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Abstract The Hardy constant of a simply connected domain £2 C R? is the best
constant for the inequality

2
Vul?dx > /“—d , C®(Q).
/QI ufdeze | Gaeamy & 4ECTE)

After the work of Ancona where the universal lower bound 1/16 was obtained, there
has been a substantial interest on computing or estimating the Hardy constant of
planar domains. In Barbatis and Tertikas (J Funct Anal 266:3701-3725, 2014) we
have determined the Hardy constant of an arbitrary quadrilateral in the plane. In this
work we continue our investigation and we compute the Hardy constant for other
non-convex planar domains. In all cases the Hardy constant is related to that of a
certain infinite sectorial region which has been studied by E.B. Davies.

Keywords Distance function ¢ Hardy constant ¢ Hardy inequality

2010 Mathematics Subject Classification: 35A23, 35J20, 35J75 (46E35, 26D10,
35P15)

G. Barbatis
Department of Mathematics, University of Athens, Athens, Greece
e-mail: gbarbatis@math.uoa.gr

A. Tertikas (D<)
Department of Mathematics and Applied Mathematics, University of Crete, Heraklion, Greece

Institute of Applied and Computational Mathematics, FORTH, Heraklion, Greece
e-mail: tertikas@math.uoc.gr

© Springer International Publishing Switzerland 2015 15
G. Citti et al. (eds.), Geometric Methods in PDE’s, Springer INDAM Series 13,
DOI 10.1007/978-3-319-02666-4_2

gbarbatis@math.uoa.gr


mailto:gbarbatis@math.uoa.gr
mailto:tertikas@math.uoc.gr

16 G. Barbatis and A. Tertikas
1 Introduction

The well-known Hardy inequality for RY = RV™! x (0, +00) reads

J

where the constant 1/4 is the best possible and equality is not attained in the
appropriate Sobolev space. The analogue of (1) for a domain £ C RY is

u?

1
\Vul?dx > Z/N v, forallue C®(RY), (1)
R+ N

N
+

1 2
/ |Vu|2dx > -/ Y dx. forallu e C°(02), )
7] 4 Jo &2

where d = d(x) = dist(x,d52). However, (2) is not true without geometric
assumptions on 2. The typical assumption made for the validity of (2) is that £2
is convex. A weaker geometric assumption introduced in [5] is that £2 is weakly
mean convex, that is

— Ad(x) >0, in£2, 3)

where Ad is to be understood in the distributional sense. Condition (3) is equivalent
to convexity when N = 2 but strictly weaker than convexity when N > 3 [2]. Other
geometric assumptions on the domain that guarantee that the best Hardy constant is
1/4 were recently obtain in [3, 9].

For a general domain £2 we may still have a Hardy inequality provided that the
boundary 952 has some regularity. In particular it is well known that for any bounded
Lipschitz domain £2 C RY there exists ¢ > 0 such that

2
/ |Vu|2dx > c/ %dx . forallu € C®(). &)
2 2

The best constant ¢ of inequality (4) is called the Hardy constant of the domain £2.

In general the Hardy constant depends on the domain £2; see [6] for results
that concern properties of this dependence. In dimension N > 3 Davies [8] has
constructed Lipschitz domains with Hardy constant as small as one wishes. On the
other hand for N = 2 Ancona [1] has proved that for a simply connected domain
the Hardy constant is always at least 1/16; see also [11] where further results in this
directions where obtained.

Davies [8] computed the Hardy constant of an infinite planar sector Ag of

angle 3,

Ag={0<r, 0<0<§B}.

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 17

He used the symmetry of the domain to reduce the computation to the study of a
certain ODE; see (9) below. In particular he established the following two results,
which are also valid for the circular sector of angle S:

(a) The Hardy constant is 1/4 for all angles 8 < §.,, where ., =~ 1.546m.
(b) For B. < B < 2m the Hardy constant of Ag strictly decreases with 8 and at
the limiting case 8 = 2z the Hardy constant is =~ 0.2054.

Our interest is to determine the Hardy constant of certain domains in two space
dimensions; see [4, 10] for relevant questions. In this direction, in our recent work
[7] we have established

Theorem Let §2 be a non-convex quadrilateral with non-convex angle 1 < f§ <
27. Then the Hardy constant of 2 depends only on 8. The Hardy constant, which
we denote from now on by cg, is the unique solution of the equation

B r 34+/T=4cp .
@tan(@(ﬂT”)) = 2(%) , (5)
VA

when B., < B <2m andcg = 1/4 when w < B < B.,. The critical angle B, is the
unique solution in (7w, 21) of the equation

_ (3?2
an (P27 =4(FE;§) . (©)

Actually the constant cg coincides with the Hardy constant of the sector Ag, so
Eq. (5) provides an analytic description of the Hardy constant computed numerically
in [8].

In this work we continue our investigation and determine the Hardy constant for
other families of non-convex planar domains. Our first result reads as follows; see
Fig. 1.

Theorem 1.1 Let 2 = KN Ag, B € (w,2n], where K is a bounded convex planar
set and the vertex of Ag is an interior point of K. Let y and y_ denote the interior
angles of intersection of K with Ag. There exists an angle yg € (7/2, ) such that
if y+,y— =< yg, then the Hardy constant of §2 is cg, where cg is given by (5) and (6).

Detailed information on the angle y is given in Lemma 27 and Theorem 3.1. We
note that Theorem 1.1 can be extended to cover the case where §2 is unbounded and
the boundary of the convex set K does not intersect the boundary of the sector Ag;
see Theorem 3.2.

