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thus obtaining an LP-Hardy inequality on bounded convex
domains which generalises previous results.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The classical LP-Hardy inequality, p > 1, affirms that

/ |VulP dz >

R~ Rn

YLl

[P

n—p

dz,

for u € C°(R™\ {0}), where the constant is sharp.

Another much studied type of Hardy inequality is where the Hardy potential is the
distance to the boundary of a reference domain. A well known such result states that if
) C R™ is a convex domain and d(x) = dist(x, 992), then for any u € C°(Q2) there holds

_ P P
/|Vu|p dz > (pl> /de,
p dp
Q Q

and the constant is sharp, cf. [22]. In [3] the convexity condition was replaced by the
more general notion of weak mean convexity, namely the requirement that Ad < 0 in
the distributional sense in 2. The above inequality is not valid without some geometric
assumptions on ) and for this reason inequalities of this type are often called geometric
Hardy inequalities. The literature on geometric Hardy inequalities in Euclidean space
is large and we refer the interested reader to the works [2,1,11,29] which provide an
overview of the topic.

On the other hand, subelliptic Hardy inequalities have been studied for quite a long
time and the work [16] of Garofalo and Lanconelli in the 90’s opened up the research
in this direction. By subelliptic Hardy inequalities, we mean Hardy-type inequalities
considered in the setting of homogeneous Lie groups, and in particular stratified groups.
The systematic analysis of homogeneous Lie groups goes back to the seminal work [14]
by Folland and Stein where the authors establish the corresponding “anisotropic” non-
commutative harmonic analysis, see also [32]. In view of their importance in the area of
partial differential equations, stratified Lie groups, have been widely recognised as they
play a key role in establishing subelliptic estimates for differential operators on general
manifolds.

As in the Euclidean case, Hardy inequalities on stratified groups may involve either
the distance to a point or the distance to the boundary. Moreover, one may use the
Euclidean distance, the Carnot-Carathéodory distance or the distance related to the
fundamental solution of the sub-Laplacian Ay, often called the gauge pseudodistance.
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Concerning the distance to a point case we refer to [7,8,16,17,15,28,34]. For an overview
of the works in Hardy inequalities of all the above types we refer to the monograph [29];
see also the survey article [33].

For Hardy inequalities involving the distance to the boundary the literature in the
stratified setting is limited and in most cases it involves the Euclidean distance. In [19],
S. Larson shows that if  C H™ is either a half space or a convex (in the Euclidean
sense) domain, then for any u € C°(Q) we have

1 Vind|?
/|VHnu|2dx2 Z/|]};72u2dm’
Q Q

where d(z), z € Q, stands for the Euclidean distance to Q2 and the constant 1/4 is the
best possible. Later on in [31] Ruzhansky et al. proved that if Q is a half-space in H™
and p > 1 then

-1 nd[?
/|VHnu|pdx > (pp )p/ ‘V]};p | |ulPdz , u e C(Q).
Q Q

A little earlier the same authors had shown that if {2 is a convex domain in any stratified
group then

1 [|Vgd?
2 2
/|VHu| dxzz 2 u”dx,
Q

Q

where Vg denotes the horizontal gradient [30]. For other results in this direction see
also [27]; see also [26] for an alternative approach based on a sub-Riemannian version of
the Santalé formula.

Our main interest in this work is to prove subelliptic geometric Hardy inequalities
with best constant on the Heisenberg group H", but also on any stratified group of
step two. Our approach is based on the general method of [3] and in particular in the
LP-superharmonicity of the distance function. The general result is then implemented in
different contexts.

Let us first consider some known results about Hardy inequalities in Euclidean do-
mains. Assume that U € R? is a bounded domain with C? boundary and let p > 1.

One approach to study the Hardy inequality in U is by using the fact that if we
consider functions supported in a small neighbourhood of a boundary point, then the
Hardy constant is ((p — 1)/p)P. However, if we try to pass from this local inequality to
a global one on U, then one ends up with the inequality

dr

1 P
/|Vu|pdx +c/ |u|Pdz > (p—>p ful dz , u e CP(U),
U U P U
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for some ¢ > 0 depending on U. It is not possible to avoid the LP term unless some
geometric assumption is made on U.

Indeed, for p = 2, [10] Davies constructed certain planar sectors with Hardy constant
smaller than 1/4. By approximating such a sector by an increasing sequence of bounded
smooth domains one concludes the existence of bounded smooth domains with Hardy
constant smaller than 1/4. In the same article and for dimension d > 3, Davies con-
structed conical domains with Hardy constant arbitrarily small; again, this shows the
existence of bounded smooth domains with the same property. Concerning the general
case p > 1, elementary considerations show that when the domain is the complement
of a ball in R? and p > (d + 1)/2 then the (global) Hardy constant is smaller than
((p — 1)/p)P. A simple argument then shows the existence of tori for which the same
holds true.

