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Abstract

We consider uniformly elliptic operators with Dirichlet or Neumann homoge-
neous boundary conditions on a domain  in RY. We consider deformations
() of Q obtained by means of a locally Lipschitz homeomorphism ¢ and
we estimate the variation of the eigenfunctions and eigenvalues upon varia-
tion of ¢. We prove general stability estimates without using uniform upper
bounds for the gradients of the maps ¢. As an application, we obtain es-
timates on the rate of convergence for eigenvalues and eigenfunctions when
a domain with an outward cusp is approximated by a sequence of Lipschitz
domains.
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1 Introduction

Let Q be a bounded domain (i.e., a bounded connected open set) in RY and ¢ a
locally Lipschitz homeomorphism between 2 and another bounded domain ¢(£2) in
RN, For fixed real coefficients A;; defined in the whole of RY with 4;; = A;; and

satisfying the uniform ellipticity condition (2.2), we consider in ¢(2) the operator

L defined formally by
Y9 du
- oz, <Az‘j(17)a—%) : (L.1)

ij=1
and subject to the Dirichlet boundary condition u = 0 on d¢({2) or the Neumann

boundary condition
N

ou
Z Aija_xj’/i =0, on a¢(Q)a

i,j=1
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where v = (vq,...,vy) denotes the outer unit normal to d¢(€2). Following the
approach developed in [1], we prove estimates for the deviation of the eigenvalues
and eigenfunctions corresponding to the domain ¢(2) from those corresponding to
a perturbation ¢(Q) of ¢(Q). In particular, we improve the results of [1] in two
respects: we provide estimates which allow dealing with possibly singular maps ¢
and we improve the exponents appearing in the appropriate measures of vicinity
of () and H(€).

The regular case of globally Lipschitz homeomorphisms ¢ was investigated in
[1] where estimates for the variation of the resolvents, eigenfunctions and eigenval-
ues were proved under the assumption that the gradients of the maps ¢ and their
inverses have a uniform upper bound. Those estimates can be applied for example
to the case of uniform families of domains with Lipschitz continuous boundaries.
However, if ¢(€2) has boundary degenerations stronger than those of Q (for exam-
ple, 2 has a Lipschitz continuous boundary while ¢(€2) has a cusp at the boundary)
one cannot assume that ¢ has a bounded gradient. This problem might be over-
come by approximating ¢(£2) by means of suitable domains ¢.(2), € > 0, where
¢. are globally Lipschitz continuous maps: one would find estimates depending on
¢ and eventually would pass to the limit as ¢ — 0. However, the gradients of the
maps ¢, would not necessarily have a uniform upper bound, hence the results of [1]
could not be used in this limiting procedure. Thus, it is desirable to prove stability
estimates independent of |[V@||L=(q). In this paper, we prove general stability es-
timates without using any uniform upper bound for ||[Vé||1=). These estimates
are expressed in terms of a certain measure of vicinity d,(¢, gz~5) of ¢ and ¢ which
reduces to the Sobolev norm ||¢—g5||w1,q(9) in regular cases, see (3.7) for the precise
definition and Remark 4.

Similarly to [1] the estimates for the variation of eigenvalues and eigenfunctions
are deduced from corresponding estimates for the variation of resolvent operators
in the Hilbert-Schmidt class C2. Note that the resolvent (L + 1)~! of the operator
L belongs to the Schatten class C", 1 < r < oo if and only if the eigenvalues \,, of
L satisfy

= 1
nZ:;—<)\n+ Ty <o

and, in the case of smooth domains, this holds provided r > N/2. Condition
r > N/2is used in [1] and turns out to spoil the exponents in the stability estimates.
If one is interested only in eigenvalues and eigenfunctions (and not in the solutions
to the Poisson problem Lu = f), it is convenient to replace the resolvent (L +1)!
by suitable powers of it. Indeed, the operator (L + 1)~* belongs to any fixed
Schatten class C" provided k € N is large enough. The power k plays no essential
role in the estimates for eigenvalues and eigenfunctions: this simple but crucial
observation enables us to improve the estimates of [1].

In the case of transformations ¢ with uniformly bounded gradients considered in
[1], the new estimate for eigenvalues reads



q0—2
n=1

00 ) 1/2 ~
(Z [(% +1)7F = (A + 1)*’“} ) < ¢d 209 (0, D), (1.2)

where \,,, A, denote the eigenvalues in ¢(Q) and ¢(Q) respectively, see Theorem 6.
Here gy €]2, 0] is a suitable parameter related to a summability assumption (prop-
erty (P)) on the eigenfunctions and their gradients, see Definition 2. It turns out
that in the case of sufficiently smooth domains (say, of class C*!') and sufficiently
smooth coefficients A;; (say, Lipschitz continuous), one can take gy = oo, hence the
estimate (1.2) is expressed in terms of d,(¢, ¢). (Note that in [1] the best measure of
vicinity appearing in the estimates is dy.(¢, ¢~>), for any € > 0 and it is much worse
than d2(¢, &) if N > 2). In the general case of possibly singular transformations ¢,

the term doq, /(g0—2) (¢, @) in (1.2) has to be replaced by (14 04(¢, @))024/(q0—2) (@, @)
for a suitable s > 1, where the extra summand appears only for technical reasons
and is not important for applications.

Estimate (1.2) is first applied to uniform families of domains with Lipschitz
continuous boundaries as in [1]. In this case, the construction of appropriate trans-
formations ¢ leads to the estimate

00 1/2
(Z[(Anm+1>-k—<An[921+1>-’“]2> <dame, (13)

n=1

provided €2; and €25 belong to the same Lipschitz class and the Lebesgue measure
|2 A Q| of the symmetric difference of €2; and €25 is small enough, see Theo-
rem 11. Analogous estimates for the variation of the eigenfunctions are proved in
Theorems 8§, 11.

We then apply our general stability estimates to the case of the Dirichlet Lapla-
cian on a domain €2 with an exterior power-type cusp of exponent a sufficiently
close to 1 (the case a = 1 is clearly the regular Lipschitz case). We approximate
Q) by a sequence {25, 6 > 0, of domains with Lipschitz continuous boundaries and
estimate the rate of convergence of the eigenvalues and eigenfunctions in terms
of |2\ Q5% where 0 < b(a) < 1 is an explicit exponent depending only on
N and a (with b(1) = 1/2 as expected from (1.3)). To do so, we establish the
validity of property (P) in the domains {25 by means of an apriori estimate of
Maz’ya and Plamenevskii [14, p. 4] and a bootstrap argument, see Theorems 12
and 14. According to the strategy explained above, we then construct suitable
maps ¢ : Qs — Q. and get estimates in terms of |, \ ©;]*(®). By letting € — 0 we
obtain the desired estimate.

We note that in the case of suitable uniform families of domains with Lipschitz
continuous boundaries it was proved in [7, 8] that

1—2

|>\n[Ql] — )\n[QQH S Cn|91AQQ| 90 , (14)

where ¢ is as above. Moreover, in [5] it is proved that the exponent 1 — 2/qq is
sharp, see also [12]. Clearly, in estimate (1.3) we do not obtain the sharp exponent.