We next study the Hardy constant for a family of domains Eg, which may
have two non-convex angles. The boundary 0Eg ,, of such a domain consists of the
segment OP and two half lines starting from O and from P with interior angles j

gbarbatis@math.uoa.gr



18 G. Barbatis and A. Tertikas

Fig. 1 A typical domain §2
for Theorem 1.1

Fig. 2 A typical domain
Eg,,y <m<§p

and y; hence B + y < 3m; see Fig.2 in case y < & and Fig.3 in case y > m. We
then have the following result

Theorem 1.2

(i) If0 <y <m < B < 2m then the Hardy constant of Eg ,, is cg.
(ii) If 1 < B,y < 2m then the Hardy constant of Eg , is Cg4y—n,

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 19

Fig. 3 A typical domain

Eg,,B.y>m i
2
To| I,
provided that
2
B =yl = —— arccos(2 /e5Ty=r). %
CB+y—m

It is interesting to notice that in case (i) where we have only one non-convex angle,
the Hardy constant is related to the non-convex angle 8, whereas in case (ii) where
we have two non-convex angles, the Hardy constant is related to the angle 8 +y —n
formed by the two halflines.

Our technique can actually be applied to establish best constant for Hardy
inequality with mixed Dirichlet-Neumann boundary conditions. We consider a
bounded domain Dg whose boundary dDg consists of two parts, dDg = I3 U 1. On
I'y we impose Dirichlet boundary conditions and it is from I} that we measure the
distance from, d(x) = dist(x, Ip). On the remaining part I we impose Neumann
boundary conditions. The curve I is the union of two line segments which have as
a common endpoint the origin O where they meet at an angle 8, 7 < f < 27w. We
assume that the curve I" is the graph in polar coordinates of a Lipschitz function

r(0),
I ={(r),0):0=<60<B};

see Fig. 4.

gbarbatis@math.uoa.gr



20 G. Barbatis and A. Tertikas

Fig. 4 A typical domain Dg.
Note that I is not necessarily
the boundary of a convex set

We then have

Theorem 1.3 Let Dg be as above, w < B < 2x. If I' is such that

then for all functions u € C* (D_ﬁ) that vanish near Iy there holds

2
/ |Vu|2dxdy2cﬁ/ M—dxdy.
D py @
B B

The constant cg is the best possible.

The structure of the paper is simple: in Sect. 2 we prove various auxiliary results,
while in Sects. 3—-5 we prove the theorems.

2 Auxiliary Results

Let B > 7 be fixed. We define the potential V(8), 6 € (0, B),

1 T
70 O<9<5,
V() =11, F<0<pB-7, (®)
1
—  B-Z <0 <8p.
sin?(B — 0) F=3 P

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 21

For ¢ > 0 we then consider the following boundary-value problem:

g —y"(0) = cV(O)y(6), 0= 6 < B,
©)

¥(0) =¥ (B) =0.

It was proved in [8] that the Hardy constant of the sector Ag coincides with the
largest positive constant ¢ for which (9) has a positive solution. Due to the symmetry
of the potential V(8) this also coincides with the largest constant ¢ for which the
following boundary value problem has a positive solution:

{ —y"(0) = cV(O)y(0). 0= 6 < B/2,
(10)
v

©0) =vy'(B/2)=0.

The largest angle ., for which the Hardy constant is 1/4 for § € [, B.] was
computed numerically in [8] and analytically in [7, 12] where (6) was established;
the approximate value is 8., =~ 1.5467.

We define the hypergeometric function

I'(c) i Fa+mlb+n)2

F(a,b,c;z) := F(@)I(b) = I'(c+n) n!’

The boundary value problem (10) was studied in [7] where the following lemma
was proved:

Lemma 2.1

(i) Let B > Ber. The boundary value problem (10) has a positive solution if and
only if ¢ = cg. In this case the solution is given by

V2cos (v/c(B —7)/2) sin (9/2)0051 “(6/2) L ’1 a—i—l;sinz(g)),
F(3.3.0+ 315 22 2

Y (0) = ifo<0<2,
cos (ve(§ - 0)). if

<6<4,

[SIE]

where « is the largest solution of a(1 — a) = c.

(ii) Letmw < B < B The largest value of c so that the boundary value problem (10)
has a positive solution is ¢ = 1/4. For B = B, the solution is

cos (ﬂ“—_”) sin'/2 6

0
F(5. 5. 1isin®(5)). 0 < 0 < 5,
v(0) = F(3.5. 15 22 2 2
cos (4(%5 ~ 0). s<bsl

gbarbatis@math.uoa.gr



22 G. Barbatis and A. Tertikas

while for B, < B < 2w and 0 < 6 < /2 it has the form
0 6. 11 0
— o anl2(Y 1209 2 2o an2c2
¥(0) = ¢ sin (z)cos (2)F(2,2,1,sm (2))

0 0 11 0
12,9 129\l L2
~+c; sin (2)cos (Z)F(z,z,l,sm (2))

1/2 dt
X/ 2¢1 1 .
sin?(6/2) t(l - t)F (Ev 2 L; t)
for suitable cy, c;.

