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ABSTRACT. The stochastic partial differential equation analyzed in this work, is motivated by a
simplified mesoscopic physical model for phase separation. It describes pattern formation due to
adsorption and desorption mechanisms involved in surface processes, in the presence of a stochastic
driving force. This equation is a combination of Cahn-Hilliard and Allen-Cahn type operators with
a multiplicative, white, space-time noise of unbounded diffusion. We apply Malliavin calculus, in
order to investigate the existence of a density for the stochastic solution uw. In dimension one,
according to the regularity result in [5], v admits continuous paths a.s. Using this property, and
inspired by a method proposed in [8], we construct a modified approximating sequence for u, which
properly treats the new second order Allen-Cahn operator. Under a localization argument, we prove
that the Malliavin derivative of u exists locally, and that the law of u is absolutely continuous,
establishing thus that a density exists.

Keywords: stochastic partial differential equations, reaction-diffusion equations, phase transitions, Malli-
avin calculus.

1. INTRODUCTION

1.1. The Stochastic Model. We consider the following stochastic partial differential equation which is
given as a combination of Cahn-Hilliard and Allen-Cahn type equations, perturbed by a multiplicative
space-time noise W with a non-linear diffusion coefficient o

(1.1) up = —gA(Au — f(u)) + (Au — f(u)) +o(w)W, t>0,zeD,

where D C R?, for d = 1,2,3, is a bounded spatial domain. Here, f(u) = u® — u is the derivative of a
double equal-well potential. The constant ¢ > 0 is a positive bifurcation parameter referring to an attractive
potential for the related physical model, while the noise W = W(a?, t) is a space-time white noise in the sense
of Walsh, [18], given as the formal derivative of a Wiener process. More specifically, dW := W (dx,ds) is a
d-dimensional space-time white noise, induced by the one-dimensional (d + 1)-parameter Wiener process W
defined as W := {W(x, t): te[0,T], z € D}. The noise diffusion o(u) has a sub-linear growth of the form

lo(u)] < C(1+ |ul?),
for some C' > 0 and any ¢ € (0, 3).
The initial and boundary value problem for this equation, satisfies the initial condition
u(z,0) = up(x) in D,
and the next homogeneous Neumann boundary conditions
Ou _ 0Au
o v
The Cahn-Hilliard equation was initially proposed as a simple model for the description of the phase
separation of a binary alloy, being in a non-equilibrium state, [10]. Cook in [11], extended the deterministic

(1.2) =0on dD x [0,T).
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partial differential equation to a stochastic one by introducing thermal fluctuations in the form of an additive
noise. There exist some interesting results in the relevant literature on existence and uniqueness of solution
for the stochastic problem, as for example in [8, 12], where the i.b.v.p. was posed on cubic domains, and
rectangles, or on Lipschitz domains of more general topography, [4]. In [7, 12, 8, 9], the authors considered the
version of an odd polynomial nonlinearity for the potential. Moreover, in [3], the one-dimensional stochastic
Cahn-Hilliard equation has been approximated by a manifold of solutions and the dynamics of the stochastic
motion of the fronts were described. In [7], the effect of noise on evolving interfaces during the initial stage of
phase separation was analyzed, while in [6], the singular limit of the generalized Cahn-Hilliard equation has
been rigorously derived by means of the Hilbert expansion method, imitating the behavior of a stochastic
model. The sharp interface limit of the Cahn-Hilliard equation with additive noise has been examined in [2];
in this case, depending on the noise strength, the chemical potential satisfies on the limit a deterministic or
a stochastic Hele-Shaw problem of Stefan type. Funaki studied the interface motion and applied a singular
perturbation analysis for the Allen-Cahn equation with mild noise, when the initial data are close to an
instanton, [14, 13]. In the presence of a non-local integral term the Allen-Cahn equation exhibits the mass
conservation property; for the dynamics of the mass conserving stochastic Allen-Cahn equation, we refer to
the results presented in [1].

In the deterministic setting, Karali and Katsoulakis, in [15], introduced a simplified mean field type model
written as a combination of Cahn-Hilliard and Allen-Cahn type equations, in order to study the effect of
diffusion and adsorption/desorption in the context of surface processes. Antonopoulou, Karali and Millet
in [5], by inserting a noise term additive in the equation and stemming from the free energy and thermal
fluctuations, derived the stochastic non-linear equation version of the aforementioned model. There in, the
authors described the physical motivation of such a stochastic forcing. In addition, they investigated the
existence and regularity of solution for the stochastic Cahn-Hilliard/Allen-Cahn equation with unbounded
noise diffusion, when posed in dimensions d = 1,2, 3.

Our aim in this work, is to study the existence of a density for the stochastic solution. The dimensions
of the problem in spatial coordinates are expected to play a crucial role. Note that in dimensions d = 1 the
stochastic solution has continuous paths a.s., while in higher dimensions existence of maximal solutions has
been established, [5].

1.2. The Malliavin derivative. Let (£, F, P) be a probability space, where 2 is a sample space, F is a
o-algebra consisting of subsets of Q and P a probability measure P : F — [0,1], and consider a random
variable F' : Q@ — R. The sample space Q consists of all the possible outcomes w (simple events) of a
random experiment. The Malliavin derivative measures the rate of change of F' as a function of w € Q
and implements the idea of differentiating F' with respect to the ‘chance parameter’ w, [17]. When Q has
a topological structure, the derivative operator is induced by a directional Fréchet derivative of F' along a
certain direction wg in €2, of the form

& F(w+ cwo)le=s,

[17]. The function F' can be a stochastic process as for example the solution of a stochastic pde (such as « in
(1.1)). In our case, F is the o-algebra generated by the Wiener process W := {W(z,t) : t € [0,T], z € D},
and the relevant topological structure is this of the Hilbert space L2([0,T] x D).

1.3. Main Results. We investigate if u, the solution of (1.1), as a random variable, has a density; an
affirmative answer is given by proving that the law of u is absolutely continuous.

Here, we follow the strategy proposed by Cardon-Weber in [8], and approximate u by a sequence u,, for
which we prove existence of Malliavin derivative; we then check that a certain norm of this derivative is
almost surely strictly positive. Strict positivity establishes the absolute continuity of the sequence w,, and
on the limit, as n — oo, the same result follows for u, cf. Subsections 3.1, 3.2.

We use carefully some important definitions and results from the theory of Malliavin Calculus, presented
by Nualart in [17].
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More precisely, in dimension d = 1, we show that the stochastic solution is locally differentiable in the
sense of Malliavin calculus. Under some non-degeneracy condition on the noise diffusion coefficient, we prove
that the law of the solution is absolutely continuous with respect to the Lebesgue measure on R.

Cardon-Weber in [8] studied the stochastic Cahn-Hilliard equation with bounded noise diffusion. In our
case we consider a more general problem; this of the stochastic Cahn-Hilliard/Allen-Cahn equation with
unbounded noise diffusion, for which when d = 1 in [5], the authors established existence of a continuous
solution a.s. This equation contains a new second order nonlinear operator, fact that arises the use of
a new spde, quite different than this proposed in [8], which defines a proper approximating sequence .
Additionally, we treat efficiently the existing growth of the unbounded diffusion, by proving estimates in
expectation in the stronger L°°(D)-norm, in various places, involving w,, and its Malliavin derivative.

The novelty of this paper is the proof of Theorem 1.1 (i.e., Theorem 2.9 and Theorem 3.4), for the equation
(1.1), which consists a stochastic pde with a white space-time noise and unbounded noise diffusion. This is
an important contribution to the literature of stochastic equations stemming from physical problems, such as
phase separation in the presence of randomness. Our result is set in the very active area of research on well
posedness (existence and regularity) of solutions of spdes. Moreover, these solutions are random variables
depending not only on space and time but also on the parameter w € 2. Hence, by proving that a density
exists for u, we integrate significantly the theoretical analysis of this stochastic model.

In particular, we prove the next Main Theorem.

Theorem 1.1. Let u be the solution of the stochastic Cahn-Hilliard/Allen-Cahn equation (1.1), with the
Neumann b.c. (1.2) in dimension d = 1, for D := (0,7), with smooth initial condition ug.
Let the noise diffusion o satisfy:

(1) o has a sublinear growth uniformly for any x € R of the form
(1.3) lo(z)] < C(1+ [z7),

for C >0, and q € (0, %),
(2) o is Lipschitz on R, i.e., there erists K :

(1.4) o(z) —o(y)| < K|z —y|, Vo, yeR

(3) o is continuously differentiable on R (i.e., 30’, and o, o’ are continuous), and since o' exists, due
to (1.4) it follows that

(1.5) lo'(z)] < K, Vx eR.

Then the derivative of u in the Malliavin sense exists locally (cf. Theorem 2.9).
Moreover, if, in addition, o is non-degenerate, i.e., there exists co > 0 such that

(1.6) lo(z)] > ¢co >0, VzeR,
then the law of u is absolutely continuous with respect to the Lebesgue measure on R (cf. Theorem 3.4).

Remark 1.2. The above theorem is also valid in the more general case of
(1.7) up = —gA(Au - f(u)) + (j(Au - f(u)) +o(w)W, t>0,zeD,

for o> 0 and § > 0, cf. Section 4 of [5] for the relevant discussion for the existence and regularity of solution
for this more general problem, and the observations for the Green’s function. In our case, when establishing
existence of a density, all our results hold true for (1.7) also.