The fact that our exponent is exactly twice the sharp one seems to indicate that a
variation of our method could lead to the optimal exponent. However, we note that
our method has the advantage of providing stability estimates also for eigenfunc-
tions and large enough powers of the resolvents. Such estimates cannot be obtained
by the methods of [4] and [7, 8] which make use of the variational characterization
of the eigenvalues. We note that while stability estimates for eigenvalues have been
extensively studied in recent years, the corresponding problem for eigefunctions is
much less investigated. In this respect we mention the article of Pang [15] where
probabilistic methods are used to obtain a stability estimate for the ground state
of the Dirichlet Laplacian on a simply connected planar domain.

We note that estimates of the type (1.4) have been recently obtained by
Lemenant and Milakis [13] for the first eigenvalue of the Dirichlet Laplacian in
Reifenberg flat domains. We also note that stability estimates for the eigenvalues
of uniformly elliptic operators with Dirichlet or Neumann boundary conditions on
domains with continuous boundaries were proved in Burenkov and Davies [4] and
in [5, 6] where the vicinity of the domains is expressed in terms of a variant of the
Hausdorff distance. For more references on this subject we refer to [1] and to the
survey paper [9].

This paper is organized as follows. In Section 2 we set the problem. In Sec-
tion 3 we prove stability estimates for resolvents, eigenvalues and eigenfunctions
in terms of §,(¢, gE) In Section 4 we discuss some applications to domains with
Lipschitz continuous boundaries as well as to domains with power-type cusps at
the boundary, and we prove estimates in terms of the Lebesgue measure.

2 Elliptic operators and singular domain trans-
formations

Let © be an arbitrary bounded domain in RY. We consider a family of domains
¢ () in RN parametrized by locally Lipschitz homeomorphisms ¢ of € onto ¢(f2).
More precisely, we consider the family of transformations

o(Q) = {gb € (VVZIOCOO(Q) N LOO(Q))N : the continuous representative of ¢

loc

is injective and ¢~ € (Wl’oo(gb(Q)))N} , (2.1)

where W,5%°(Q) denotes the Sobolev space of the functions in Lg2, () which have
weak derivatives of first order in L2, (€2). Observe that if ¢ € ®(2) then ¢ is locally
Lipschitz continuous. Note also that if ¢ € ®(€Q) then ¢(£2) is also a bounded
domain. Moreover, any transformation ¢ € ®(Q2) allows changing variables in
integrals in the standard way.

Let A = (A;j)ij=1,. .~ be a real symmetric matrix-valued function defined on

RY such that A;; € L*(RY) for all 4,5 =1,..., N and

N
0P < D Ay(a)ég; < OIEP, (2.2)

1,j=1



for all z,& € RY and some § > 1. This matrix will be fixed throughout the paper.

Let ¢ € ®(Q) and let W denote either Wy ?(4(Q)) or Wh(4(Q)). Here
W2(4(£2)) denotes the standard Sobolev space of functions in L*(¢(2)) with first
order weak derivatives in L2(¢(Q)) endowed with its usual norm, and W, ?(¢(Q))
denotes the closure in W12(¢(€)) of the C*°-functions with compact support in 2.
We consider a non-negative self-adjoint operator L on L?(¢(2)) given formally by
(1.1) and satisfying Dirichlet or Neumann boundary conditions on d¢(£2). More
precisely, L is defined as the self-adjoint operator on L?(¢(2)) canonically associ-
ated with the quadratic form () given by

ov Ov
Dom(Qr) =W, Qr(v / ZAU 3y-a_y-dy’ (2.3)
i OYj

zgl

for all v € W. We now consider the operator H on L?(Q2) obtained by pulling-back
L to Q as follows. Let Cy be the operator from L?(¢(Q2)) to L*(2) defined by
Cyov =vo¢ forall v € L*(¢(R2)). Let v € WH(4(2)) be given and let u = Cyv.

Observe that
/ ]v|2dy:/|u|2]detV¢(I)|dx.
#(Q) Q

Moreover a simple computation shows that
Jv 0v ou 0u
) 2 A0t = [ 37 o) S Dot
~ is the matrix valued function defined on 2 by

(g 00000,
“w = 2 <Am Oyr #ys)w

(V) AWG) (V)

Here (V¢)™" denotes the transpose of the inverse of the matrix V¢. The oper-
ator H is defined as the non-negative self-adjoint operator on the Hilbert space
L*(Q, | det V()| dz) associated with the closure of the quadratic form Qg with
Dom(Qp) = Cy[W] and

where a = (aij)i,jzl

,,,,,

/ Z% Ou a“ Sl det V()| dr, € Dom(Qu).

4,j=1

We note that H is not necessarily uniformly elliptic. We also note that, equiva-
lently, H can be defined as

In particular H and L are unitarily equivalent and the operator H has compact
resolvent if and only if L has compact resolvent. We set

g(x) = |det Vo(x)|,

3



for all x € 2, and we denote by (-, ->g the inner product in L*(Q, gdx) and also in
(L, g da))™

3 Stability estimates

In this section we shall consider maps ¢ with the properties described in Section 2,
and we make the additional assumption that ¢ and its inverse ¢~ are Lipschitz
continuous. We note that in this case

ColW'(6())] = WH(Q) and  Cy[Wy*(6(Q))] = Wy ().

In this context we give an additional definition. We define T' : L*(Q, gdx) —
(L*(2, gdx))™ to be the operator with domain Dom(T) = Cy4[W] and Tu =
a'/?Vu. We then have

H=TWsT. (3.1)

Here the adjoint T®)s of T is understood with respect to the inner product of
L*(Q, gdr) and this has been emphasized in the notation. However, in the sequel
we shall simply write T* instead of T™)s, unless it is necessary to distinguish two
different scalar products.

Let ¢ and q~5 be two such maps on  and let L and L be the corresponding
operators on ¢(Q) and ¢(2) defined as in Section 2. We assume that either L and
L both satisfy Dirichlet boundary conditions or L and L both satisfy Neumann
boundary conditions. We shall use a tilde to distinguish the objects corresponding
to L from those corresponding to L. Our aim is to compare L and L and to do
this we shall compare the respective pull-backs H and H. Since H and H act on
different Hilbert spaces — L*(€2, gdz) and L*(€), g dz) — we shall use the canonical
unitary operator,

w: L*(Q,gdx) — L*(Q, §dz) , U — W,

defined as the multiplication by the function w := ¢*/2G=%/2. We also define the
multiplication operator S on (L?(€2))™ by the matrix valued function

S = w2a Y22, (3.2)

As it will be clear in the sequel, in order to compare H and H we shall also need
the auxiliary operator 17*ST'. Since

IS T 0 gy = [ (@Vu- Vdide, w e CML

T*ST is the non-negative self-adjoint operator in L?(€2, g dr) canonically associated
with the closure of the quadratic form

/(ELVU -Va)gdr , ue Cy[W).
Q

6



So H and T*ST have the same quadratic form, but they act on different Hilbert
spaces: L?(2, gdx) and L*(Q, g dzx) respectively. It is easily seen that the operator
T*ST is the pull-back to 2 via ¢ of the operator

T
jo_9e0
gooth

Thus we shall deal with the operators L, L and L and the respective pull-backs H,
H and T*ST. We shall repeatedly use the fact that these operators are pairwise
unitarily equivalent.