For our purposes it is useful to write the solution of (10) in case B > B, as a
power series

Y(0) = 6" a,0" . (11

n=0

where « is the largest solution of the equation «(1 — &) = cg in case 8 > .. and
a = 1/2 when § = B.. We normalize the power series setting ap = 1; simple
computations then give

ao=0. a=-20-9 (12)
6(1 + 2a)
We also define the auxiliary functions
v'(0)
0) = , 0 <(0,p8), 13
10 =% € (0.5) (3
and

g(0) = 1[;((:)) sinf , 0<€(0,p), (14)

where Y is the normalized solution of (9) described in Lemma 2.1. We note that
these functions depend on . Simple computations show that they respectively solve
the differential equations

F @) +140) +csV(®) =0, 0<6<p (15)

and

¢(0) = —.L[g(e)2 —cosf g(6) + cﬁ] . 0<0<n/2. (16)
sin 6

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 23

We shall also need the following

Lemma 2.2 Letw <f <2mandy > 0with 8 + 2y <3m. Then

3
F(6)cos(® +y) +oll +sin(@+7)] 20, T =6==—y.
Proof We first note that
f(@):ﬁtan(f(ﬁ—e)) T g3y,
ﬂ ﬁ 2 ’ 2 — — 2 k]
and
b4 B g b4 3n
—— < ——0)< —, — <0< ——.
7 =VEG-0=7 2 =V =7 7Y
It follows that the required inequality is written equivalently,
. B
a(1 + sin(y + 0)) COS(M(E —0)) 17
. B 7 3
+ st1n(@(§ —0)cos(y +6) =0, Z<b=—--y (8

But, since @ > _ /c3,

a (1 +sin(6 + y)) cos(@(g —-0)) + @sin(ﬁ(g —0))cos(0 + y)
> @{(1 +sin(d + 7)) cos(@(g —0) + sin(@(g — 6))cos(6 + y)}

. B T 6 y1. v 6 'y
=2 cgsin| yep(5 —0) + 5 + o+ L]sinE + =+ D), 19
Cp sin c,g(2 )+4+2+251n(4+2+2) (19)
The second sine is clearly non-negative, so it only remains to prove that the first sine
is also non-negative. For this we use the monotonicity of /cg (g —-0)+ 7+ % +3%
with respect to 6 to obtain

B T 0 vy B 37 b4 37”—3/ Y
] — — L <  —(— — — Z
VEG O SVaG (G ) S )
2y =3
:,@éi%%_z+ﬂ§n, 20)
by our hypothesis § + 2y < 3. This completes the proof. O

gbarbatis@math.uoa.gr



24 G. Barbatis and A. Tertikas

We shall need to consider the initial value problem (21) below. Although this is
a strongly singular problem, we shall see that standard comparison arguments hold.
In particular we shall establish existence, uniqueness and monotonicity with respect
to a parameter.

Lemma 2.3 Consider the singular initial value problem

1
/ - 2 _ _ s
W) = pny; (ah(@) cos Oh(0) + 1 O{), 0<6=<7,
h(0) = 1.

21

(i) If « € (1/2,1) then the problem has a classical solution which is unique.
The solution h(w, 0) depends monotonically on a: if oy < ay then h(ay, 0) <
h(ay, 0) forall 8 € (0, 7/2].

(ii) For « = 1/2 we do not have uniqueness. Indeed we have a continuum of
positive solutions.

(iii) Let 1/2 < a < 1 and in addition let h € C[0, /2] N C'(0, /2] be an upper
solution of problem (21), that is

— 1 _ _

7 (0) > —_—(ozh(@)2 —cosOh(0) + 1 —Oé), 0<6=<7%,
3 sin 6

h(0) > 1.

(22)

Then

h(a.0) < h(0), 0595%.

Proof

(i) By Lemma 2.1 the function

V(0) = sin“(6/2) cosl_“(G/Z)F(%, %,a + %; sinz(g))

solves the differential equation

0
v () + a(l —a)‘.”(z) -0, 0<f<Z.
sin” 6 2
It is then easily verified that the function
1%/ (0
h(0) = _W ©) sin 6

S ay(o)

is a solution of the initial-value problem (21).

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 25

We next establish the uniqueness of a solution. Let £, h, be two solutions
of the initial value problem (21). Then the function z = hy — hy solves the
singular linear initial value problem

z@z-L@m+m—m@wy

sin 6

z(0) = 0.

Let us assume the z is not identically zero. By the standard uniqueness theorem,
z cannot have any positive zeros, hence we may assume that z(6) > 0 for all
0 € (0,7/2). However we have a(hy + hy) —cosf > 0 near 6 = 0, hence z
decreases near zero, which is a contradiction.

The monotonicity of the solution & with respect to o will follow from the
monotonicity of the nonlinearity with respect to «. Let

1
VO, h,a) = —E(ahz —cosBh+1 —oz).

For0 < h < 1and0 < 6 < 7/2 we then have

1% _ 1—h?
da  sinf

> 0. (23)

Now, let 1/2 < o) < ay < 1. By (23) we have h(as,0) > h(aq, 6) near
0 = 0. Once we are away from 6 = 0 we can apply the standard comparison
arguments to complete the proof.

(ii)) By Lemma 2.1 the general solution of the equation

4sin’ 0

0, 0<6<2,
2
is
0 0 11 0
— o anl2 Y 1209 el Dol an2cY
¥(0) = ¢ sin (2)cos (2)F(2,2,1,sm (2))

0 0. 11 0
12,9 12,9 2 12
~+c; sin (2)cos (Z)F(z,z,l,sm (2))

1/2 dt
x 2¢1 1 .
sin?(6/2) t(l - t)F (E’ 25 1; l)

This is positive in (0, 7/2] when ¢; > 0 and ¢, > 0. For any such i the
function

2y'(6)

9) =
"=

sin 6

gbarbatis@math.uoa.gr



26 G. Barbatis and A. Tertikas
then satisfies
/ 1 s
W) =—— (h(@) —2cosOh(0) + 1) , h(0) =1.
2sinf

Actually after some computations we find that the function /4 is given in this
case by
F(3.3,2:5in%(%))
4F (3,1, 1;sin?(§))
A

ol 1128 T
F2(5, 5, I;sin (2))(1 +A/ 2(6/2) r(l—r)FZ(%,%,l;t))

h(#) = cos B + sin’ 6

sin

where A = ¢;/c; > 0.