Thus, for o =1, ¢ := 0, the Main Theorem 1.1 (existence of Malliavin derivative locally and of a density
for w) is valid for the one-dimensional stochastic Cahn-Hilliard equation with unbounded noise diffusion and
non-smooth in space and in time space-time noise.
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The structure of the rest of this paper is as follows: Section 2 presents some basic definitions from Malliavin
calculus such as the definitions of the spaces of random variables D'2, L2 and their local versions D}.>,
Ll1 (;3. Moreover, due to the fact that w is a.s. continuous, we are able to approximate efficiently the solution u
by some u,, defined through an spde, for which we prove existence of the Malliavin derivative; u,, is proven to
be a localization in the Malliavin sense of u, which yields finally the existence of the Malliavin derivative of u
locally. In details, u is written in the integral representation given by (2.2). This representation motivates the
piece-wise approximation u,, definition as the solution of the spde (2.6). Lemma 2.7 establishes existence and
uniqueness of u,, and provides a useful bound in expectation. We then prove that the Malliavin derivative
of u,, is well defined, and that u, € D%2, cf. Proposition 2.8; a direct consequence is the Main Theorem 2.9,
i.e., that u belongs to Ly C D2

In Section 3, we prove the absolute continuity of the approximations u,, which again through a localization
argument (see Remark 3.1) yields the existence of a density for the stochastic solution u. More specifically,
we present first the very technical Lemma 3.2, where the growth of the unbounded noise diffusion ¢ is crucial.
In the sequel, under the additional assumption (1.6) (non-degenerating o), we establish, in Theorem 3.3, the
absolute continuity of u,, and thus, the existence of a density for v (Main Theorem 3.4).

For the rest of this paper, we consider d = 1, D := (0, ), a smooth ug, and the assumptions (1), (2), (3),
of the statement of Theorem 1.1, for the diffusion o; for simplicity, we set in (1.1) o := 1. The additional
assumption (1.6) for a non-degenerate o appears only in the statements (and proofs) of Theorems 3.3, 3.4.

2. MALLIAVIN CALCULUS
2.1. Basic definitions.
Definition 2.1. Following the notation of [8], we denote by D%? the set of random variables v such that
the Malliavin derivative (in space and time) D, sv(x,t) exists, for any y € D and any s > 0 and any
(x,t) € D x [0,T], and satisfies
1/2

(21) lollpr = (B(o) + BAD. lagomixpy) < oo
for

T ) 1/2

[ D..v(z, )| L2 (j0,1)xD) = (/ / |D, sv(z,t)| dyds) .
o Jp

Indeed, according to [17], p. 27 (where the definition of DYP, p > 1, is given), D%? is a Hilbert space and
consists the closure of the class of smooth random variables v in the norm

9 9 1/2
lollprz := (E(o?) + E(ID.olF))

where || - || g s the norm induced by the inner product < -,- >p and the norm || - || p1.2 is induced by the inner
product

<[,9>=E(f9) +E(<D..f.D..g >n),
where, in our case, H := L*([0,T] x D) and < -, >y 1is the usual L* inner product on [0,T] x D.

Definition 2.2. The set L2 is defined as the class of all stochastic processes v = v(x,t) € L*(Qx[0,T]xD),

i.e.,
T 1/2
vl L2 @x0,11xD) = (E(/ / |v(x,t)|2dmdt>) < o0,
0 D

such that v € DY2? and satisfy

T T
E(/ / / / |Dy7sv(x,t)\2dydsdo:dt> < 00,
o JoJo Jp

of. [17], p. 42 (to avoid any confusion, we point out that the notation T used by Nualart at p. 42, in our
case corresponds to [0,T] x D), and [8].
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Definition 2.3. According to [17], p. 49, for L := LY? (a class of stochastic processes), (L*?)joc =: Lll(;i is
defined as the set of random variables v: 3 a sequence {(Qn,vn), n > 1} C F x L (here L := LY?) such that
(1) Q,1T9Q as.,

(2) v =0, a.s. on Q.

Also, for L := DY? (a class of random variables), (DV?)15c =: Dllog is defined as the set of random variables

v: 3 a sequence {(Qy,vy,), n>1} C F x L (here L := D*?) such that
(1) 9,1 Q as.,
(2) v =0y, a.s. on Q.
Here, F is the o-algebra, while 2, T Q a.s., is equivalent to Q1 C Qs C Q3 C --- C Q, such that

Tim P(Q,) = P(Q) = 1.

Remark 2.4. Ifv € Dllc;g and (Q,,vy,) localizes v in DY2 in the aforementioned way (cf. the previous
definition), then the Malliavin derivative Dy ;v is defined without ambiguity by Dy sv = Dy v, on Q, for
n>1 (i.e., Dy v is well defined by localization in the space Dllo’z), cf. [17], p. 49.

2.2. Localization of u in L!'2. Our aim is to prove that the stochastic solution u of (1.1) belongs to the
space L2, (observe that L,>2 C Dy22).

loc? loc

Remark 2.5. Note, that L''? is a subset of D2, consisting of more regular random variables in L*(Q x
[0,T] x D), with Malliavin derivative bounded in L*(Q x ([0,T] x D)?). Hence, a constructed localization
(Qn, un) of u in LY? is also a localization in DY? and thus, will define well the Malliavin derivative of u
through the Malliavin derivative of u,, (see Remark 2.4). Moreover, the previous construction, will establish
local regularity of the solution u of (1.1) in the sense of Malliavin calculus.

The solution u of the stochastic equation (1.1) is written in integral representation as

u(e t) = /D un(9) Gy, t)dy
" / /D AG(z,y,t — 5) — Cla, gyt — ) f(uly, 5))dyds

(2.2) +/0 /DG(x,y,t—s)a(u(y,s))W(dy,ds),

(2.3) Ga,y,t) =Y e Nt Wiy (@)an(y),
k=0

where A, are the eigenvalues of the negative Neumann Laplacian with Neumann b.c. posed on D, and
{ak }ken a corresponding eigenfunction orthonormal basis of L?(D); see [5] for more details on (2.2) and the
definition of Green’s function G.

2.2.1. Piece-wise approzimation of the stochastic solution. We shall construct a ’piecewise’ approximation
U, € LY? of u.
Let H, : Rt — R* be a C! cut-off function satisfying

|H,| <1, and |H]| <2,
for any n > 0, with

1 if
(2.4) Hyr) = 4L el <m
0 if |z >n+1.
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We set

(2.5) fn(x) = Ho(|2]) f(2),

obviously f, is a C! function and its derivative is bounded, [18]; this bound depends on n and consists a
Lipschitz coefficient for f,.
We define

Q, = {w €Q: sup sup|u(z, t;w)| < n}
te[0,T) z€D

Obviously, it holds that
MCHC---COQ
Let

Un (2, 1) ::/Duo(y)G(m,y,t)dy
n / /D AG(@,y,t — ) — Cla, st — )] fultn(y, 5))dyds

(2.6) +/0 /DG(;U,y,t—s)a(un(y,s))W(dy,ds).

We shall prove existence and uniqueness of solution w, of (2.6), and we shall establish that u,, belongs in
the space L2; this will yield that the solution u is in the space Lllo’g.

We assume that the initial condition ug is smooth; according to [5], in dimensions d = 1, due to the stated
at the introduction assumptions for o, in particular the Lipschitz property and the growth of order ¢ < % (in
[5], o is just Lipschitz with sublinear growth of order g < % and not assumed also continuously differentiable

or non-degenerate), the solution u of (1.1) exists and is a.s. continuous.

Remark 2.6. In [5], the authors proved, for d = 1, global existence of an a.s. continuous solution u for
(1.1), when the diffusion coefficient satisfies a sub-linear growth condition of order q bounded by %, where %
is the inverse of the polynomial order of the nonlinear function used in (1.1), i.e. of

fu) =u® —u.

We need a.s. continuity of u in order to establish our arguments, and this is the main reason why our
Main Result is restricted in dimensions d = 1. More precisely, the a.s. continuity of u yields, cf. also in [8]

P(Q,) =1 asn — oo,

which is needed for the definition of the localization of w.
The rest of this paragraph, will be devoted to the proof of the next, quite technical lemma, which
establishes the existence of the piece-wise approximation u,, and provides a useful bound in expectation.

Lemma 2.7. The problem (2.6) has a unique solution u,, in dimensions d = 1.
Moreover, u,, satisfies for any p > 2

(2.7) sup E(||un(-,t)||§oc(o)) < oo.
t€[0,T]
Proof. The basic idea is the construction of a Cauchy sequence, through a Picard iteration scheme, which
converges, at a certain norm, to the solution w, of (2.6).
For given n, we define

Un o(2,t) = Grug(z),
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and for any integer k > 0, we consider the following Picard iteration scheme, which is motivated by (2.6),
e @) = [ u0()Glav. Oy
+ /Ot /D[AG(m,y,t —8)— G(z,y,t — 9)] fu(uni(y, s))dyds
(2.8) —l—/ot/DG(x,y,t — 8)o (un k(y, )W (dy, ds).
Relation (2.8) yields for any k > 1,

(2.9)

s (@) = tilt) = [ [ (G0 = 5) = Gyt = ) (£l 09)) = il (5,9)) ) s

+ /Ot /D G(z,y,t —s) (U(un,k(% 8)) — o (un k—1(y, 8))>W(dy,ds).