It is a central question to find conditions on the domain U under which the Hardy
constant is equal to ((p — 1)/p)?.

In the context of the Heisenberg group H" one similarly expects that in order to
obtain the Hardy constant ((p — 1)/p)P some geometric condition is necessary on the
domain. Indeed, Proposition 3 below uses a lifting argument to show that each of the
above examples for Euclidean domains induces a corresponding example in H" for the
Hardy inequality with Euclidean distance. The main idea here is to lift the Euclidean
domain U C R?" to the domain U x R C H" in the Heisenberg group.

The condition introduced in this article, namely the p-horizontal superharmonicity of
the distance function, turns out to be a natural condition. For the case of the Euclidean
distance in a Carnot group of step two it applies to any convex domain for any p > 1,
see Section 4. But it is also valid to domains that are not necessarily convex as is seen
in Section 2. Moreover it is applied, as already mentioned, to the Carnot-Carathéodory
distance and the gauge pseudodistance.

We now present the main results of this article. The torus " C H" defined in the next
theorem is not a convex domain but satisfies the geometric assumption A, gnd < 0 for
any p > 1. The precise value of the constant §(p,n) is given in Proposition 4.

Theorem A. Let R > p > 0 and let T' denote the torus
T={¢{=(z,y,t) eH": (r— R)>+1* < p*}

where r = +/|xz|? + |y|2. For any p > 1 there exists a positive constant 3(p,n) such that
if

O R+ (G ey

(ii) R > B(p,n)p,

then
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Apmnd <0 in the weak sense in T,

and

—1\» Vy-dP
[wmarae> (1) [EWpae, e ox)
T T

Moreover the constant ((p — 1)/p)? is sharp.

Another class of distances in a stratified group consists of those induced by a ho-
mogenous quasi-norm. In the case of the Heisenberg group H" there are two particularly
important such (quasi)-norms. The first is

1
1

NE© = (2P + P2 +#)", €= (@t e H", &)

We note that N2~%, with Q = 2n + 2 being the homogeneous dimension of H", is (up
to a multiplicative constant) the fundamental solution of the sub-Laplacian on H"™ [13].

A second important homogeneous quasi-norm, which respects the sub-Riemannian
geometry of H", is the one arising from the Carnot-Carathéodory distance, denoted here
by p. Let us recall the definition of the Carnot-Carathéodory distance between two points
z,y € R™: For a family {X,--- , X,,} of vector fields, the Carnot-Carathéodory distance
between x,y is given by

ple,y) = if {length(y)}, (2)
where C, 4 is the set of horizontal curves joining x to y. In the case of a stratified
group when the set {X1,---, X,,} coincides with the first stratum V; of its Lie algebra
(see Section 4 for related definitions) we always have d(z,y) < oo, and the Carnot-
Carathéodory distances induced by different choices of V; are equivalent [25, Section
1.3].

Denoting by dy the distance to the boundary induced by N, cf. (13) below, we have
the following

Theorem B. (i) Let p > 1 and let D C H™ be a half-space. There holds

—1\? ndn P
/|VHnu|pd§2 <pp ) /lvH M pae,  we o).
D D

dy

(i) In case p = 2 the above inequality is also valid for any bounded convex polytope.
Moreover the constant is the best possible in both cases.

Denoting by d, the Carnot-Carathéodory distance (control distance) to the boundary,
we obtain the following
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Theorem C. Let p > 1 and let D C H™ be a bounded and convexr domain or a half-space
in H™. There holds

—1\P? p
[ IWaulrag > (1’7) M ge . wece).
D

dp
In the case of the half-space the constant is sharp.

The appearance of the factor |Vygndy| in Theorem B — while a similar factor does
not appear in Theorem C — should be seen in the light of a result of [23] a special case
of which states that |Vgnd,| = 1 a.e. A more interesting difference between the above
two homogeneous norms relates to nearest boundary points in the case of a subspace
II € H"™. The correspondence

3¢+ (¢,s) el xRy

where s = dist(&, 91I) = d(&, £’) is different in the two cases. In the case of the quasi-norm
(1) the above is a simple 1-1 correspondence, as in the Euclidean case, cf. Proposition 10.
However in the case of the Carnot-Carathéodory distance the situation is entirely differ-
ent; see Proposition 17.

In Section 4 we extend our setting to that of an arbitrary stratified group of step
two. In this general setting, a certain notion of convexity plays a central role. There are
various notions of convexity in the sub-Riemannian setting and their properties can vary
significantly [9,12,20]. Notably, in [24] R. Monty and M. Rickly prove that in the case of
the Heisenberg group H, if a set is geodesically convex and contains at least three points
that do not lie on the same geodesic, then it necessarily coincides with H.