(iii) When 7(0) > 1 the result follows immediately by combining continuity with
standard comparison arguments. Assume now that 4(0) = 1. The function
7 = h — h then satisfies

sin

z(0) = 0.

7(0) > —- (oz(ﬁ + h) — cos 9)2(9), 24)

The quantity a(h + h) — cos 6 is positive near = 0, say in (0, 6y). We
shall establish that z > 0 in this interval; the result for (0, 7r/2) will then follow
immediately. Suppose on the contrary that there exists an interval (6, 6,) C
(0, 8y) such that z < 0in (6, 6,). By (24) we conclude that z is actually strictly
increasing in (6, 6,). This contradicts the initial value z(0) = 0. O

From Lemma 2.3 it follows that the case « = 1/2 is critical and needs a
different approach. This will be done in the next lemma. In order to make explicit
the dependence on § we denote

_ W0
IR0

where (8, 0) is the solution of (9) and ¢ (8, 0) is the derivative with respect to 6.

8(B.0) 0.

Lemma 2.4 Suppose 71 < B < B¢ Then g(B,0), 0 < 6 < m/2, is strictly
increasing as a function of B, that is, if 1 < 81 < B2 < Ber then g(B1,0) < g(B2,6)
forall 8 € (0,7/2].

Proof The function g(f, 8) solves the differential equation

dg 1 ) 1
& (£ —gcost + Z)‘ (25)

gbarbatis@math.uoa.gr



On Hardy Constant of Planar Domains 27

Since

b4 1 B—m

y ) — < t 3
§(B.3) = 5 tan(=—5)
which is strictly increasing with respect to 8, the result follows from a standard

comparison argument. O

Let us note here that for 7 < 8 < ., we have g(8,0) = 1/2. So the functions
g(B,), m < B < B, all solve the same initial value problem.

Lemma 2.5 Let B € [, 27]. There exists an angle yg so that for all0 <y < yg
we have

g(ﬁ,@)cos(9+§)+acosgzo, 0595%. (26)
Moreover )/; is a strictly decreasing function of B and in particular:
form < B < B, wehave 0.7017 =~ )/g” < )/g <y¥ x~ 0867w
for B, < B <2m wehave 0.6737w =~ yj < y; < yg‘” ~ 0.701mx.
27)
Proof Inequality (26) is written equivalently
A sin 0 (28)
cot= > ——————,
2 7 cost +

so what matters is the maximum of the function at the RHS of (28). For each 0 <
6 < m/2 this function is strictly monotone as a function of f; this follows from
Lemma 2.3 for 8., < B < 2m and from Lemma 2.4 for 7 < 8 < B,.

The angle y; € (0, 7r) defined by

f sin 0
cot— = m

axX —
o
2 [0,7/2] cosf + X2

is then a strictly increasing function of 8. The approximate values in the statement
have been obtained by numerical computations; see however Lemma 2.6. O

It would be nice to have good estimates on y; without using a numerical solution
of the differential equation (16) solved by g(0). This will be done for 8., < 8 < 2=
by obtaining very good upper estimates on g(, ). We define

a ) a(4a® +2a + 3) 4
2(2a+1) 242a+ 1)(4a*> +8a+3)

g(B.0) =a

O<9<z,
2

gbarbatis@math.uoa.gr



28 G. Barbatis and A. Tertikas

where a is the largest solution of a(1 — a) = cg. We define the auxiliary quantity
vg+ € (0,7) by

Vg" sin 6
cot _2 = max —9 o
[0,7/2] cos & + m

Lemma 2.6 Let B, < B < 2n. Then we have

T

(i) g(B.0) =z(B.0) . 0<6<7.
(i) v5* <vj.
Actually we have [cf. (27)]
Vir ~ 07007,y ~0.6727.
Proof We have g(8,0) = g(B,0) = «. Therefore, given that g(8, 0) satisfies

ag 1
% :—w(gz—gcose—i-q;), (29)

it is enough to show that

dg 1

00 — sinf

(§2 —gcosf + c,g). (30)
The function g(B, 0) is decreasing with respect to 6, hence

J%
sinf<8 4 22 — (cosO)g +cp

do
2 94

2(9—9—3+9—5)§+§2—(1—9—

6 120/ a0 2+ﬁ)g+cﬂ'

(€19
Now, a direct computation shows that the RHS of (31) is equal to

a(l —a)f°[16(2a + 3)(2a + 1)(22a* + 2a + 3) — (12a*> + 2a + 3)(4a*> + 2a + 3)6?]
2880(2a + 1)2(4a? + 8a + 3)2

_a(l- a)(12a® + 2a + 3)(4a* + 2a + 3)0°(16 — 6?)
- 2880(2a + 1)2(4a? + 8a + 3)?2
> 0.

We note that in our argument we only used that o € [1/2,1).
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On Hardy Constant of Planar Domains 29

We now establish (i) for 8., < 8 < 2. The function

ha,0) = g('i’ 9)

(where, as usual, « is the largest solution of «(1 — o) = c¢g < 1/4) is an upper
solution to the initial value problem (21). Hence applying (iii) of Lemma 2.3 we
obtain the comparison.

To obtain (i) for B = B, we use the monotonicity with respect to o of h(c, ).
Passing to the limit @ — 1/2+ we conclude that

H@)=a§$+Mm@§E%ﬁ)fﬁwm9% 0<0<2.

