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Abstract We consider general second order uniformly elliptic operators sub-
ject to homogeneous boundary conditions on open sets ¢({2) parametrized by
Lipschitz homeomorphisms ¢ defined on a fixed reference domain §2. For two
open sets ¢(£2) and ¢({2) we estimate the variation of resolvents, eigenvalues,
and eigenfunctions via the Sobolev norm H(g — @llwr.p(g) for finite values of
p, under natural summability conditions on eigenfunctions and their gradi-
ents. We prove that such conditions are satisfied for a wide class of operators
and open sets, including open sets with Lipschitz continuous boundaries. We
apply these estimates to control the variation of the eigenvalues and eigen-
functions via the measure of the symmetric difference of the open sets. We
also discuss an application to the stability of solutions to the Poisson problem.

1 Introduction

This paper is devoted to the proof of stability estimates for the nonnegative
selfadjoint operator
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AR 0
Lu=— Z 87‘%(14”(58)87;;), x € {2, (1.1)

4,j=1

subject to homogeneous boundary conditions, upon variation of the open
set £2 in RY. Here, A;j are fixed bounded measurable real-valued functions
defined in RV satisfying Aij = Aj; and a uniform ellipticity condition.

The focus is on explicit quantitative estimates for the variation of the
resolvents, eigenvalues, and eigenfunctions of L on a class of open sets diffeo-
morphic to {2. _

In the first part of the paper, we consider two diffeomorphisms ¢ and ¢
from 2 onto ¢(£2) and ¢(£2) respectively, and we compare the resolvents,
eigenvalues, and eigenfunctions of L on the open set g((l) with those of L
on ¢(£2). To compare the operators, defined on different domains ¢(2) and
©(£2), we compare their pull-backs to the same domain {2 (cf. Section 2). The
main goal is to provide stability estimates via H% — @|lwr.p(g) for finite values
of p. These estimates are applied in the last part of the paper where we take
¢ = Id and, given a deformation §2 of {2, construct a special diffeomorphism
¢ representing (2 in the form 2 = ¢(2), and obtain stability estimates in
terms of the Lebesgue measure |2 A (~2| of the symmetric difference of {2 and
Q.

Our method allows us to treat the general case of the mixed homogeneous
Dirichlet-Neumann boundary conditions

ou

N
u=0 on I' and ZAija—
Lj

4,j=1

v; =0 on 0N\, (1.2)

where I' C 02 and v denotes the exterior unit normal to 2. To our knowl-
edge, our results are new also for the Dirichlet and for Neumann boundary
conditions.

There is vast literature concerning domain perturbation problems (cf.,
for example, the extensive monograph [14]). The problem of finding explicit
quantitative estimates for the variation of the eigenvalues of elliptic operators
has been considered in [3]-[6], [8]-[10], [16, 17, 21] (cf. [7] for a survey on the
results of these papers). However, less attention has been devoted to the prob-
lem of finding explicit estimates for the variation of the eigenfunctions. With
regard to this, we mention the estimate in [21] concerning the first eigenfunc-
tion of the Dirichlet Laplacian and the estimates in [16, 17] concerning the
variation of the eigenprojections of the Dirichlet and Neumann Laplacian. In
particular, in [16, 17], the variation of the eigenvalues and eigenprojections
of the Laplace operator was estimated via ||V — V|| Lo () under minimal

assumptions on the regularity of {2, ¢ and 5

In all the cited papers and in this paper, perturbations of domains may be
considered as in some sense regular perturbations. There is also vast litera-
ture concerning a wide range of perturbation problems of different type which
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may be characterized as singular perturbations (which are out of scope of this
paper). Typically, formulations of such problems involve a small parameter
¢ and the problem degenerates in that sense or other as ¢ — 0. Say, the
domain may contain small holes, or boundaries which may include blunted
angles, cones and edges, narrow slits, thin bridges etc, or the limit region
may consist of subsets of different dimension, or it could be a homogeniza-
tion problem. V.G. Maz’ya and his co-authors V.A. Kozlov, A.B. Movchan,
S.A. Nazarov, B.A. Plamenevskii and others developed the powerful asymp-
totic theory which allowed to find asymptotic expansions of solutions for all
aforementioned problems and can be applied in many other cases (cf., for
example, [15, 18]).

In this paper, we consider the same class of transformations ¢, 5 as in [16,
17] (&, (E are bi-Lipschitz homeomorphisms) and, making stronger regularity
assumptions on ¢(£2) and ¢(£2), we estimate the variation of the resolvents,
eigenvalues, eigenprojections, and eigenfunctions of L via the measure of
vicinity _ _ _

6(6,8) = V&~ VollLo(y + 403 — Ao dllny  (13)
for any p €]pg, 0o], where A = (A;;); j=1,....n is the matrix of coeflicients.

Here, pg > 2 is a constant depending on the regularity assumptions. The
best pg that we obtain is pg = N which corresponds to the highest degree of
regularity (cf. Remark 4.8), while the case pg = oo corresponds to the lowest
degree of regularity in which case only the exponent p = oo can be considered.
The regularity assumptions are expressed in terms of summability properties
of the eigenfunctions and their gradients, see Definition 4.2. Note that if the
coefficients A;; of the operator L are Lipschitz continuous, then d,(¢, ¢) does
not exceed a constant independent of ¢, (E multiplied by the Sobolev norm
|6 —dllw1.»(2)- Moreover, if the coefficients A;; are constant, then the second
summand on the right-hand side of (1.3) vanishes.

More precisely, we prove stability estimates for the resolvents in the Schat-
ten classes (Theorem 4.6), stability estimates for eigenvalues (Theorem 4.11),
eigenprojections (Theorem 5.2), and eigenfunctions (Theorem 5.6). In Ap-
pendix, we also consider an application to the Poisson problem (we refer to
[23] for stability estimates for the solutions to the Poisson problem in the
case of the Dirichlet boundary conditions obtained by a different approach).
To prove the resolvent stability estimates in the Schatten classes, we follow
the method developed in [1, 2].

In Section 7, we apply our general results and, for a given deformation 2 of
2, we prove stability estimates in terms of |[£2 A £2|. This is done in two cases:
the case where 2 is obtained by a localized deformation of the boundary of
2 and the case where {2 is a_deformation of (2 along its normals. We also
require that the deformation I' of I" is induced by the deformation of 2 (cf.
conditions (7.3) and (7.14)). In these cases, similarly to [5], we can construct
special bi-Lipschitz transformations (E : 2 — 2 such that qg(F )= I and



26 G. Barbatis et al.
V6 — || oiay < 2 & 1P, (1.4)

where ¢ > 0 is independent of {2 and 2. Observe that using finite values of p
is essential, since in the case p = oo the exponent on the right-hand side of
(1.4) vanishes.

"Let us describe these results in the regular case in which §2 and 2 are of
class CV!, I', T are connected components of the corresponding boundaries,
and the coefficients A;; are Lipschitz continuous. In Theorems 7.3 and 7.6,
we prove that for any r > N there exists a constant ¢; > 0 such that

b

n=1

1 1

A+l N, +1

1
-

~\ /7
) <l a (1.5)

if |2 A (~2| < ¢yt Here, Ay, \, are the eigenvalues of the operators (1.1) corre-
sponding to the domains {2, 2 and the associated portions of the boundaries
r, I respectively. Moreover, for a fixed {2 and any r > N there exists co > 0
such that if A\, = ... = Ay4m—1 is an eigenvalue of multiplicity m, then
for any choice of orthonormal eigenfunctions 1;", cee Jner_l corresponding
to Xn, e ,Xner_l, there exist orthonormal eigenfunctions ¥y, ..., ¥Ynim-1
corresponding to Ay, ..., Anym—1 such that!

1
-

||1/}k — wkHL%QUfZ) < CQ|Q A2 (16)
for all k =n,...,n+m — 1 provided that |2 A f2| < ¢y . Here, it is under-
stood that the eigenfunctions are extended by zero outside their domains of
definition. _

In the general case of open sets {2, {2 with Lipschitz continuous boundaries
and I', I' with Lipschitz continuous boundaries in 32, 0f2, our statements
still hold for a possibly worse range of exponents (cf. Theorems 7.3 and 7.6).

We emphasize that, in the spirit of [16, 17], in this paper we never assume
that the transformation ¢ belongs to a family of transformations ¢; depending
analytically on one scalar parameter ¢, as often done in the literature (cf.,
for example, [14] for references). In that case, one can use proper methods of
bifurcation theory in order to prove existence of branches of eigenvalues and
eigenfunctions depending analytically on ¢. In this paper, ¢ is an arbitrary
perturbation of ¢ and this requires a totally different approach.

The paper is organized as follows. In Section 2, we describe the general
setting. In Section 3, we describe our perturbation problem. In Section 4, we
prove stability estimates for the resolvents and the eigenvalues. In Section 5,
we prove stability estimates for the eigenprojections and eigenfunctions. In
Section 6, we give sufficient conditions providing the required regularity of

I Note that, for a fixed £2 and variable .(N?, one first chooses eigenfunctions in 2 and then
finds eigenfunctions in {2, while the opposite is clearly not possible.
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the eigenfunctions. In Section 7, we prove stability estimates via the Lebesgue
measure of the symmetric difference of sets. In Appendix, we briefly discuss
the Poisson problem.

2 General Setting

Let {2 be a domain, i.e., an open connected set, in RY of finite measure.
We consider a family of open sets ¢ (£2) in R parametrized by bi-Lipschitz
homeomorphisms ¢ of £2 onto ¢(§2). Namely, following [16], we consider the
family of transformations

P(02) = {gzb € (LI’OO(Q))N : the continuous representative of ¢

is injective, ess ir(l}f | det V| > 0} , (2.1)

where L1°°(§2) denotes the space of the functions in Lj,, (£2) which have
weak derivatives of first order in L ({2). Note that if ¢ € &(£2), then ¢ is
Lipschitz continuous with respect to the geodesic distance in 2.

Note that if ¢ € &(§2), then ¢({2) is open, ¢ is a homeomorphism of {2 onto
#(£2), and the inverse vector-function ¢(~1) of ¢ belongs to @ (4(£2)). More-
over, any transformation ¢ € &({2) allows changing variables in integrals.