Hence, we obtain

) =l = / [ 186G 1. = 9 500:5)) = f (s 5) s
/ / |G T, Yt ||f”(u" k(y7 )) - fn(u7b,k—1(y,8))|dyds
+ ‘ /0 /DG(:E,ZJ,t — 8)(0(Un 1o (1, 8)) — 0 (Unk_1(y, 8)))W (dy, ds)|.

Thus, taking p powers for p > 2, and then supremum for any € D and supremum in time for the stochastic
integral, and then expectation, we get

B(sup it i1 (1) = (0 D) = B2 (1) = ) e )

ch(sup / / AG(x,y,t—s)||fn(un,k(y,s))—fn(un,k_l(y,snldyds)p)

zeD

+cE(sup //|Gx Yyt — 8)|| fr (i (v, ))—fn(un,k—l(yvs))|dyd3>p)

xzeD

w8 swp swp| [ [ 6o = 9004050 - ol ar )W) ).

T€[0,t] x€ED

The function f,, is Lipschitz and so,
E(Hun,k-l-l('vt)_un,k‘( )||Loo(D)

ch(S“P / / AG(@,y,t = 5)|lun iy, 5) - Un,myvsﬂdy“)p)

z€D

p
+cE<sup //|G(x,y,t—s)|un,k(y,s)—un7k_1(y,s)|dyds>)

zeD

T€[0,t] €D

w8 swp swp| [ ] 6o = 900405 - alunsar )W )]
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Burkholder-Davis-Gundy inequality applied to the stochastic term of the previous inequality gives

(2.10)
E(Hun7k+1(’7 )=t k(- )||Loo(1> )

P
<cE<sup / [ 186Gt - >||un,k(y,s>—un,k1(y,s>|dyds))

IED

p
w8 sup ([ [ 1601 M s0:9) — s )l

z€D

+CE< sup sup / / G (@, y, 7 = 8)*|0 (1 (y: 9)) = 7 (unx1(y, >>|2dyd8)p/2>

7€[0,t] z€D

ch(S“p / / AG(@,y,t = 5)|[un i (y,s) - Un,m@’sﬂdy“)p)

z€D

p
B (s ( //|ny, Ml 0:5) = w2 (35l

z€D

p/2
w (s s ([ [ 167 = P al8) ~ s (5 Pyas) ).

7€[0,t] zED

where for the last inequality we used that the diffusion coefficient o is Lipschitz, uniformly for any n.
Thus, from (2.10), we derived

(2.11) B ([l 1 (+8) = (s Dl ) ) < Q(8) + @a(8) + Qal),

where

t P
t) :CE(H / / |AG(a Y, t— S)H’un,k(yv S) - un,k—l(y7 8)|ddeH OO(D)>’

Qalt) —CE(H/ 16t =l i9) = s ).
Qs(t) =E( iy H/O /D Gy, ™= 8) [ un iy, 5) — un,k1<y78>2ddeHLf<m>'

T€[0,t]

In the sequel, we shall estimate the terms involving the Green’s function G by using Lemma 1.6 of [8] for
p=q:=00, r:=1 (which holds true when H and v are replaced by their absolute values, cf. the proof of
lemma presented in [8]).

The statement of Lemma 1.6 of [8] involves general parameters denoted, in [8], by p,q,r. Throughout
our manuscript, whenever we use this Lemma, we assign from the start specific values to these parameters,
which are proper for our proofs; here, we use this Lemma for p := o0, ¢ := oo, r := 1.

For estimating the term Q1(t), we choose the inequality (1.12) of [8], p. 781, for

H(xayatf ) |AG( ,y,t )|7 ’U(y,S) = |un,k(y75)*un,k—l(y>5)|a P

I
S
I
<
I
—_
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Thus, we have for p > 2

p
@(0) <c / sl s) ~ s ()= yds] )

p
k) = a3 e oy )

tfs
p/q1 o/p
) ([ ) i)

p/q1
; t,Sql—dS /||un;C )—un’kl(.,s)Hiw(D)d‘s)

ch(/ [wn k(s 8) = tnk—1(, 3)||Z£oo(1>)d5>’
0

where we used Holder inequality for ¢; :==p/(p—1), i.e., 1/p+1/q1 =1/p+ (p—1)/p = 1, and the fact that
0 < 4 <1 or equivalently 0 <3 Lo <2, which is true for any p > 2, and thus

b /
(=—
0 (tfs)qlf

For the term Q2(t) we choose the inequality (1.11) of [8], p. 781, for

H(zvyatfs) |G( 7y5 )‘7 U(y,S) = |un,k(y35)7un,k—l(yas)|7 p=qg=00, T = 1.
Then we get

<cE ‘

=cE

(A
(2.12) E(
((f

1 P
()(w“un,k(w 3) - Un,k—l('7 S)HLOO(D)dS‘ )

Q2(t) <cE
t—s
=cE

1/
(213) =8| [ i) = s o]
<(/ot 1q2d8)”/q2(/0t [tk (5 8) — Un k-1 (-, S)HZioo(D)ds)p/p)

<cE
t

ch(/ ||unk(,s) — un,kl('73)|ioo(p)d8)’
0

where we used Holder inequality for ¢o := p/(p — 1).
For the term Q3(t) we choose the inequality (1.13) of [8], p. 781, for

H(Jf,%t*S) :GZ(xayatfs)a U(y,S) = |un7k(y,$)fun7k_1(y,s)|2, p=4qg=00, T= la

and we obtain

T 1 5 p/2
sup | [ (- 8) = a1 ()P ey ds|
0 ( 271

T 1 5 p/2
s | [ —guun,kc,s)—un,k71<-,s>||mp>ds\
o (7 i

(
(
(214 <o s ([ ) T [ st - macst il 0] )
(22,
(

- T 1 2q3 /
7d sup Un k(5 8) — U k—1(-, 9)|| ds]
. /0 (r— s)qS% re[o n fun. nik-1(5 )z (P)
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where we used Holder inequality for g3 such that 1/gs+1/(p/2) = (p—2)/p+2/p =1, i.e., for g3 := p/(p—2)

which gives 0 < q3% == L 4 <1 true for p > = d and thus,

D

(/OT(T_ls)Mfds)qu < 00.

Replacing (2.12), (2.13) and (2.14) to (2.11), we obtain for any p > max{2,8/(4 — d)} and any integer
E>1

t
Bl s () = o) < B[ 0 05) = a5y
(2.15) 0

t
<c / B[t (- 51) = ot (50 [ )
0

where we used Fubini’s Theorem.
Inequality (2.15) applied for the term E(|lup k (-, Sk) — Un k—1(- sk)HIZ,‘X’('D)) gives

E(|\un7k+1(',t) —un,k( )HLW(D / / |Unk 1 Sk—l) 7un,kﬁ—Q(.?Sk—l)”ioo(b))dsk—ldsk?

i.e., we get
(2.16)

E(||lunk+1(5t) — un k(- )HLoo(D <C// (/1w k-1 ( Sk71)—Un,kfz(',Sk71)||1£oo(p))d8k71d8k

< / L Bluneatesis) — tnamalCo i)l oo dsi-adsioads <
0 0 0

<C // / / |Un1 81)_un0( Sl)”Loo(D))d . 'd8k72d8k71d8k

2k
Sck/ / / / 1ds, -+ dsk—2dsg_1dsi, sup E(|lup1(-,t) — un70(~,t)||’z(x,(D)) < TR
0o Jo Jo 0 '

t€[0,T]

for any t € [0, 7], where we applied the next calculation

t Sk Sk—1 S92 + Sk Sk_1 s3
/ / / / 1ds, -+ - dsg—2dsk_1dsy =/ / / / Sods, * - dSk_odsk_1dsy
:// / / S3dsd dsk—adsi 1d$k_// / / o ds4' dsp_adsg_1dsy
-l

We also used the fact that for the first step (k := 0), we have easily
(2.17)

sup E([|un1() = tno( )7 () < ¢ sup B([lun1 ()7 () + ¢ sup E([Jun o, )70 () < 00,
te[0,T] t€[0,T te[0,T]
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since w0 is deterministic and w, 1 is given by the Picard scheme involving f,,(un0) and o(un) at the
right-hand side, for f,, and o Lipschitz, and ug smooth. In details, by Picard scheme, we have

|Un1 x, t | </ |G xT y, ||U0 |dy+/ / |AG T y7 )Hf”(uno(y, ))|dyds
+A A|G("E,y7t—S)an(un’o(y’s)”dyds
+‘/0 /DG($7yat—5)(U(un,0(y,S))W(dy7d8)‘.