The function H(6) is then the maximal solution of the singular initial value
problem (21) and therefore coincides with the function 2g(B,,, #). This completes
the proof of (i). Part (ii) then follows immediately from (i). |

3 Proof of Theorem 1.1

In this section we give the proofs of our theorems. We start with a proposition that
is fundamental in our argument and will be used repeatedly. We do not try to obtain
the most general statement and for simplicity we restrict ourselves to assumptions
that are sufficient for our purposes.

Let U be a domain and assume that dU = I' U I where I" is Lipschitz
continuous. We denote by n the exterior unit normal on I".

Proposition 3.1 Let ¢ € H\ (U) be a positive function such that V¢ /¢ € L*(U)
and V¢ /¢ has an L' trace on I in the sense that vV ¢ /¢ has an L' trace on dU for
every v € C*(U) that vanishes near I. Then

A \%
/|Vu|2dxdy2—/ 7¢u2dxdy+/ 7¢-nu2dS (32)
U U r

Sor all smooth functions u which vanish near I'y and A¢ is understood in the weak
sense. If in particular there exists ¢ € R such that

—A¢z% , (33)

in the weak sense in U, where d = dist(x, 1), then
2 \Y
/ \Vu|’dxdy > c/ Ldxdy + / ALY (34)
U vd r ¢

for all functions u € C®(U) that vanish near I.

gbarbatis@math.uoa.gr



30 G. Barbatis and A. Tertikas

Proof Let u be a function in C*°(U) that vanishes near I'y. We denote T = —V¢/¢.
Then

/uzdidexdyz—2/uvu.dedy+/ w’T-ndS
U U r

IA

/|T|2u2dxdy+/ |Vu|2dxdy+/ u’T -nds,
U U r
that is

/|Vu|2dxdy2/(divT—|T|2)u2dxdy—/ T - nu’dS .

U U r

Using assumption (33) we obtain (34). ]

For B € (m,2n] we denote by I1g the class of all planar polygons which have
precisely one non-convex vertex and the angle at that vertex is 8. Given a polygon
in ITg we denote by y+ and y_ the angles at the vertices next to the non-convex
vertex.

Theorem 3.1 Let 8 € (m,2n]. Let 2 be a polygon in Ilg with

) 3n—p
Y+ = < min{yg, ——} (35)
where )/; € (0, ) is defined by
) sin 6
Cot7 =max
[0,7/2] cos O + m

Then the Hardy constant of §2 is cg.

Proof We denote by A_, A the vertices next to the non-convex vertex O, so that
A_, O and A are consecutive vertices with respective angles y_, 8 and y. We may
assume that O is the origin and that A lies on the positive x-semiaxis. We write the
boundary 952 as

02 =5US$,
where S} = OAL U OA_ and S, = 952 \ S;. We then define the equidistance curve
I' = {x € 082 : dist(x, S;) = dist(x, S2)}.

Hence I" divides £2 into two sets §2; and £2,, whose nearest boundary points belong

in S; and S, respectively. It is clear that I" can be parametrized by the polar angle

0 € 0,B].
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On Hardy Constant of Planar Domains 31

The curve I' consists of line segments and parabola segments. Starting from

6 = 0 we have line segments Ly, ..., L;; then from 8 = 7/2t0 0 = f — /2 we
have parabola segments Py, ..., P,; and from 8 = 8 —7x/2 to § = B we have again
line segments L, ..., L.

Letu € C°(£2) be given. Let n denote the unit normal along I" which is outward
with respect to £2;. Applying Proposition 3.1 with ¢ (x,y) = ¥5(0), where 0 is the
polar angle of the point (x, y), we obtain

2 \Y
/ |Vu|2dxdy26ﬂ/ u—zdxdy+/ —¢-nu2dS. (36)
o o d r ¢

We next apply Proposition 3.1 on £2; for the function ¢ (x,y) = d(x,y)* (we recall
that « is the largest solution of a(1 — &) = cp). In §2; the function d(x, y) coincides
with the distance from S, and this implies that

o

d
—Ad* > a(l — a)ﬁ , on 24 .

Applying Proposition 3.1 we obtain that

2 Vd
/ |Vul|*dxdy > c/ u—zdxdy— are -nu’ds. (37)
24 24 d r d
Adding (36) and (37) we conclude that
2 \% Vd
/ \Vul2dxdy > c/ L dxdy + / (—¢ _ a—) nu2ds. (38)
2 ed r\¢ d

We emphasize that in the last integral the values of V¢ /¢ are obtained as limits
from £2; and, more importantly, those of Vd/d are obtained as limits from £25.

It remains to prove that the line integral in (38) is non-negative. For this we shall
consider the different segments of I". Due to the symmetry of our assumptions with
respect to = /2 it is enough to establish the result for 0 < 6 < §/2.

(1) Let L be one of the line segments Ly, ..., L. The points on this segment L are
equidistant from the side OA and some side E of 952 \ (OA4+ UOA_). Let y be
the angle formed by the line E and the x-axis so that the outward normal vector
along E is (sin y, cos ) and E has equation xcos y + ysiny + ¢ = 0 for some
¢ € R. Elementary geometric considerations then give y € (—mr/2, ). Now,
simple computations give

(E_ vd

s o 7 ) -n = é(g(@) cos(6 + g) + acos(%)) , onL. (39
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It remains to show that the RHS of (39) is non-negative for 0 < 6 < 7/2. In
the case 0 < y < mr this is equivalent to showing that

in 6
Cotgi%, 0<6c<
cos +m

I

(40)

This is true since y < y4 < yg.
In the case —/2 < y < 0 we have cos(f + §) > Oforall0 < 6 < /2
and the RHS is clearly non-negative.