Accordingly, the operator Cy from L?(¢(§2)) to L*(£2) defined by
Colv] :==vog¢, weL*(d(2)),

is a linear homeomorphism which restricts to a linear homeomorphism of
the space W12(¢(£2)) onto WH2(£2), and of W, (4(£2)) onto Wy2(£2),
where W12(£2) denotes the standard Sobolev space and Wy'*(£2) denotes
the closure of C2°(£2) in W12(£2). Furthermore, V(v o ¢) = Vu(¢)V¢ for all
v € W2 (¢ (£2)). Note that if ¢ € @(£2), then the measure of ¢(§2) is finite
(cf. [16] for details).

Let A = (A;j)ij=1,..,~n be a real symmetric matrix-valued measurable
function defined on RY such that for some 6 > 0

N
071 ¢l* < Z Ai(x)&:&5 < 0I¢ (2.2)

4,j=1

for all z,& € R™. Note that (2.2) implies that A;; € L=®(RY) for all 4,5 =
1,...,N.

Let ¢ € &(£2), and let W be a closed subspace of W12(¢(£2)) containing
Wy 2(#(£2)). We consider the nonnegative selfadjoint operator L on L?(¢(£2))
canonically associated with the sesquilinear form @ given by
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N _
vy O

Dom(Qr) =W, Qr(vi,v2) / ijfl—zdy, vy, U9 € W.
o) 5y 0Yi 0y

(2.3)
Recall that v € Dom(L) if and only if v € W and there exists f € L?(¢(£2))
such that

Qu(v, %) = (£ %) 2o (2.4)

for all ¢ € W, in which case Lv = f (cf., for example, [11]). The choice
of the space W determines the boundary conditions. For example, if W =
Wy 2(4(92)) (vespectively, W = Wh2(¢(£2))), then the operator L satisfies
the homogeneous Dirichlet (respectively, Neumann) boundary conditions.
We also consider the operator H on L?(§2) obtained by pulling-back L to
L?(02) as follows. Let v € W2(¢(£2)) be given, and let u = v o ¢. Note that

/ |v|2dy:/ luf2| det Vo) da .
#(£2) 2

Moreover, a simple computation shows that

>

where a = (aij)i,jzl

N

ou 8u
ay ay / > i — |d t V| dz

7.]1 7,7=1

~ is the symmetric matrix-valued function defined in

.....

2 by
R L W
ai; = 2;1 (Am 99, éfiys) 0op=((VO)'AG)(Ve) )i (25)

The operator H is defined as the nonnegative selfadjoint operator on the
Hilbert space L?(§2,|det V¢|dx) associated with the sesquilinear form Qp
given by
Dom(Qp) = Cy[W|, Qu(u1,us)
N

/ Z amau1 (T2|d t Vol dz, ui,us € CyWV].

Formally,

| 9
4T etV Z oz, (“”a 'detwo

Alternatively, the operator H can be defined as
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H = CyLCyy.

In particular, H and L are unitarily equivalent and the operator H has com-
pact resolvent if and only if L has compact resolvent. (Note that the embed-
ding W C L?(¢(2)) is compact if and only if the embedding Cy[W] C L?(£2)
is compact.)

We set g(x) := |det Vo(z)|, z € £2, and denote by (-, ), the inner product
in L2(02,gdxz) and also in (L?($2, g dx))™.

Let T : L%(£2,gdx) — (L*($2,gdz))" be the operator defined by

Dom(T) = Cy[W], Tu=a*Vu, uec CyW].

Then it is easy to see that
H=T"T,

where the adjoint T of T is understood with respect to the inner products
of L?(£2,gdx) and (L*($2, gdx))™.

3 Perturbation of ¢

In this paper, we study the variation of the operator L defined by (2.3) upon
variation of ¢. Our estimates depend on essinfg [det V@| and [|[V¢| 1 (0)-
Thus, in order to obtain uniform estimates it is convenient to consider the
families of transformations

b, (2)={ped(2): 77 < essir_(lzf|det Vo] and ||V (o) < 7}

for all 7 > 0, as in [16]. Hereinafter, for a matrix-valued function B(x), z € {2,
we set || B|zr(2) = || |B|||Lr(02), Where |B(x)| denotes the operator norm of
the matrix B(x).

Let ¢,¢ € ®.(f2). Let W and W be closed subspaces of Wh2(g(02)),
WlQ(g(Q)) respectively, containing W, *(4(£2)), W&Q(g(())) respectively.
We use tildes to distinguish objects induced by %, W from those induced by
¢, W. We consider the operators L and L defined on L%(¢(£2)), L?(¢(£2))
respectively, as in Section 2.

In order to compare L and L, we make a “compatibility” assumption on
the respective boundary conditions; namely, we assume that

Cy[W] = C V). (3.1)

This means that Dom(Qp) = Dom(Q), a property which is important in
what follows. It is clear that (3.1) holds if either L and L both satisfy the ho-
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mogeneous Dirichlet boundary conditions or they both satisfy homogeneous
Neumann boundary conditions. .

We always assume that the spaces W, W are compactly embedded
in L?(¢(92)), L%*(¢(£2)) respectively, or equivalently that the space V :=
Co[W] = C5 W) is compactly embedded in L2(£2).

Moreover, we require that the nonzero eigenvalues \,, of the Laplace oper-
ator associated in L?(§2) with the quadratic form [, |Vu|*dz, u € V, defined
on V, satisfy the condition

= Z A, ¢ < oo (3.2)

A #£0

for some fixed a > 0. (This is in fact a very weak condition on the regularity
of the set {2 and the associated boundary conditions.)

For brevity, we refer to assumption (A) as the following set of conditions
which summarize the setting described above:

0, b € D (92),

(A): V= CyW] = C(;[W] is compactly embedded in L?({2),

condition (3.2) holds .

Remark 3.1. We note that if 2 is a domain of class C%1, i.e., £2 is locally
a subgraph of Lipschitz continuous functions, then the inequality (3.2) holds
for any o > N/2 (cf., for example, [3, 20] and also Remark 6.5 below). We
also note that by the Min-Max Principle [11, p. 5] and by comparing with
the Dirichlet Laplacian on a ball contained in {2, the condition (3.2) does not
hold for < N/2 (no matter whether (2 is regular or not).

To compare L and f/, we compare the respective pull-backs H and H.
Since they act on different Hilbert spaces — L2(£2, gdx) and L?(£2,gdx) — we
use the canonical unitary operator

w: L2(02,gdx) — L*(2,§dx) , U wu,

defined as the multiplication by the function w := ¢'/2g~1/2. We also intro-

duce the multiplication operator S on (L?(£2))" by the symmetric matrix
w2a" V%5012, (3.3)

where the matrix a is defined by (2.5) and the matrix @ is defined in the same
way with 5 replacing ¢. If there is no ambiguity, we also denote by S the
matrix (3.3).

As we see in the sequel, in order to compare H and H , we need an auxiliary
operator. Namely, we consider the operator 7% ST, which is the nonnegative
selfadjoint operator in L?(§2, g dx) canonically associated with the sesquilin-
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ear form
/ (5VU1 . Vﬂg)ﬁdx , Ul,Ug € V.
2

It is easily seen that the operator T*ST is the pull-back to {2 via gg of the

operator

~  TooltD L

L—9°% 'f
go¢=l

defined on LQ(g(Q)) Thus, in the sequel, we deal with the operators L, L
and L and the respective pull-backs H, H , and T*ST. We repeatedly use the
fact that these are pairwise unitarily equivalent.

We denote by A\,[E], n € N, the eigenvalues of a nonnegative selfadjoint
operator F with compact resolvent, arranged in nondecreasing order and
repeated according to multiplicity, and by ¢,[FE], n € N, a corresponding
orthonormal sequence of eigenfunctions.

Lemma 3.2. Let (A) be satisfied. Then the operators L, L, E, H, fi:, and
T*ST have compact resolvents and the corresponding nonzero eigenvalues
satisfy the inequality

(3.4)

Z A [E]”Y < ec” (3.5)
An[E]£0

for E=1L, Z, E, H, I?, T*ST, where ¢ depends only on N, T, and 6.

Proof. We prove the inequality (3.5) only for E = T*ST, the other cases
being similar. Note that the Rayleigh quotient corresponding to T*ST is
given by

(T STu,u),  (STu,Tu), _ /Q( ) Ll

g <u,u>g / |U|2gd$
2

Then the inequality (3.5) easily follows by observing that

{u, u)

avVu -V = 07Y(Ve) " 'Vul? = 0772 Vul?,

|detVe| < N!|Vo[Y (3.6)
and using the Min-Max Principle [11, p. 5]. O

4 Stability Estimates for the Resolvents and Eigenvalues

The following lemma is based on the well-known commutation formula (4.3)
(cf. [12]). We denote by o(FE) the spectrum of an operator E.
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Lemma 4.1. Let (A) be satisfied. Then for all £ € C\ (oc(H) Uo(H) U
a(T*ST))

(w ' Hw—¢) ' —(H—¢) ' = A + Ay + A3 + B, (4.1)
where

Ay = (1 —w)(wT*STw — &)1,

Ay = w(wT*STw — €)' (1 — w),
Az = —&(T*ST — &) Hw —w™ ) (wT*STw — &) w,
B=TS"2(S'P1T* 8" — )7 SV (ST - I)(TT* - €)' T

Proof. Tt suffices to prove (4.1) for & # 0 since the case £ = 0 € o(H) U

o(H)Uo(T*ST) is then obtained by letting £ — 0.

Recall that T*T = H. Similarly T°T = H , where we have emphasized the
dependence of the adjoint operation on the specific inner-product used. In
this respect we note that the two adjoints of an operator F are related by
the conjugation relation E* = w?E*w~2. This allows us to use only * and
not *.