Throughout this section we assume that these operators have compact resol-
vent and that their eigenvalues satisfy the estimate

(3.3)

An > Cine | n €N, (3.4)
for some positive constants o and Cf.

Remark 1 We recall that if Q is a bounded domain with Lipschitz continuous
boundary then (3.4) is satisfied with oo = N/2 (no restrictions on the boundary are
required in the case of Dirichlet boundary conditions), see [1] for references.

In the sequel we shall denote by A\, [E], n € N, the eigenvalues of a non-negative
self-adjoint operator F with compact resolvent, arranged in non-decreasing order
and repeated according to multiplicity, and by ¥,[E], n € N, a corresponding
orthonormal sequence of eigenfunctions.

We introduce the following property which will be important in what follows.

Definition 2 Let U be an open set in RY and p > 0 be a measurable function on
U and let E be a non-negative self-adjoint operator on L*(U, pdx) with compact
resolvent and Dom(E) ¢ W,oN(U). Let qo €]2,00], 7, Cy €]0,00[. We say that E

satisfies property (P1) with the parameters qo, v and Cy if

||¢n[E]||Lq0(U,pdx) < CyoM[ET7, (P1)

for all n € N such that \,[E] # 0. We say that E satisfies property (P2) with the
parameters qo, v and Cy if

van[E]”LQO(U,pdx) < Czkn[E]%Jr’y, n e N. (P2)

Finally, we say that E satisfies property (P) with the parameters qq, v and Cs if it
satisfies both (P1) and (P2) with these parameters.

The next lemma involves the Schatten norms |[|-||¢r, 1 < r < co. For a compact
operator E on a Hilbert space they are defined by ||E|lcr = (32, un(E)" )", if
r < oo, and ||E|lc~ = [|E]|, where u,(F) are the singular values of E, i.e., the
non-zero eigenvalues of (E£*E)'?; the Schatten space C", defined as the space of
those compact operators for which the Schatten norm || - ||¢- is finite, is a Banach
space; see Reed and Simon [16] or Simon [17] for details.

7



Let F' := TT*, Fg := SY?TT*SY2. 1t is well known that o(F) \ {0} =
o(H) \ {0} and similarly o(Fs) \ {0} = o(T*ST) \ {0}, see [10, Theorem 2].
Moreover, we note that

H = (a'?V)®agt?v = w?(a'?V)w2a/?V = w?T*ST , (3.5)

and therefore the eigenvalues of the operator wT™STw coincide with the eigenvalues
of H.

Lemma 3 (i) Let E be a non-negative self-adjoint operator on L*(2, pdz) whose
eigenvalues satisfy inequality (3.4) for some a,Cy > 0. Assume that E satisfies
property (P1) for some qo, v and Cs. Then for large enough k € N, depending
only on a and vy, there exists ¢ > 0 such that for all measurable functions R on €,

IR(E +1)"F[lez < ¢RIl 2u :
L30=2(Q,pdx)

The constant ¢ depends only on k, «, v, C1, Cy and, if \[E] = 0 and has multi-
plicity m, also on ||Vl Lo @pde), © = 1,...,m.

(ii) Assume that H (resp. T*ST) satisfies property (P2) for some qo, v and Cs.
Then for large enough k € N, depending only on o and vy, there exists ¢ > 0 such
that for all measurable matriz-valued functions R on 2,

IR(F+ 1) 5 P2 < | RaV?| ay
L3072 (Q,gdx)

(resp. ||R(Fs+1)"*Fi||c2 < ¢||RS2a'?|| 24,
L0~2(Q,gdx)

)

The constant ¢ depends only on k, o, v, Cy and Cs.

Proof. We first prove statement (i). Assume for simplicity that A\ [E] # 0. We
have

IREE+ 1) G = Y IRE+ 1) ulEll 2@t

n=1
= D> B+ D RYE 72 an
n=1
< ||R|]? 2 M[E]+ D722 [ENl2 00100 g (3-6
I oSS OWIE) )10 e 59
< | R|? 2 MlE] + 1) 7%, [E]
II? oy S OWIE] )0
< ClR)? 2 :
L0-2(Q,pdx)
provided k is large enough. In case A\[F] = 0 and has multiplicity m one has

simply to take into account the first m summands in (3.6).

8



We now prove statement (ii). We only consider F', the operator Fg is treated
similarly. We note that (\,[H]™'/2T%,[H]) is an orthonormal basis of Ker(F)*.
Hence

IR(F + 1) Fe2 = ZA THRE + 1) YT Bl a0

= Z(An[E] + 1) RTYn[E]|| 720 ar)
n=1
< ||Ra'?|? ., MIE] + 1) 72* Vb, B2,
< | ”Lﬁ@gd@;( [E]+ 1)Vl Bl 200 (9,9 dx)
< c|Ra'?|]? 2 Z(An[EHl)*%An[E]Q”“

L0-2(Q,gdx)

< c[Rat?|? oy,
L3072 (Q,gdx)

n=1

)

provided k is large enough. This completes the proof. O

Our stability estimates are expressed in terms of the following measure of
vicinity of ¢ and ¢ (we recall that w := ¢g'/25=1/2):

84(0,0) = 090, 0) + 67 (9, 9), (3.7)
where
0 (6, 0) = |w — Ulpo(gdn) + 0™ = 1 a@gas) +
82, 0) = (SY? = STV)a"?|| Laggan) + 11(S = 1)a' || Lag da)-

Remark 4 Note that if we consider maps ¢ ¢ belonging to a family of transfor-
mations ¢ satisfying the uniform estimate

¢! <essinf|detVeyp|, ||V~ <ec

for a fized ¢ > 0, and the coefficients A;; are Lipschitz continuous then

5q(¢a Qg) < C“Qb - &levq(ﬂ)

Theorem 5 (stability of resolvents) Assume that the operators H and T*ST
satisfy properties (P1) and (P2) and that w'Hw satisfies property (P1), for the
same parameters qo, v and Cy. Then for all large enough k € N depending only
on « and 7y and for any s > qo(a + 27)/(qo — 2), there exists ¢ > 0 such that

[(w™ Hw + 1) — (H + 1) *|lc2 < c[1 + 6,(¢, 9)]0 24 (9, 9). (3.8)

q0—2

The constant ¢ depends only on «, k,~v,s,Cy, Cy and, in the case of Neumann
boundary conditions, also on ||g||Lw ()



Note. The factor 1+d4(¢, <5) appears for technical reasons and is not of importance
for applications.

