), ) + 6(e){ve, f/(u")vze)

where the boundary terms vanish due to the zero Neumann conditions on vy, Uy, and (2.20).
Therefore, by (2.121), (2.122), (2.123) we get

I.Jv] = —<L?(v), Ut> + 5(26)<(f'(uh)v)m, Ut> - 5<2€) f’(uh)vm, ’Ut>
(e w) + B () )
(2.124) - Q] - 5(26)<((f'(uh))tv)m, v) + M(QE)<(f’(uh))tv, v)
for
(2.125) T.[v] == —(S"(v), vt)

with S? the symmetric operator (corresponding to L") given in (2.40).
Regarding the last term in (2.124), we use Lemma 2.7, and notice that the support of each u? is

contained in an interval of length 2 where |u?| < ce™ 1, therefore

(2.126) la,, = 0(),
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so we obtain

(o) ((£/h) o, v)

IN

ul(e) 1ol 1" (u") ] oo ZHuhHLl\h |

N
< Ce™ Z 1]

7=1
< Ce ' (WP (e)BEv] + ax[h|)

(2.127) < Ce! (“2(5) B[] + m?xmj\?).

As for the middle term in (2.124), after integrating by parts and using again Lemma 2.7, it can be
similarly seen that

((60) ) = {0 ) = (o)

< el 11" (u IILmZIIUhIILoo |1
N .
Sl P A G0 e 7 Z [
+ 10l oo 1vall o £ (u HLmZH@h Do 1]
N
< C(e?+e™?) Z|hj|
N .
< CeTPBv] Y Iyl
j=1

In the last inequality we applied (4.15), (4.26), (4.30), (4.31) into (3.45) to get
10m, ()|, = O(e7),
and additionally (4.13)-(4.14) into (4.53) to get
lufll e = O(™).
We also used (2.59) and as well the estimate

loall,, < e B2,
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Therefore,
6@ (((Fah)w) v) < Coe) 4B Zrhr
< C(8%(e) e BEv] + &7 max|hy[?)
62(e) e7b B .
(2.128) < C( o B[] + ¢ lmjax|hj|2).

We next want to estimate the first term in (2.124). In view of the equation of motion (2.33)

v = A(u) + LM (v) — 6(e) (fhv2) ()M 0? Zu h

with (see (2.29))

we may write T:[v] as follows,
T.[v] = —<S£(U), vt>
= —(St). W) — (81w), A + 6 (SE) ., (7"02),,)
@ (3800, ) 4 3 (b))

Jj=1

= —(8L), $2W)) = Toclv] + 8()Toclv] — p(e) Taclv] + Toelo]

S [(sPw), (10) ) + (S () )]

where in in the last equality, we substituted the following relation into the first term of the left
side,

) = Shw) + 6@ [(FWh) e + 5 (F@h),,0]

So, we obtain
(2.129) Ti[v] = —[|SE(W)|1? — Taelv] + 6(e)Tse[v] — pule) Tuclv] + The[v]
h 10 h L/ n 10k
= 3@ [(SE), (Fh),vn) + S(SHw), (F'@),,0)]

for

TQ,E[U} =

(
Too] = (SE), (F02),,),
{

Tyelv] =
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Tscv] = i\f: <S§(v) , u?> h;.

j=1
We have

[Toclol] = |
(2.129a) <

where we combined

1
4
(2.16), (4.35), (4.43) to estimate the term || A.(u")|. Also we have

1

(fh U2)m =02 /1(7' —1) fD @ + o) + Tv.)? dr + vz/ (r = 1) f'(u" + ro)(ul, + Tv4,) dr
0 0
1

+ 4oy, /1(7' = 1) SO + 7o) (Wl + Tvs) dr + 2(vav + vi)/ (1= 1) f'(u" + 7v) dr
0 0
therefore
5()|Toclol] = 60) [ (520, (7"0?),,.)
< 8(e) 1SE () 1(F" v*)

-
52
D)

C §2(¢) [

<elSE)I* +

1 1
< el SE)II* + [Wllze (=5 + Mlvall* + lveall?) + ol lvslliee (55 + lvall®)
19 S

+ Il vaell* + llvellZe HvaQ}

C 6%(¢) 1 1
< ellSE I+ L (ollf e = + Rolld el + 013 ol o5 + el o ]?)
for some e small enough which is to be determined later on. In the last inequality we used that
[v][2e = O(1) as follows by (2.58), (2.59).
Then, applying into the above inequality, the estimates (2.116), (2.117) and the following two
estimates that follow directly from the definition (2.51),

(2.130) lveel? < ()t e 2 Bo[v]
(2.131) loz]l* < (5(e) + m(e)e™) ™! Bevl,
we get
Cr6%(e) e  6§(e)e™® 5(e) e2 .
(2129b)  3(e) [Tslol| < ISP + 2| o ot 50 1) Bl

Also we clearly have

pO|Taclol| = wE@)|(S2w), o2} < wEISE@I 10

2
G
st + L o

IN
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IN

lllZee llv]l®

2
st + S

IN

2 ~
(2.129¢) st)? + € EE) gy,
€ v(e)
In the last inequality we applied the estimate (2.116) for the term ||v||z and the estimate
(2.132) o> < v(e) " B[]

which follows immediately from the definition (2.51).
Using (2.126), we get

N

N
[ Toelvll = > (Shw), ul) hy| < ISE W) u}ij|M| ClISE@)2(3 1)

J=1 J=1

sty + e (E]hD

(2.129d) < €| SP)* + 96—1max\hj\2-
€ J

IN

As for the last two terms in (2.129), we use (4.34),(4.35) and then (2.131) and (2.132) respectively,
to get:

Cé&%e) _
)

6() (S2(v), (/M) o) < elISE)I? +

C §2(e)e 2 "
€ 6(e) + p(e)e? Belv]

Cé%(e) _
) ot 2

(2.129¢) < ellSZ)* +

5(e) (SE(), ('@),,0) < elISE)IP +
C §2(e) e ]
e v(e) e

We then apply (2.129a)-(2.129f) into (2.129) and next apply the resulted estimate together with
(2.127), (2.128) into (2.124) and use the assumption (2.46) to conclude that

(2.129f) < €| Stw)|* +

(2.133) %%Agm + (17 50 |SM)IP < © e max iy + = 4a?()]
52(e) 4 p(e) et 52(e) e 6 5(e)e™? §(e)e2 - -
g (e e T e e ) B B

We apply the estimate (2.65) for the term max; |h;|? of the RHS of (2.133), and then substitute
the estimate B.[v] < v(e) 'B.[v] and fix any € < 2 to get

1d

(2134) o Afo] + CSHW)|? < C (%)™ + pP(e)e + e7*)a?(r)
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+ C