Note that

H = @/2V)32V = w?(@/2V)* w232V = w’T*ST.. (4.2)
Therefore, by simple computations, we obtain

(wHw— &)™ — (H-¢™

=w (H—-& 'w—(H-¢)™

= w N (WT*ST — &) tw — (T*T — &)7*

= w_l(wQT*ST — f)_lw —(T*ST — éw™?) " tw™!
+H(T*ST — éw ™) tw™ — (T*ST — éw™2)~!
+H(T*ST — Ew™2)~1 — (T*ST — &)7!
+HT*ST — &)~ —(T"'T — &)1

=A+ A+ A3+ ((T*ST = &) —(T*T - &)Y

To compute the last term we use the commutation formula
—¢(E*E—¢) '+ EY(FE*—¢)'E=1 (4.3)

which holds for any closed and densely defined operator E (cf. [12]). We write
(4.3) first for E = T, then for E = S'/2T, and then we subtract the two
relations. After some simple calculations we obtain (T*ST — &)~1 — (T*T —
£)~! = B, as required. O
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We now introduce a regularity property which is important for our esti-
mates. Sufficient conditions for its validity are given in Section 6.

Definition 4.2. Let U be an open set in R, and let E be a nonnegative self-
adjoint operator on L?(U) with compact resolvent and Dom(E) ¢ Wh2(U).
We say that E satisfies property (P) if there exist go > 2, v > 0, C' > 0 such
that the eigenfunctions ¢, [E] of E satisfy the following conditions:

[l Lo @) < CA[E] (P1)
and

IV%n [E]ll Lo (1) < CAn[E]*2 (P2)
for all n € N such that A\,[E] # 0.

Remark 4.3. It is known that if {2, A;; and I" are sufficiently smooth, then
for the operator L in (1.1), subject to the boundary conditions (1.2), property
(P) is satisfied with gy = 0o and v = N/4 (cf. Theorem 6.3 and the proof of
Theorem 7.3).

By interpolation, it follows that if conditions (P1) and (P2) are satisfied,
then

a0(a—2)~y

a0(g—2)
lnlEllzaqu) < Csto=> Ay [E] o=

(4.4)

q0(a—2)y

a0(g—2) 1
V4 [ E|| a0y < Ot A, [E]? T a0

for all q € [2, qo].

In the sequel, we require that property (P) is satisfied by the operators
H, H and T*ST which, according to the following lemma, is equivalent to
requiring that property (P) is satisfied by the operators L, L and L respec-
tively.

Lemma 4.4. Let (A) be satisfied. Then the operators H, ]A'i:, and T*ST
respectively, satisfy property (P) for some qo > 2 and v = 0 if and only if the
operators L, L, and L respectively, satisfy property (P) for the same qo and ~y.

Let E be a nonnegative selfadjoint operator on a Hilbert space the spec-
trum of which consists of isolated positive eigenvalues of finite multiplicity
and may also contain zero as an eigenvalue of possibly infinite multiplicity.
Let s > 0. For a function g : 0(E) — C we define

1/p
9E) s = (D2 lgOWEDPALIES) L 1< p < o0,
An[E]£0

19(E)|oo,s = sup |g(Aa[E])],
A [E]#0
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where, as usual, each positive eigenvalue is repeated according to its multi-
plicity.

The next lemma involves the Schatten norms || - [|¢r, 1 < r < oo. For
a compact operator F on a Hilbert space they are defined by ||E|cr =
(3, (E)Y)Y7if r < o0, and ||E|jc= = ||E|, where u,(E) are the sin-
gular values of F, i.e., the nonzero eigenvalues of (E*FE)'/?; recall that the
Schatten space C", defined as the space of those compact operators for which
the Schatten norm | - ||¢- is finite, is a Banach space (cf. [22] or [24] for
details).

Let F := TT*. Recall that o(F) \ {0} = o(H) \ {0} (cf. [12]). In the
next lemma, g(H) and g(F) are operators defined in the standard way by
functional calculus. The following lemma is a variant of Lemma 8 of [2].

Lemma 4.5. Let g0 > 2, v 2 0, p 2 qo/(q0 —2), 2 < r < o0 and s =
2q07v/[p(qo — 2)]. Then the following statements hold.

(i) If the eigenfunctions of H satisfy (P1), then for any measurable func-
tion R : 2 — C and function g : o(H) — C we have

_ 1 __2d0
|Rg(H)ller < I1R] orcoy (12177 lg(0)] + C7 1 |g(H) s ) . (45)

(ii) If the eigenfunctions of H satisfy (P2), then for any measurable matriz-
valued function R in £2 and function g : o(F) — C such that if 0 € o(F),
then g(0) = 0, we have

249 1
[Rg(F)ller < C7 oD lall 7w ) Rl Lor(2)|9(F)r.s - (4.6)

Proof. We only prove statement (ii) since the proof of (i) is simpler. It is
enough to consider the case where R is bounded and g has finite support:
the general case then follows by approximating R in || - || L»r () by a sequence
R, n € N, of bounded matrix-valued functions and g in | - |, s by a sequence
dn, n € N, of functions with finite support, and observing that, by (4.6), the
sequence R, g,(F), n € N, is then a Cauchy sequence in C".

Since R is bounded and g has finite support, Rg(F') is compact. Hence
the inequality (4.6) is trivial for r = co. Thus, it is enough to prove (4.6) for
r = 2 since the general case follows by interpolation (cf. [24]). It is easily seen
that z, := TV, [H]|/|TYn[H]|| = M\u[H]"Y/?T,,[H], for all n € N such that
An[H] # 0, are orthonormal eigenfunctions of F, Fz, = A\,[H]z,, n € N,
and span{z,} = Ker(F)*. Since g(0) = 0,

oo

|Rg(F)|E = Y IRg(F)zuli2(o Zlg H)P? | Rzn 72 (e

n=1

Z H]gAa[HD PR 2V [H] |72 o)
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o0
<Nt 21 ) IR Z20 (2 D AalHT g HD P IVl H 206011 1)

n=1

290 e 2q07
< C70 [|a"2 () | Rl Z o) Y 19(An[H]) [P An[H]700=2, (4.7)

n=1

where for the last inequality we used (4.4). This proves (4.6) for r = 2, thus
completing the proof of the lemma. a

Recall that 6,(¢, ¢), 1 < p < oo, is defined in (1.3).

Theorem 4.6 (stability of resolvents). Let (A) be satisfied. Let & € C \
(oc(H) U {0}). Then the following statements hold.

(i) There exists ¢c; > 0 depending only on N, 7, 0, «, ¢*, and £ such that
if 6oc(¢,0) < i, then & ¢ o(H) and

[ Hew — )~ = (H = ) lew < c1600(6, 9). (48)

(ii) Let, in addition, (P) be satisfied by the operators H, H, and T*ST for

the same qq, v, and C. Let p = qo/(qo — 2) and r > max{2,«a + % .
Then there exists co > 0 depending only on N, 7, 0, o, ¢*, r, p, qo, C, 7,

|02|, and & such that if 5,,(¢,¢) < c3 ", then € ¢ o(H) and

[(w™ Hw — €)1 = (H — )" Yer < cadpr (6, 0). (4.9)

Remark 4.7. Let s = [go/(q0 — 2)] max{2, a + 2v}. It follows by Theorem
4.6 (ii) (choosing p = qo/(qo — 2)) that if 5(¢p, ) < 5 ', then & ¢ o(H) and

[(w™ Hw — &)™ = (H — &) 7" < c264(6, 9). (4.10)

Remark 4.8. As we will see in Section 7 below, the best range for s in (4.10)
used in our applications is s > IV; this corresponds to the case where gy = o0,
v = N/4, and a > N/2 (cf. Remarks 3.1 and 4.3).

Proof of Theorem 4.6. In this proof, we denote by ¢ a positive constant de-
pending only on N, 7, 6, o, and ¢* the value of which may change along the
proof. When dealing with statement (ii) constant ¢ may depend also on r, p,
qo0, C, 7, and |£2|. We divide the proof into two steps.

Step 1. We assume first that £ € o(H) U o(T*ST) and set

d, (&) = dist(&, o (H) Uo(H) Uo(T*ST)).



36 G. Barbatis et al.

At this first step, we prove (4.8) and (4.9) without any smallness assumptions

on oo (¢, @) and 0,,-(4, @) respectively.
We first prove (4.8). We use Lemma 4.1, and to do so we first estimate the

terms Ay, As, As in the identity (4.1). It is clear that

ol e (14 ). (a1
[An[H] = £ d(§,0(H))
Since the eigenvalues of the operator wT™STw coincide with the eigenvalues
of H (cf. (4.2)), it follows that

oo

IwT*STw = &)~ lge =)

n=1

<|§1|a+<1+|5|> > H]

d€od)) | %,

v
|)\n[ﬁ] _§|oz

_ g\
= & + <1 + d(&o(ﬁ))> . (4.12)

Taking into account (3.6) and observing that

|det Ve — detVe| < NIN |V — V| max{ Vel , |Vl }N_l, (4.13)

we find _
11 —w|,|w—w] <c|Ve— Vel (4.14)
Combining the inequalities (4.12) and (4.14), we obtain
[Atlleas [[Azflea <e {1+ 7+ Vo = Vol L=(0),
GAEAG s
i, e . 9
Asllee < Vo —Volr=(n)-
lole- < ¢ (L El+ L) 196 - 9o

We now estimate the term B in (4.1). We recall that F' = TT* and set Fg =
S1/2T7T*81/2 Then, by polar decomposition, there exist partial isometries
Y,Ys : L*(2,gdx) — (L*(2,gdx))N such that T = F'/?Y and S'/?T =
FY*Ys. We have

B =Y;FY?(Fs — &)~ 18Y2(S~1 — I)(F — &)~ 'F2y

Hence, by the Holder inequality for the Schatten norms (cf. [22, p. 41]), it
follows that

1B

co < ||Fg*(Fs — &) Hle2a |SY2(S™ = D) poo () | (F — s)lFl/zn(cza S
4.16
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Since o(F)\ {0} = o(H) \ {0}, we may argue as before and obtain

. —1771/2)2c & -
I(F—¢)'F ||c2a<c<1+d(§,o—(H))> ’