Proof. We fix k € N large enough so that part (i) of Lemma 3 can be applied
to the operators H, T*ST and w~'Hw and part (ii) of the same lemma can be
applied to the operators H and T*ST. Since w'Hw = wT*STw, we can write

(wlHw+1)*F—(H+1)"=A+B,
where
A= (wT*STw+1)F —(T*ST+1)%, B=(T*ST+1)*—(T"T + 1)

We first estimate A in terms of 5((11)(¢, ¢). We have

N
—_

A=-— (T*ST + 1)_2[(T*ST + 1)_1 _ (UJT*ST’LU + 1)_1]('LUT*STw + 1)—(k—1—i) .

%

I
o

(3.9)
First we estimate the terms in the sum (3.9) corresponding to i < [k/2]. A
direct computation shows that

(T*ST + 1) — (wT*STw +1)"' = Dy + Dy + D3 + Dy + D5,

where
Dy = (w—1)(wl*STw+1)*
Dy = (w—1D(wTl*STw+ 1) (w—1)
D3 = (wT*STw+1)" (w—1)
Dy (T*ST + 1) (w — w™ ) (wT*STw + 1) 11 — w)
Ds = (T*ST+1) Y w™ ' —w)(wT*STw + 1)~
Hence we need to estimate the terms Ay, ..., A5 defined by
[k/2] ‘ ‘
Aj = (T*ST + 1) Dj(wT*STw + 1)~ *=17,
=0

Applying Lemma 3 (i) for £ = wT*STw we obtain that if k is large enough, then

lAiller < cllw— 1) 2y (3.10)
L0~2(Q,g dx)

Now, applying [1, Lemma 4.5] with p = qo/(qo — 2) we get [[(w — 1)(wT*STw +
D7 < cllw — Ulzga, for any s > gola + 2)/ (a0 — 2), hence |Aofler <
cllw = 1| s(@,gda) I = 1| 200/ @0-2 (0 g 4y The remaining terms Az, A4 and As are
estimated similarly.

In order to estimate the terms in the sum (3.9) corresponding to i > [k/2] it
is possible to proceed as above by swapping (7*ST + 1) and (wT*STw + 1) and
using the following decomposition

(T*ST + 1) — (wI*STw +1)"' = D} + D, + D + D} + DL,

10



where

Dy = (1—w ) T*ST+1)"!

Dy = (w!'=1)(T"ST+ 1) (1-w)

Dy = (I'"ST+1)'(1—w)

Dy = (w'=1)(T"ST + 1) (w™ — w)(wT*STw+ 1)~

Dl = (T*ST+ 1) (w™! —w)(wl*STw+ 1)

We now consider the term B. We write
k—1
B = (T"ST + 1) 7[(T*ST +1)"" = (T°T + 1) (T*T + 1)1,

=0
Let B; denote the ith summond. We have [1]
(T*ST + 1) —(T"T + 1) ' =T*SY*(Fg + 1) 1 (S™V? = SY2)(F + 1)7'T.
It is also known [10] that T'(T*T + 1)"™ = (TT* 4+ 1)~™T, m € N, with a similar
relation, of course, for S¥/27T. Hence
B, = (T"ST +1)"'T*SY*(Fg +1)"'(S™Y2 = SY3)(F + 1) 'T(T*T + 1)~ *~1-9
T*SY2(Fg + 1)~ 1(57Y/% — SY2)(F + 1)+,
Using polar decomposition for S/2T we note that ||T*S'/2(Fs+1)~""!|| < 1. Using

also polar decomposition for 7" and applying Lemma 3 (ii) for F' we therefore obtain
that for ¢ < [k/2] there holds

IBillez < 1S (Fs + )7 [[(S7% = SY2)(F + 1)"* I F2|¢2
S ”(5—1/2 . 51/2)(F + 1)—(k—i)F1/2HC2
S C”(S—1/2 . SI/Q)al/ZH 200 :

L0=2(Q,gdx)
provided k is large enough. For the terms with ¢ > [k/2], we argue similarly (but
now use Fys instead of F') and obtain

IBillez < ll(S = Da'?[| 2a, :
L%0~2(Q,gdx)

This concludes the proof of the theorem. a

As in [1], from Theorem 5 we immediately deduce the following theorem.

Theorem 6 (stability of eigenvalues) Assume that the operators H and T*ST
satisfy properties (P1) and (P2) and that w—'Hw satisfies property (P1), for the
same parameters qo, v and Co. Then for all large enough k € N depending only
on o,y and for any s > qo(a + 27)/(qo — 2) there exists ¢ > 0 such that

qp0—2

[e¢) 2 1/2 - ~
(Z |nlZ]+ 1) = ([L] + 1)) ) <1+ 6,(6, )0 20 (60). (3.11)

n=1

The constant ¢ depends only on «,k,~,s,Cy,Cy and, in the case of Neumann
boundary conditions, also on ||g||Lw ()

11



In order to estimate the variation of the eigenfunctions, we need the following

Lemma 7 Let A, B be compact self-adjoint and positive operators in a Hilbert
space H. Let \,,, i, n € N be the eigenvalues of A, B respectively. Let ¢, ,, n €
N be orthonormal sequences of eigenfunctions corresponding to \,, l, respectively.
Let v be an eigenvalue of A, A={n € N: X\, =v} and d = min{|\; —v|: i €
N\ A}. Let P,Q be the orthogonal projectors of H onto span{¢, : n € A} and
span{t, : n € A}, respectively.

If A= Bl| < /2 then | P — Q|| < 2224 - BJ.

Proof. Note that by the min-max Principle it follows that [\, — ;| < ||A — B||
for all ¢ € N; thus, if |A — B|| < d/2 then |u, — v| < d/2 for all n € A and
|p; — v|| > d/2 for all i € N\ A.

Let u € Ran(P), |lul]| < 1. Then

1A= B 2 [ Au~ Bul® = vu — Bul?

= v Zuz u, i)
=1
> > (v — )1 |2>—Z!
igA ¢\

that is [|(1 — Q)ul < 2||A — B||. Thus
2
17 = Q)PII < ~llA - Bl|. (3.12)

Now, let n € A. Then

|A=BI? > Ay = B> = | Y Ni{tbn, 6i)i — pintbnl|?
i=1

= Z(/\z - ,un) |<¢m ¢z |2 > Z )‘ - Mn <¢n7¢z>|
=1 €A
o S o = = Py
ngA
e 244~ 5]
o - P = Iz - Py < 2MA= B (3.13)
The proof follows by combining (3.12) and (3.13). O

In the following theorem it is understood that ¢/,[L] and 1y, [L] are extended
by zero outside ¢(£2) and ¢(£2) respectively.
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Theorem 8 (stability of eigenfunctions) Assume that the operators H and
T*ST satisfy properties (P1) and (P2) and that w™'Huw satisfies property (P1),

for the same parameters qo, v and Cy. Let A be an eigenvalue of L (resp. L) of
multiplicity m and let n € N be such that A =\, = ... = A\yom—1. Then for any
s > qo(a+27)/(qo—2) there exists ¢ > 0 depending only on «, qo,7, C1, Co, An_1, A,
Antm and, in case of Neumann boundary conditions, ||g|Lew0 @) such that the follow-

ing is true: if [14 05(¢, @)]02q0/(qo-2) (0, @) < ¢ and P, [L], ..., Unm-1[L] (resp.
UnlLl, ..., Ynym_1]L]) are orthonormal eigenfunctions of L in L*((Q)) (resp. L
in L*(¢(Q))), then there exist orthonormal eigenfunctions V¥, [L], ..., ¥nim-1[L] of
L in L*($(Q)) (resp. UnlLl, ..., Ynim-1[L] of L in L*(H(Q)) ) such that

1l L] = il L] 2 gayuaay < e([1+ 8s(¢, 65)]5%@57 )+

+lg" P[] 0 ¢ — §20[L] © Bl raey + 19" *hi[L) 0 ¢ — G2 hi[L] 0 @l 12y,
(3.14)

foralll=n,...,n4+m — 1.