In our context the relevant notions of convexity of sets and functions are the ones
introduced at the same time by Lu, Manfredi and Stroffolini in [20] on the Heisenberg
group and by Danielli, Garofalo and Nhieu in [9] on any stratified group. These notions
are the analogues of the corresponding ones in the abelian case R™ but with a twist; the
condition refers to a convex combination of two elements g, g’ for which, additionally,
g € Hg, ie. ¢’ lies in the horizontal plane passing through g¢; see Section 4.1 for the
precise definitions. Exploring properties of the so-called weakly H-concave functions
(see Definition 21) and using a result from [9] we prove the following theorem, part (iii)
of which generalizes [31, Corollary 2.2].

Theorem D. Let G be a stratified group of step two and let Q C G be a bounded domain
which is convex in the Fuclidean sense. Then

(i) The Fuclidean distance d to the boundary is weakly H-concave in §;
(ii) Ap ud <0 in the distributional sense in Q;

(i) The Hardy inequality
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—1\P VgdP
[1wmipag = (22) [T ey, ez,
Q

Q

is valid.
2. Two general results on stratified groups
A stratified (or Carnot) group G = R is naturally a homogeneous Lie group. Denoting

by g the corresponding Lie algebra we have dim(g) = n and g admits a vector space
decomposition of the form

g= @VJ , such that

Jj=1

{ Vi,Viea]l = Vi ; 3)

[Vlv‘/T] = 0}7
where
Vi, Vj] =span{[X,Y]: X €V}, Y € V;}.

Such a stratification naturally equips G with a non-anisotropic dilation structure ) :
G — G, A > 0, and makes G a homogeneous Lie group. The vector spaces V; are
called the strata of the Lie algebra g. A symmetric homogeneous (quasi-)norm on G is
a function N : G — [0, 00) such that (i) N(g) = 0 if and only if g = e, where e is the
identity element of G; (ii) N(g) = N(g~'); and (iii) N(dx(g)) = AN(g). In this article
we shall use the term quasi-norm to indicate a symmetric homogeneous quasi-norm.

If G is a stratified group, the system {Xi,..., X}, m < n, of vector fields in the
first stratum Vi of g generates, after iterated commutators, the whole of g, and so it is
a system of Hormander vector fields on R™. The vector space spanned by {X1,..., X}
is referred to as the horizontal hyperplane.

The first-order vector-valued differential operator

VH: (X17...7Xm)

is then called the horizontal gradient on G (or the subgradient on G). Similarly divy
will denote the horizontal divergence given by

diVH(fl, ceey fm) = X1f1 =+ ... mem
The second-order differential operator
Ag=Xi+... +X3

is called the horizontal Laplacian (or sublaplacian) on G' and is the sub- Riemannian
analogue of the Laplacian on R™. By Hormander’s Theorem, see [18], the operator Ay
is hypoelliptic. For p > 1 we also have the associated horizontal p-Laplacian given by
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Ap,H u = diVH(‘VH’U,V)_QvHU).

Finally, let us also recall that the (bi-invariant) Haar measure in the case of a stratified
group is just, up to multiplication by a constant, the Lebesgue measure on the underlying
manifold R™.

We first prove a general theorem which will be later applied in the case of the Euclidean
distance and of the pseudodistance induced by the quasi-norm (1).

In what follows, we will say that a function is CC-Lipschitz if it is Lipschitz with
respect to the Carnot-Carathéodory distance (equivalently, with respect to the distance
induced by any homogeneous quasi-norm).

Part (a) of the next theorem is essentially contained in [31] but we include the short
proof of it because of its central role in the present article.

Theorem 1. Let G be a stratified group and let Q C G be open and connected. Let p > 1
and let d : Q — (0,00) be a positive, locally CC-Lipschitz function.
(a) Assume that

Ap,HdSO Z"I’LQ,

where the inequality is understood in the distributional sense. Then

1 d|P
/|VHu\pdx2 (pp )p/ |V;{p| |ul? dz, u € C(Q).
Q Q

(b) Assume that there exist xo € 0Q and two neighbourhoods A, A" of xg in G with
A’ CcC A and such that

(i) There exists ¢ > 0 such that |Vud| > c in ANQ.

(ii) The integral / d=1T¢dx is finite for € > 0 and diverges to +00 as € — 0.
A'NQ

Then

Jo IVauPde < (p— 1)1)
ueCz=(@) [ Vad |y pqe N p /0

Proof. First we note that in view of [23, Theorem 2.5] Vyd exists a.e. in Q. Let T be
a vector field in L} (Q) and u € C(Q2). Using an argument from [3], with the only
difference that differential operators are replaced by the corresponding horizontal ones,
we obtain that

/|vHu\de > / (divHT— (p—1)|T|%)\u|de,
Q Q
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where divygT is understood in the distributional sense. We now make the particular
choice

_ p—l p—l 1 p—2
T_—<T) |V ud"?Vyd.

For this choice we have

. o p—1\P|VadP p—1yr-l 1
vt - it = (2 T (2 L

hence (a) follows.