52(e)e=© 52(e) 7 12() 3 5(e) e 5(e)e? ) )
Zemil v(e)’ ve? e T 5 ) B Bl

Applying the estimates (2.52)-(2.53) into (2.134) we obtain

(2.135) 2dt.A€[U] + Cnle) Aov] < C (8%(e)e™ + pP(e)e + e H)a?(r)

]
62(e) =6 26)e™™  pP(e)e™3  d(e)e® 5(e)e? < .
+ | e (° S R R BT g ,u(e)e2) Befo]] Al
and in view of the assumptions (2.46),(2.119) on 6(¢), u(e), as well as the condition (2.115) for
B:[v(-,t)], we have
(52(5()5_6 N <(52(£)s_7 u2(e) e~ §(e)e™? N 5(e)e?
so (2.135) yields

(2.136)

(2.137) %Ag[v] + en(e) Afu] < C (6%(e)e™ + p2(e)e + %) *(r).
Integrating (2.137) we get
(2.138) Ao@®)] < Afv(0)]e ™ + Cry(e)a®(r)(1 — e ")

IN

max {A:[v(0)] , Cy(e) a?(r)}

with the y(e) given in (2.114). In view of (2.138) and the definition (2.113) of the slow channel T,
we deduce that the solution u evolves exponentially towards I',.
Applying (2.138) into (2.120) we get

(2.139) |hi| < C(8(e) + ule)e®)e a(r) + C(e728(e) + p(e))e w(e) ™ (Afw(0)] + v(e) @*(r))
+ C[5(e)e™® + (alr) +8(r) e Pu(e)] v(e)™2 (AL2[p(0)] + 7'/*(e) a(r))
and since in the slow channel (2.113) we have A.[0(0)] < cv(e) a?(r), (2.139) becomes
(2.140) |hs| < C(8(e) + p(e)e?)ea(r) + C(5(e) + u(e)e?)ev(e) " v(e) a’(r)
+ C[8()e™ + (a ( )+5(7“)) 1/2 u(e)] v(e) 2P (e) alr)

)
)

which implies that

lhal < C max { (35(0) + p(e)e?) e, (3() + ()= w(e) () alr) . 6 v(e) 23412 (0)} alr)

where «a(r) is exponentially small (see the definition (4.19), (4.21) and the estimate (4.2)), so
provided that

() +uE)) et < at, (30 + () u(e) () < a7t 6(E) wle) V212 (E) < o,
by (2.140) we have
ul = O~/

and the solution @ stay in the channel for an exponentially long time. O
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Remark 2.12. Let for example

and
then
or for example
and

then
n(e) = O(1).
In both cases, the conditions (2.46) and (2.119) are satisfied.
3. MASS CONSERVING LAYER DYNAMICS

We fix a mass M € (—1,1), and consider the mixed problem

(ACH) up = —=6(€) (e — f(u)),, + 1(e) (E*uea — f(u)),
for 0 <z <1, t >0, subject to the boundary conditions

(BC1) ug (0, t) = ux(1,t) =0,

(BC2) Uzez (0, ) =0,

together with the constraint of mass conservation

(MC) /01 u(z,t) de = /01 u(x,0)dr =: M, t>0,

in place of the Neumann b.c. for u,, at © = 1; here, we replaced the fourth b.c. uz..(1,t) = 0,
used in the previous Section, by (MC).

As we shall see, (MC), when the integrated version is stated, yields the integrated Cahn-Hilliard/
Allen-Cahn equation with the same b.c. as these of the integrated Cahn-Hilliard proposed and
analyzed by Bates and Xun in [6].

We remind that f(u) := u? — u.

Following [6, 11], we define the first approximate manifold by

(3.1) M={u": heQ,},
with u” given in (2.10).
Let
1
M(h) := / ul(z) d,
0
for h € €, then, by Lemma 2.1 of [6], M(h) is a smooth function of h, and

oM

(3.2) oh; = 2(—=1)7 + O(e718(r)).



34 D. C. ANTONOPOULOU, G. KARALI, AND K. TZIRAKIS

We define the second approximate manifold M, as the constant mass sub-manifold of M,
(3.3) Mlz{uhe./\/l: /Oluh(x)d:v—M},
which will be the proper approximate manifold for the mass-conserving problem (ACH); see also

in [6].
It is clear that M; is smooth, while by (3.2) and the Implicit Function Theorem, we see

that hy is a smooth function of hy,---,hy_, if u € M;. Thus, M; can be parameterized by
(h17 h’27 Ty thl)'

We set
(34) 6:: (517527"' angl)E(hlath"' 7h’N71)7

and for u" € My, we will denote v by u¢, and define

ous ou” oh
3.5 b= =gy N j=1,2,--- N -1
(35) Y 0¢; Y Ohy Ohj’ J o ’

where u? still stands as a notation for du”/Oh;.

3.1. The coordinate system. Motivated by [2] and [6], instead of working with the original
problem (1.1)-(BC1)-(BC2)-(MC) we will work with the integrated problem.
More precisely, we integrate (1.1), use the conditions at = 0 given in (BC1)-(BC2) and set

(3. iet)i= [ uly.t)dy,
0
to get the integrated CH/AC equation,
(IACH) By = —0(E) (Plna ~ W(0), + (o) (i~ / W (a(0.1)) dy).
0
with the boundary conditions, following directly from (3.6), (MC), (BC1) respectively,
(IBCO) u(0,t) =0,
(IMC) a(l,t) =M,
(IBC1) G (0, 1) = Tige(1, 1) = 0.

We may apply standard arguments for establishing the well-posedness of this problem, resulting
from the one of the original problem (ACH); we outline the basic points in §4.3 of Appendix.
Here, and for the rest of this section, we have adopted the notation W’ (u) := f(u) and W (u) =
F(u) introduced in [6], since for the case d(g) := 1, u(e) := 0, the equation (IACH) with the above
b.c. coincides exactly with the problem analyzed therein (see pg. 431).
Equivalently, (IACH) is written as
iy = —6(€) (2liga — W(iis)),, + 1(e) (*laa — W(Tia)),

for 0 <x <1, t>0, where W is obviously given by
(3.7) W(ant) = [ W (uly.t) d,

that is (W(u)), = W'(u) with W(u)(0,t) = 0.
Let us also denote by A, the spatial differential operator at the right side of (IACH), that is

(3.8) Ac(a) :=0(e)A1 () + p(e)Az(a),
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where Aj (@), Az (@) stand for the integrated CH operator and the integrated AC operator re-
spectively,

(3.9)  A1c(@) = —(2llae — W(iia)),, = —(A, (7)) and A, (@) = *lye — W(Ty).

xx
To study the dynamics of (IACH) in a neighborhood of M, we introduce a coordinate system
relative to M,
u (§,0),
as in [6], in the sense that for a solution @ close to M there exist unique components @8, 0 such
that

(3.10) a(z,t) = 6D (2) + 0(x, t).
More specifically, the approximate solution @ is in M, and
(3.11) U =10z, =0 at x=0,1,
with
1
(3.12) (0, E;) ;_/ DEjdz =0, j=1,...,N—1,
0
where E; are approximate tangent vectors to M , defined as in [6], by
with
(3.14) () o= () + il (),
and
(3.15) Qj(x) = (=32 + 127 — 10)W;00(0) + £ (2° — 2)Wjgaa(1) + 2W;(1),
so that
(3.16) Ej=(E)e=0 at x=0,1.