Proof. Let k € N be large enough so that estimate (3.8) holds. Let A = \, =

-+ = Aptm—1 be an eigenvalue of L of multiplicity m. By applying Lemma 7 with

H=L1*Q,gdzx), A= (H+1)* B=(w'Hw+1)"*and v = (A\+1)7*, it follows

that there exists ¢ > 0 as in the statement such that if [14d4(¢, &)]5% (¢,0) < ¢
90—

then i i
[P —Ql < c[1+465(h, )]0 200 (&, 9), (3.15)

q0—2

where P, () are the orthononal projectors in L*(Q, gdz) as in Lemma 7. o

Now, given eigenfunctions v;[L] as in the statement, we set y[H] = ;[L] o ¢
and we note that w™14yy[H]| are eigenfunctions of w™'Hw. Proceeding as in the
proof of [1, Thm. 5.6], using the Selection Lemma [1, Lemma. 5.4] and estimate
(3.15), we have that by possibly enlarging ¢, if [1 4 05(¢, ¢)]02q,/(go-2) (¢, @) < ¢
there exist eigenfunctions ¢, [H|, ..., ¥nym_1[H] such that

||wl [H] - w_lwl [ﬁ] ”LQ(Q,gdw) é C[l + 55(¢’ &)]52%/((1072)(@57 é)? (316)

foralll =n,...,n+m—1. Weset Y[L] = [H]opV foralll =n,...,n+m—1.
By changing variables in the left-hand side of (3.16) we obtain

la[Z) = w™" 0 6TV [H] 0 ¢ 260y < €[l + 85(9, 6)]0200/0-2) (05 ),

hence

[ [L] = [E]||L2(~¢>(ﬂ)) < c[1 + d4(¢, %)]52%/(:10—2)(925, %)
+H[[L] = w0 ¢V [H] 0 67| 2o

and similarly

[ (L] = @[ L] 12500y < €L+ 05(0, 0)]6200(a0—2) (95 D)
L] = w o ¢V [H] 0 6V L2510y

13



forall I =n,...,n+m—1. Estimate (3.14) follows by combining the previous two
inequalities and changing variables in integrals again. If \ is an eigenvalue of L we
work similarly. a

4 Applications

In this section we apply Theorems 6 and 8 in order to obtain explicit stability
estimates in terms of Lebesgue measure. This will be carried out by showing
that condition (P) is satisfied in suitable classes of domains and by constructing
appropriate transformations ¢.

4.1 Spectral stability for smooth and Lipschitz domains

In this subsection we consider bounded domains 2 in R of class C"™! for m = 0, 1,
i.e., bounded domains which are locally subgraphs of C™! functions. In this
context, domains of class ! represent the smooth case.

Theorem 9 The following statements hold.

(i) Let Q be a bounded domain in RN of class CY' and let A;; be Lipschitz
functions defined on Q) satisfying (2.2). Then the operator (1.1) subject either
to Dirichlet or Neumann boundary conditions on §Q satisfies property (P) with
go = 00 and v = N/4.

(ii) Let Q2 be a bounded domain in RN of class C*' and let A;; be measurable
functions defined on Q) satisfying (2.2). Then the operator (1.1) subject either
to Dirichlet or Neumann boundary conditions on ) satisfies property (P) with
some qo > 2 and v = N(qo — 2)/(4qo).

(iii) The Laplace operator subject to Dirichlet boundary conditions on a bounded
domain in RY of class C% satisfies property (P) with some qo > 4 if N = 2
and some qy > 3 if N > 3.

Statement (i) is well-known, see [1] for references. For a proof of statement (ii)
we refer; e.g., to [1, Remark 6.5]. Statement (iii) is a consequence of Jerison and
Kenig [11].

Definition 10 Let V' be a bounded open cylinder, i.e., there exists a rotation R
such that R(V) = W x]a,b[, where W is a bounded convex open set in RN~1. Let
M,p > 0. We say that a bounded domain Q C RN belongs to Cﬂn}’l(‘/, R,p) if Q is
of class C™' and there exists a function g € C™Y(W) such that a +p < g < b,

19lm,1 = 2 0ciaj<mir 1Dl Ly < M, and

RONV)={(z,zn) : €W, ,a<zy <g(T)} (4.1)

14



In the following theorem we denote by A,[L], A,[L] the eigenvalues of the operator
(1.1) subject to Dirichlet or Neumann boundary conditions on €2 and Q) respectively.
Similarly, the eigenfunctions are denoted by t,[L] and t,[L]. Moreover, by V, we
denote the set {x € Vi d(x,0V) > p}.

Theorem 11 Let A;j, i,j =1,..., N be measurable functions defined on RY sat-
isfying A;; = Aji and the ellipticity condition (2.2). Let Q € C%(V, R,p). Then
there exists 2 < gy < 0o such that the following statements hold:

(i) For all large enough k € N there exists ¢, > 0 such that

e 2 12 11
(Z)(Anwl)—k—wm+1>"€\) <aloadf (@)

for all Q e C%(V, R, p) such that Qn (V)e=an(V,)e.

(i) Let A[L] be an eigenvalue of multiplicity m and let n € N be such that \[L] =
ML = -+ = Nomoa|L]. There exists ca > 0 such that the following is
true: if @ € Cyr (V,R,p), QN (V) = QN (V) |2 a Q < ¢, then,
given orthonormal eigenfunctions ¥u[L], ..., Ynim-1[L] in L2(Q), there exist
corresponding orthonormal eigenfunctions ¥,[L], ..., Ypim-1[L] in L*(Q)
such that 5 L

[n L] = nl L]l 2 (auay < a2 A Q7 0.

If in addition A;; € COY(RN) and Q,Q € Cy/' (V, R, p) then statements (i) and (ii)
hold with gy = oc.