€ 90 (4.17)
. 11/22 1
R A i
Now, it is easy to see that
|S—1 _ I| < |(,w2 o 1)a1/22i—1a1/2| + |a1/2(5_1 o a—l)a1/2|
<c(|Vo— V| +[Aop— Ao g)). (4.18)
Combining (4.16), (4.17), and (4.18), we conclude that
€] > ot
Bl|ca ). 4.19
IBle- < e 1+ 755 ) bm(0.8) (119)

By Lemma 4.1 and the estimates (4.15) and (4.19), we deduce that

~ 2 ~
(™ Fw— ) = (H =) Ve < x ( T d('j'g)Q)csmw,qs).
(4.20)

We now prove (4.9). In order to estimate A;, Az, and Az, we use the
estimate (4.5) and get

1

lsller, [ sller < (1 ; "i'))nw Volmrn,  (421)
Lrle P

taller < ¢ (T8 4 Y 190 - 931, (422

We now estimate B. We assume without loss of generality that S~ —T1 > 0.
Thus, in order to estimate the C” norm of B, we estimate the C?” norms of
FY?(Fg —€)~18Y/2(5~1 = [)/2 and (S~ — I)Y/2(F — £)~'F/2. By Lemma
4.5, it follows that

(s~ = D)2 (F — 5)*1F1/2H2§r
2r

<57 -1V A H] 7005

[]—5

2r
< ST =L <1+d|§(2)) : (4.23)
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The same estimate holds also for the operator F;/2 (Fs—¢&)~181/2(S=1—1)1/2.
Thus, by the Holder inequality for the Schatten norms, it follows that

€l
d (£)

Using Lemma 4.1 and combining the estimates (4.18), (4.22), and (4.24), we
deduce that

2
1Bl < (1 n ) 1571 = Tl porey. (1.24)

w Hw— 1 — (H—&) o < ¢ 1 1 €I -
o™ Bu— 7~ (=) er < 1 (14 5+ 75 + 2o ) (6.
(4.25)

Step 2. We prove statement (i). First of all, we prove that there exists
¢ > 0 such that if

be d(§,0(H))
) S STeR + (e, o () 20
then ¢ ¢ o(H) U o(T*ST) and
d(&,0(H)), d(&,o(T*ST)) > w. (4.27)

We begin with 7*ST. By recalling that B = (T*ST — &)~ — (T*T — &)1
(cf. the proof of Lemma 4.1) and using the estimate (4.19) with £ = —1 and
the inequality (4.36), we find that there exists C; > 0 such that for alln € N

1 1

T ST 11 1| S C1=(@9) (4.28)

Assume that n € N is such that
M [TST] < €|+ d(§, 0(H)).
By (4.28), it follows that if

Cr(L+ Ig] + d(&, o (H)))0 (6, 6) < 2<|g||£|++dflg(i?g>)>)+ v

then

An[H]

1= Ci[1+ [¢] + d(€, o(H)))0s (6, )
<2(|¢] + d(¢ 0(H))), (429)

< [+ dEa(H)) + i1 + €] + d(&,0(H)))bo (¢, )
[

(the elementary inequality (A+t)(1—¢)71 <24 if0 <t < A(2A+1)"! was
used). Thus, by (4.28) and (4.29), it follows that if
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B d(&, o (H))
P 0) S G [T+ 16 + (€, o (H)][1 + 20] + (&, o ()]

then

€ = A[T7STN| = [€ = Aa[H]| = [An[H] = An[T*ST]|

> d(§,0(H)) = Ci[L + [€] + d(&, o (H))][1 + 2(|¢] + d(€, 0 (H)))l0oo (¢, )

d(§,0(H))

=
2

(4.30)
for all n € N such that A\, [T*ST] < |¢| + d(§,0(H)). Thus, the inequality
(4.27) for d(§,0(T*ST)) follows by (4.30) and by observing that if n € N is
such that A, [T*ST] > |¢| 4+ d(&,0(H)), then

€ = A[T™ST]| > d(&, o (H)).

The inequality (4.27) for d(¢,0(H)) can be proved in the same way. Indeed,
it suffices to observe that, by Step 1, there exists C'; > 0 such that

1 1 _
MlH] 41 AalH]+1 < C2doo (9, 9); (4.31)

we then proceed exactly as above.
By (4.20) and (4.27), there exists ¢ > 0 such that if

gt (&, 0(H))

Poe0:0) S TR ¥ dE o (D)) (4.52)
then £ ¢ o(H) U o (T*ST) and
[(w™ Hw — €)™ — (H — €)™Y ca
< c(l SR SIS S )5 (6, 9). (4.33)
€] d(&o(H))  d(&o(H))2)

This completes the proof of statement (i).
The argument above works word by word also for the proof of statement

(ii) provided that do. (¢, @) is replaced with 6y, (o, @). O

Remark 4.9. The proof of Theorem 4.6 gives some information about the
dependence of the constants ¢; and ¢y on &, which is useful in the sequel.
For instance, in the case of statement (i), in fact it was proved that there
exists ¢ depending only on N, 7, 0, «, and ¢* such that if (4.32) holds, then
(4.33) holds. Exactly the same holds for statement (ii) where ¢ depends also
on 7, p, qo, C, 7, and |£2|. Moreover, for such ¢ and q~5, if 0 € o(H), then
0 ¢ o(H) and the summand 1/|¢| + 1/d(¢, o(H) can be removed from the
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right-hand side of (4.33). Furthermore, in this case, statements (i) and (ii)
also hold for £ = 0. This can be easily seen by looking closely at the proofs
of (4.15) and (4.21).

Remark 4.10. By the proof of Theorem 4.6, for a fixed £ € C\ [0, 00[ no

smallness conditions on 0. (¢, ¢) and d,,(¢, ¢) are required for the validity
of (4.8) and (4.9) respectively.

Theorem 4.11 (stability of eigenvalues). Let (A) be satisfied. Then the fol-

lowing statements hold.

(i) There exists ¢; > 0 depending only on N, 7, 0, a, and ¢* such that if
5oe(6,8) < 7L, then

5

n=1

1 1
MLl +1  An[L]+1

ay 1/a
) < 1600(6,9)- (4.34)

(ii) Let, in addition, (P) be satisfied by the operators L, L, and L for the
same qo > 2, v 2 0, and C > 0. Let p > qo/(qo — 2) and r > max{2,a +

p(QqZD_WQ) }. Then there exists ca > 0 depending only on N, 7, 0, o, ¢*, 1, p, qo,

C, v, and || such that if 8,.(¢,d) < ¢35, then

(>

n=1

1 1

r\ 1/7
ML +1 ALl +1 ) < C2pr(9,9). (4.35)

Proof. The theorem follows by Theorem 4.6 and by applying the inequality

oo ~\ /T
1 1
- < [(B141) " = (Ey+1) 7Y |er, (4.36
(; ME]+1 Aa[Bo] +1 ) [(Er+1) " =(By+1)"Yer, (4.36)
with E; = w—lflw, Eo = H (cf. [24, p. 20]). -

Remark 4.12. We note that, in the case of the Dirichlet boundary condi-
tions, i.e., V = W01’2(Q), the inequality (4.34) directly follows from Lemma
6.1 in [5] the proof of which is based on the Min-Max Principle.

5 Stability Estimates for Eigenfunctions

Definition 5.1. Let E be a nonnegative selfadoint operator with compact
resolvent on a Hilbert space H. For a finite subset G of N we denote by
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Pg(FE) the orthogonal projection from H onto the linear space generated by
all the eigenfunctions corresponding to the eigenvalues A\x[F] with k € G.

Note that the dimension of the range of Py (E) coincides with the number
of elements of G if and only if no eigenvalue with index in G coincides with an
eigenvalue with index in N\ G; this will always be the case in what follows.

In the following statements, it is understood that whenever n = 1 the term
An_1 has to be dropped.

Theorem 5.2. Let (A) be satisfied. Let \ be a nonzero eigenvalue of H of
multiplicity m, let n € N be such that A = M\ [H| = ... = Ayym—1[H], and
let G={n,n+1,...,n+m—1}. Then the following statements hold.

(i) There exists c; > 0 depending only on N, 7, 0, a, ¢*, An—1[H], A\, and
Mt [H] such that if 6o (¢, ) < c; ', then dimran Pg(w™'Hw) = m and
1Pe(H) = Pa(w™ Hw)|| < ¢100(¢, ). (5.1)

(ii) Let, in addition, (P) be satisfied by the operators H, H and T*ST for
the same qo, v and C. Let s = [qo/(qo — 2)] max{2, «+2v}. Then there exists
ca > 0 depending only on N, 7, 0, «, c*, qo, C, v, |2|, \n—1[H], A, and
Ansm|H] such that if 55(¢, ) < cy ', then dimran Pa(w™'Hw) = m and

1Pe(H) — Po(w™ Hw)|| < c285($,9)- (5:2)

Proof. We set p = 1dist(\, (c(H) U {0}) \ {A\}) and A* = X if X is the first
nonzero eigenvalue of H, and \* = \,_1[H] otherwise.
By Theorem 4.11 (i), it follows that

A[H] = Ak[H]| < c(A[H] + 1) (A[H] 4+ 1)600 (6, @) - (5:3)

This implies that there exists ¢ > 0 such that if

Goc (0, 0) < ¢ AR [H]/ (N[ H] + 1)%,

then _
Ae[H] < 2X,[H].

This together with (5.3) implies the existence of ¢ > 0 such that if
0oo(9, ) < ¢~ min{p, \[H]}/ (\e[H] + 1)°,

then _
Ae[H] — M [H]| < p/2.