Thus, taking p powers then supremum on x € D and then expectation, exactly as before, using the Green’s
function estimates, Burkholder-Davis-Gunty inequality and then Holder’s inequality, we arrive at

s Bilina e o) < w0 B(| [ 660Dl )
t€[0,T] t€[0,T) Lo (D)

t
—|—cE(/ 1ds> <c+c<oo.
0

So, (2.17) is valid and indeed (2.16) holds true.
Taking now supremum in ¢ at (2.16) we obtain

o2k
S B2 () = b)) <
t€[0,T) .
and by summation, we get
= 2k
(2.18) Z sup E(||tn k41(-8) — un k(- t ||LOO(D) Z k— = cexp(c?) < oo,
k—o L€[0,T] k=0

for any p > max{2, ;2 } = 2.
Therefore, it follows that, for n fixed, the limit klim Un k, in the LP(€2) norm, exists for any (z,t) €
— 00

D x [0,T]. Indeed, we have for any (z,t) € D x [0,T]
E(lunk+1(2,t) — tn i (2, 0)|7) <E(lupp41(1) = un i (- )HLoo(D )

< sup E(|lupgs1(c5t) — un )HPN(D)) —0 as k — oc.
t€[0,T

(2.19)

So, for n fixed, the sequence u,, ; is Cauchy in LP(€2), and convergent as k — oo to some u,, in this norm,
ie.,
Ju,: lim E(|un R(ot) — un(-,t)|p) = 0.
k— o0

Moreover, we observe that wu,, i, for n fixed, is also Cauchy in the norm L?(co,(2) defined by

» 1/p
I Dllzreo = (BUC O p)
and convergent in this norm, i.e.,
S AR NIT _
i s lim B([un k() = (D)) = 0
Obviously, since

ltn k(- 1) = Un (- )| e () < Ntnk (-5 t) = Un (- t)| Lr(00,0)
from uniqueness of limits, we have u,, = u,,, and thus

E(||un(-,t) — Un,k(',f)Hpoc(D)) — 0, as k — oo,
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and so
(2.20) E(ltn 1) — i ) ) < 00,
for any k.
We then have, using (2.18) and (2.20), for any ¢
E([[un(, )7 (p)) SE(llun(st) = i (D17 py) + €Y Ellltnjra (51) = g ()11 o )
j=k

<) = ) e ) 3 s B2 () = () e )
j=k t€10;

SE(Hun(?t) - un,k?(7t)||poo(fD)) +c S C.
Hence, by taking supremum over all ¢ € [0, 7], we obtain for any p > max{2,8/(4 —d)} = %7 in dimensions
d=1,

(2.21) sup E([|un (1)l « (p)) < 00
t€[0,T]

Note that for power p such that 2 < p < %, we use Holder’s inequality for the expectation as follows. Observe
that 2p > %, and take
R 2
E(”un('vt)nim(p)) < CE(”un('vt)”Lpoo(D))l/z
Thus, we get

sup E(Hun('vt)HIzoc(D)) < c sup E(Hun('at)HiI;(D))l/Q < 09,
te[0,T) te[0,T]

by (2.21), since 2p > %. So, we have finally for any p > 2, in dimensions d = 1

(2.22) sup E(||un(-,t)||1£oo(p)) < oo.
t€[0,T)

Through the scheme (2.8), by a standard argument, where we take limits in the LP(£2) norm, and use the
fact that f,, and o are uniformly continuous since Lipschitz, we have

D

k—o0

t
+ [ [ A6t =9 = Glay.t = 1l w5y

t
(2.23) —I—/ / G(z,y,t — s)o( lim wuy k(y, s))W (dy, ds).
0 D k—o0
Note that for the stochastic term, since
lwn (- t) = tUn k(- )|l Lr) = 0, ask — oo,

we can easily prove that

H /Ot /D G(z,y,t — 8)[o(un(y,s)) — o(unr(y, S))]W(dy,ds)‘

by using Burkholder-Davis-Gundy inequality as before, the Lipschitz property (or uniform continuity of o),
Holder inequality and the estimates of G.
So, since u,, = klim Un k, in the LP(Q) norm, we derive that u,, satisfies the stochastic pde (2.6); as we
— 00

— 0, ask — oo,
Lr(Q)

shall prove in the sequel, (2.6) is uniquely solvable (due to the fact that f,, o are Lipschitz in R). Moreover,
u = up on , a.s. (see also in [8], for the analogous argument for the stochastic Cahn-Hilliard case, where
the same cut-off function was used).

We proceed by establishing uniqueness of solution for the problem (2.6).
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Let us suppose that w,, is a solution of (2.6). Then since w, is a solution also, by using (2.6) for w,, and
u, respectively, and subtracting, we get

nst) = a0 = [ [ 18G(E00t=5) = Ga,0. )l (055)) — i) s
[ 6t 5) (ol — ot ) W (. ).

Hence, we obtain

i (2, ) — o (2,8)] < / / AG(, 5t — 3)|| 1t (9, 5)) — (i (3, 5)) |y
/ / |G,y t = 5)[|fn(un(y: 9)) = falwn(y, 5))ldyds
+’/0 AG(x,y,t—S)(a(un(y,s))—a(wn(y,s)))W(d%ds)_

We take p powers for p > 2, and proceed as we did for deriving (2.10), i.e., we take supremum in space,
expectations at both sides, use that f,, and o are Lipschitz, and apply the Burkholder-Davis-Gundy inequality
to the stochastic term. This yields

E(Jfun ()= (Dl )
<c(sup ([ [/ 1860 o)) — nly s

mED

(2.24) +CE<Sup //|ny, $)llun(y, s) — n(y,s)ldyds)p>

z€D

p/2
+0E< sup SUP / /IGm y, 7= 5)*|un(y, s) — wn(y, s)| dde) )

7€[0,t] z€D

Observe that the previous inequality is the same as (2.10), where the differences wup k1 — Un k, Un k — Un, f—
are replaced by u, —w,. Thus, a direct result is the analogous of (2.15), i.e., for any p > max{2,8/(4— d)} =

B[t (1) — wn (s )lF ) < E( / Jun (-, ) —wn<~7s>||poo@>ds)

t
<ol [ Blnts) = (ol s ).
where again we used Fubini’s Theorem.

Hence, by applying Gronwall’s Lemma to the previous inequality for the term E(||uy, (-, t) —wn (-, ) ||1£0<,(D))7
we obtain

1
8
3

(2.25)

Bt () — (s Dl i) <0,
for any t € [0,T]. So for any ¢ in [0,T],
E([Jun (1) = wn( )7 (p)) = O-
This yields that wu,(z,t) = w,(z,t) almost surely in Q and in @, (since Q, C Q and thus [[v|rr,) <

lv]| L)), for any ¢, x, i.e., for Q:=Q, orQ,
P(w e Q: uplz, t;w) = wn(x,t;w)> =1, forany t €[0,7], and any x € D,

and so by definition u,,, w, are equivalent in £ and in §2,,.
We shall use now the fact that when two processes are equivalent in a set and a.s. continuous in the same
set, then they are indistinguishable in this set.



14 DIMITRA C. ANTONOPOULOU, DIMITRIS FARAZAKIS, AND GEORGIA KARALI

The solution u of the stochastic Cahn-Hilliard/Allen-Cahn equation (1.1) is almost surely continuous in
space and time, in dimensions d = 1, cf. [5], and the approximations u,, w, of u satisfy the equation (1.1)
a.s. in Q,, (since fp(un) = f(uyn) and f,(wyp) = f(wy) in Q, a.s.). So, the equivalent processes uy,, wy are
almost surely continuous in §2,, also and thus indistinguishable in Q,, (having the same paths), i.e

(2.26) P(w € Qy t up(z,t;w) = wy(x, t;w), for any (z,t) € D x [O,T]) =1.

Since uy, wy, are indistinguishable on 2,, then we have uniqueness of solution of (2.6) with uniquely defined
paths a.s. on €2,.
Thus, u, is well defined by (2.6), and suitable for localizing w. O

2.2.2. The Malliavin derivative of u,. We proceed by proving that the derivative of the approximation u,,
in the Malliavin sense, is well defined as the solution of an spde. In addition, we establish the regularity of
Uy, in DY2 and LY2; this is accomplished at the next proposition.
Proposition 2.8. Let uy(z,t) be the solution of (2.6), then:

(1) wu, belongs to the space D2,

(2) The Malliavin derivative of u, satisfies for any s < t, uniquely, the spde of the form

(2.27)

Dy sun(z,t) := Dy s(un(z,t)) / / [AG(z, z,t — 7) — G(z, 2,t — 7)]G2(n) (2, T) Dy s (un (2, T))dzdr
+ G(z,y,t = s)o(un(y, s))

/ /szt 7)G1(n)(2,7) Dy s (un (2, 7)) W (d2, dr),

while
Dy sun(z,t) =0 for any s > t.

Here, G1(n)(2,7), Ga(n)(z,7) are bounded, and satisfy

Dy s(0(un(z,7))) = G1(n)(2, 7) Dy s (un(2,7)),

Dy o(fn(un(2,7))) = Ga(n)(2, 7) Dy.s (un(2, 7).
(3) u, belongs to L'2.

Proof. First, we will prove that the Cauchy sequence {uy, ;}ren (as we described in Lemma (2.7)) belongs
to the space D2 for all (z,t) € D x [0,T], by using induction and the Picard iteration scheme.

For k = 0, the function w, o is deterministic with Malliavin derivative Du,, o = 0. Thus u, o € D'2.

We proceed with induction.