3.2. Equations of motion. We proceed next to obtain the odes system describing the motion of
(&,0). To this end, we consider the linearized A, at an,

(3.17) L(0) := 6(e) LY (D) + p(e)L3 (D),
with the linearized CH part and the linearized AC part
(3.18) LY (D) i= —(%0aq — Ly (D)), = —(L5.(0)),,  and L5 (D) 1= Vo — Lit(Ta),
and L% let the linearized W at u”,
(3.19) Ly (0a) (2,1) i= | W (u"O(y)) Ga(y.t) dy
0

that is (L, (0z))e = W (u")d,, with LI, (9,)(0,t) = 0.

We differentiate (3.12), with respect to t, to get
(3.20) (0:0, E;) + (0, OEj) =0, j=1,...,N—1,
with

(IACH)

o0 = Oy(t — @)

Ac(@) — 0pi = Ac(@) — Y@ &,
k
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and OF; =) . Ejp &, hence (3.20) becomes

(3.21) > apép = (A(a+70), Ej),  j=12...,N-1,
where
(3.22) ajr = (u§, BY — (0, Ejp), 5 k=1,2,...,N 1,
and the subscripts k indicate the differentiation with respect to &,
ous OF,;
¢i= 2 d Eipi=—"2.
Uk : 6§k an 5,k 8§k
We write (3.21) in more useful form by expanding the term
(3.23) AL (T + D) = A (@) + LL(D) + 6(e) (f402), + u(s)/ fE 02 dy,
0
where L(0) is given in (3.17), and
1
(3.24) fo(z) = / (1—71) W@ + 70,) dr,
0
to get

N-1
D aée = (A(@), Ej ) + (LE(©D), By ) + 6() ((££02), , Ej ) + nle) / fEoidy, Ey ).
k=1

Discriminating between the (integrated) CH and AC parts (see (3.8), (3.17)), we have
N1
Y aén =08(e) (Are(@®) + LT (0) + (£°03), . Ej)
(3.25) k=1
) (hael) + 15.0) + [ Fokay. B).

Moreover, we apply (3.10) to (IACH), to get
N-1

(3.26) Oy = A (@ + D) — Z § &

j=1

As above, we expand in (3.26) the term A.(@¢ + @), according to (3.23), to get
- N-1
B = AL@) + LEO) + 06) (102, + ) [ footdy - Y asE
0 °
J=1

while separating the (integrated) CH and AC induced parts, we arrive at
(3.27)

O = 6(e) |Are(a) + L} (D) + (f%i)x}w(a) [AQ,A ¥ /fﬁv dy} —Z 3

Equations (3.25), (3.27) will be mainly used in the sequel, and for the rest of the section.
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3.3. Flow near layered equilibria. For o € C?[0,1] with ©(0) = ©(1) = 0, we introduce the
form

(3.28) B.[0] := /01 (€202, + ©2] dz.

We will study the orbit @(x,t) = @€®(z) + 0(z,t) of (IACH) as long as (cf. [6, (80)'] at pg. 448,
for an analogous argument)

(329) *(e)82(e)e™ + 1) 07 e)e™ + (8(e)e™ + &7 + pP(e) 07 (e) €7%) Be[t] = (),
(condition (3.29) arises in (3 75)-(3.76) further below), or sufficiently for
(3.30) 1?(e)672(e) (1 + 8(e)e™®) = o(e?),
and as long as
(3.31) (6() + €) Be[0] = o(").
By Lemma 4.1 in [6], if © € C?[0, 1] with ©(0) = ©(1) = 0, then the following estimates hold true
(3.32) o3~ < Bifdl,
(333) Ioal}e < X5 Bifo)

We prove now the next Main Theorem estimating the dynamics of the layers, in the current mass
conservative case.

Theorem 3.1. There exist p > 0, and constant C' > 0, such that, as long as h € 2, with p < p2

and the orbit u(x,t) = @V (z) + 0(x,t) of (IACH) remains close to M so that (3.29) holds, the
next bound is valid

& <C3(=) (=72 alr) + 7 B(r) B[] + =2 B.[7])
+Cu(5)( (r) + e 'BY?[0] + e 2B.[0 ])

Proof. The first summand in the RHS of (3.25) is estimated in Bates-Xun [6, (78)-(80)]. In partic-
ular, it holds that
(3.35)  (Are(@®) + LE_(0) + (f02),, Bj) <C (e alr) + e B(r) BY*0] + e Be[0]).

Let us estimate the AC originated part

(3.34)

(3.36) (Age(@) , Ej) + (L5.(0), E;) + / fEoidy, Ej) .
\—Tf_/ hTQ,_/

We begin with the term T7. First notice that E; = O(1) (cf. [6, (55)]), and therefore

(337) [(hacli), B <€ [ Moty

where we recall that

(3.38) _ /0 " by dy,
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and that W is defined as
W)@ = [ W) do,

while .#* denotes the bistable operator given in (2.17).
Combining (2.16), (4.43), (3.37), (3.38), we get

(3.39) 71| < Cealr).
Considering the term T3 we have, (for Ly .(0), see (3.17))

T, = (L2c(0), Ej)

= (%0py — L (0y) , Ej)

(3.40&) = €2<’l~)7 (Eg)mt> - <L}Vlv(ﬁ$) ’ Ej>
.0 o
(3.40b) = X0, ¥ )y + (o, @uﬁx — €50, (Q))es) — (Liy(0a) , Ej)
0 0 . ~
(3.40c¢) = 62< 8h > + € < %u@ - 52<U, (Q])azx> - <L}‘/Lv(vx) ) Ej>'
—~ Ta,3 T2,4
Tr1 Tz,2

In (3.40a) we used the Dirichlet boundary conditions for E;, 0 given in (3.11) and (3.16) respectively.
n (3.40b) we took into account that u” is a smooth function, so, we interchanged Op; with Oz
after applying the definition of E; by (3.13)-(3.15), and then, in (3.40c) we substituted

(3.41) il =l

Let us proceed with the term 75 ;. In order to apply dy, into ul given in (2.13), we notice first
that

i l‘—hj A:h]‘_1+h]‘
X=x(——), my=———
Moreover, considering
¢ () = ¢(x—my, hj —hj_1, (1))
= $(o— M hy = by, (1), for @€ by, Byl
we use (4.10) to get
3, O (hy_i+hy
- — J j—1 —h
on, mahj( *) +¢’fah (hs = hs-1)
1 . 1
= 26— s —m) el +
= —¢l +w in I == [mj, mjq1]
and similarly
9 .
(3.42) It = it it in I,
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with
WJ(.%‘, hj—17 h]) = W($ — my, hj — hj—].u (—1)J).
Therefore, we obtain

0

(3.43 G (@7 =) = 6l = gl W - i,
and

o , . . 9 0 ,
(3.44a) BTLJ-(Q%H —¢l) = 32 % (¢ — )
(3.44b) @49 7(¢a _ ¢j+1 — wi = with)
(3.44c¢) — ¢l — It — — witt,

We now apply apply 95, to ul given in (2.13), then we use (3.42)—(3.44C), and noticing that

X3 = =X,
we get,
(3.45)
)

— ¢l + Wi, for m; <z <h;—e¢,
0 o 07— ) (o — 6 = w = ) - (6 - )
oh; * o , A A A

+yd (¢gg ¢J+1 —wl - Wi“) — Phr + Wi, for |z —hj| <e,

¢J+1 _ J‘H, for hj+e<ax<mj.