To prove (b), let 1 be a smooth cut-off function supported in A and satisfying 0 <
¥ < 1and ¢(xz) =1in A’. We fix e > 0, which will eventually tend to zero, and we
define

uc(w) = d(z) 7 Tp(w), x € Q.

A standard argument shows that u. can be used as a test function. Applying the ele-
mentary inequality |a + b|P < |a[? + ¢, (|a|P~|b] + |b|P), a,b € R™, we obtain

—1 P— p
|Vu P = ‘(pT + E)d_%+€¢VHd + d71+€VH¢
-1 P
< (pT + e) A7 PYP |V g d[P + L dP |V gd|P TV | + cpd? PV P
It follows that

-1
/|VHue\pd$ < (pT + e)p/d_HEPWWHd\pdx
Q Q

b [ AP Tudp Tl de e, [ @0l
Q Q

The last two integrals stay bounded as € — 0, so
P p—1 P —1+ep,p P
Q Q

We also have

dp
/ %ufdz - / |V gd|Pd= T ePyPda .
Q Q

Hence, since the last integral diverges to infinity as € — 0, we arrive at
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Jo IVrucPde (p—l

P
Ja |V§pd| uPldx D

P
—l—e) +o(1), as € — 0.

Letting € — 0 concludes the proof. O
Given a quasi-norm N we may define a pseudodistance by

dN(x7y) :N(y_ll‘> ) x7y€G~

The following proposition allows us to apply Theorem 1 in the case of the gauge

quasi-norm (1).

Proposition 2. Let S be a closed set in a stratified group G and let N be any quasi-norm

on G that is smooth out of the origin. Then the pseudodistance
. . -1
dn,s(g) = inf dw (b, g) = inf N(g~"b)

is CC-Lipschitz.

Proof. By the equivalence of all quasi-norms on a stratified group it is enough to show

that for g, ¢’ € S we have
|d(g) —d(g")| < Kdn(g7'g"),
for some K > 0. By [5, Proposition 5.14.1] there exists 5 > 1 such that
N(zy) < BN(z)+ N(y), foralz,yed.
Now, let (by,), (by)" C S be such that
d(g) =1lim N(g~'bn) d(g') =lim N(g' ~'0,).
We then have

d(g) — d(¢’) < liminf [N(g~'0),) — N(¢'~'b},)]
= lim inf [N g9 ') —N(g' "'V,
< liminf [ N(g'~'b;,) = N(g'~'0},)]
=pN(g* /)

Similarly we can show that

and (4) follows. O

(4)
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3. Geometric Hardy inequalities on the Heisenberg group

In this section we consider geometric Hardy inequalities on the Heisenberg group H".
In the first part we consider the Euclidean distance and prove the validity of the Hardy
inequality with best constant on certain tori under suitable assumptions on the radii.
In the second part we study the geometric Hardy inequality for the pseudodistance
induced by the quasi-norm (1). Finally in the third part we consider the case of the
Carnot-Carathéodory distance.

We recall that the Heisenberg group H"™ is the manifold

H" = {¢ = (z,y,t) : 2,y € R", t e R}
equipped with the group operation
&=+ y+y t+t'+2@ v —y-2)).
The left-invariant vector fields
X; = 0y, +2y,0; , Y; =0y, —22;0,, i=1,...,n,

form the canonical basis of the first stratum and the associated horizontal gradient and
horizontal Laplacian on H" are given respectively by

Vi~ = (X17"'7XnaY17-"7Y7l)7

and

n

Apn =) (XP+Y7).

i=1

So in the current section we denote the horizontal gradient and Laplacian by Vg~ and
Apn, respectively, to emphasize that the obtained results refer to the particular case of
H™.

3.1. Hardy inequalities with respect to the Fuclidean distance: remarks and
counterexamples

In this section we consider geometric Hardy inequalities in domains 2 C H"™ with
respect to the Euclidean distance.

The next proposition, when combined with the examples of Euclidean domains for
which the Hardy constant is smaller than ((p—1)/p)?P, shows that one cannot expect that
a bounded C? domain in H™ has constant ((p — 1)/p)? unless some geometric condition
is imposed.
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Proposition 3. Let U C R?" be a domain. The Hardy constant of @ = U xR as a domain
in H™ cannot exceed the Hardy constant of U.

Proof. Let v € C°(U) and ¢ € C(R) be given. We define

u(z,y,t) =v(z,y)P(t) , (z,y) € U, t € R.