We suppose for k > 0 that for any i < k, u,; € DV? for every (z,t) € D x [0,T], and that

t
sup wE( [ [ 1Dy st i) e oydyds) < .
) D

te[0,T] i<k (
We shall prove that for any i < k + 1, u,; € D%? for every (z,t) € D x [0,7] also (i.e., uy 41 € DV? for
every (z,t) € D x [0,T1]), and

t
sup sup E(/ /D||Dy7sun7i(~,t)||2Loo(D)dyds> < 00,
0

te[0,T] i<k+1
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also (the bounds being independent of k). Note that the integral for s € [0, ¢] coincides with the integral for
s € [0,T], since the Malliavin derivative involved is zero for any s > t. This will result that

Yk 3 u,p € DY V(x,t) €D x[0,T], and

T
sup supE(/ / ||Dy7sun7k(-,t)||%m(p)dyds> < 0.
tel0, 7] k 0 D

(2.28)

We apply the Malliavin derivative to (2.8), and get, since it is a linear operator
Dy s(up k41(2, 1)) =1 Dy stp p+1(x,t) = Dy s [/Duo(y)G(x,z,t)dz}
+D,, [/Ot /D[AG(:E, 2t =) = G, 2t = 7)) fuun (2, 7)) dzd7 |
+ Dy7s /t/ G(z,z,t — T)O’(umk(Z,T))W(dZ,dT)}

—0+// ys Aszt ) — G(m,t—7)]fn(un7k(z,7)))dzd7

G(x yvt—S) (un.k(y,5))
/ / s (G220t = 7)o (un (2 7)) ) Wz, d)
:/ /Dy,s AG(W,t—T)—G(x,z,t—T))fn(un,k(z,T))dsz
/ / [AG(, 2.t —7) = G, 2t~ T)IDy o (faltn (2. 7)) ) dzdr

+G ‘T Yt ) (un k(y’ ))

+/ /Dy,S G(.’lﬁ,z,t—T))O'(Un,k(z77-))W(dZ’dT)
// (2,2t = 1) Dy (0 un 12, 7)) ) W (dz, d)

:O+/ /[AG(.’E,Z7t—T)—G(.’L’,Zﬂf—T)]Dy,s(fn(un,k(Z’T)))dZdT
+G(z,y,t — $)o(unk(y,s))

+0+/ / Gz, 2t — (a(un,k(z,T)))W(dz,dT)

(2.29)

:/ / [AG(z,z,t — 7) — G(z,2,t — T)]Dy s (fn(un,k)(z7 T)))dZdT
+ G(2,y,t — 8)o(unk(y,s))

/ / G, 2.t —7) Dy (0t (2, 7)) ) W (dz, ),

where we used also that the Malliavin derivative is zero when applied to the deterministic terms G, AG
(since no change is observed on w € €, they are constant as functions of w € Q). Moreover, since the
Malliavin derivative is zero for any 7 < s, this resulted to integrals on 7 > s.

Here, we note that Dy s(un k+1(2,t)) is a function of y, s, x, ¢. In this work, the notation D, ,f(z,1),
for a general function f, is used to denote D, ;(f(z,t)).
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We now use Proposition 1.2.4 of [17], cf. also in [8], in dimensions m = 1 (following the Nualart’s book
notation, since u, x(z,t) € R™, m = 1) with the norm used for the Lipschitz condition being the absolute
value. More specifically, since u,, ;. belongs to D12 (true by the induction hypothesis) and o is Lipschitz
uniformly on any z in R with K, its Lipschitz coefficient, then o (u, 1) belongs to D! also, and there exists
a random variable G; = Gy (n, k) such that

(2.30) Dys (0 (ttn 1(2:))) = Gu (0, ) (@, 8) Dyt (2.1,

with G; bounded (in the absolute value norm) by K, uniformly for any z, ¢, i.e.,
|G1(n, k) (z,t)| < K,, Yz €D, Vtel0,T].

Since K, is independent of n, k, we have finally

(2.31) sup 1G1(n, k) (2, 1)] < Ko
n,k,(z,t)eDx[0,T]

The same argument can be applied for f,, in place of o, since f,, is also Lipschitz uniformly on R. Indeed,
there exists a random variable Gy = Ga(n, k) such that

(2.32) Dy (folttn i (2,8))) = Galn, k) () Dyt (),
and
(2:33) sup (Ga(n, k)@, )] < K,

k,(x,t)eDx[0,T]

for Ky, a positive constant, depending on n through f,.
Therefore, (2.30) and (2.32), together with (2.29), give finally for any s < ¢

Dy stn gt1(z,t) :/ / [AG(z,z,t —T) — G(x,2,t — 7)|G2(n, k) (2, T) Dy, stn (2, T)dzdT
(2.34) + G(z,y,t — s)o(unk(y,s))
/ / G(z,z,t —7)G1(n, k) (2, T) Dy, stun 1 (2, )W (dz,dr),

while for s > ¢
Dyysunvk_,_l(:c, t) =0.
Taking absolute value at both sides of (2.34), and then p powers for p > 2 | we get

‘Dy»sun,kvq(x? t)|p SC‘G(%, Yyt — S)O’(Un,k(y, S))lp

t
+ c‘ / / [AG(z,z,t — ) — G(x, 2, t — 7)|Ga(n, k) (2, T) Dy, stn i (2, T)dzdT :
s D
G(z,z,t —T)G1(n, k) (2, 7) Dy stn (2, )W (dz, dr) ’p,
which gives by (2.33)
1Dy st DI e ) NG5t — 5)0r (a1 ) e
+ oK, / / AG(, 2,1 —7) = G 20t = 7)[| Dy stin (2, T)\dszHLw(D)

+CH/ / G(',z,t—T)g1(n,k)(2,T)Dyysun,k(z,T)W(d@dT)Hp
s Jp

L>(D)’
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We integrate for y € D, s € [0,t] and then take expectation, to derive

t t
E(/ / ||Dy,sun,k+1(-7t)Hioo(D)dyds) < cE(/ / |G (-, y,t — s)a(umk(y,s))||§m(D)dde>
0o Jp 0o Jp

t
Ky, B(
(2.35) el /

+cE //H/ /G z,t —71)G1(n, k) (z,7)D ,,Sumk(z,T)W(dz,dT)HzM(D)dyds)

=M, (t; k) + My(t; k) + Ms(t; k).

p
7)— G-, 2,t — 7)|| Dy, sun k(2 T)|dZdTHL0°(D)dyd8)

We shall estimate the terms M;(t; k) for i = 1,2, 3.
Considering the term M (¢; k), we have

My (£ k) =cE / UGt = )00 5D s

t
<CE(//IIG Yt — HLOO(D)dyds)-i—cE //|g(unyk(y,8))|zpdyd8>

(2.36) <cE(//||G Y, t— HLOO(D dyds>+cE // (1 4 |unx(y, s)|2pq)dyds)
t
cE(//HG it =) ) dyds)+c+cE(/c||un,k( 1 yds)
K 2
<c+ cB( //HG ot — )2 D)dyds)+c/ E([[tn 1 ()72 ) ) ds.

where we used the growth of the unbounded noise diffusion, for ¢ € (0,1/3), and Fubini’s Theorem.
We use the next estimate (1.6) of [8], to get

t
. ,t— o s < t—s| s < 00,
(2.37) //HG st = 5)|[ 7% oy dyd C/I |/
0

for —2pd/4+d/4=(—2p+1)/4> —1 (since d = 1) i.e., for (2 <)p < 5/2.
Also since 2pg < 2p < 5 in dimensions d = 1, using (2.21) and (2.20), we obtain for any ¢ € [0, T
E([|un k()72 ) <¢+ B[l (1) = tn ()7 (p)) + B[t ()| 7 ()
<c+ ctsup E(||un(-,t)||ioo(p)) <c+c<ec.

)

(2.38)

Using (2.37), (2.38) in (2.36), yields for 2 < p < 5/2

(2.39) sup Mi(t; k) < oo.
k,t€[0,T]

Considering the term Ms(¢; k), we choose the inequality (1.12) of [8], p. 781, for
H(z,y,t —7):=|AG(z,2,t — 7)|, v(z,7) = |Dy stuni(2,7)|, p=q (of [§] notation) =oo, r=1.
As in (2.12), we have

t
210 | [ [ 1866t Dipmstnlizar <o [ 1Dy atnal
s JD >

Using the inequality (1.11) of [8], p. 781, for
H(JZ,Z,t - T) = |G(£L‘,Z,t - T)|7 U(ZaT) = |Dyvsun7k(z77—)‘7 p=q=o00, r=1,
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we get

t
(241) H/ / G 2.t =)Dyt o)z | <c/0 1Dy st Py
Relations (2.40), (2.41) yield

Mg(t; k

~

t t
p
:CKf"E</0 /DH/S /D|AG(~,z,t—7')—G(~,z,t—T)||Dy,sun7k.(z,T)|dszHLOO(D)dyds>
t t
chan(/O /D/O | Dyt e, T e oy s
t t
<ctiy, [ B[ [ 1Dstnsl )l o duds)dr
0 0 D
t T
:chn/ E(/ /||Dy’sun’k(.7T)||Z£OO(D)dyds)dT,
0 0 D

where we used Fubini’s Theorem; the integral for s is taken finally in [0, 7] since for s > 7 the Malliavin
derivative satisfies Dy sun k(x,7) = 0, for any z.
For the term Mj3(t; k), we have, using Fubini’s Theorem and Burkholder-Davis-Gundy inequality

(2.42)

(2.43)
3(k;t) ch / / H/ /G 7)G1(n, k)(z, T)Dy,sun,k(Z,T)W(dZ,dT)Him(D)dyd8>

<c/ / H/ /G 76102, 7) Dyt W )| Y

Sc/o / sup sup‘/ /G(:L‘,Z,t7T)gl(n,k)(Z,T)Dyvsunﬁk(z,T)W(dZ,dT)’p>dde

rel0,t] z€D

t T p/2
SC/ / ( sup sup‘/ / \G(x,z,tfT)|2\Ql(n,k)(z,T)\2|Dyysun,k(z,T)|2dzd7’ )dyds
0 clo,geen ! Jo Jp