By (4.15), (4.24), (4.30), (4.31), (3.45), we derive
(3.46) [ To1| < €101 1|00, uf |l e < C B[]

We may see that a similar estimate holds true for the term |75 .
The term |13 3| turns out to be dominated by the other terms (cf. [6, (54)]), and

(3.47) I Toal = (L (82) » Bj)| < L4 (8) o [1Bjllzee < Ol pr < C BY?[0).
Moreover, we have
(3.48) T3] < Ce ' B.[0].

Combining (3.25), (3.35), (3.39), (3.46), (3.47), and (3.48), and taking into account the fact that
the matrix £(a;;) ! is uniformly bounded as € — 0, as shown in [6, p. 448], we derive (3.34). O

3.4. The slow channel. For © € C2([0,1]) with © = ¥, = 0 at x = 0,1, we define the form
(3.49a) A0] = <L1 (), 0)

1
(3.49b) = / (€202, + W (u")02] d
0
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where we performed integration by parts and recall that L?’E stands for the linearized Cahn-Hilliard
operator Aj . at u” (see (3.9), (3.18)), and is given by

L} (0) = ~*0puan + (W' (") Ta),,
associated with the BVP for the integrated Cahn-Hilliard equation

iy = —*ligazs + (W' (Ua)) 0<z<l,
(ICH) a(0,t)=0,  a(l,t) =M,
Gz (0, t) = Gz (1, t) = 0.

The definition of A, is motivated by Lemma 4.2 of [6]. There, this Lemma, combined with the
estimates on the growth of || in terms of B, (see [6, (84)]), together with the estimates on the
growth of A, (see [6, (96)-(98)]) obtained by the equations of motion, led to the characterization
of the “slow channel”:

(3.50) D= {a@): a=a+0, Af0] < =70},

for the solutions of the integrated Cahn-Hilliard near N-layered equillibria. This, stands as a special
case of our problem, for ¢ := 1, u(e) := 0.

In particular, according to [6, Lemma 4.2], there is a pg > 0 such that if 0 < p < pg and h € €,
then for any © € C? with © = 0 at « = 0,1 and (0,E;) =0,j =1,--- N — 1, there exists a
constant C independent of ¢ and ¥ such that

(3.51) e2B.[0] < CA[D).

Let us point out that the forms A.[0], B;[0] as defined here in §3 are the forms associated with
the 4" order Cahn-Hilliard operator and they are defined by Bates-Xun [6, (76)].
Considering our problem, we define the slow channel for (IACH) by (cf. (3.50))

(3.52) ryi={i(e): @=a+5, A0 < er(e) ()},
with

(3.53) v(e) = p?(e)d He)e™ + 8(e)e™® + 7% + pP(e)d %(e)e.
It is clear that y(¢) > 1, and in view of (3.30),

(3.54) v(e) = O(8(e)e™® + 72).

The next Main Theorem establishes attractiveness, and the slow evolution of states within the
channel (3.52); cf. [6, Theorem B]| for an analogous result in the Cahn-Hilliard case.

Theorem 3.2. Let i(x,t) = @¢®(z) + 0(x,t) be an orbit of (IACH) starting outside but near
the slow channel ', in the sense that ©(-,0) satisfies condition (3.29). Then B.[0] will decrease
exponentially until 4 enters the channel and will remain in the channel following the approrimate
manifold M with speed (’)(e_c/"), thus staying in the channel for an exponentially long time. It can
leave ', only through the ends of the channel i.e at a time that (hj —hj_1) is reduced to % for some

J.
Proof. Applying (3.51) into (3.34) we immediately get
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&1 <C3(e) (e %alr) + 0 B(r)AL[T] + e A7)
(3.55)
+ Cu(e) (a(r) + e 2AY?[0) + 874./45[17]).

In view of (3.55), our aim is to establish estimates on the growth of A.[0(:,)].
Let us set

L) = oA
= (L), )
(3.56) = (o Lha(@), B) — S(LL(8), B,
In order to write Z.[0] in a more convenient form, we first observe that
(357) O o) = thom) + (W), )

Moreover, using integrations by parts (i.e. symmetry of the integrated linearized CH operator Lfa),
we obtain

(3.58) (LY (&), D) = (v, L} (D)),
where the boundary terms vanish due to the zero boundary values of U, Uy;.
Therefore, by (3.56), (3.57), (3.58) we get
1d . . 1 - -
ia/\g[v] = —<Li€(v), vt> — §<<(W”(u£))t Ua;)x , U>.
Regarding the second term in (3.59), we integrate by parts and use Lemma 2.7, to derive as in [6,

(93)]

(3.59)

(@), 80), )] = [(W" (), B B

N—-1
1530 W7 @)oo D L, 1651
j=1

IN

N-1
< Ce'Bo] Y |4l
j=1
(3.60) < Ce Y(Bo] + max|§]?)
J
where we used Propositions 4.4, 4.5, 4.6, for the boundedness of the L'-norm of u§

We next have to estimate the first term in (3.59).
Recall the equation of motion (3.27)

- N-1
B = 5(e) | Ave(i) + I0.(8) + (£ @2)4 T u(e) [Ak(aﬁ) L Ih) + /0 7 o2 dy} Sy,
j=1
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with .
(@) = /0 (1= 1) W"( + 75,) dr,

given in (3.24).
We may write the first term in (3.59) as follows,

=:Ip . [0], can be estimated in terms of Bc[?], HL’f‘E(ﬁ)H by [6, (88)-(90)]

~(Lh(0), ) = =S@ILL @) = (Lh(©), 3o [Are(a) + (££02) Z &)

(&) {h0)s Aoci)) — (o) (Lho(0), L5 (0)) — ~ / 72 dy)
1. (0] Lo (0] 7]
(3.61) = () I LL @2 = Ioe[6] = u(e) D[] — () B[] — p(e) Ii.c[0).
Arguing as in [6, (88)-(90)] and applying [6, (101)], the term Iy c[0] is estimated by
662 Jhocldl] < XNLL@I + € (< max il + 5 a0) + B ).