Applying this inequality for k =n —1,...,n + m, we deduce that if
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e min{p, A"}
5oo(¢v¢) < C()\n+m[H]+1)2’
then _
A[H] =A< p/2 VEEG, (5.4)
IA[H] = Al = 3p/2 VkEN\G. '

Hence dimran Pg(w_lﬁ w) = m and, by the well-known Riesz formula, we
have
1

PolH] =~ | (H—)7ac. (5.5)

Pofw" Hu] = —% (it — g, (5.6)

where I'(0) = A + pe'®, 0 < 6 < 27. Hence
1Pa[H] - Pelw™ Hul| < PP lw™ Hw =€)~ = (H =& (5.7)
ce
Let ¢; be the same as in Theorem 4.6 (i). Using Theorem 4.6 (i) and Remark

4.9 and observing that A — p < [§| < A+ pand 1/[¢] < 1/p forall £ € I', we
find that

e P
) AN T )

implies

2

[ Fw — &)~ — (H— &) < e (1 + % + 2) bl D). (58)

The proof of statement (i) then follows by combining (5.7) and (5.8). The
proof of (ii) is similar. O

Remark 5.3. The proof of Theorem 5.2 gives some information about the
dependence of the constants ¢, c2 on Ap—1[H]|, A\, Aptm [H] which is useful in
the sequel. For instance, in the case of statement (i), in fact we proved that
there exists ¢ > 0 depending only on N, 7, 6, a, and ¢* such that

~ min{p, A"}
5oo(¢7 ¢) g C(l + p2 + )\n-l,-m[H}Q)

implies
~ 2 ~
| Pe(H) — Po(w"Hw)|| < c (1 o+ Ap) bl (5.9)

Exactly the same is true for statement (ii), where ¢ depends also on qg, C,
v, and |2|.
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We are going to apply the stability estimates of Theorem 5.2 to obtain
stability estimates for eigenfunctions. For this purpose, we need the following
lemma.

Lemma 5.4 (selection lemma). Let U and V' be finite dimensional subspaces

of a Hilbert space H, dimU = dimV = m, and let uy, ..., u,, be an orthonor-
mal basis for U. Then there exists an orthonormal basis vy, . .., v, for V such
that

up — vi|| < 5%|Py = Pyll, k=1,...,m, (5.10)

where Py and Py are the orthogonal projections onto U and V' respectively.

Proof. Step 1. It is clear that ||Py — Py|| < 2. If 1 < ||[Py — Py|| < 2, then
the estimate (5.10) obviously holds for any choice of an orthonormal basis
V1, ..., Uy for V. So, we assume that ||Py — Py|| < 1. Let uw € U, |Ju|]| = 1.
Then

IPvull = llu+ (Py = Po)ull > 1~ [Py — Pyl 0. (5.11)

Letting z = Pyu/||Pyul|, we have ||z|| = 1 and

(u, Pyu)

(u, 2) = 05— = [[Pvull.
| Pyul|
Hence
2
uU—2z
1By = Pl = (B — Pyl = ul? ~ 1 Pyul? > 1220
and therefore
lu—2[| < V2| Py = Py]. (5.12)
Step 2. Assume that ||Py — Py < 1/6. Let
z By i 1 m
k= Jk=1,...,m.
(| Py |
We prove that
zk,zi)| < 3||Py — Py, k,d=1,....,m, k#I. (5.13)

Indeed, for k # | we have

[(Pyug, Pyw)| = [{Pyur — g, Prug) + (ue, wr) + (ug, Prug — u)|
|{((Pv — Pu)uk, Pyup) + (ug, (Pv — Pu)u)|

<2||Py = Pyl

and the claim is proved by recalling (5.11).



44 G. Barbatis et al.

Step 3. Tt is easy to see that since ||Py — Py|| < 1, the vectors zq, ..

<y Zm

are linearly independent. Thus, we can apply the Gram—Schmidt orthogonal-

ization procedure, i.e., define

2= S0 (e, v

V1 =21, V= k=2,...,m.

2w — S0 (2 vl

Note that for k = 2,...,m,

(5.14)

(5.15)

B 1 S e o)
Uk — 2k = F—1 =1z — F—1
2k = 22121 (2, vl l2e — 22121 (= vl
and
k—1 k—1
1 2 sz — Z <Zk71)l>1)lH 2 1-— Z |<Zk,’l)l>| .
=1 =1
Hence if
k—1
|(2k, vi)| < 1,
=1
then -
o — 2] < 2=l
L=>020 2k, v
Also, for s=k,...,m

k—1
(25, 21) | + 211 {21, 00|
k—1 :
1= Kew, vr)l

(25, 0k)| <

Step 4. We prove that for all k =2,...,m
ok — zxl| <3-5*|Py — Py,

|(zs, 1) <3-5° Y Py —Py|, s=k+1,...,m,
provided that
1Py — Pyl < 257441,
We prove this by induction. If & = 2, then, by (5.13) and (5.19),
(2, v1)| = [{z2, 21)] < 3| Py — Prl| < 3.
Hence, by (5.15),

6| Py — Py ||

— i o S15||Py— P

[z — 22| <

(5.16)

(5.17)

(5.18)

(5.19)
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and, by (5.16) and (5.13), for s =3,...,m

6| Py — Py ||

25,02)| K —
) . ¥

< 15| Py — Py||.

Let 2 < k < m — 1. Suppose that the inequalities (5.17) and (5.18) under
the assumption (5.19) are satisfied for all 2 < j < k. By assuming the validity
of (5.19) for k + 1 and using (5.15), we obtain

65 57 1| Py — Pyl
1—3(25_ 5 1)||Py — Pyl

[vkt+1 — 24| <
Since ZLI 5!=1 < 5%/4, by (5.19) with k replaced by k + 1,

K
3y 5Py - Py| <1/2.
=1

Hence
[ok41 = 2kl < 3-5%| Py — Py

Similarly, by (5.16) and (5.13), for all s =k +2,...m

3Py — Py +3(X5_, Y|Py — Py

‘(zsvkarl)' < .
1-3(X5_ 57 1)||Py — Py

<3-5%| Py — Py

Step 5. To complete the proof, we note that, by (5.12),
lur = o1|| < V2[|Py = Py |-
For k > 2 we have that (5.19) implies
lur = vrll < flug = 2]l + |2k — vill < (V24355 | Py = Py,
while if (5.19) does not hold, then ||Py — Py|| > 10/(3 - 5%), and therefore
lug —vrl <2 <3-5" 1Py — Py

This completes the proof of the lemma. O

Lemma 5.5. Let (A) be satisfied. Let A be a nonzero eigenvalue of H of
multiplicity m, and let n € N be such that A\ = M\ [H| = ... = Apym—1[H].
Then the following statements hold.

(i) There exists ¢y > 0 depending only on N, 7, 0, o, ¢*, \p_1[H], A, and
Antm[H] such that the following is true: if
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e —1
500 (d); QZS) < Cq

and 1, [ﬁ], s Untm—1 [FI] are orthonormal eigenfunctions of H in the space
L?(02,gdx), then there are orthonormal eigenfunctions v, [H], . .., Yntm—1[H]
of H in L?(02, gdz) such that

[ [H] = ¥ H] || 2(0) < c1800(6, ), (5.20)
forallk=mn,..., n+m—1.

(ii) Let, in addition, (P) be satisfied by the operators H, H, and T*ST for
the same qo, v and C. Let s = [qo/(qo —2)] max{2, a+2v}. Then there exists
co > 0 depending only on N, 7,0, a, c*, qo, C, 7, | 2|, An—1[H], A\, Ayt [H] such
that the following is true: if

55(¢,0) <3t

and ¥n[H), ..., Ynim—1[H] are orthonormal eigenfunctions of H in the space
L2(02,gdx), then there are orthonormal eigenfunctions 1, [H], . .., Ynim—1[H]
of H in L?(02, gdz) such that

v [H] = i[H]l|2(2) < c204(¢, 0) (5.21)
forallk=mn,...,n+m—1.

Proof. We prove only statement (ii) since the proof of (i) is similar. We
first note that f, := w 'Yy[H], k = n,...,n +m — 1, are orthonor-
mal eigenfunctions in L2(£2, gdz) of w='Hw corresponding to the eigen-
values An[H], ..., Ansm—1[H]. By Theorem 5.2 and Lemma 5.4, there ex-
ists ¢ > 0 such that if 6s(¢,$) < ¢~ ', then there exist eigenfunctions
UYn[H], ...y ¥Untm—1[H] of H corresponding to the eigenvalue A such that

lVr[H] = frll2(0) < cds(9, ) . (5.22)

To complete the proof, it suffices to note that

fe — rlH] | L2(e)

<1 = w2 1r[H] | 20/ -2 ()
<[V = VolLs o) -

The lemma is proved. a

In the following theorem, we estimate the deviation of the eigenfunctions
Y[L] of L from the eigenfunctions ¢ [L] of L. We adopt the convention that

¥r[L] and ¥ [L] are extended by zero outside ¢(£2) and ¢(£2) respectively.
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Theorem 5.6 (stability of eigenfunctions). Let (A) be satisfied. Let A be
a nonzero eigenvalue of L of multiplicity m, and let n € N be such that
A=MJ[L] =... = Mym—1]L]. Then the following statements hold.

(i) There exists ¢y > 0 depending only on N, 7, 0, a, c*, \p_1[L], A,

An+m[L] such that if 6o (¢, b) < 7t and Y,[L), . .., Ynsm-1[L] are orthonor-

mal eigenfunctions of L in L?(¢(£2)), then there exist orthonormal eigenfunc-
tions ¥n[L], ..., Ynim_1[L] of L in L*(¢(£2)) such that

HW[L] - wk[Z]HL2(¢(Q)Uq§(Q» < C((SOO((ba 5)+
+H[[L] 0 ¢ — Y[L] o gHLz(Q) + lyw[L] 0 ¢ — yy[L] 0 <2~5||L2(Q))7 (5.23)
forallk=n,.... n+m—1.

(ii) Let, in addition, (P) be satisfied by the operators L, L, and L for
the same qo, v, and C. Let s = [qo/(qo — 2)] max{2, o + 2v}. Then there
exists ca > 0 depending only on N, 7, 0, «, c*, qo, C, v, |2|, M—1[L], A,
and Aptm[L] such that the following is true: if d5(¢, (5) <cptand i, [E], ce,
Untm—1|L] are orthonormal eigenfunctions of L in L2(¢(12)), then there exist
orthonormal eigenfunctions ¥, [L], ..., Ynim—1[L] of L in L*(¢(£2)) such that

”7/%[14] - wk[i]||L2(¢(Q)uq~5(Q)) < C(5s(¢a 8) + HW[L] o¢
—Yp[L] o $||L2(Q) + |[¢k[L] 0 ¢ — vx[L] 0 $||L2(Q))7 (5.24)
forallk=n,..., n+m—1.