(i) Let P be one of the parabola segments Pj,...,P,. The points on P are
equidistant from the origin O and some side E of 952 \ (OA+ U OA-). As
in (i) above, let y be the angle formed by the line E and the x-axis so
that the outward normal vector along E is (siny,cosy) and E has equation
xcosy + ysiny + ¢ = 0 forsome ¢ € R. Then y € [ — E,JT]. We note that
the axis of the parabola has an asymptote at angle 6 = 37” — y. Indeed we shall

prove the required inequality for all 6 € [7, 37” -y 23, g].

Simple computations on P give

Vo Vd\ 1 ,
(7 _“7) M 2t 1) (/0 o5(6 + ) +al1 + sin(6 + 7))

(41)

Hence, noting that y < y4, the result follows from Lemma 2.2. This completes the
proof. O

Proof of Theorem 1.1 This follows easily by approximating the convex set K by a
sequence of convex polygons and using Theorem 3.1; see Fig. 1. O

Remark Incase 8 < 8. we have )/g < yf}i , 7~ 0.7017 and therefore the condition

Y+ Y- < min{yg, #} of Theorems 1.1 and 3.1 takes the simpler form

V4o V- < V5
If the convex set K is unbounded and 0K does not intersect the boundary of Ag
then there is no need for any restriction. In particular

Theorem 3.2 Let 2 = K N Ag, where K is an unbounded convex set and Ag is a
sector of angle B € (m, 21t] whose vertex is inside K. Assume that the boundaries of

K and Ag do not intersect. Then the Hardy constant of §2 is cg, where cg is given
by (5) and (6).

Proof Let u € C°(£2) be fixed. There exists a bounded convex set K; such that
£21 := K N Sg satisfies all the assumptions of Theorem 1.1 and in addition

dist(x, 0£2) = dist(x, 0£2;) , x € supp(u) ;
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of course, K; depends on u. Applying Theorem 1.1 to §2; we obtain the required
Hardy inequality. O

Remark Of course, one could state an intermediate result where the intersection
0K N 0Ap is exactly one point forming an angle y; in this the assumption y <

min{y}. 2} should hold.

4 Domains Eg , with Two Non-convex Angles

We recall from the Introduction that given angles B and y, we denote by Eg, the
domain shown in Fig.2 in case y < & and in Fig.3 in case y > m. Its boundary
0Eg, consists of three parts L;, L, and L3. L, is a line segment and meets the
halflines L3 and L; at the origin O and the point P(1,0) respectively. We assume
that B + y < 3x so that the halflines L; and L3 do not intersect. Without loss of
generality we assume that 8 > y and since we are interested in the non-convex case,
we assume that § > 7.

Proof of Theorem 1.2 Part (i) We denote by I the curve
I = {(x.y) € Egy : dist((x.y). L1) = dist((x.y). L» U L3)}.

The curve I' divides Eg, in two sets E_ = {(x,y) € Eg, : d(xy) =
dist((x,y),L, U L3)} and Ey = {(x,y) € Eg, : d(x,y) = dist((x,y),L1)}. We
denote by n the unit normal along I" which is outward with respect to E_.

Once again we shall use Proposition 3.1. We distinguish two cases: Case A,
where 0 < y < 7r/2 and Case B, where 7/2 <y < x.

Case A (0 <y < m/2) We distinguish two subcases.

Subcase Aa B + y < 2m. In this case I" consists of three parts: a line segment I}
which bisects the angle at P; a parabola segment I, whose points are equidistant
from the origin and the line L;; and a halfline I3 whose points are equidistant from
Ly and L;. We parametrize I" by the polar angle ¢, so that [T = {0 < 0 < 7},

NL={3<0<f-Thandl3={f— % <0 <1y}

Let u € CX(Eg,). We apply Proposition 3.1 with U = E_, I'y = L, U L3 and
for the function ¢ (x,y) = ¥ (6), where ¢ = v and 6 is the polar angle of (x,y).
We obtain that

2 v
/ |Vu|2dxdy2c,3/E %dxdw/rf.nuzds. (42)
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We next apply Proposition 3.1 to the domain E4 and the function ¢;(x,y) =
d(x,y)*. We obtain that

/ |Vu|2dxdyzclg/ 2dxdy a/ — mdS. (43)
Ey d

Adding (42) and (43) we conclude that

\Y vd
/ |Vul*dxdy > Cﬁ/ dxdy + / (—¢ - ot—) -nu*ds . 44)
Epy Epy & ¢ d

We note that in the last integral the values of V¢ /¢ are obtained as limits from E_
while those of Vd/d are obtained as limits from E.. It remains to prove that the
last integral in (44) is non-negative. For this we shall consider the different parts
of I'.
(i) The segment I'] (0 < 6 < 7/2). Simple computations give that
\Y vd 1
f—(xj=c—{(g(@)cos(@+%)+acos(%)), O<9§%;

this is non-negative by Lemma 27, since y,; > /2.
(i) The segment I'; (/2 < 6 < B — r/2). In this case we have

V¢ Vd 1

——a— )n= 0) cos(0+y)+all+sin(0+ ,
(e )n=- 2+25in(9+y)(f() (6+7)+a[l +sin(0+7)])
this is non-negative by Lemma 2.2, since B — 2 < =X — y.