Let us estimate the terms I .[0], I [0], I3 .[0] which are the ones coming from the AC part.
Regarding the term I; .[0] in (3.61), we have the estimate

hefo] = (LE.(0), Ascl@))
< L)) A0 (i)
< e L + 307 u(e) fAa )P
(3.63) < LI + O e ) e alr)

In the last inequality we used (2.16), (4.43), and (3.38).
As for the term I .[0] in (3.61), we first easily get

Lelo] = (Li.(0), L}.(0))
< L@ IILE @)
o(e)

(3.64)

12 1(0) ILT @) + 367" (e) ple) IIL5 (D)%,

and then, as u" = O(1), we have [W"(u")| = O(1).
By the definitions (3.18), (3.19) of the linearized AC operator L’is together with (3.33), we get

0P = [Poe— [ W WOW) b0 0]
0

< 26402, + O]
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(3.65) < 20?2, + Ce! B[o]<Ce! B.[0).
So, (3.64) yields
~ () ho(~\(2 -1 -1 ~
. < .
(3.66) Ire[v] < 12M(€)HL1,€(U)H + €67 () ule) e Be[o]
For the term I3 .[0] in (3.61), we have
helol = (Lo, [ o)
< k@ | [ e okay
() 2 /
. < 3671
(3.67) < 12M(E)H 1O + @ |

where we recall (3.24)
fé(@) = /1( ) W(E + 75,) dr.
By (3.29), (3.33) and the fact that u” :0(9(1), we have (cf. (2.95))
@S + 10, = u" + 1o = 0(1),

and thus the integrand [W” (@& + 70,)| in the definition (3.24) of f¢ is uniformly bounded.
So,

(3.68) [ / fEoldy|| < C B.[o),
0
and therefore, (3.67) yields

(3.69) Is.[0] < o(e)

o MHL?,E(@)H2 + 0(571(5) M(?f) Bg[fj]

Gathering (3.59)-(3.63), (3.66), (3.69), we get

610 agel + L@ < o[ maxigl + (507 + w5 e)a)

+ ((5*1 +o(e) et + p2(e)07(e)) Belo] + p2(e) 6 1(e) a’l)Bg[ﬁ]}.

In the above, we apply the estimate (3.34) for max; |§]| into the first term in the RHS of (3.70)
to get

(3.71)
Tags) + ool < o [(e + 2@ + a6 + 1257 ()) a2
e B + pAe)6 o) + (o)

+
+ (0%e)
+ (@) e+ pe)?e P e+ de) et + p2(e) 5—1(5))35[@])35[5]]
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Let us now note that by [6, Lemma 3.2] we have the spectral estimate
A
(3.72) O<A§)\N§Hfh2],
0

where A is a constant independent of € and ¢, and Ay denotes the N eigenvalue of L’fﬁ,

LY (¢) == =" + (W' (wW6)¢) = A, €) o, 0<z<1,
(EVP) 6(0) = 6(1) = 0,

¢(0) = ¢"(1) = 0.
From (3.72) we obtain

A = = (L), 0)l < L@ o]l < jX Lk @) - AL,

therefore
(373) Ali] < 1 IEL @)
Combining (3.51) with (3.73), we get
(374 B.fil < e ILh@)I

Applying (3.74) into (3.71) we obtain

(3.75)
dai) + @l < o [(ee + 2@ + 26 + 2007 ()<) a2

+ (52(5) e BB2(r) + p2(e)d M e)e ™ + pie)e?

+ (@) T+ )T+ e+ 0(e)=™0 + () 07 () e Balo]) I LLL(0)]]

and taking into account (4.3), (3.29) and (3.73), we arrive at (cf. [6, (96)] for an analogous
argument)

d Ad(e)

(8.76) ZA[B(0)] + =5 A:[o(0)] < C<u2(5)5_1+52(5)6_5+5(5) e 4 u2(e) 67 1(e) 5) a2(r)

with the light abuse of notation A.[0(t)] in place of A.[T(:,)].
Integrating (3.76) we get

(3.77) A[B(t)] < Afp(0)] e Ot + Cyle) a(r)(1— e o)

< max {A[0(0)] , C(e) o?(r)},
Ad(e)

where Cy := , C'is a positive constant independent of ¢, 0, and the coefficient () is given in
(3.53). We see by (3.77) that the solution u evolves exponentially towards the slow channel (3.52).
In view of (3.77), the estimate (3.55) yields

(3.78)
&l < C[5() 0B (AV2[B(0)] + 712 a(r)) + (3(e) + ple)e?)e2alr)+ule) e Ao (0)]
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+ 6(e) 7 (ALB(0)] + () a*(r) + p(e)e 2 (AV2[B(0)] + 1'2(e) a(n))],

and in the slow channel (3.52) we have

(3.79) A:[0(0)] < evy(e) (),
so (3.78) on its turn gives
(3.80) €l < C max { (5(c) + u(e)e?) €7, 6(e)e M (e)alr). ple)e " 2(e)} alr),

where a(r) is exponentially small in ¢ (see the detailed definition in Appendix and the estimate

(4.2)).
So, provided that (3.29) is satisfied, and if
(381) (0(e) + ple)e?)e < at, 5(e)e ™ My(e) < a2 and (@) e 242 (e) < at,
by (3.80) we have
il = O(e™/),
and the solution « stay in the channel for an exponentially long time.
Note that any d(¢), p(e) of polynomial or negative polynomial order in ¢ satisfy (3.81). O

4. APPENDIX

In §4.2-§4.2 we prove various estimates for the non mass-conserving manifold approximation
used throughout this paper, and collect together existing results thereof from the work of Carr and
Pego, [11]. Some of the estimates have been also proven in [4] and then used in their integrated
version for the mass-conserving case. Then in §4.3 we derive certain a priori energy estimates for
establishing the well-posedness of the mass-conserving problem considered in §3.

4.1. Estimates for the stationary Dirichlet problem (2.7). As it is clear from the definition
(2.10), many of our subsequent estimates involving u”, rest upon certain properties of the stationary
states ¢ of (1.1), namely the solutions of the Dirichlet problem (2.7). In this section we record
these properties and for their proof we refer to [11].

Since ¢.(0,¢,41) depends on e and ¢ only through the ratio r = ¢/¢, we may define

(4.1) ax(r) = F(¢.(0,6,£1)),  Bi(r):=1F¢.(0,,£1).

In what follows, C' will denote a positive constant not necessarily the same at each occurrence
and we stress that C' is independent of e, z, h;’s, j’s.

Proposition 4.1 ([11, Proposition 3.4]). There exists ro > 0 such that if 0 < r < rq, then

(4.2) as(r) = %KiAiexp (‘TAi) [1—|—O<r—1exp(_;;i)>],
(4.3) Bi(r) = Ky exp<_;i) [1+o (r—lexp(_;i)ﬂ ,
s b = rE >0

(4.5) Ky = Qexp[/ol( 2?(it)—1it)dt],
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with A := min{Ay, A_}, and the asymptotic formulas (4.2), (4.3) also hold when they are differ-
entiated a finite number of times, e.g.