L

Remark 5.7. We note that if, in addition, the semigroup e~%? is ultracon-

tractive, then the eigenfunctions are bounded hence
[k [L) 0 & — ¢i[L] © Bllr2(2) + [0k[L] 0 ¢ — ¥r[L] 0 Bl z2() < e(A)|D|'2,

where D = {z € 2: ¢(x) # d(z)}.
Proof of Theorem 5.6. We set

Vi[H] = u[L] o &
forall k=mn,...,n+m—1, so that wn[fI], cey Jn+m,1[ﬁ] are orthonormal
eigenfunctions in L2 ({2, gdz) of the operator H corresponding to the eigenval-
ues Ap[H], ..., Aptm—1[H]. By Lemma 5.5 (i), there exists ¢; > 0 such that

if 5oo(¢),q~5) < ¢!, then there exist orthonormal eigenfunctions 1, [H], ...,
Ynim_1[H] in L?(§2, gdx) of H corresponding to the eigenvalue A such that
the inequality (5.20) is satisfied. We now set

Y[L] = Yy [H] o ¢V



48 G. Barbatis et al.

forall k =mn,...,n+m —1, so that ¥,[L], ..., ¥Ynim—1[L] are orthonormal
eigenfunctions in L?(4(£2)) of L corresponding to the eigenvalue \. Changing
variables in integrals, we obtain

llw[L] — %[Z]Hp(qx(m) < WnlL] 0 ¢ — ¥i[L] 0 Bl L2(e)
< c(|vk[L] 0 ¢ — Yi[L] 0 Bll L2 () + [¥n]L] 0 & — ¥i[L] 0 B 12(02))
= c(|[vn]L] 0 ¢ — Yi[L] 0 @l r2(2) + [Wk[H] — ¥u[H]l 12(02))-

In the same way,

[k[L) — rlLlll 22 (o(0y) < cllwrlL] 0 ¢ — ulL] © 6llr2(0)
+ 1Yk [H] — Y [H]| 12 (02))-

Hence (5.23) and (5.24) follow from (5.20) and (5.21) respectively. O

6 On the Regularity of Eigenfunctions

In this section, we obtain sufficient conditions for the validity of conditions
(P1) and (P2). We begin by recalling the following known result based on
the notion of ultracontractivity which guarantees the validity of property
(P1) under rather general assumptions, namely under the assumption that a
Sobolev-type embedding theorem holds for the space V.

Lemma 6.1. Let 2 be a domain in RN of finite measure and V a closed
subspace of WH2(82) containing W,y *(£2). Assume that there exist p > 2 and
D > 0 such that

llullr2) < Dlullwiz2) (6.1)
for alluw € V. Then the following statements hold.
(i) The condition (3.2) is satisfied for any a > E.

(ii) The eigenfunctions of the operators H, H and T*ST satisfy (P1) with
o = 00, ¥ = ﬁ, where C' depends only on p, D, 7, 6, and c*.

Proof. For the proof of statement (i) we refer to [3, Theorem 7], where the
case V = W12(02) is considered. The proof works word by word also in the
slightly more general case considered here. The proof of statement (ii) is the
same as in [3, Theorem 7], where it is proved that for the Neumann Laplacian
property (P1) is satisfied if (6.1) holds: this proof can be easily adapted to
the operators H, ﬁ, and T*ST. a

We now give conditions for the validity of property (P2). We consider first
the case where an a priori estimate holds for the operators L and L, which is
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typically the case of sufficiently smooth open sets and coefficients. Then we
consider a more general situation based on an approach which goes back to
Meyers [19].

The regular case. Recall that an open set in R satisfies the interior cone
condition with the parameters R > 0 and h > 0 if for all x € (2 there exists
a cone K, C {2 with the point x as vertex congruent to the cone

N—-1
KRh)={zeRY: 0< () a? 1/2<R:”N<R.
) K3 h

i=1

In this paper, the cone condition is used in order to guarantee the validity
of the standard Sobolev embedding.
The next theorem is a simplified version of Theorem 5.1 in [6].

Theorem 6.2. Let R >0, h > 0. Let U be an open set in RN satisfying the
interior cone condition with the parameters R and h, and let E be an operator
in L*(U) satisfying the following a priori estimate: there exists B > 0 such
that if 2<p < N+2 and u € Dom(E), Eu € LP(U), then u € W2?P(U) and

lullwzr@y < B (| Eull ey + lullL2wy) - (6.2)

Assume that Evp = M for some ¥ € Dom(E) and A € C. Then there
exists ¢ > 0 depending only on R, h, N, and B such that for n =0,1,

N
4

[llwncewy < e(L+ M) THE ]2 0 (6.3)

Theorem 6.3. Let (A) be satisfied, and let ¢(£2) and $(2) be open sets
satisfying the_interior cone condition with the same parameters R, h. If the
operators L, L satisfy the a priori estimate (6.2) with the same B, then the
operators H, H, and T*ST satisfy property (P) with qo = oo, v = N/4 and
C depending only on 7, R, h, c¢*, 0, and B.

Proof. Recall that H, H , and T ST are the operators obtained by pulling-
back to {2 the operators L, L, and L respectively. It is clear that L also
satisfies the a priori estimate (6.2). Thus, by Theorem 6.2, the eigenfunctions
of the operators L, E, and L satisfy the condition (6.3). Hence, by pulling

such eigenfunctions back to (2, it follows that the eigenfunctions of H, H,
and T*ST satisfy (P1) and (P2) with g9 = oo, v = N/4 and C as in the
statement. O

The general case. Here, we assume that V = cly1.2(0)Vo, where Vp is a
space of functions defined in {2 such that C>°(2) C Vo C W1>°(£2). More-
over, for all 1 < ¢ < oo we set
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Vq = ClWl,q(Q)VO.

Let —A, : V, — (V)" be the operator defined by

(—Aqu,¢) = / Vu - Vipdz
o)
for all u € Vg, v € V.
The following theorem is a variant of a result of Groger [13] (cf. also [2]).

Theorem 6.4. Let (A) be satisfied. Assume that there exists g1 > 2 such that
the operator I — A, : Vi — (V) has a bounded inverse for all 2 < g < ¢1.
Then there exist qo > 2 and ¢ > 0 depending only on Vo, 7, and 0 such that
if u is an eigenfunction of one of the operators H, H, T*ST and X\ is the
corresponding eigenvalue, then

Vullg < e(t+ Nully (6.4)

for all 2 < ¢ < qo.
Moreover, if (2 is such that the interior cone condition holds, then there
exists ¢ > 0 depending only on Vy, 7, and 6 such that

Vullg < e(1+A)lull_xa (6.5)

forall2 < g < qp.

Proof. We prove the statement for the operator T*ST, the other cases being
similar. We divide the proof into three steps.

Step 1. We define

Q(u, ) :/!QUwgdw+/(25Vu~Vw§dx,

Qo(wv) = [

updx + / Vu - Vipdx
[0 Q

for all u € V,, ¥ € V. Since?

|Qo(u,¥) — BQ(u, )| < max{|[1 — Bgl| L= (), I — BagllL~(a)}

X lullwra@) [¢llwa (@)

there exist # > 0 and 0 < ¢ < 1 depending only on N, 7, and 6 such that
|Qo(u, ¥) = BQ(u, V)| < cllullwra)l[¥llwra (o (6.6)

for all uw € WH4(02) and ¢ € Whe'(£2).

2 Here, we use ||f||€V1»P(Q) = HinP(!Z) + [V f] ”ip(ﬁ) as the norm in W1P(£2).
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Step 2. Using the fact that ||(I — A2)™'|| =1 and that ¢ — ||({ — A,) 7|
is continuous and taking into account that 2/(c+ 1) > 1, we find that there
exists go > 2 such that

2

I—A,) !
10 =27 < —

(6.7)

for all 2 < ¢ < qo- By (6.6), for all 2 < g < qo

sup  Q(u, 1))

inf
lellwi,ace)=1 9| 1

wla' ()=
C

B

>0. (6.8)

sup  Qo(u, )

> — inf
Bl (ay=" l[ull 1.4y =1

_ L T R
=glU =47 =5 > =5

Step 3. By (6.8), the operator I + (T*ST), from V; to V, defined by

(L +(T"5T)qu, ¢) = Q(u, ) (6.9)

has a bounded inverse such that

—1
_ . 2

I+ st =, s Q) <

Hu”Wl’q(Q)Zl “w”wl,q’(9>:1 —¢
(6.10)

Then (6.4) follows from (6.9), (6.10), and the relation
Qu,v) =1+ )x)/ upg dz (6.11)
Q

for all ¢ € V.
Now, if {2 satisfies the interior cone condition, then the standard Sobolev
embedding holds. Thus, if ¢ > 2, then ¢’ < 2 < N. Hence V, is continuously

embedded into LN-7 (£2). By (6.11), we have

Julwrae) < A+ I+ @ ST sup | [ wvgdsl
1l ypr,a =1 "/ 2
20
<— (14X o ul| ~g su o , 6.12
oo el g o (612

and the last supremum is finite due to the Sobolev embedding. O
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Remark 6.5. If (2 satisfies the interior cone condition, then the inequality
(6.1) is satisfied with p = 2N/(N —2) if N > 3 and with any p > 2 if N = 2.
Then, by Lemma 6.1, the condition (3 2) holds for any o > N/2 and the
operators H, H T*ST, L, L and L satisfy property (P1) with ¢o = oo,
v=N/4if N >3and any v > 1/2 if N = 2. In fact, if N = 2, property
(P1) is also satisfied for v = 1/2. This follows from [11, Theorem 2.4.4] and
[3, Lemma 10]. Thus, by the second part of Theorem 6.4, both properties
(P1) and (P2) are satisfied for some go > 2 and v = N(qo — 2)/(4qo) for any
N >2.