A simple computation gives that for any € > 0,

Vinul® = [Vo¢? + 420> (') + 4oy’ > (yhve, — Txvy,)
k=1

< (14 )| Vo2 2 +4(1 + %)r%%//)z.
Combining this with the elementary inequality
la 40?7 < (14 ¢€)|a|?+ ke|b|?, €>0,
we obtain that for any € > 0 there exists ¢ > 0 such that
[VaruP < (14 €)|VolP||P + cerP|vP]' [P, in Q.
Since do(z,y,t) = dy(z,y), we conclude that

Jo |VEnulPdE - J IVolPda dy Sy rPlv[Pdz dy ffooo [’ |Pdt dy

> =~ (1 + ‘5) > Ce . 3
ol ge o 2 e dy Jy lwpdedy [ [y|pdt

The result follows by noting that the quotient involving ¢ can be made arbitrarily
small. O

‘We shall now consider the case of the torus 7" which is not a convex domain and has
been discussed in Theorem A. For v € C?(H") we have

n n
Apnu = Z(uxzwz + uyzyz) + 4(‘.73|2 + |y‘2)utt - QZ(yiuwit - xiuyit) (5)
i=1 i=1
We now use cylindrical coordinates (r,w,t) in H”, that is spherical coordinates (r,w) in
R2n,

(r,y) =rw, r>0,weS*

where S2"~! denotes the unit sphere in R?". The Euclidean gradient in R?" is then given
by
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1
Vu=u,w—+ -V, u.

r
Suppose now that a function u € C?(H") is independent of w, that is u = u(r,t). In this
case Vu = u, w, SO

T T

E iUz, — Tily, :E i—T; —x;—y;) = 0.
P (y’L xZ; 1 yl) P (y’L r 3 1 r yl)

Hence, for such functions, (5) gives

2n —

At = Upy + wp + A%y

Consider now a torus 7' C H™ which is symmetric with respect to the t-axis and
is centred at the origin. Letting R,p (R > p) denote the two radii, T is described in
cylindrical coordinates as

T={¢=(r,w,t): (r—R)?*+1t* < p*}. (6)
The Euclidean distance to the boundary is given by
d&) =p-Vr—R?>+2,  £eT,
and is smooth in T except on the (2n — 1)-dimensional ‘circle’
S={=(r,w,t): t=0, r = R}.

The horizontal Laplacian of d is then given by

2n —1

Agnd = dyp + d, + 4r’dy, inT)\ S. (7)

In T\ S we have

go—___r—n”
" (r—R)2+1t2

dpr = —((r— R)*+ t2)_%t2
_3

dy =—((r—R)*+t*) *(r—R)*

Substituting in (7) we conclude that in T\ S there holds

Agnd =— ((r — R)? +t2)*%%

x {[(zn— 1)(r — R) +4r3} (r— R+ [r+ (2n — 1)(7«—3)}#}. (8)
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Proposition 4. Let p > 1. Let R > p > 0 and let T be the torus (6). Then there exists a
positive constant B(p,n) such that if

() R>p+ (—(2”;1”)%

(i) R =B/ n)p,

then Appnd <0 in T \ S. Moreover we can take

2n+p—2 2n—p+1 .
max{p—f&, 2(2—171))}, Zfl <p<27
Blp,n) =1 2n ifp=2,

QTL +p _ 2 pr 2 13+\/§)21’L—7,

whereas for 2 < p < 13+W we have B(p,n) = 1+
solution of

a(p oy where a(p,n) is the positive

(2n + p — 3)%a> +4((p— 2)2n+p—3)+ (p—1)(2n— 1))a —4(2p—3)=0
Proof. Let A = |Vynd|?. We then have
Appnd = AT (AAHnd—i— 2 (4 A, + 4r tht)) 9)

Now, simple computations give

(r — R)? + 4r%?

A=d; +4r3d; = CoRELE (10)
and
_2r=R)d-— 4rR)t% + 8rtt 4= 2t(r — R)?(4r% — 1)
' (r—RZ+)* Y -R2re)?
Hence

5

2

d A, +4r2d Ay = — ((r —R)? +t2) {(r — R)**(2—8r? —8rR+32r*) + 8r(r — R)t4}.
Substituting in (9) and recalling (8) we obtain after some more computations that

Apmnd = — A" ((r = R)2 +2) 2W

where
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W= 1((7” — R)? + 4r%?) ((T — R |20~ ) — B) + 4]

,
+ [(Qn —1)(r—R)+ ’I”:| t2)
+(p-2) ((r _R)? [1 _ArR—4r? 4 16r4} £2 4 dr(r — R)t4).
In case p = 2 we note that our assumption implies that
2n—1)(r—-R)+4*>0, 2n—1)(r—R)+r>0

in T', hence W > 0, as required.
For p # 2 we collect similar powers of ¢ to obtain

W =(r— R)4((2n —1)(r—R)+ 47"3)
+(r— R)2{(2n —14+4(2n+p— 3)7"2)(7" —R)
+16(p — 1)r° = 8(p—2)r> + (p — 1)r}t2
+ 472 <(2n +p—-3)(r—R)+ r)t4
=:Cy+ Clt2 + Cgt4.
Assumption (i) implies that Cy > 0. Similarly, assumption (ii) implies that R > (2n +
p — 2)p in all cases and therefore Cy > 0.

We shall prove that C; > 0. Equivalently, that

VA R N2
16(p — 1)r* —8(p—2)r* +p 1>O

-R
T T T A p—32

foral R—p<r<R+p.