(iii) The segment I ( ” <0< w). The hne contamln 173 has equation
g 2 g q

/3 Y ﬁ Y sin y
xcos(——) + ysin( ) = ,
2 sin(ﬂ%)

hence the outer (with respect to E_) unit normal along I is (cos(ﬂ%y),
sin(252)).
Using the fact that d = rsin(f — 6) on I';, we have along I5,

Vo Vd 1y/(6) ) (siny, cos y)
(7_0,7) 00 —sm@,cos@)—%—aT]
/3 Y /3 Y

+ (cos( ). sin( )
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V(o) . B— sin(£42)
[w(e) in(— _6)+asin(,3—9)]

207

since both terms in the last sum are non-negative (the first one, as the product of two
non-positive terms).

Subcase Ab B + y > 2m. In this case I" consists of only two parts I} and I3,
described exactly as in subcase Aa, the only difference being that the range of 6 in
Ris3 <6< 37” — y. This means that the parabola segment goes all the way to

infinity. As before we have

(V¢_an)‘n= 1 (W’(G)
rv/2 + 2sin(@ + y) \ ¥ (0)

¢ d
and the result follows again from Lemma 2.2. This completes the proof in the case
0<y<um/2

cos(0 +y) +a[l +sin(6 + V)])

Case B (/2 < y < m). On E_ we again consider the function ¢(x,y) = ¥ (6)
and apply Proposition 3.1 as in the previous case. We fix a function u € C°(Eg )
and we obtain

2 u? V¢ 5
/ |Vu|“dxdy > Cﬂ/ ﬁdxdy + / (— -mu“ds. (45)
E- E- r ¢

In E4 we consider a new orthonormal coordinate system with cartesian coordi-
nates denoted by (x;, y;) and polar coordinates denoted by (r, 6;). The origin O} of
this system is located on the line L; and is such that the line OO is perpendicular
to L;. The positive x; axis is then chosen so as to contain L; (Figure 2) We note that
this choice is such that

the point on I' for which § = 5 — £ satisfies also 6, = 7 — 2. (46)
We apply Proposition 3.1 on E; with the function ¢;(x,y) = ¥ (6;). This
function clearly satisfies —A¢; = c d~2¢1, hence we obtain
/ |Vul*dxdy > c/ —dxdy /(— n)u’ds , 47)
E+ £y @

where, as before, n is the interior to £ unit normal along I".
Adding (45) and (47) we conclude that

5 Vo V¢
Vuldxdy > ¢ / Y ixd +/ TP YP) nias. 48)
/E\ﬁ I I Y P Egy d2 Y F( ¢ ¢l )

¥
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The rest of the proof is devoted to showing that the last integral in (48) is non-
negative.

As in the case 0 < y < /2, we need to distinguish two subcases: Subcase Ba,
where 8 + y < 27, and Subcase Bb, where 8 + y > 27.

Subcase Ba  + y < 2m. The curve I consists of three parts: a line segment I}
which bisects the angle at P; a (part of a) parabola I';, whose points are equidistant
from the origin and the line L;; and a halfline I3 whose points are equidistant from
Ly and L3. As before, we consider separately each segment and we parametrize I”
by the polar angle 6 so that

T b/ b/
M={#el:0<0<2}, D={Z<6<p—2},
1=1{0¢€ 0=} h={7=0=p-7}

B+m—y

n=(p-3 <0< b

[\

(i) The segment I'} (0 < 6 < 7/2). We have

Ve _ V)

4
n = @) cos(f + 5) , onl.

and similarly

Vo v
$ ry (61)

Since r; sin 8 = rsin 8 along I7, it is enough to prove the inequality

cos(6; — %) , onli.

2(6) cos(6 + §> + g(61) cos(6) — §> >0, 0<6< (49)

oS

This has been proved in [7]; we include a proof here for the sake of completeness.
Recalling (46) and applying the sine law we obtain that along I the polar angles 6
and 0, are related by

cotf; = —cosycotf +siny . (50)
Claim There holds

6=>0+y—m, on 7. (51)
Proof of Claim We fix 6 € [0,7/2] and the corresponding 8, = 6,(0). If 6 +
y —m < 0, then (51) is obviously true, so we assume that 6 4+ y — 7 > 0. Since

0<f+4+y—m <m/2and 0 < 6 < 7/2, (51) is written equivalently cotf; <
cot(6 + y — m); thus, recalling (50), we conclude that to prove the claim it is enough
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to show that
. 4
—cosycotf 4+ siny <cot(d +y), n—yf@ga,

or, equivalently (since w < 8 + y < 3m/2),

2 . g

—cosy cot” @+ (—cosy coty—coty+siny)cotf+1+cosy >0, 71—y <0 < 5
(52)

The left-hand side of (52) is an increasing function of cot 6 and therefore takes its
least value at cot & = 0. Hence the claim is proved. O

For 0 < 6 < 7/2 — y/2 (49) is true since all terms in the left-hand side are
non-negative. So let 7/2—y/2 < 6 < w/2 and 6, = 6,(6). From (50) we find that

do, : cosy(1 + cot? f) + 1 + cot? 6;

do 1 + cot? 6,

1 +sin?y 4+ cosy — 2siny cosy cot§ + cos y(1 4 cos y) cot® §
1+C0t291 ’

The function
h(x) := 1+ sin’y + cosy — 2siny cos yx + cos y(1 + cos y)x*
is a concave function of x. We will establish the positivity of A(cot8) for w/2 —

y/2 < 6 < /2. For this it is enough to establish the positivity at the endpoints. At
6 = m/2 positivity is obvious, whereas

h(tan(g)) =1 +sin’y + cosy — 2 cos y sin’ g > 0.