Proof. Let € CJ?/’II(V, R, p). By [1, Lemma 7.4] there exists a bi-Lipschitz map ®
from €2 onto §2 such that

7! <ess igf|detV®| and  [|V®||pee) < 7, (4.3)

where 7 > 0 depends only on N, V, M, p and such that there exists QOcQ satisfying
the following properties:

O(x) =z for all z € Qand |2\ Q] <2/ A Q. (4.4)

As in [1, Theorem 7.3] we apply Theorems 6 and 8 with ¢ = Id and ¢ = ®. By
Remark 1 condition (3.4) is satisfied for & = N/2. Moreover, by Theorem 9 and
1] the operators L, L and T*ST satisfy property (P) for some gy > 2, hence also
H, H satisfy property (P) and w—'Huw satisfies property (P1). Thus Theorems 6

and 8 apply and estimates (3.11), (3.14) hold. By (4.3) and (4.4) it follows that

52!10/(‘10—2)(¢7 (;3) < C‘Q A QP*%

which combined with (3.11), (3.14) easily implies the validity of statements (i) and
(ii) (the last two terms in the right-hand side of (3.14) are estimated by means of
the Holder inequality and property (P1)). In the case of open sets of class Cb! it
is enough to observe that by Theorem 9 and [1] it is possible to choose ¢y = oo
and proceed as above. O
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4.2 An abstract regularity theorem

We prove a theorem on the regularity of eigenfunctions of a general operator H
which will be used in the next subsection. This theorem is a generalization of
[8, Thm. 5.1] which was concerned with domains satisfying a uniform cone con-
dition. The theorem has two main assumptions: a general multiplicative Sobolev
inequality (which is an assumption on the underlying domain € and replaces the
standard multiplicative Sobolev inequality used in [8]) and an a priori estimate on
the operator H. More precisely, we need to consider the following properties:

(A) Sobolev inequality. Let m € N, M > 0. If 1 < p,q < oo and fis a
multi-index of length |3| < m such that

where, in the case of equality, 1 < p < g < 0o, then there exists 7 = 7(m, 3, M, p, q)
€)0,1] and Cy = Cy(m, 3, M, p, q,2) such that for all u € W™P(Q),

ID%u]l Loy < Callullfymsieyllull o). (4.5)

(B) A priori estimate. Let m € N, 1 < py < oo and H : Dom(H) — L},.(Q2)

where Dom(H) C LP°(Q). For all py < p < oo there exists A, < oo such that if
u € Dom(H) and Hu € LP(Q2) then u € W™P(Q) and

[ullwme @) < Apll Hull Lo (0. (4.6)
Then, following the bootstrap argument used in [8], we prove the following

Theorem 12 Let 1 < py < oo and let H be an operator with Dom(H) C LP° ().
Assume that the Sobolev inequality (A) and the a priori estimate (B) are satisfied
for some m € N, M >0 . Assume further that T(m,0, M,p,q) = 24 (L - é) Then

mp

for any eigenfunction ¢ of H, Hp = Ao, the following statements hold:

(i) Foranypy<p<oo ¢e€ Wm’p(Q) and there exists B, < oo such that
Ielwms@) < BpA 7 666 ooy (4.7)
(i)  Let B be a multi-index with |G| < m and define

p = inf {T(m,ﬁ, M, p,00) + %(i — 1) Cp > max{%‘m,po}}.

Po P
Then for any n > 0 there exists B, , < oo such that
IDP @l L (0) < Buun(L+ A9l 120 (0) (4.8)

Remark 13 It is immediate that if

A+aM/p

T AP 20 = 1)
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for some A,a > 0, and |B| < m and py < M/(m — |5]), then by (4.8) it follows
that Lo
1D%6l1x(o) < Biaa(L+ )™ 56 o), (4.9)

for any n > 0.
Proof. We set s(q) = Mq/(M —mgq) if 0 < g < M/m, and s(q) = oo if M/m <

q < 00. Since
lim s(...(s(q))...) =00

k—o00 N

-~

k

one can apply the bootstrap argument used in [8, Theorem 5.1] and prove that
¢ € LP(Q) for any py < p < oo; see [8, Remark 5.9]. Applying (4.6) we obtain

ollwme) < Ap|M|Ollzr)y , Po < p < o0. (4.10)

If p = po, then (4.7) is an immediate consequence of (4.10), so we assume
that py < p < oo. Let us define o(t) = Mt/(M + mt), for all ¢ > 0. Note that
o(t) = sV (t) for all t > 0. We define a sequence (pg)r>1 by

1
pP1L=0D, P41 = max{po, §(U(pk> +pi)} -

We note that

1 m -
SO +p0) = (M+ 25 ) (M 4 mp)~'pi < v

where v = (M + ™22)(M + mpo) " < 1; hence p, = po from some k onwards. Let
k be the first such k. We then have p = p; > py > ... > p. = py. Moreover,
pre1 > o(pr), k = 1,...,k — 1. Inverting we then obtain py < s(pri1), k =
1,...,k—1. Applying (4.5) for ¢ = pg, p = pry1, S = 0 and (4.10) we obtain, with
T, = 7(m, 0, M, pry1, pr) and ey (k) = Cy(m, 0, M, ppi1, pr) Ak

Pk+1’

Iollzr) < Calm, 0. M, prar, )@l T mmis (o 1911 ok
< Ca(m, 0, M, prerrs pe) A I N0 B o 19 1%
= a®)A™ el @)-

Hence

101l 71 (@) (DA™ [[0]] o2 0

<
< e (D)er ()M 0| os o)

and iterating
[@llzer @) < 2T [l o)

where co(p) = [[F= 11 c1(7). Recalling that p; = p, px = po and 71 + ... + 71 =
), this takes the form

Ai(i,_l)
[l o) < c2(p)[A]™ 70 #7{|@] Lro (o). (4.11)
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Plugging this back to (4.10) we obtain (4.7), with B, = c2(p)A4, .

We now prove (ii). Let |3| < m, p > max {me\ﬁ\’pO} and 7 = 7(m, 8, M, p, 00),

Cy = Cy(m, B, M, p,00,9). By (4.5), (4.7) and (4.11) we then have
ID%6|l@) < Cullgllimaellollio)
1+ (L_1) 4
< Cu Bpl Al im0 || ro @) ) X

M(L_l)
(2N ™ 76 1oogen)
= (@) Al9llzro), (4.12)

1—-7

where c3(p) = C4BJcy(p)' " and

M1 1 M1 1 M1 1
p=r(l+—(=——-))+00-n=(=—==)=r+—(—-=).
m \po P m \pPo P m \pPo P

Optimizing over p we obtain (4.8). O

4.3 Spectral stability for domains with outward cusps

Let 0 < a < 1. Let Q c RN, N > 2, be a domain the boundary of which is C?
apart from a single outward cusp. More precisely we assume that

QN -1, 1[N={(z,2x) €] - 1,1[": 2y <1 — |7}

and that 99 is C? outside | — 1, 1["; here 7 = (21, ..., 75 1)

Our aim is to obtain stability estimates for the deviation of the eigenvalues
and eigenfunctions of the Dirichlet Laplacian L on ) from the eigenvalues and
eigenfunctions of the Dirichlet Laplacian L. on the domain Q. defined for € €]0,1/2[
by

QN]—1,1N={(z,2y) € — 1,1[": oy <min{l —¢, 1 — |7|*}}
Qe\ ] - 17 1[N: Q\] - 17 1{N
First we apply Theorem 12 in the case of the Dirichlet Laplacian on the domain
Q. Let

Na:N—F(N—l)(é—l),

and for a multi-index § = (44, ..., On), let

Bl =01+ + OByt +afbn.