(4.6) of (1) = —Ayr 2 ag(r) [1 +0 <7‘_1 exp(_;i*)ﬂ .

Proposition 4.2 ([11, Lemma 7.4]). Let 0 < r < ro. Then there exist constants C € (0,1) and
Cy > 0 such that, for |x + %| <e,

(4.7&) ’d)(m?&il” < Cla

(4.7b) F(o(x,l,£1)) > Ca.

Proposition 4.3 ([11, Lemma 7.5]). For |z| < 2e, we have

(4.82) |é(z, 0, £1) = (-1| < CB(r),

(4.8b) o (z, 0, £1)| < Ce 1B(r).

Proposition 4.4 ([11, Lemma 7.7]). We have
/2 /2 0/2

(4.9) / || da < 2, / || dz < Ce™, / || ? dzz < Ce™3,
—0/2 —£/2 —0/2

Beside the above estimates for ¢ and its derivatives with respect to x, we will also need estimates
on the derivatives ¢p(z, ¢, +1) := %gb(a:,ﬁ, +1).

Proposition 4.5 ([11, Lemma 7.8]). For xz € [—{,{],

(4.10) Go(z, 0, £1) = f%sgn(x) ¢z (x,0,£1) + w(z,(,£1),
where, for x # 0,

(4.11) w(z, 0,41) = e 02 (r) gu(|2], £, +1) /Klj o (s,0,41) " ds,
and /

—e 2l ()

¢22(0,0,£1)
Proposition 4.6 ([11, Lemma 7.9]). Let w be defined in Proposition 4.5. There exists o > 0 such
that if 0 < r < g, then

(4.12) w(0,6,£1) =

(4.13) Wb £1)| < Ce'Bu(r),  for we[— gz gtel,
(4.14) w(z,0,£1)] < Celax(r),  for y$i§\<g,

Lemma 4.7 ([11, Lemma 7.10]). For z € [-§ —¢, £ +¢], 2 #0,
1
(4.15) [wa (2,6, £1)| = |¢ew(z, 0, £1) + 3 sgn(7) dug (7,0, £1)| < Ce™ 2071 Bo(r).

One may show that w is C? on [0, ] and satisfies (see [11, (7.19)])
(4.16) 2 wer = f(O)w,
which together with (4.13) yields
(4.17) |Wm(9:,€,:i:1)} <Ce3 B+(r).
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4.2. Estimates on the states u”". For j =1,2,..., N + 1, and the ¢; that are given in (2.9), we
set

£
(4.18) o 2
J E]

and
(4.19) o aq(r5), fOI"j: even, and B = B4(7), fOl"]: even,

a—(r;), for j odd, p_(r;), for j odd.

We also set
£
(.20 TS T min; ¢;
and
(4.21) a(r) ;= max o, and B(r) := max p’.
1<j<N+1 1<j<N+1

From the first estimate in (4.9) and the zero boundary values in (2.7) we deduce that |¢| < 2 on
[—%, g] Therefore, for each j =1,...,N +1,
; 2 2
(4.22) [¥l<2 on [m;—3 mi+ 3],
and as a consequence of the definition (2.10), u” is uniformly bounded on [0,1], thus f(u") and
f'(u") are uniformly bounded too.
Similarly, from the second estimate in (4.9) we get that

(4.23) ¢l < Ce™? on [m;— %, mj + %]
By (2.15) and (4.22) we get
(4.24) 6k < Ce72on [my— 5, my + 4],
and a differentiation of (2.15) together with (4.22), (4.23) yields
(4.25) Ghoel <C=2on [y =, my + G,
and in general, we may see that, see also in [4]
(4.26) 8;%]’ <Ce™™, on [m; — %, m; + %]
By Proposition 4.3, we have
(4.27a) ¢/ (x) = (-1Y| < CB(r),
(4.27b) ol (x)| < Ce 'B(r), for |z —m;| < 2e.

As a consequence of (4.27a), we have

(4.28) [F(&)] = (&) = F((-1))] < CB(r), for [z —mj| < 2e,
which on its turn together with (2.15) implies
(4.29) ¢, < Ce™2B(r), for |z —mj| < 2e.
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Proposition 4.8 ([11, Lemma 8.2]). Let rg > 0 be sufficiently small. There exist constants Cy,Co
such that if we assume that €/{; < 1o and €/lj11 < 1o for j € {1,2,...,N}, then

(4.30a) ¢/ (x) — ¢/ ()| < Cilad — o7t
(4.30b) ¢g:($) - ¢Zc+1(x)‘ < Cye! ‘aj - ajﬂ" for |z —hj| <e.

Moreover, by (2.15), mean value theorem and (4.30a) we have, with some 6, between ¢’(x) and
¢+ (z),
|¢2e(2) = 632 (@) = e 1f(¢(2) = F(&7 T (@))]
= e°|f(0u)l ¢ — ¢

(4.31) < 05*2}a7 — a7t for |z —hj| <e.
By differentiating (2.15), we may proceed recursively to get, for n =1,2,3,- -,
(4.32) |ong! — ongd T < C’s_"‘aj - aj+1’, for |z —h;| <e.
Considering the smooth cut-off function x? let us notice that, for n = 1,2,3,---,
ar . _
(4.33) x| = e,
By (2.13), (4.23) and (4.33) we have
(4.34) lul| < Cce™, on [0,1],
and by (2.14), (4.24), (4.30), (4.33) we easily get
(4.35) lul,| < Ce™?, on [0,1].
Differentiating (2.14) we immediately get
(4.36) |
o msesne
ho _ X:Z::r:p (¢]+1 - ¢]) + 3X§:x (Cb:];rl - (bgz) +3ng ((ZS:JE;FI - Q%m:)
e | + (1= X9)Ghaw + X Phta |z — Ryl <e,
¢gc—£x1 ,hj—i-ESJZSmj_H.

By (4.25), (4.32), (4.33), (4.36), we easily obtain
(4.37) lul,.| <Ce™,  on [0,1].

Also for a smooth function F = F(s), s € [0, 1], it is straightforward to show that the remainder
R(x) of the linear Lagrange interpolation of F at s =0 and s = 1,

(4.38) R(z) := F(z) — (1 —2)F(0) — zF(1), x €[0,1],
is given by

X 1
(4.39) R(z) = (1-2) /O sF'(s)ds + @ / (1— $)F"(s)ds.