From (46) we conclude that 8; < 0 for 7/2 — y/2 < 0 < 7 /2. Now, it was proved
in [7, Lemma 4] that the function g is decreasing. Hence for 7/2 —y/2 < 6 < n/2
we have,

2(6) cos(6 + g) + 9(6)) cos(6) — g) > ¢(6)[cos(6 + g) + cos(6 — g)]

0—0i+y
2

= 2g(0) cos(e _; b ) cos( )

Zoﬂ

where for the last inequality we made use of the claim. Hence (49) has been proved.
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(i) The segment I3 (5 < 6 < B — 7). After some computations we obtain that

(V¢ V¢1) ‘n = ! f(0)cos(6 + y)
r

o ¢ 2+ 250 1)

—f(6;) sin 0y [sin(6; — 6 — y) — cos O;]; ,

where 6 and 6, are related by cot§; = —cos(6 + y). The result then follows
by applying [7, Lemma 6].

(iii) The segment I3 (B —7F <6 < ﬁ++_y). Simple computations yield that along

I’; we have
Vo Ve y'(O) . B-vy V') . B+y
(7—W)-n = o) sin( > —9)—1—”1#(91) sin( > —01). (53)

The first summand in the right-hand side of (53) is non-negative since v¥'(0) and
sin(ﬁ%y — 0) are non-positive in the given range of 6. Moreover, two applications
of the sine law yield that along I'; the coordinates (r, #) and (r, 6;) are related by

in(f — 6
risinf; = rsin(f —6) tan 0 = —%.
It follows in particular that 0 < 6; < 7/2, and hence /4 < ﬂ% — 60, < 7. Hence
the second summand in the right-hand side of (53) is also non-negative, completing
the proof in this case.

Subcase B2  + y > 2m. In this case I' consists only of two parts I} and I,
described as in Case B1. The only difference is that the range of 6 in I; now is
% <6 < %” — y; the result follows as before. This completes the proof of the

theorem. O

Proof of Theorem 1.2 Part (ii) We set for simplicity ¥ = ¥g+,—. We divide Eg ,
in three parts £}, E and Ej as in Figure 3, and denote L; = (3E;) N dEg,. We also
set I; = {(i,y) : y = 0}, i = 0,1, the halflines that are the common boundaries
of the E;’s. We first apply Proposition 3.1 to the domain E. For this we introduce
polar coordinates (r, 8;) centered at P, so that the positive x; axis coincides with
the halfline L. Let u € C°(Eg,, ) be fixed. Applying Proposition 3.1 with ¢ (x,y) =
¥ (6)) we obtain

2 / _ 2
%dxdy A Y N (54)
1

|Vul’dxdy > cpy _ﬂ/ —_—
e ) v =3 Jn v

E,
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On E; we use the standard polar coordinates (r, #) and the function ¢(x,y) =
Y (6—0). We obtain

) 2 V-3
[Vuldxdy > cg4y—x /53 d2d xdy + ———— VB yd (55)

E3
Without loss of generality we assume that 8 > y and we therefore have

viy-% _ V'B-%

vo—5 - yE-5n -

Now, we have u(1,y)? — u(0,y)> = 2f0l uudx, hence, using also the one-
dimensional Hardy inequality we have for any € > 0,

u? u? u? 1 5
—dy — —dy<e€ | —dxdy+ - | udxdy
n Yy ny Ey Y € JE,

1 2 1 1
< (e — —)/ M—zdxdy + —/ uidxdy + —/ ufdxdy
46 E» y € E» € E>

and therefore

\Vuldxdy > (1— 2) “ e LN 56
ly > 1 € 7 xdy + € ly—¢€ y y. (56)
2

Ey Y I

This is also true for € = 0. We choose € = ¥'(y — 5)/¥(y — %) and we note that
by (7) we have

1 — 1 ! Z 1
Cpety—n = 5~ Cprby—n tan’ (mﬁ%) =7 (ﬁ((y = ))) =7
Adding (54), (55) and (56) we obtain the inequalities in all cases.

We now prove the sharpness of the constant. Let C denote the best Hardy
constant for Eg,,. We extend the halflines L; and L3 until they meet at a point A,
and we call Dy the resulting infinite sector, whose angle is § + y — . We introduce
a family of domains D, that are obtained from Eg, by moving L, parallel to itself
towards A so that it is a distance € from A. All these domains D, have the same
Hardy constant as Eg,,. Let d.(x) = dist(x, dD.) and do(x) = dist(x, dDy). Then
clearly d.(x) — do(x) for all x € Dy.

Letu € C2°(Dy) vanish near I. This can be used as a test function for the Hardy
inequality in D., therefore we have

2
/|Vu|2dxdy2C/ %dxdy,
De D¢ “e
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which can be written equivalently
2
) u
|Vul"dxdy = C | —dxdy.
Dy Dy de
Passing to the limit ¢ — 0 we therefore obtain
2
) u
/ |Vul"dxdy > C | —dxdy.
Do d

Dy %o

Since the best Hardy constant of Dq is cg+,—r, we conclude that C < cg4y—s,
which establishes the sharpness. O

S A Dirichlet—-Neumann Hardy Inequality
We finally prove Theorem 1.3.

Proof of Theorem 1.3 Let u € C°°(D_,3). Applying Proposition 3.1 for ¢ (x,y) =
¥ (60) we have

A \Y
/ |Vul*dx dy > —/ —¢u2dxdy+/ —¢-nu2dS
Dy Dy ¢ r ¢

/ ”2dd+/v‘ZS n2ds
= C —_xy — - NU .
P In, & r¢

A direct computation gives that along I" we have

v _ r(9) y'(6)
) NONLOETIO R IO
which establishes the inequality. The fact that cg is sharp follows by comparing with
the corresponding Dirichlet problem. O
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