" p/2
sup sup //\G(m,z,t—T)|2|Dy,sun,k(z,T)|2dzd7> )dyds

€l0,t] xeD

“f )x
e

where we also used the relation (2.31).
As in (2.14), we choose the inequality (1.13) of [8], p. 781, for

sup H/ / |G 2.t = 7)P| Dy stin (2, T>|2dszH ))dyds,

ref0,t]

H(z,y,t —8) = G*(z,2,t — 1), v(2,7) = |Dy suni(z7)% p=q (following [8] notation) = co, =1,



MALLIAVIN CALCULUS FOR THE STOCHASTIC CAHN-HILLIARD/ALLEN-CAHN 19

and we obtain

sup H/ / G(- D, sup p(z, T dszH
TEOt] 1 gl vottn k(2 7)] L°°(D)>
1Dy ttnC I moy [ GGzt )Pz )
sup H/ ,sUn, oo / zZ, t—T7 zZaT
re[Ot] Y el L=(D) (D)
B p/2
(249) ( / 1Dyt ) [foe oy (8 = )74 ) )

‘ _ p/2
E( A HDy,Su’I’L,k}('aT)”%oo(D)(t_T) d/4d7') )
t
E( /0 HDy,sumk(', T)”%OO(D) (t - T)id/4d7')),

where we took p = 2. We use now estimate (2.44) to (2.43), and arrive at

¢
Sc/ / sup / / |G (-, 2,t — 7)) |Dy stin (2, 7)| dszH )dyds
r€[0,t]
<C/ / (/ t—T d/4||Dy sun k( )H%OO(D)dT)dde
_CE( / / / 2Dy - )|2Loo(p)d7'dyds)
(2.45) cE(/ // —d/4 | Dy,stn k(- )|2Loo(p)dydsd7)

M3 (k;t

~—

=cE ///t-’]’ d/4||Dysunk( )%x(D)dydsdT>

)/ / / ||Dy,sun,k<-,7>%m@)dydsm)
0 D
t

— <t7>d/4E< [ 100t s )
0 0 D

since for s > 7, Dy sup i (x,7) = 0, for any =.

Thus, choosing p = 2 on (2.35), and using the estimates (2.39), (2.42) and (2.45), we finally proved since
d=1

=cE

(2.46)
t t T
E(/ /D\\Dy,sun7k+1(-7t)||%oo(p)dyd8) gco+chn/ E / /\|Dy,sun,k(.,T)||im(p)dyds)d7
0
t
+c/(t—7— 1/4E</ /||Dy5unk )%M(D)dyds)dr,
0

for Cy, ¢ > 0 constants independent of k, t.
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We take supremum on i < k (the above inequality is true for any such 7, from the first induction hypothesis
D, sup; € Dy o for any i < k), and get

supE

t
_ 1Dy st s (1) s ) < Co + K, supE( 1Dyt e oy
i<k 0 i<k

0
t
+C/ (t—T 1/45upE</ /”Dy,sunz ) )l%‘”(p)d?de)dT
0 i<k

§c+00+chn/ supE

B ([ [ 1Dyt 01l oy e

t
—|—c/ (t—7) 1/4811pE</ /||D sUn it (- )|%m(D)dyds>dT,
0 i<k

which gives for

Apks1(t) == sup E

t
sup B[ [ 1Dy cttn i (Ol oy duds).
i<k+1 o JD

t t

An’kJrl(t) <c+ Cy+ C.va71 / An’k+1(7')d7' + C/ (t — T)_1/4An,k+1( )d
0 0

From (2.47) and since A, p+1 > 0, we obtain

(2.47)

t t t T
/(t—T)—l/‘*An,kH(T)dT g(c+co)/ (t — 7)1 + cK§ /(t—T)—l/‘*/ Ap s (s)dsdr
0 0 0 0

t T
+c/ (t—T)_1/4/ (1 —8) YAy g1 (s)dsdr
0 0
t t
§c—|—chn/ (t—7)71/4-/ Ap i+1(s)dsdr
0 0
¢ ¢
+c/ (t—T)_1/4/ (7’—8)_1/4An7k+1(8)d8d7
0 0
t t
7c+chn/(th)*1/4dT/ Ap kt1(s)ds
0
+c/ / Y47 — )T A, g1 (s)dsdr
t
chrchn/ (t—7)" 1/4d7/ Ap kt1(s)ds
0 0
t t
+c/ {/ (t—T)_1/4(T—S)_1/4dT}An,k+1(S)dS
o tJo

t
<c+ C/ Ap g+1(s)ds,
0

(2.48)

where we used that

t
/ (t — 1)~ Y4dr < oo,
0

and

¢ B B ¢ B /20 [t B 1/2
/O(t—f) V(7 — ) dr < [/O (t 1) dr] [/0 (v — )"V 2ar]

< 00.
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So, by using (2.48) in (2.47), yields

t
(2.49) Aan(®) et e [ Appa(r)dr
0

and by Gronwall’s Lemma, we get
sup E / / | Dy, stin.i (-, ||LOO(D)dyds) =Ank+1(t) <c=cn),
i<k+1
which gives
(2.50)

T t
sup sup B [ [ 1Dyt 0w oydvts) = sup sup B[ [ 10,00l oyds) < o
) 0

te[0,T] i<k+1 ( te[0,T] i<k+1

Here, we used that D, su, ;(x,t) = 0 for any s > ¢ and thus the integration is for s € [0, 7], while we note
that the bound is independent of k. So, we have, by (2.50), that

) T ) 1/2
o () 2 2= (Bt o 2, D) + B / / Dyt o .0 Pdyds ) )

1/2
<ctof sp B / L 1Dt b1 O e s
te[OT

1/2
§c+c[ sup sup E(/ / ||Dy’sun’i(-,t)||%oo(D)dyds>} < 00,
tel0,T) i<k+1 0o JD

uniformly for any k; here, since 2 < 5, we used the same argument of proving (2.38), but for 2 in place of
2pq (i.e., E(|uy p41(x,t)[?) < 0o, the bound again independent of k). This yields that

(2.51) 3 Dy stn pi1(z,t) € DY2 ¥ (2,t) € D x [0,T].
Relations (2.50), (2.51) complete the induction, and establish (2.28).

As proved, for p > 2
lltn (- t) = Un (- )|y = 0 as k — oo,
and so,
(2.52) Un k(- t) = up(,t) as k — oo in the L?(Q2) norm,
while as we also proved
(2.53) Uy € DY Y k.
Moreover for
T ) 1/2
1D ctnale = [ [ [ 1Dycunn(o 0P dyds]
o Jp
it holds that
(2.54) sup E(|D.,.un iz, 1)l[7) < o0,

since by (2.28)

T
SupB(|D. (1)) =sup E / /|Dy,sun,k(x,t)|2dyds>

< sup supE / /||Dy75un;€ )||L°° )dyds)

te[0,T
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Using Lemma 1.2.3 of [17], due to (2.53), (2.52), (2.54), we have the first result of this proposition, i.e., that
(2.55) up(2,t) € DY2,
and
Dy stup i (x,t) = Dy sun(z,t),
in the weak topology of L?(Q; H) := L?(2 x ([0 T] x D)), where

vl L2 = / /Iv Y, s 2dyds)}

(Observe that for (z,t) fixed, Dy sun, i(x,t) = v(y, s) for some v.)

We remind that Dy, (up k+1(x,t)) was defined through (2.29). We shall show that D, su,(z,t) satisfies
uniquely (2.27).

Taking Malliavin derivatives in both sides of spde (2.6) (see the analogous calculus and arguments for
Dy sup k41 given by (2.34)), we obtain that for any s <t

Dy suy(z,t) / / [AG(z,z,t —T) — G(z,2,t — T)]Qg(n)(z,T)Dy,sun,k(z,T)dsz

+G(2,y,t = s)o(un(y, s))

- / / G(x,z,t — 7)G1(n) (2, 7) Dy sun (2, 7)W (dz, dr),
s JD
ie., (2.27) is satisfied, while for s > ¢
D, sup(z,t) =0.
Here, G1(n)(z,7), G2(n)(z,7) are bounded, and satisfy

Dy,8(0<un(zv7'))) = gl(n)(sz)Dy,S(un(sz))a
Dy s(fn(un(z,7))) = QQ(H)(Z,T)Dy7S(Un(Z,T)).

Indeed, by Proposition 1.2.4 of [17] (as we already used for u, j+1), since u, belongs to D%? and o is
Lipschitz uniformly on any = in R with K, its Lipschitz coefficient, then o(u,) belongs to D12 also, and
there exists a random variable G; = G1(n) such that

(2.56) Dys (oun(@,1))) = Ga(n) (2, ) Dy un(, ),
with G; bounded (in the absolute value norm) by K,, uniformly for any z, t, i.e.,

1G1(n)(x,t)] < Ky, V€D, Vtel0,T].

Taking f, in place of o, the same argument - since f, is also Lipschitz uniformly on R - yields

(2.57) Dys (fulun(@,1))) = Ga(n) (1) Dy sttn (1),
and R .
|G2(n) (2, 1)| < K,
for K . a positive constant, depending on n through f,.
Remind that o is continuously differentiable and Lipschitz.