We now use (2.13) and employ (4.38)-(4.39) for the function
(4.40) F(s) = f((1 = 8)¢! +s¢’),
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to get
(4.41) L) =X, (¢ — @) + 267X (61— 4l) + R, for |z —hj| <e,
where
. . g oY ol
(4.42) Ri= (67— ) [(1— ) / Sf"(0(s)) ds + / (1= 5)f"(0(s)) ds|
0 X7

and 0(s) := (1 — 8)¢7 + s+,
We then combine (4.41)-(4.42) with (4.30), (4.33) to conclude that

(4.43) 1L (u™)| < Ca(r), for |z —hy| <e;

cf. [11, Theorem 3.5].
At this point let us recall (2.16), i.e. Z°(u”) =0, for |z — h;| > ¢, which together with boundary
values (2.19) and (4.43) show that u” “almost” satisfy the steady-state problem (2.2).

Remark 4.9. To show that

(4.44) ult ~ —ul

o as r— 0, uniformly on I := [m;, mjy1]

first notice that only ¢’ and ¢/*! depend on h;j, so the support of u;‘ is contained in [hj_1—¢, hjt1+
g].

Applying (4.10) for the translate ¢’ of ¢,

¢ (x) = p(a — M= py — by, (<1)7), @z e lhj—e, hj+el,

we have, for « € [hj_1 —¢€, hj + €],

9 9 hyj_1+h;
_ — J _ g1y 1 —
an,” * Oh; (« 1) + 9 g oh, o (g~ hy-1)
1. 1
(1.45) =~ 30— peen(e—m) ol + W
therefore
o . ‘ , '
(4.46) o = et i L= [mys el
J
since sgn(z —m;) > 0.
Similarly, we obtain
(447) 6?L¢j+1 = _QS’;+1 - Wj—i_l7 for =€ [hj, hj+1],
J
and thus

(4.48) %(gbj—’_l —¢)) = ¢f — ¢t — Wl — Wit in I
j
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So recalling that v/ = (1 -\ ) ® 4+ x? ¢!, and noticing that X% = _sz it is straightforward
to see that

O (g — gt i 0 (gt gy o 9
o Xh(¢ — &) + x (%j(czﬁ ) + 8hj¢
S - ) [ - e - W = W] gl
= (@ - &)+ oL - ] - W+ W] -l W
(4.49) 219 —ul + (I—x)w! — yw/t! for |z —hy| <e.

For the translate ¢/*! of ¢,
¢ (z) = Pz — %, hjt1 — hj; (=1)71h) x € [hj—¢€, hjy1 + €

we have, by (4.10),

7¢j+1 — ¢7+17(€L‘— J ]+1>+¢j 7h4+1_h.
Oh; * Ohj 2 ¢ Oh; (g i)
1 . 1 : . : .
(4.50) = - §¢§;+1 + §Sgn(l‘ —mya) P — Wit = it in - [mjy1, hjyr +el,
since sgn(x —mjq1) > 0.
Recall that
uh = (]- - Xj+1) ¢j+1 + Xj+1 ¢j+27 HS [mj+17 mj+2]7

so using (4.50) and noticing that Xfl;rl =0= @{JQ, it is straightforward to see that

0 , 0 ,iiq (450 , ;
(4.51) %uh = (1- XJJFI)WWH 259 _ (1- X]H)W]H, x € [mjt1, hjp1 +e¢l.
J J
Analogously, taking into account that u" = (1 — Xj_l) L+ xIL g for x € [mj_1, m;], using
4.45) and noticing that xJ ' = 0 = ¢!, we obtain that
h] h]

O n_ 19

(452) 87“ =X 6h¢] - Xj_lea (S [h‘j—l - &, m]]
J J

Gathering (4.49), (4.51), (4.52) we have that

'Xj—le, for hj_1 —e <z <mj,
5 —ul + W, for m; <z < hj—e¢,
(4.53) St =k (L= X)W = Wt for o hy| <,
J —ul — Wit for hj+e<ax<mjy,
— (1 — 7 hywit!, for mj <z < hj+e.

Then (4.44) follows from (4.53) combined with (4.13)-(4.14). See also in [4], for some analogous
results.
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4.3. A priori estimates for the problem (1.1)-(BC1)-(BC2)-(MC). For the well-posedness

of the initial and boundary value problem we may argue as in [15, §2]; next we derive the estimates

needed in our case where we have replaced the b.c. at x = 1 with the mass conservation condition
and added the Allen-Cahn lower order term in the pde.

Local in time existence may be proved by fixed-point theory, applying a Picard-type iteration

scheme. In order to prove global existence, i.e. existence on [0,7] for any 7" > 0, we need to

derive certain a priori uniform estimates on w. To this aim, first notice that by (MC), (ACH) and
(BC1)-(BC2) we have

d 1 1
0 = — [ ulz,t)de = / ug(z,t) dr

1 1
= —i(e) / (*tge — W' (u)), dz + u(s)/ (e%ugy — W' (u)) dz
0 0
1
= —6(e)Puper(1,t) — u(e)/ W' (u) dz,
0
so we have
1
(4.54) u(e) / W' (u)de = —6(£)e*Uper(1,1).
0
Also, as in the proof of Lemma 2.7, we can see that for differentiable v and any positive €1,
2
(4.55) vA(L1) < [ullf < 2efloa]* + = [0l
1
For the special case of
(4.56) W(u) = ~(u? —1)% thus W' (u) = u® —u,
we see that,
W (u) < ey W(u) + co, Vu € R,
for some positive constants ¢i, co independent of u, and so
1 1
(4.57) / W (u)| dx < cl/ W (u) dz + co.
0 0
Growth estimate for the energy: We set
1.2
(4.58) E(t) ::/ Eu?,; + W (u) dz,
0

and we have

1
—E(t) = / e%uy (ut)y + W (u) uy do
dt ;

1
= —/ (52u:m — W’(u)) ug dex,
0
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where we integrated by parts the first term and applied (BC1). Then, by the pde (ACH) and
integrations by parts combined with (BC1)-(BC2) we get

d ! ! !/ !
th( ) = /0 (€2um - W (u)) [5(6) (52um -Ww (u))m — u(e) (62um —-W (u))} dx
1 1
:—(5(5)/0 [(62um - I/V'(u))m]2 dx —,u(e)/o [62 Ugy — I/V'(u)]2 dx
+6() €% Uggu (1, 1) [g Uea(1,8) — W (u(1, t))}

O (e — W), I~ (@) e — W)
1

— (o) [ezum(l,t) = W) [ ) de

— () ”52“m - W,(U)H

(4.54) 2

< 506 | (e — W), | 2

xT

2 1 2
(4.59) + ’“‘f [52 Uga(1,) — W’(uu,t))} + eple) < W) dx) .
By (BC1) we have
1 1
(4.60) / W'(u)dx = / (W’(u) — azum) dx < HW'(u) — 52umH ,
0 0
and by (4.55) for v = W'(u) — €2y, therein, we have
1(e) pe)er, o HE) o
4.61 BE) 2 < . B 012,
(1.61) 1920, < B o, 4+ £y
so, choosing ¢, €1, so that
p(e) &1 1
4.62 < d 0<1l—€e—
(4.62) 5 < d(e) an < € e
we substitute (4.60), (4.61) into (4.59) to get that
d
—FE(t 0.
B <
Therefore, E(t) < E(0) that is
2 1 1,2
(4.63) EHuxH2 + / W(u)dr < Ey := / ?(uo)?g + W (uo) dz,
0 0
with ug(x) := u(zx,0), and so
2
(4.64) el < o
and
1
(4.65) / W) ds < Fo.
0

Furthermore, integrating (4.59) we get

t
(4.66) /O | upe — W(w)|3n dr <C,  0<t<T,
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for some constant C' depending on ug, T and 6(¢), u(e), €.