If 2 is of class C% (i.e., £2 is locally a subgraph of C*" functions) with 0 <
v < 1, then the inequality (6.1) is satisfied withp =2(N+v—-1)/(N—-v—1)
for any N > 2 (cf. also [3]). Thus, Lemma 6.1 implies that the condition (3.2)
holds for any a > (N + v — 1)/(2v) and the operators H, H, T*ST, L, L, L
satisfy property (P1) with ¢o = o0 and v = (N +v — 1)/(4u).

7 Estimates via Lebesgue Measure

In this section, we consider two examples to which we apply the results of
the previous sections in order to obtain stability estimates via the Lebesgue
measure.

Let A;; € L>(RY) be real-valued functions satisfying A;; = Ajy; for all
i,j =1,...,N and the condition (2.2). Let 2 be a bounded domain in R"
of class C%!, and let I'" be an open subset of &2 with Lipschitz boundary in
012 (cf. Definition 7.1 below). We consider the eigenvalue problem with the
mixed Dirichlet—Neumann boundary conditions

N U .
— et aa (A (@) §i5) = duin 2,
u=0 on F, (71)

>t Ay v = 0 on AN\ T,
where v denotes the exterior unit normal to 0f2. Note that our analysis
comprehends the “simpler” cases I" = 92 (Dirichlet boundary conditions) or
I' = @ (Neumann boundary conditions), as well as all other cases where I" is
a connected component of 912 (the boundary of I' in 942 is empty) (cf. [13]
for details).

We denote by A\, [£2,I'] the sequence of eigenvalues of the problem (7.1)
and by ¢, [£2, I'] the corresponding orthonormal system of eigenfunctions in
L2(£2). In this section, we compare the eigenvalues and the eigenfunctions cor-
responding to open sets {2 and 2 and the associate portions of the boundaries
I' C 02 and I' C 9f2. To do so, we think of {2 as a fixed reference domain
and we apply the results of the previous sections to transformations ¢ and
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5 defined in {2, where ¢ = Id and 5 is a suitably constructed bi-Lipschitz
homeomorphism such that 2 = ¢(£2) and I' = ¢(I).

Before doing so, we recall the weak formulation of the problem (7.1) in 2.
For I C 012 we consider the space W}’Q(Q) obtained by taking the closure of
C®(92) in W12(02), where C?°(£2) denotes the space of functions in C*°(£2)
vanishing in a neighborhood of I'. Then the eigenvalues and eigenfunctions
of the problem (7.1) in {2 are the eigenvalues and eigenfunctions of the op-
erator L associated with the sesquilinear form @)y, defined on W := W}’Z(Q)
as in (2.3).

Definition 7.1. Let £2 be a bounded open set in RY of class C%!, and let I
be an open subset of 0f2. We say that I' has Lipschitz continuous boundary
OI in 012 if for all z € OI" there exists an open neighborhood U of z in RV
and ¢ € ¢(U) such that

pUNRUD)={zcRY :|z| <1, 2y <0}
U{z e RY :|z| <1, 2y <0, 21 > 0}.

7.1 Local perturbations

In this subsection, we consider open sets belonging to the following class.

Definition 7.2. Let V' be a bounded open cylinder, i.e., there exists a rota-
tion R such that R(V) = Wx]a,b[, where W is a bounded convex open set
in RN=1. Let M, p > 0. We say that a bounded open set 2 C R" belongs
to Cﬁ’l(V, R, p) if £2 is of class C™! (i.e., 2 is locally a subgraph of C™!
functions) and there exists a function g € C™1(W) such that a + p < g < b,
|g|m,1 = ZO<|Q\<m+1 ||Dag||L°°(W) < M, and

RONV)={(T,zny) : Te W, a<zy <g(T)}. (7.2)

Let 2,0 € CY' (V, R, p) be such that 2N (V,)° = 2n (V,)°. We assume
that the corresponding sets I' C 042, I' C 0f2, where the Dirichlet boundary
conditions are imposed, are such that

rnve=Tnv® and Preuow (' NV)=Preow(NV),  (7.3)
where Pp(-1)y denotes the orthogonal projection onto REDW. Given T, the
condition (7.3) uniquely determines I.

Theorem 7.3. Let 2 € C?\f(V, R, p), and let I' be an open subset of 02 with
Lipschitz continuous boundary in 0f2. Then there exists 2 < qy < 00 such
that for any r > max{2, N(qo — 1)/qo} the following statements hold.
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(i) There exists ¢y > 0 such that

(>

n=1

1 1
M2, 1) +1 Mal2,T1+1

r\ 1/7
) <al?a s (14)

forallQECOl(VRp) such that 2N (V,)° = 20 (V,)5, |2 A Q| < 7Y,
where I' C 882 is determined by the condition (7.3).

(ii) Let A\[$2,T] be an eigenvalue of multiplicity m, and let n € N be
such that N[2,I'] = M2, = -+ = Apym—1[92,I"]. There exists ca > 0
such that the followz'ng is true: if 2 € C%; VR, p), 20 (V) = 2n (V,)e,
12 a0 < cy ', and I' C 09 is determined by (7.3), then, given orthonor-

mal eigenfunctions wn[Q F] vy Yntm— 1[(2 F} there exist corresponding or-
thonormal eigenfunctions Yn[2, T, ..., Ynym-1[2, "] such that

ll¥on[$2, ] - 1/)”[(2 F]Hm(gun) 2|2 A Q| o
If, in addition, A;; € CO1(RN), 2, Qe le\;(V} R,p) and I' is a connected
component of 012, then statements (i) and (ii) hold with gy = oo

For the proof we need the following variant of Lemma 4.1 in [5].

Lemma 7.4. Let W be a bounded convex open set in RN~1, and let M > 0.
Let 0 < p < b—a and g1, g2 be Lipschitz continuous functions from W to R
such that

a+p<gi(T), g20T)<b (7.5)
for all T € W and such that Lipg1, Lipgs < M. Suppose that § = 2(b7p7a)’
g3 = min{g1, g2} — d|g1 — g2|, and

O :={T,zn): T€W, a<zy < gi(@)} (7.6)
fork=1,2,3. Let & be the map from Oy into Oy defined as follows:
if 92(T) < 91(T), then
_ (F,xn) if (z,2n) € Os,
o@.ay) = { @TN) RS O __ (77
@ 2n) {(m,gz(w) ey —a@) # @an) €0\0y; 77
if 92(T) > g1(T), then
_ _ [ (@ xN) if (z,zn)€ O3,
o@.an) = | BN f (@ s (18
(.%‘ l'N) {(w,gz($)+5+ (SUN 91( ))) Zf (x7xN)€O1\O3, ( )

Then & # O3 C O1 N O,,

Hz € O1: &(x) # 2} =01\ Os] < 2|01 A Oy, (7.9)
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and @ is a bi-Lipschitz homeomorphism of Oy onto Oy. Moreover, ® € ¢,(£2),
where T depends only on N, M, §.

Proof. The proof is the same as that of Lemma 4.1. in [5], where the case
g2 < g1 was considered: here we simply replace g1 — g2 with |g1 — go|. a

Proof of Theorem 7.3. We apply Theorems 4.11 and 5.6 with ¢ = Id and 5
given by

reN\V,

z,
o) = {R(l) odoR(x),r€ 2NV. (7.10)

Here, @ is defined as in Lemma 7.4 for g; = g and g = g, where g, g are
the functions describing the boundaries in V' of {2, {2 respectively, as in
Definition 7.2. Then clearly ¢, ¢ € ®.(f2), where 7 depends only on N, V|
M, p. It is clear that ¢(£2) = 2 and ¢(£2) = £2. Moreover, ¢(I") = I". Hence

C3IWEA(@Q)) = CulW ().

Moreover, the condition (3.2) is satisfied for any « > N/2 (cf. Remark 3.1).
Hence assumption (A) is satisfied. Note that, by (7.9) and the boundedness
of the coefficients A;;,

5,(0, )P < ¢ (IV$p —VolP + Ao d— Ao glF)dx

/{wenzas(w);é%(w)}
< a ) (7.11)

By [13, Theorem 3], the assumption of Theorem 6.4 is satisfied for the space
Vo = C$°(02) for some 2 < ¢ < oo. Thus, by Remark 6.5, the operators
L, E, and L satisfy properties (P1) and (P2) for some 2 < ¢qo < oo and
v = N(qo — 2)/(4qp). Thus, statement (i) follows from Theorem 4.11 (ii)
with p = ¢o/(g0 — 2). Moreover, Theorem 5.6 (ii) provides the existence
of orthonormal eigenfunctions ¢ [f2, '] satisfying the estimate (5.24) with
s =[qo/(go—2)] max{2, N(go—1)/qo}. By Lemma 6.1, the functions 13 [{2, I'],

¥ [§2, I'] are bounded. Hence, by (7.9),

19192, D)og—41[82, Tog 22 (), |1¥k[2, Tlod—yk[$2, Iog|[72 (o) < le?(A QI)-
7.12
Thus, statement (ii) follows from the estimates (5.24) and (7.12).

Finally, if 4;; € CO1(RY), 2,0 € C%/’Il(V, R,p), and I' is a connected
component of 9§2, by Troianiello [25, Thm. 3.17 (ii)], the operators L and L
satisfy the a priori estimate (6.2) in {2 and Q respectively. Thus, by Theorem
6.3, the operators L, L, and L satisfy properties (P1) and (P2) with ¢g = 0o
and v = N/4, and the result follows as above. a



56 G. Barbatis et al.

7.2 Global normal perturbations

Let 2 be a bounded domain with C2? boundary. By the Tubular Neighborhood
Theorem, there exists ¢ > 0 such that for each x € (002)! := {z € RV :
dist(x,002) < t} there exists a unique couple (T, s) € d2x] — ¢, [ such that
x = T+ sv(T); moreover, T is the (unique) nearest to = point of the boundary
and s = dist(z, 012). One can see that, by possibly reducing the value of ¢, the
map x — (Z,s) is a bi-Lipschitz homeomorphism of (0£2)! onto 902x| —t,t|.
Accordingly, we often use the coordinates (Z, s) to represent the point x €
(00).

In this subsection, we consider deformations 2 of 2 of the form
Q=(2\ () U{(T,s) € (02) : s < g(T)} (7.13)

for appropriate functions g on 942.