We note that as stated in the proof of Proposition 1.2.4 in [17], since f, is continuously differentiable,
then

Ga(n, k) (x,t) = fo(unp(,t)), Ga(n)(z,t) = 1 (un(x,1)),
while for the same reason
Gi(n k) (2, t) = o' (un (1), Gi(n)(@,t) = o’ (un(2,1)).
We need only to show uniqueness of solution of (2.27); note that from uniqueness of the Malliavin
derivative, G, Go are uniquely determined. So, if D, yun(x,t) is another solution of (2.27), then through
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linearity of (2.27) on D, su,(z,t) or on lA)%Sun(x,t), we get, applying the same arguments, the analogous
result as this for (2.49). More specifically, for

Bty =B [ [ 1Dyt Dyt ) s

we can analogously derive,
t
(2.58) Bu(t) <0+ ¢ / Bu(r)dr
0
and by Gronwall’s Lemma we get that B, (¢t) = 0 for any ¢, i.e.,

t
E( [ [ 1Dsst-8) = Dyt ) oydyds) = 0. ¥t € 0.7],

which yields finally uniqueness of solution of (2.27).
For (z,t) given, we derive that

T T . T
E(/ / / / |Dy,sun(x,t)|2dydsdxdt> :/ / E(/ / |Dy,sun(ﬂf,f)|2dyds)d;z;dt
o JpJo Jp o Jo o Jp
T T
Sc/ / E(/ / Dy, stn(z,t) = Dy,sun,k($7t)|2dyd8> dxdt
0 D 0 D
T T
/E(/ /|Dy,sun,k($,t)|2dyd$)dl’dt
D

(2.59) +c/
T T
/ E / / |Dy,sun(m,t)—Dy’sun’k(-,t)|2dyds)d:cdt
0 D D

T T
c/ / E(/ / ||Dy7sun7k(~,t)||%oo(D)dyds)dxdt < 00,
o Jp D

T
([ [ 1DyctnalCo Ol ) < o,
0 D
and due to

T
(2.60) B( [ [ 1Det) = Dy 0 Piyds) < oo

In the previous argument we applied Fubini’s Theorem. Moreover (2.60) holds true since Dy, sty 1 — Dy stn

as k — oo in L?(2); this L?(Q) convergence can be easily established analogously to the way that the L?(Q)

convergence of wu, , was established, i.e, we subtract the relation (2.34) - which defines the sequence of

Malliavin derivatives Dy sup 1, and (2.27) - which is uniquely solvable for D, u,, and derive after straight

forward calculations, and since f/,, ¢’ are continuous, the L?() convergence of the sequence of derivatives.
Also, by the estimate (2.7) of Lemma 2.7, we have

/ / |, (2, 1) |2 dacdt / / |t (2, )] dx)dt

<c

since, by (2.28)

( ) T
2.61 </ E(|un(- )]~ dt
o ( n L (D))
< sup E(|lun(-,t)]]? < 00.
s (|| (- OlL (D))

Relations (2.59) and (2.61), by definition, yield the final regularity result of this proposition, i.e.,
(2.62) uy (z,t) € LY2.
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The next Main Theorem is a direct consequence of the previous arguments.

Theorem 2.9. Let u be the solution of the stochastic Cahn-Hilliard/Allen-Cahn equation (1.1), in dimension
d = 1, with smooth initial data ug. Moreover, let o satisfy for any x € R (1.3), i.e.,

o(z)| < C(1 +[z]?),
for some C > 0 and any q € (0, %), and the Lipschitz property on R (1.4), and also let o be continuously
differentiable on R. Then the solution u of (1.1) belongs to L2 c ph?

loc loc

Proof. Indeed, since we constructed a localization of u, by (Q,,u,), n € N, with w, proven to be in
L2 C D2, |

Remark 2.10. As already stated, the Malliavin derivative Dy su is defined well by the Malliavin derivatives
of the restrictions ulg, on Q,:
Dy su = Dy sun, on .

3. EXISTENCE OF A DENSITY FOR u

In order to establish existence of a density for the solution u of (1.1), we prove first the absolute continuity
of the approximation u,,.

3.1. Absolute continuity of u,. Our aim is to prove that for ¢ > 0 and for z € [0, 7]

¢

(3.1) | D. . (0, 1)|% =/ / | Dy sun(z,t)|*dyds > 0,
0o Jp

with probability P = 1.

Remark 3.1. If we prove the above, then ||D. .u,(x,t)||m > 0 almost surely, while we have proved that
u, € D2 C Dllo’? C Dllo’i (obviously applying Holder’s inequality on the formula of || - || pr.1-norm where, cf.
p. 27 of [17], ||v||pra = E(|v|) +E(||D. .|| i), we see that D** C DY) and thus, according to Theorem 2.1.3
of [17] p. 98, uy, is absolutely continuous with respect to the Lebesgue measure on R (see also the analogous
argument used in [8]).

Applying the same argument of Theorem 2.1.8 of [17], for u this time, since by Theorem 2.9 u € Dllo’g, n
order to prove absolute continuity for u, we need to prove that

|D..ullg >0, almost surely.

More specifically, the aforementioned Theorem 2.1.3 states: Let F' be a random variable of the space Dt

loc”

and suppose that |DF||g > 0 a.s. Then the law of F is absolutely continuous with respect to the Lebesgue
measure on R.

In our case, we defined the space-time Malliavin derivative operator D := D,, s and H := L*([0,T] x D),

while we apply this theorem for u,, u, for which we have shown that u, € D“? C Dllo’f C Dllo’i, u € Dllc;f C
pLi

loc*

We prove now why the validity of (3.1) is sufficient for establishing the absolute continuity of w.
Let we A:=Up_ Q= Q,, CQ, then u(z, t;w) = uy(x,t;w) a.s., and thus, for

B:={weQ: |D. ulztw)|lg >0} 2C:={weA: |D. ulz,t;w)|g >0},
D, ={weA=Q, : |D..uy(z, t;w)||z > 0},
we have P(C) = P(D,,) for any n. Set
Z ={weQ: ||D..uy(x, t;w)||g > 0}
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So, if (3.1) is valid, then P(Z) =1, which gives P(Z¢) = 0. But, observe that
Dy ={we A=Q,: ||D. up(z,t;w)|lg <0} C{weQ: ||D. up(z, t;w)||g <0} =29,
so0,
P(DS) < P(Z9) =0
i.e., P(D%) =0 and so P(D,) = 1. Thus, we have
1> P(B) > P(C) = P(D,) = 1,

which yields P(B) = 1. Hence, indeed ||D. .u|lg > 0, almost surely, and as already argued, the law of u is
absolutely continuous with respect to the Lebesgue measure on R.

In the sequel, we shall present two very important and difficult estimates that are derived after treating
carefully the growth of the unbounded noise diffusion o.

Lemma 3.2. Under the assumptions of Theorem 2.9, the next estimates hold true

(32) s B( [ [ 1Dy Ol duds) < O,
te[s§—e,8] §—eJD
and
33 s B ([ [ 1D = Gt = )0t ) oy < e,
tele t—e

for any § > 0, where ¢ < min{1, 8}, and C(n) > 0 is a constant independent of t, €.

Proof. Using the spde (2.27) for the Malliavin derivative of w,, we proceed as when using equation (2.34)
(when we estimated the Malliavin derivative of w,, ;) but integrating now on (a,t) for ¢ > a > 0, instead of
(0,t). At the end, we will use our result for a := 0 and for a := § —e.

More specifically, for p > 2 | we get

| Dy, sun(z, )[" <c|G(z,y,t = s)o(un(y, s))|”

+ C‘ /: /D[AG(% z,t—71)—G(x, z,t — T)]QQ(’H)(Z,T)Dy’sun(z,T)dZdT ?

)

+ c‘ /: /D G(z, z,t — 7)G1(n)(2,7) Dy stn (2, )W (dz, dT) :

which yields by the boundedness of G,
”Dy-,sun( ) )”poo (D) <c||G(-,y,t — s)o(un(y, 5))“%&(1))

p
)= Gzt — T)HDy,s“n(z’T)‘dZdTHLOO(D)

+ / / Gl 2.t = P)Ga(n) (2, 7) Dy stz )W (2. )|

We integrate the previous for y € D, s € [a, t] and then take expectation, to derive

t t
E(/ / 1Dyt (s O3 ) s ) ch(/ / IG oyt = 5)r(un(y, 5) I () s )
a JD a JD

(3.4) +cE /t/ H/t/ |AG(.,z,t—r)—G(-,z,t—r)HDy,sun(z,r)|dzdrH;(D)dyds)
v [ / I/ / 2= D) Dy W [ )

=F1(t) + E2(t) + Es(t

L(D)



26 DIMITRA C. ANTONOPOULOU, DIMITRIS FARAZAKIS, AND GEORGIA KARALI

We set p = 2. We shall estimate the terms F;(t) for ¢ = 1,2,3 when p = 2.
We have for 1/a+1/8=1

Ei(t) =cE / / IG(y,t (un(y7s))||1L’oo(D)dyds)

t
<cB( [ [ 166wt = o pivas) + ([ [ lotuntuns)lauas)
(3.5) <cn( / 160wt = 9 oyduds) + cB( / [0+ funt ) )y
a JD
t t
<B( [ [ 1660t =) oyvs) + et =)+ B [ el 9 )

t
<e(t —a) + B( //HG ot = )| ) dyds) + /E(Hunh Y2 ) )ds,

where we used the growth of the unbounded noise diffusion, for ¢ € (0,1/3), and Fubini’s Theorem. We
shall use « =7/6, 5 =7, and p = 2.
By (1.6) of [8], we have for d =1, p =2

t t t
| 16wt = )l pyduds <C [ e s|rediisaitas — ¢ [ o 200004174
D a a

(3.6) t
:c/ it — s|"3ds < C(t — a)2/3,

Also since pBg=2-7-q¢<2-7-1/3 =14/3(< 5), in dimensions d = 1, using (2.7), we obtain for any
s € [0,T] and thus for any s € [a, t]