Theorem 14 The Dirichlet Laplacian on Q satisfies property (P) for qo = oo and
any v > Ny /4.
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Proof. We shall apply Theorem 12. By [2, p. 239] the Sobolev inequality (A) is
satisfied with M = N, and

. |5|o¢ + OéNa(% - %)
Bla + a(m —18])
Moreover, by [14, Theorem 9.1], the Dirichlet Laplacian satisfies the a priori esti-

mate (B) for the parameters m = 2 and arbitrary 1 < py < co. Hence the result
follows by applying (4.9) (see Remark 13). O

7(m, 3, M, p,q) (4.13)

Now let €y €]0,1/2[ be fixed and let € € [0, ¢o]. We define
Qo= (Q\] - L, 1M U{(@,2n) € - 1,1[": 2y < h(2)}

where h. ;] — 1,1[N"1'—] — 1,1 — ¢[ is the locally Lipschitz continuous function
implicitly defined by

he(Z) = 1 — 260+ [(1 — g — he(T))* + max{|z[?, ex }] (4.14)

for all |z| < e(l]/a and by h.(z) =1 —|z|* for all |z| > eé/a. Let ¢ be the map from
2, to (2. defined by

(Z,zN), if (z,zy) € QE,
b (@ ax) = 4 (714260 + 20y — [(1— e — h(2)*(1 = €0 — )+
+max{laf?, e} ), i (2, 2) € O \ Q.

(4.15)
We note that ¢(€,) = Qc and ¢.(Z, h(Z)) = (Z, h(Z)), hence ¢, € ({1, ). More-
over, we note that ., =, and ¢., = Id.

Lemma 15 Assume that % <a<1land 0 < ¢ < %. There exists a constant
¢ > 0 depending only on o such that

j:ttgzj <c, (4.16)
for all 0 < € < e < e.
Proof. We first prove that
Culeo —max{[#l",}) <1 o — h(®) < co —max{[zl". e}, (417)

for all 0 < € < ¢, where C, = 1 — 1/22*71. Indeed, from (4.14) we have

l—e—he = € — [(1 — € — he)4 + max{|j:|2’e%}] 2

< o — max{|zZ|%, €},
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which is the second inequality in (4.17). It then follows that

o
2

1= 60— he > e — (e — max{|z]", })" + max{jz], e7}] ",
hence (4.17) will be proved if we show that
e = [(0 —9)* +y]% > Culeo — y), (4.18)
for all 0 < y < €. To prove (4.18) it suffices to note that since ¢, < 1/4
€0 — [(€0 — y)4 + y%]am > e —y — (0 — y)** > Caleo — y).
Hence (4.17) is proved.

We now prove (4.16). We restrict our attention to z €] — 1, 1[N~ with |z| <

e(l]/a, since ¢ = ¢ when |Z| > e(l)/a. We set for simplicity J = 1 — ¢y — on. A

direct computation together with (4.17) gives

det Vo,

det Voo

2+ aJ[(l — €0 — he)2J? + max{|z7]?, e%}] (1 — e — h)?
= a—2

2

2+ on[(l — ¢o — ho)2J? + max{|7|?, ef%}] (1= eo — ho)?

2

2+ aJ[(eo — max{|7|?, os%})QJ2 + max{|z|?, e%}} T(60 — max{|7|?, eg})2

< C.? _
2t aJ[(EO — max{|z|?, €= })2J2 + max{|z[2,¢'> } " (€0 — max{|z[2, €3 })?
=2
< 21 [(60_maxﬂﬂz"g%}yﬂ+maX{|f|2,€’% ] * (o — max{|zZ|?, ea })2
< C72Q1+ _
[(60 — max{|7[2, € })22 + max{|z]?, ¢'= ] * (o — max{|zZ|?, €2 })?
< 20,7

o—

where we have used the simple fact that the function f(t) = (at + b)“=°t, t > 0
with a,b > 0, is monotone increasing. O

Recall that L, L. denote the Dirichlet Laplacians on €2, €2, respectively, as
defined in the beginning of this section.

Theorem 16 Let o €]1 — N/15,1[. Then the following statements hold.

(i) For all large enough k € N and any n > 0 there exists ¢ > 0 depending only
on Q, k and n such that if |2\ Q.| < ¢! then the eigenvalues \,[Lc|, \,[L] satisfy
the estimate

5(1—a

oo 1/2 )
(Z [lLd + )7 = (2] + 1>—’f|2) <\ QTR (419)
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(i) Let A be an eigenvalue of multiplicity m of L and let n € N be such that
A= MNJ[L] =+ = MNpzm_1[L]. For any n > 0 there exists ¢ > 0 depending only
on Q, A\, \n_1[L], \nym|[L] and n such that the following is true: if |Q\ Q| < 71,
then, given orthonormal eigenfunctions ¥,[Le],. .., Ynim—1[Le] of Le, there exist
corresponding orthonormal eigenfunctions ¥y|L], ..., Ynim—1[L] of L such that

5(1—c)

19n[Le] — 7vZJn[L]HB(Q) <[\ Qe|%_N_1+” . (4.20)

Proof. Step 1. Let 0 < € < € < ¢y < 1/4. We apply Theorem 5 with the maps
b= e Ny — Qand ¢ = ¢ : Q, — Qo. The pull-back to Q, of L. via
¢ is denoted by H,; similarly, the corresponding matrix S and the function w
defined in Section 3 are denoted by Sc¢ and w, respectively, and the operator
(we_f, 0 ¢V Lo defined in (3.3) is denoted by L. .; the matrix (Vo)™ (V)" is

denoted by a. and the operator ai/ *V is denoted by T.. This notation will be used
later in Step 3 also for the limiting case ¢ = 0.

Note that detV¢. > 1 and for each ¢ € [1, %[ there exists M > 0 independent
of € such that

VOl Loy, IAdI (VP La,)s |det Ve Lo, < M, (4.21)

where Adj(V¢.) denotes the adjugate matrix of V¢,. Similar computations show
that if ¢ + 1 < {2 then

||V¢E|’Lq(geo7ge)7 ||detv¢5||Lq(Qsoygs) S M (422>

We now verify that the assumptions of Theorem 5 are satisfied. It is well-known
that L. and L¢ satisfy inequality (3.4) with & = N/2 and C independent of ¢, €
and €. Moreover, it follows from [3, Theorem 3.1] that there exists C; independent
of €9, € and ¢ such that (cf. (3.3))

An[T:Se,e’T‘e] = )\n[ie,e/] > Cln%?

ie. TFS. T, satisfies (3.4) with the same parameters.