For this we shall find a positive constant a = a(p,n) such that

16(p—1)r* —8(p—2)r2+p—1
2n—14+4(2n+p— 3)r?

>a, r>0,
or equivalently

16(p — 1) — (8(p—2) +4a(2n+p—3))r2+p— l—a@n—-1)>0, r>0. (11)
If such an a has been found then we shall have C; > 0 provided the radii of T satisfy

r—R+ar >0, forallre[R—p R+,
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which is equivalent to

1
> (14 =)p.
R>( +a)p

At this point we need to distinguish different cases.

Case 1 < p < 2. In this case we choose

p—1 22-p) )

a=ap,n) = mm{2n—1’ 2n+p—3

which makes all coefficients in (11) non-negative. The requirement on the radii then is

) {2n+p—2 2n—p+1}
= max

>
R o (1 * Cbl(p,n)

and it is satisfied by our assumptions.

Case p > 2. In this case the coefficient of 72 in (11) is negative, so we consider the
discriminant. We have

(8(p —9) +4a(2n+p— 3))2 —64(p — 1)(p— 1—a(2n — 1))
:16{ —4(2p—3) +4<(p—2)(2n +p-3)+(@-1)(2n— 1))a+ @2n+p-— 3)2(12}.

We now choose a = a(p,n) to be the positive root of the quadratic polynomial above.
So the requirement on the radii for (11) is

Rz (1 + a(pl,n))p

and 3(p,n) is given by

ﬂ(p,n):max{Qn—i-p—Q, 1+ﬁ}.

Finally we note that for p > 2,

1

n+p—22>1+ >
nop - T 2n+p-3

oy 0

= 4p? —13p+11—-2n>0
L 13+V32 =7
- 8 .

= p

This completes the proof. O



G. Barbatis et al. / Journal of Functional Analysis 291 (2026) 111512 17

Remark 1. For 1 < p < 2 we have that

2n—p+1

>2n+p-—2 iff
2(2—-p)

<p<2.

N W

Moreover if we define pg = vV9n? —8n +2—-3(n—1) then 3/2 < py < 2and for 1 < p < 2
we have

{2n+p—2 2n—p+1} {—2";”12, if 1 <p < po,
X =

p—1 7 22-p) Sl ifp<p<2

Theorem 5. Let R > p > 0 and let T denote the torus (6). Let p > 1 and assume that
conditions (i) and (i) of Proposition j are satisfied. Then

(i) There holds A, gnd < 0 in the distributional sense in T
(ii) For any w € C°(T) there holds

nd
/|VHnu|pd§> /|V]HI P u|Pde.

Moreover the constant in (ii) is the best possible.

Proof. Let p > 1. By Proposition 4 we have A, gnd < 0 in 7'\ S. Hence the inequality
in (ii) for any v € C°(T'\ S) follows from Theorem 1.

In order to extend this to any u € C°(T') it is enough to establish that A, gnd < 0 in
the distributional sense in 7T'. That is, we must prove that given a non-negative function
¢ € C°(T) there holds

/|VHnd|p_2VHnd - Vir¢dé > 0. (12)
T

For this we shall use a standard approximation argument. Let
q(&) =+/(r—R)%2+1t2, &= (rw,t) €T,

be the (Euclidean) distance of £ € T to the ‘circle’ S. For € > 0 small we consider a
smooth function 1. on T" such that

)0, ifg(§) <e
vel8) = { 1, if g(&) > 2¢

and |V | < ¢/e. Then ¢, := ¢ is a non-negative smooth function in C°(7"\ S) and
hence, by Proposition 4,
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/|VHnd|p‘2VHnd - VHn ¢ d€ > 0.
T

Since |Vpgnd| is bounded, in order to complete the proof it is enough to show that
/|VHn¢E—VHn¢|d£—>O7 aSE—>0,
T

since (12) will then follow by letting € — 0.

In fact, since |Vygnu| < ¢|Vu| in T, it is enough to consider the Euclidean gradient.

We have

IVoe = Vol <1 —ve)ollrrry + 16VYellr(r)-

The first norm in the RHS tends to zero as ¢ — 0 by the Dominated Convergence
Theorem. For the second one we have

&
Jovedae<t [ a
T {e<q(£)<2¢}

<4

€

— 0.

Hence the Hardy inequality (ii) has been proved.

To establish the optimality of the constant we apply part (b) of Theorem 1. Assump-
tion (i) is satisfied by (10). The fact that (ii) is satisfied is well known, see [3, Lemma
5.2]. This completes the proof of the theorem. 0O

Remark 2. It is evident from the argument in the above proof that if Q@ C H" is a
domain with C? boundary then the corresponding Hardy constant cannot be larger than
((p—1)/p)?, provided there exists a point & € I such that Vi d(&y) # 0. This is very
generic. We refer to [21] and references therein for results concerning the negligibility of
the set of such points in a much wider context.