(3.7) E(llun (-, 5)172 ) <
Using (3.6), (3.7) in (3.5), yields

(3.8) Eq(t) <c(t —a) + cE / / IG( y,t — ||Loo(D dyds) —i—c/atE(Hun( , )||i€§ D))
<c(t —a) + et —a)?® + ¢(t — a) < e(t — a) + c(t — a)?/?,
uniformly for all ¢, and thus for p = 2
(3.9 Ei(t) < e(t —a) + c(t — a)?/>.
Considering the term Fs(t), by (1.12) of [8], we have, as in deriving (2.42), but observing that s <7 <t

and a < s < 't, which ylelds s € [a, 7] when changing the order of integration

*cE

p
/ |AG(-, z,t —T) — G(.,z,t—T)||Dy7sun(z,T)|dszHLOO(D)dyds>

/ / / Dy a7 ||Pmp)dyds)dr

For the term F3(t), Fubini’s Theorem and Burkholder-Davis-Gundy inequality, together with the bound-
edness of Gy, yields as in (2.43)

By(t) =eB( / / H / / (- (n)(z,T)Dy,sun(z,T)W(dz,dT)H;(D)dyds)
<c/ / H/ / G (- 2t — 7) 2Dy stin(2,7)] dszH )dyds.

(3.10)

(3.11)
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As in (2.45), we derive since d =1 and p = 2

t
(3.12) Bs(t) < c / (t - 1/4E< / / 1Dystm 1 )|%M(D)dyds> dr.
Hence, by the estimates (3.9), (3.10) and (3.12), we get for (3.4)

t
E( [ [ 1Dytnle 0l oy duds) <clt = a) + (¢ = )"
a JD

(3.13) / / 1Dt s )
+c/( 1/4E</ /||Dysun ) dyds)d
a

t
La®) = B( [ [ 1Dyctn Ol s,
a

for ¢ > 0 constants independent of ¢.
Define

then (3.13) is written as

t t
(3.14) Ln(t) < ot — a) + ot — )3 + ¢ / Lo(r)dr + ¢ / (t— 1) MAL, (r)dr.
This yields

¢
c/ (t —7)" YL, (1)dr <c(t — a) 1Y 4 ot — a)?/3H1I1/4
‘ t
+ et — a)H/‘*/ Ly (s)ds
t ot ‘
+ c/ [/ (t— 7')_1/4(7 - s)_1/4dT]Ln(s)ds
a a

<c(t—a) TV ot — a)P/ B
t t
+ et — a)1_1/4/ Ly (s)ds + c(t — a)'/* / L, (s)ds
a a

t
<e(t —a)"* + et —a)' /12 4 c/ L,(s)ds.

Thus (3.14) becomes

(3.15) La(t) < Co(t,a) + ¢ / t Ln(7)dr,

for

Co(t,a) = c(t —a) + c(t — a)?3 + c(t — a)"/* + ¢(t — a)*7/12.
By (3.15), we get
(3.16) Ly(t) < Co(t, a),

which yields,

t
E Dy sup ot 230 dyds =L, (t
611 ([ 12t 01 oytds) = Lt
et —a)+c(t—a)?®+c(t —a)/* + c(t — a)' /12,

uniformly for any t.

27
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In the above, ¢ = C(n) > 0 is independent of ¢, but generally may depend on n. Since Dy su,(-,t) =0
when s > ¢, then for any § > ¢, by using (3.17), we have

§ t
B([ [ 100 opduds) =B( [ [ 1Dyt 01w oy

<c(t —a) +c(t —a)?® +c(t —a)* + c(t — a)'7/1?
<c(§—a)+c(§—a)?? + (3 —a)"* + (3 — a)T/12.

So, choosing in the above a := § — e <t (we need a < t), we have for any § > ¢ > § — ¢,

E
(3.19) E(/ /D ||Dy’sun(~7t)||2Lm(D)dyds> < /3,
S—¢&

for ¢ < 1. Taking supremum on any such ¢ € [§ — ¢, §], we have the result, i.e., (3.2).
Moreover, we have

(3.18)

B( [ [ 1Pyt Gi = 510 a0, 9) e oys) < eFa() + B
t—e
(3.20) < 23 4 ce2/351-1/4
< eelT/12
where we used (3.10) and (3.12) for a =t — ¢ and the estimate (3.2). So, the estimate (3.3) is established.

O

We are now ready to prove the next important theorem, which will yield by localization the second result
of the Main Theorem 1.1 of this paper. Here, we need a non-degenerating extra assumption for the diffusion
.

Theorem 3.3. Under the assumptions of Theorem 2.9, if additionally, o satisfies (1.6), i.e
lo(x)| > ¢o > 0,

for any x € R, then the law of the solution u,(z,t) of (2.6) when t > 0 and x € (0,7), is absolutely
continuous with respect to the Lebesgue measure on R.

Proof. Relation (2.27) yields

\Dy,sun(m,tﬂ? :’ / / [AG(z,2z,t — 1) — G(z, 2,t — 7)]Ga(n) (2, T) Dy s(un(2,T))dzdr

(3.21)
/ /Gm 1= 7)G1 (1) (2, 7) Dyt (2, 7)) W (d2, )|
ZfA - B»
2
for
Az, y,s,t) == G(x,y,t — 5)%0(un(y, s))?,
and

B(z,y, s,t) ::’ / /D[AG(x, zt—71)— Gz, 2,t — T)]Gg(n)(z, T)Dy s (un (2, T))dzdr

+/S /DG(’I‘,Z,t*T)gl(n)(z,T)Dyys(un(Z,T))W(dZ,dT) ,

where we used that (27/2a 4 2'/2b)? > 0 which yields (a + b)? > La? — V2.

1
2
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So, we have

t t 1t t
(3.22) / / |Dy st (,t)|*dyds 2/ / |Dy st (,t)|*dyds > f/ / Adyds—/ / Bdyds.
0o JD t—e JD 2 t—e JD t—e JD

We will give an upper bound in expectation for the term

t
/ / Bdyds.
t—e JD

For this, we shall use Lemma 3.2 (relation (3.3)), which yields

t t
(3.23) E(/ /DB(x,y,s,t)dyds> < E(/ /D ||B(',y,$,t)||ioo(p)dyds> < C(n)€17/12_
t—e t—e

We now provide a lower bound for ftt_s fD Adyds. The non-degeneracy condition of the diffusion and
using the spectrum in [0, 7] of the negative Neumann Laplacian, yields

t t
/ / Adyds = / / Gyt — 520 (un(y, 5))*dyds
t—e JD t—e JD

t + e}
ZC/ / G(z,y,t — s)2dyd8 — C/ [Za%(x)e—Q(x\i-ﬁ-)\k)(t—s) ds
t—e JD t—e “rL_o
>c /1576 [Z ai(x)e*“‘i(tﬂ)] ds = CZ ai(z)@[l - 674Ai8] +Ce
k=0 k=1
e 1 >
=c= Y ai(z)=—[1— e 4 Oe > C(20)1 4 = 0¥/,
2 272
k=1
where we used the orthonormal L?(D) eigenfunctions basis {as} for K =0,1,2,---, in dimensions d = 1, the

fact that Ay, = k%, and that (¢ —s) > 0 and that —(A\} +\,) = —(k* + k?) > —2A7 = —2k*, and the estimate
(3.25) of [8]. Thus, we have proven that

t
(3.25) / / Adyds > Coe®/4.
t—e JD
Using the estimates (3.23), (3.25), we arrive at

T ¢ ¢
P(/ / |Dy sun(z,t)|*dyds > 0) zP(l/ / Az, y, s, t)dyds —/ / B(z,y,s,t)dyds > 0)
0 D 2 t—e JD t—e JD

! Co 3.4
>P( B(x,y, s, t)dyds < —¢ )
t—e JD 2

t
>1 —cE(/ / B(a:,y7s,t)dyds)5_3/4
t—e JD

>1— el T273/4 — 1 _ e2/3 1, ase — 0,

(3.26)

where we applied Markov’s inequality.

This yields the result.

We note that the proof of this theorem was influenced by the very interesting arguments of Cardon-Weber
in [8], for an analogous result, where the stochastic Cahn-Hilliard equation with bounded noise diffusion was
considered. However, we used in a direct way the property of o, i.e., that |o(x)| > ¢g > 0 for any x € R. O



30 DIMITRA C. ANTONOPOULOU, DIMITRIS FARAZAKIS, AND GEORGIA KARALI

3.2. Absolute continuity of the stochastic solution u. The next theorem establishes the second result
of Main Theorem 1.1, this of the existence of a density for u.

Theorem 3.4. Under the assumptions of Theorem 2.9, if additionally, o satisfies (1.6), i.e.,
lo(x)] > co >0,

for any x € R, then the law of the solution u of (1.1) is absolutely continuous with respect to the Lebesque
measure on R.

Proof. This is a direct result of Theorem 3.3 through localization, see the arguments of Remark 3.1. ]
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