Now, it is standard that L. and L. satisfy property (P1) with ¢y = oo and
v = N/4 (see e.g., [1]). Since ¥,[H.] = ¥,[L] o ¢., H also satisfies property
(P1) with ¢o = oo and 7 = N/4. Moreover, using also (4.21), we have for gy with
(d0+2)/2 < N/(1 - a),

[Un[w i Howe ol Lo g0 = Nwootn[He]llLwoey .00
N 1/2
< eM[HAT g |90 (€20 90)

_ N
< eMw JHowe o] 7.

Hence the operator w;el,Helw“/ satisfies property (P1) for any ¢o < 2(N — 1 +
a)/(1 — «) and v = N/4, uniformly in €, €, €.
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By the argument in [14, Theorem 9.1] (which deals with the case of a cusp)
it follows that the operator L. satisfies the a priori estimate (B) with any py > 1,
m = 2 and A, independent of e. Since the Sobolev inequality (A) is also valid
with M = N, and 7 defined by (4.13), and C} independent of €, by Theorem 12 it
follows that the operator L. satisfies property (P2) for ¢g = co and any v > N, /4,
uniformly in € (see also Theorem 14). Since Vi, [H| = (Vb [Le] 0 pe) Ve, we have
for any go with go + 1 < 2= (cf. (4.22)) and any n > 0,

1, Na
van[He]HLqO(Qeo,ge) < C)‘n[He]2+ 4 +nHV¢EHLq0(QeO,ge)
< CA[H T

N
2

uniformly in €, ¢g. Hence H, satisfies property (P2) for any ¢p < (N—1+a)/(1—«)
and any v > N, /4.

We finally consider TS, ¢T.. By Lemma 15, wf’e, < ¢ hence the operator
Leo = (w_go qﬁgfl))Le/, which is self-adjoint on L*(Qe,w?, o ¢£71)), also satisfies
the a priori estimate (B), for the same parameters as L.. Since the Sobolev
inequality (A) is also valid (cf. Theorem 14), we can apply Theorem 12 and (4.9)
and conclude that any eigenfunction 1), [[:616/] of I:E,E/ satisfies

Bl N

||D6¢n[ﬁe,e’]“L°"(Qe/) S C)\n[i/e,e’] 2 +ﬁ+n”wn[is,e’]||LPO(QE/) ) (423)

for all multi-indeces 8 with |3| < 1, all py > 1 and any 7 > 0, uniformly in €, €, €.
Now, for any py with 1 < py < 2(1 — (1 — «)/N) we have by Holder inequality,

_ (-1)
|we,e’ © ¢e’ ||L?2*p7190(§26/)

~ A -1
nlLelllmoo,y < NWnlleal(wee 0 65 22

= Jwh o oS
’ LQiPO(Qe/)
< g% 0 oY 4.24
>~ ”ge o ¢e ||L22_p7190(96/) ( )
Q—po
_2 2pg
= ([, o)
Qe
< ¢

uniformly in €, €,¢. Now, we have ¢, [T} S, T,] = wn[fj“/] o ¢o. Hence (4.23)
implies that 7*S, T, satisfies (P1) for gy = co and any 7 > N, N/(4(N — 1+ «)).
Moreover, for any po as in (4.24), any n > 0 and any gy with ¢y +1 < N/(1 — «)
we have, using also (4.22),

1, No
||V’l/)n [T:Ss,e’TE] ”LqO(QSO ge) S C>‘n [T:S€7€’TE] 2+2p0 +n ||ng€/ ||Lq0(950,ge)

1, Na
< MTYSe T2 om0,

Hence TS, +T. satisfies property (P2) for any ¢o < (N — 1+ «)/(1 — «) and any
v > NoN/(4(N — 1+ «)).
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Summing up, Theorem 5 can be applied for any ¢o < (N — 1+ «)/(1 — «) and
any v > N, N/(4(N — 1+ «)).

Applying the theorem we obtain that for any ¢o < (N — 1+ «)/(1 — «) and
k € N sufficiently large there holds

l(wes Howee +1)7F = (He+ 1) F ez g0 < €62 (9, d0), (4.25)

uniformly in €y, €, €, provided ¢ 2q0 (e, ber) < 1. Since Wey o = WeeWey e, DY

unitary equivalence and (4.25) we obtam

| (w, ' HeoWey o + 1) — (w We,, eH Wey e +1)7 ||C2(L2 Q) S 0 20y (Pe, @er), (4.26)

€0,€’ w03
uniformly in €, €, €. In particular, for € = ¢
||(we_0}e/H€,w€07€/ + 1>_k - (H€0 + 1)_k||CQ(L2(QGO)) < Céi% (¢eoa de)' (4'27)
q0—
Step 2. We now estimate the right-hand side of (4.26). We note that

(S22 < el Vod |Adi(Ve),
S0 < el Veal [Ad)(Vo.)],
%] < c|Adj(Vpe)| (4.28)

for some constant ¢ > 0. Note also that ¢, = ¢ on U, = {(T,xn) € Q, : |T] >
e'/*}. Thus, by (4.21), (4.28) and Holder inequality it follows that if 1 < s <
qo/6 < qo < SAte

1/2 —1/2
||(Seé’ - See/ )ai/2| LQ(QEO 96)

<19 \ U0 [[(S22 = S20)al g | paossa oy < €l \ Ul

s qO

and

||(S€7€, - I)ai/Q LS(Qeovge)
16
< ‘Qéo \ UE ;_%H(Se,e’ - ) 1/2 1/ HLqO/G Qg \Ue) < c’QeD \ U E_%

for some constant ¢ > 0. One can similarly estimate the other summands in (3.7)
and get

1 6
Os(es der) < ¢|Qey \ Ul 0 (4.29)
uniformly in €y, € and €, for s and ¢ as above.

Step 3. Since a > 1—N/15, it is possible to choose 14 < ¢y < (N—1+a)/(1—a)
which guarantees that 2qo/(go —2) < ¢o/6; thus choosing s = 2¢o/(qo — 2) in (4.29)
it follows in particular that ds(¢., ¢o) — 0 as € — 0, uniformly in € € (0,¢). This
combined with (4.26) implies that the sequence (w' Hewe, .+ 1)7% is Cauchy in €
for € — 0. Thus, by passing to the limit in (4.27) as ¢ — 0 we obtain

[(weyloHoweg.o + 1) 7% = (Hey + 1) Flle2 (22 (00 )) < C(SL()Q(qbeov o). (4.30)
90—
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Taking into account that ¢., = Id, using (4.28) and proceeding as in Step 2, we
get

5B B0) < €l \ Qo0 (4.31)
forall 1 <s<gqo/4 <gq<(N—-1+a)/(1—a). Sincel—e —ho<e—[Z[* (cf.
(4.17) with € = 0), we get [, \ Qo| < |2\ Q. By (4.30), (4.31) and choosing
s = 2qo/(qo — 2) it follows that

qp—10
||(U)_1 Hywe, o + 1)_k — (Heo + 1>_k||c2(L2(QEO)) < C|Q \ QEO| 240 (432)

€0,0

In order to conclude, it suffices to observe that (qo — 10)/(2¢0) — 3 — 1?/(:::()} as

g — (N — 1+ a)/(1 — a) and proceed as in the proof of Theorems 6 and 8. O
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