In the case of the Heisenberg group H" we can give a direct proof of this negligibility.
Indeed, if & € 09 is a boundary point with Vg=d(&y) = 0, then we have
a2

xT

.= 4y3df , dfh = 4x§dt2 , 1=1,...,n, at the point &.

Since |Vd| = 1, adding implies

(1+4r?)d? =1, at the point &.
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It follows that if in addition the tangent hyperplane at & is parallel to the hyperplane
{t = 0} (and so d¢(&) = 1), then we must necessarily have r» = 0, that is the point &
must lie on the t-axis.

8.2. Hardy inequalities with respect to the gauge pseudodistance

In this section we consider geometric Hardy inequalities in the Heisenberg group with
respect to the gauge quasi-norm

N© = (e + P2 +2) 6= @y en.
For a given domain 2 C H" the induced distance to the boundary is given by
dy () = disty (£,00) = inf{N((¢) 7€), € €09},  ce. (13)
We first consider the case where our domain is the half-space
Iy = {(x,y,t) € H" : t > 0}.

It is then easy to see that for & = (x,y,t) € Il and ¢’ = (2/,y/,0) € 9Ily we have

! / 2 / 2 2 / / 2 i
a6, = (1o =P+l =oP) 4 (2w =) ) )
Lemma 6. Let IIy = {(x,y,t) € H" : ¢ > 0} and let

dy(€) = inf{N((¢)7'¢), € €}, €€l (15)

denote the corresponding pseudodistance to the boundary. Then, for any £ = (x,y,t) €
Iy, dn (&) depends only on r = +/|x|? + |y|? and t > 0. More precisely, we have

1
( r432—3tr25+t2)4, r>0,t>0,
1

16
tz, r=0,t>0, (16)

dn(§) = dn(r,t) = {

where for fized r,t > 0 the real number s € R is the unique solution of the equation

t

3 _
s+2sfr—2f0. (17)

Proof. The case r = 0 is immediate, so we assume that » > 0. By (14) the infimum in
(15) is attained at a point (z’,%") which is a critical point of the function

2 2
Fa',y) = (I = o +1y =) + (t+2-y —y-a)) ", @'y) R
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Fori=1,...,n we have
Foy =42’ = a2 + Iy = y2) (@} = 2) = 4(t+2 -y =y o) )ui,
Fy = 4(la = ol + 1y = o) () = vi) +4(t+ 20y —y-a') )

Assume now that (2/,y’) is a critical point of F. Then necessarily (z',y’) # (z,y). From
the last two relations we then obtain

wi(w; — xi) + yi(y; — vi) = 0, i=1,...,n.

We set

_t+2(@-y —y-a)
e — 2Pty -yl

and note that

T, —x; = sy; , Y —yi = —sx; , i=1,...,n. (18)
We then have
n
vy —y-al =Y [wi) —yy) —yah - x)] = —r’s (19)
j=1
and
n
|z’ — 2|2+ |y —y|> =52 Z Y+ a3) =r’s.
j=1
Hence for i = 1,...,n, we have

Fy = dy;(r?s® +2r%s — t), Fy = —4x;(r*s® 4 2r%s — t)

and we thus conclude that s must solve (17).

Since the cubic equation has a unique solution, there exists a unique critical point
(2’,y’) of F given by (18).

Finally, by (19) we have

dy (&) = (Ix’ -z + 1y - yl2)2 + (t +20 -y —a y))2

2 2
= (1" =P +1y —9?) + (t—2r%)
= 2r%s% — 3tr?s + t2, (20)

where we have also used (17). This completes the proof. O
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Proposition 7. Let II C H"™ be an arbitrary half-space and let dn(§), & € 11, denote the
pseudodistance to the boundary with respect to the quasi-norm N. Then for any p > 1
there holds Ay gndn < 0 in the distributional sense in 11.

Proof. By group action (see also [19, p340]) it is enough to consider the case IT = IIj.
Also, it is preferable to work with the function

G(r,t) = dn(r,t)*

instead of dy (r,t). To compute the various derivatives of G(r,t) we recall from Lemma 6
that

G(r,t) = 2rts® = 3tr?s +t> = (t — r?s)(t — 2r%s) in Iy \ {r = 0}, (21)

where s = s(r,t) is defined by (17). Since ¢ = r?(s® + 2s) we may eliminate ¢ from (21)
and we obtain

G(r,t) = r*s*(s® +1). (22)
By (17) we have
1 25(s? +2)
S el 2
ot r2(3s24+2) "’ o r(3s? +2) (23)

Hence

G, = 4r3s*(s* +1) +r*(65° + 45%)s,

2s(s% +2)
r(3s2 +2)

= —4r3st, (24)

= 41354 (5% 4+ 1) — r1(65° + 45%)

Similarly we obtain

B 4r2st(s? — 10)