Remark: A trivial calculus shows that the weakest condition (4.62) for (), u(e) is attained
by choosing €;/e = 27/8 for € = 2/3, and so %u(s) < 0(e). Let us also emphasize that the
condition cp(e) < () for some ¢ > 0, is weaker than the assumption (3.30) for establishing the
slow evolution within the channel (3.52) (Theorem 3.2); e.g. take d(¢), u(e) such that e=3/2p(e) <
5(e) = O(£%).

Growth estimate for ||ul|® : Multiply (ACH) by u, then integrate with respect to = and apply
(BC1)-(BC2) to get

Sl 4 80 il + (e e
1 1
= —0(e) e Ugaa (1, 1) u(1,t) — 5(5)/0 (W'(u)),, upde — u(a)/o W (u) udz

1 1
e 5(e) R (1, D u(1, 1) — 5(5)/0 W ()2 de — u(s)/ W (u) uda

WII

>—1
<

—8(€) €% Uger (1, 1) u(1,t) + d(e )/lu dr — p(e / W' (u) udx

"2 5(e) lual? + ( (1,t) / W' (u)dz — / W' (u udx)
(@) (

() lluall® + wle) (lull + HW’(WHT)

(167) < b el + ple) (2l + 2l + W @)]})

Regarding the term ||[W'(u)||; in (4.67), we combine (4.57) and (4.65) to see that
(4.68) W' ()], < e W)l + e <C.
In view of (4.64) and (4 68), the estimate (4.67) yields

(4.69) Ll + 6() <2 uacl? + (&) 2 lusl2 < Crllull? + €,

2dt

the constants C1,Ca depending only on wug and (), u(e).
In particular, (4.69) implies

L2 < Cullull? + Ca,

and integrating this inequality we ge?c “
(4.70) lu( )1 < ¥ [fuol|* + Ca (2 — 1) /Cy,
and so

lu(- DI < eillugll® + 2, 0T,
with ¢; = €217, ¢y = Cy(e21T —1)/C}, that is
(4.71) llu|| < C, 0<t<T,

with a constant C' depending only on ug, 7" and d(¢), u(e).
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By (4.64) and (4.71) we get that
(4.72) lu(-, )]0 < C, 0<t<T.

Now we return to (4.69), ignore the positive term ||uz.||, then integrate and employ (4.70) to get
s T + 202 [ fualdr < o5 + C(e20 1),

therefore "

(4.73) /Otuuxnzdrgc, 0<t<T,

for some positive constant C' depending only on wug, T and (e), u(e), e.
Returning once more to (4.69), we get as above that

t
(4.74) / luge||?dr < C,  0<t<T,
0

as well.

For improving the regularity of the weak solution to be a classical one we may use a bootstrap
argument; see e.g. (2-20)-(2-25) of [15]. Let us also remark that in view of (3.6), the H"-regularity
of u implies the H**1-regularity for the solution @ of the integrated problem.

Uniqueness: Let u,v be solutions of the problem (ACH)-(BC1)-(BC2)-(MC) and consider the
difference v = u — v. In view of (ACH), we have

(4.75)  vi = —0() eXVagae + 0(e) (W' (u) — W), + ue) eVaw — ple) (W'(u) — W'(v)),
the (BC1)-(BC2) yield the boundary conditions

(4.76) va(0, 1) = va(1, ) =0,
(4.77) Vazz(0, 1) =0,
and (MC) implies
1

(4.78) / v(z,t)dx =0, t>0.

0
Multiply the pde (4.75) by v, then integrate with respect to x and apply (4.76)-(4.77) to get

1d

(479) SZIVIP + 6() e vasl® + (o) val® = —=3(2) € VawalL,8) v(1,1)

1 1
+ 5(8)/0 (W'(u) = W'(v)) Veg dz — ,u(s)/o (W'(u) — W (v)) vdaz.

Let us next estimate the terms in the RHS of (4.79). To this aim, we set K, := sup {|u(:, )||oc, [[v(-, ) |00 :
0<t¢<T}and L =max {|W"(w)|: |w| < Kr}.Inview of (4.72) we have K, < oo, and L depends
on u,v, W, T, but it is independent of t.

We then have that

(4.80) |W’(U($,t)) — W’(u(x,t))’ < Lv(x,t) — u(x,t)|, 0<t<T.
Regarding the first term in the RHS of (4.79), we clearly have

1 1
v(1,t) :/ vedr + v(y,t) < / |ve|dx + v(y,t),
Yy 0
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and integrate this inequality with respect to y, to get, by virtue of (4.78),
1 1
(4.81) v(l,t) < / |vg|dz + / v(z,t)dr = |va(-, 1) -
0 0
Moreover, by (4.54) and (4.80) we get

1 1
(452) 00 v (1) = o) [ (W) = W) do < L) [ o —ulde = Lue) V],
0 0
Consequently, by (4.81)-(4.82) we obtain that

L? p(e)
4e
L? u(e)

2 2
LD VI + epte) Ival?,

d(e) 52erx(1at) v(l,t) < HVH% + epl(e) ||V:rH%

(4.83)

IN

for an arbitrary positive € < 1.
As for the second term in the RHS of (4.79), again we use (4.80) to see that

1 1
5(8)/0 (W'(u) = W'(v)) Vegdz < 5(5)L/0 |u— 0| |Vaa| da

L?5(e)
(1.8) < B0 o 1 o) e,
and for the last term in (4.79), estimate (4.80) yields the bound
1 1
(4.85) ,u(s)/ (W(w) — W(v)) vde < ,u(s)L/ lu—o|[vldz = u(e) L V]
0 0
We apply (4.83), (4.84), (4.85) into (4.79) to obtain
ld, o 2 2 2 2 L p(e) | L*é(e) 2
. o 11 - xx - x S L .
(486) 5 VI + 8(2) (2= vael? + u(e) (&) el < (FE L 20E ey 1) g
Therefore
d
(4.87) SlvlF<e Iv|*, 0<t<T,

for some constant ¢ depending on §(¢), u(e), T, but independent of ¢ and integrating with respect
to t, we obtain

HV('7t)H2 < e HV(?O)H2 = 0, 0<t<T,
that is u = v, so the solution of (ACH)-(BC1)-(BC2)-(MC) is unique.
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