Definition 7.5. Let {2 and ¢ be as above. Let 0 < p <t and M > 0. We say
that the domain {2 belongs to the class Cﬂ’l(ﬂ, t,p), m =0 or 1,if 2 is given
by (7.13) for some C™1! function g on 92 which takes values in | — t + p, t[
and satisfies |g|m,1 < M.

ForI' C 82 and 2 € Ci(2,t, p) the set I' C 002, where the homogeneous
Dirichlet boundary conditions are imposed, is given by

I'={(z,9(z)): T} (7.14)

Theorem 7.6. Let §2 be an open set of class C?, and let t > 0 be as above.
Let I' be an open subset of OS2 with Lipschitz continuous boundary in Of2.
Then there exists 2 < qo < oo such that for any r > max{2, N(qo —1)/qo}
the following statements hold.

(i) There exists c; > 0 such that

(>

n=1

1 1
M 11 M T+ 1

a0 —2
rag

r\ 1/7
> <l a (7.15)

for all 2 € Cg/}l((),t,p) such that, |22 & 2] < ci ', where I C 2 is given by
(7.14).

(ii) Let A[2,I'] be an eigenvalue of multiplicity m, and let n € N
be such that N[, = M2, 7] = -+ = Apgm-1[2,I]. There exists
co > 0 such that the following is true: if 2 € C&l(ﬂ,t,p), |2 A (NZ\ <
02_1, and I' C 082 is given by (7.14), then, given orthonormal eigenfunc-
tions wn[ﬁ,f},, ¢n+m_1[f2,f], there exist orthonormal eigenfunctions

Va2, T, ... Ynpm—1[02, '] such that
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= =~ ~ a2
1612, T = 6182, FllL 2 ooy < 212 & 0%
If, in addition, A;; € COL(RYN), Qe Cyi (92,t,p) and I is a connected
component of 012, then statements (i) and (ii) hold with qo = oo.

Proof. The proof is essentially a repetition of the proof of Theorem 7.3: the
transformation @ is defined as in Lemma 7.4, with 02 replacing W and curvi-
linear coordinates (Z, s) replacing the local euclidean coordinates (Z,zy). O

8 Appendix

In this section, we briefly discuss how Theorem 4.6 can be used to obtain
stability estimates for the solutions of the Poisson problem.

Theorem 8.1. Let (A) be satisfied. Let the operators L, Z, and L satisfy
(P), and let 2 satisfy the interior cone condition. Let f € L*(RY), and let

v e W,v €W be such that
(L+Vov=f in ¢(0),
(L+1)0=Ff in ¢(R).

Let s = [qo/(qo — 2)]max{2,a + 2v}. If N > 3, then there exists ¢ > 0
depending only on N, T, «, ¢, qo, C, v, §2 such that

1o =3l 1o s 0aeay < (DN +65(8, O fllz2mr)
+fod—fodlraa)

where D = {z € 2: ¢(x) # ¢(x)}. The same is true if N = 2 provided that
IDIV/N is replaced with |D]2~¢, e > 0.

Proof. Note that
(H+1)(vod)=fod in 2, (H+1)(Tog)=fog in .

Hence

[vo¢—T 0|2 <Ifod—f ol
HIH + 1) = (H+ )7 0 dllz2(e)-

Proceeding as in the proof of Theorem 5.6, it is easy to see that

1o =Vl 2o 2y0a)
< C(”U op—wvo ¢||L2(Q) +|[vogp—vo ¢||L2(Q)
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+fod—fodlraw + I(H+D™ = (H+1f o dlr2)-
By the Sobolev embedding, it follows that if N > 3

[vo g —vod|Lam,lvod—Tod|Ln

< DN (ull 2oy + IVl 2 (o)) < DIV fll 2oy

The same is true for N = 2 provided |D|'/N is replaced with [D]|z~¢, € > 0.
Moreover, by Theorem 4.6,

I(H + 17" = (H + D)7 If o Slluz(e) < ebs(d, )11l 2ma)-
Thus, the statement follows by combining the estimates above. O

We now apply the previous theorem in order to estimate ||u — u| L2(2uf)>

where u and u_are the solutions to the following mixed boundary valued
problems and {2 is either a local perturbation of (2 as in Section 7.1 or a
global normal perturbation as in Section 7.2:

N w .
~ e a0 (@) 5t) = fin 2,
u=0 on I
St Aij v =0 on 00\ T,

N 5 o~
e o (Aij (@) 22) = fin 02,
u=0 on I

> Aij%% =0 on 0N\ TI.

ij=1

For any s > 0 we set
1/2
M) = sup ([ I1Pac)
ACRN \JA
|Al<s

The next theorem is a simple consequence of Theorem 8.1 and the inequality
(7.11).

Theorem 8.2. Let (2, !NZ, I, I be either as in Theorem 7.3 or as in Theorem
7.6. Then the following is true: there exists 2 < qo < oo such that for any
r > max{2, N(qo — 1)/qo} there exists ¢ > 0 such that |2AQ] < ¢! implies

~ ~ 90-2 ~
lu =Tl 2 qug) < (192 8 2175 [ fllz2@y) + Mp(cl2 4 2)). (8.1)
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If, in addition, A;; € CO1(RN), 02, 2 € CY and T is a connected component
of 952, then the estimate (8.1) holds with qo = co.

Acknowledgments. This work was supported by the research project
“Problemi di stabilita per operatori differenziali” of the University of Padova,
Italy. The third author expresses his gratitude to the Department of Mathe-
matics of the University of Athens for the kind hospitality during the prepa-
ration of this paper.

References

10.

11.

12.

13.

14.

. Barbatis, G.: Spectral stability under LP-perturbation of the second-order co-

efficients. J. Differ. Equ. 124, 302-323 (1996)

. Barbatis, G.: Stability and regularity of higher order elliptic operators with

measurable coefficients. J. London Math. Soc. 58, 342-352 (1998)

. Burenkov, V.I., Davies, E.B.: Spectral stability of the Neumann Laplacian. J.

Differ. Equ. 186, 485-508 (2002)

. Burenkov, V.I., Lamberti, P.D.: Spectral stability of higher order uniformly

elliptic operators. In: Maz’ya, V. (ed.), Sobolev Spaces in Mathematics. II:
Applications in Analysis and Partial Differential Equations. Springer, New
York; Tamara Rozhkovskaya Publisher, Novosibirsk. International Mathemat-
ical Series 9, 69-102 (2009)

. Burenkov, V.I., Lamberti, P.D.: Spectral stability of Dirichlet second order

uniformly elliptic operators. J. Differ. Equ. 244, 1712-1740 (2008)

. Burenkov, V.I., Lamberti, P.D.: Spectral stability of general nonnegative self-

adjoint operators with applications to Neumann-type operators. J. Differ. Equ.
233, 345-379 (2007)

. Burenkov, V.I., Lamberti, P.D., Lanza de Cristoforis, M.: Spectral stability of

nonnegative selfadjoint operators (Russian). Sovrem. Mat. Fundam. Napravl.
15, 76-111 (2006); English transl.: J. Math. Sci., New York 149, 1417-1452
(2008)

. Burenkov, V.I., Lanza de Cristoforis, M.: Spectral Stability of the Robin Lapla-

cian. Proc. Steklov Inst. Math. 260, 68-89 (2008)

. Davies, E.B.: Sharp boundary estimates for elliptic operators. Math. Proc.

Camb. Phil. Soc. 129, 165-178 (2000)

Davies, E.B.: Eigenvalue stability bounds via weighted Sobolev spaces. Math.
Z. 214, 357-371 (1993)

Davies, E.B.: Heat Kernels and Spectral Theory. Cambridge Univ. Press, Cam-
bridge (1989)

Deift, P.: Applications of a commutation formula. Duke Math. J. 45, 267-310
(1978)

Groger, K.: A W LP_estimate for solutions to mixed boundary value problems
for second order elliptic differential equations. Math. Ann. 283, 679-687 (1989)
Henry, D.: Perturbation of the Boundary in Boundary-Value Problems of Par-
tial Differential Equations. Cambridge Univ. Press, Cambridge (2005)



60

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

G. Barbatis et al.

Kozlov, V., Maz’ya, V., Movchan, A.: Asymptotic Analysis of Fields in Mul-
tistructures. Clarendon Press, Oxford Univ. Press, New York (1999)
Lamberti, P.D., Lanza de Cristoforis, M.: A global Lipschitz continuity result
for a domain dependent Dirichlet eigenvalue problem for the Laplace operator.
Z. Anal. Anwend. 24, 277-304 (2005)

Lamberti, P.D., Lanza de Cristoforis, M.: A global Lipschitz continuity result
for a domain-dependent Neumann eigenvalue problem for the Laplace opera-
tor. J. Differ. Equ. 216, 109-133 (2005)

Maz’ya, V., Nazarov, S., Plamenevskii, B.: Asymptotic Theory of Elliptic
Boundary Value Problems in Singularly Perturbed Domains. I. II. Birkh&user,
Basel (2000)

Meyers, N.G.: An LP-estimate for the gradient of solutions of second order
elliptic divergence equations. Ann. Scuola Norm Sup. Pisa 17, 189-206 (1963)
Netrusov, Y., Safarov, Y.: Weyl asymptotic formula for the Laplacian on do-
mains with rough boundaries. Commun. Math. Phys. 253, 481-509 (2005)
Pang, M.M.H.: Approximation of ground state eigenvalues and eigenfunctions
of Dirichlet Laplacians. Bull. London Math. Soc. 29, 720-730 (1997)

Reed, M., Simon, B.: Methods of Modern Mathematical Physics II. Fourier
Analysis, Self-Adjointness. Academic Press (1975)

Savaré, G., Schimperna, G.: Domain perturbations and estimates for the solu-
tions of second order elliptic equations. J. Math. Pures Appl. (9) 81, 1071-1112
(2002)

Simon, B.: Trace Ideals and their Applications. Cambridge Univ. Press, Cam-
bridge etc. (1979)

Troianiello, G.M.: Elliptic Differential Equations and Obstacle Problems.
Plenum Press, New York (1987)