= 2r%s3 = 2
Gt res-, G 352 12 ( 5)
65> 167s?
Gu =555 "= o3 o
35242 35242
Setting A = |Vgndn|? we have, cf. (9),
p—4 p—2 2
Aprndy = AT (ADgndy + P (s Ar + 42y A ). (26)

We have
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1 s 1 3 3 1 1 __s
dyr=1G71Gr,  dyi= GG dyy=—1GT G+ (GG,

and
3 4 1 s 3 . 1 s
dyu=—15G G2+ n Gy, Ay = ~16C GGy + G e
Moreover
1
A=d3, +4r2d%, = 1—6G—%(G2 +4r2G2) = G308 (s? + 1),
A, = ZdN,rdN,rr + 87“d% + 8T2dN,th,Tt
3 1 r 3r2 r2
-G ( LN e Te Ne NN cTe. B e Ne. NUNCTeReR )
BTG Tob b GG+ 5 GGl
_od 2r9s12(s? + 2)(s? + 1)
o 352 +2
and

Ay =2dNrdy e + 8T2dN,th,tt
s/ 3 1 32 §
= 67¥ (= S GG+ 366G — G + =G GG

7% 7,8511(52 4 1)

e
352 + 2

Combining the above we arrive at

13 7"12814(52 + 1)3

2 _ _13
dN,rAr + 4r dN,tAt =-2G + 352 12 (27)
On the other hand in Iy \ {r = 0} we have, cf. (7),
2n —1
Agndy = dyrr + z dnr +4r%dy o
_ 1.z 32, 2n—1 2 22
=67 {GG,,T 2G4+ T GG, + GGy — 3 Gt}
_ o r8s8(s? +1)((6n — 2)s? + 4n — 3) . (28)
352 +2

From (26), (27) and (28) we obtain

_apg1 roPsPt2(s2 + 1)5 ((6n+p —4)s? + 4n +p —5)
3s2+2

Ap,H"dN - _G S 07

and the desired inequality has been proved pointwise in IIy \ {r = 0} (where dy is
smooth). To complete the proof we argue as in the proof of Theorem 5, using in particular
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functions v, € > 0, as in that proof. Part (i) is also used at this point since the local
boundedness of |V gdy| is required when letting e — 0. O

Proposition 8. Let Iy = {(x,y,t) € H™ : t > 0} and let dy = dn(r,t) denote the

corresponding gauge pseudodistance to the boundary 0lly of the point £ = (r,w,t) € Tl
expressed in cylindrical coordinates. Then for any fixed r # 0 we have

(i) dn(r,t) = ;—r +O(t?)
(ii) |Vmndn(r,t) =1+ O0(t?)
ast — 0+.
Proof. Differentiating (20) we get
4d3rdn s = 2t — 3r?s + (4r's — 3tr?)s,.

Now using the first part of (23) and the fact that s solves (17) we obtain

6ts® — 2r2s +t — 9r3s3 _ 6ts? + 16r2s — 8t

dn s = = 29
ot 4d3 (352 + 2) 4d3 (3% + 2) (29)
Similarly we find that
24rtst 4+ 161%s2 — 18tr2s3 — 20tr2s + 62 4072ts — 32rs? — 12¢2
dn r = = (30)

’ 4d3r(3s2 + 2) B 4d3r (352 + 2)
We now let ¢ — 0+. From (17) we find

t 3

T 22 160

+O(t).

Plugging this in (20) we have
. t4 t6 s
d t)=——— ——=+0(t
(D) = 160~ s T O0)

and (i) follows. We then also have

1 6476 N 1
d%(r,t) t6

and combining the above we obtain

1 2
N = 42 +0(t?), d%, = — +O(t").

d
4rd
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We thus conclude that
\Vandy|* = dy, +4r2dy, = 1+ O(t?),
as required. O

Remark 3. We note for later use that we can use (17) to eliminate ¢ from the expressions
(16), (29) and (30) for dy, dy+ and dy,, respectively. We obtain

7"283 7,253

= 2 1 1/4 = — = —
dy =rs(s” +1)"/7, dnr dnt 53

Theorem 9. Let p > 1 and IT be an arbitrary half-space in H™. Let dx (&) = disty (€, OII)
denote the corresponding pseudodistance of € € 11 to the boundary Oll. Then there holds

p—1 p/|ande
VanulPdE > ulPdé, we CZ(II).
H/Hm(p)n e ulrag (1)

Moreover the constant is the best possible.

Proof. Action by an appropriate group element reduces the proof to the case Il = IIj =
{(z,y,t) : t > 0}. The validity of the Hardy inequality is a consequence of Theorem 1
(a) and Proposition 7. The sharpness of the constant follows from the second part of
Theorem 1 (b) and Proposition 8. O

In case p = 2 we will extend the above to the case of a bounded convex polytope. For
this we will need the following lemma where, as above, Iy = {(z,y,t) € H" : t > 0}.

Proposition 10. Any point € Ty has a unique nearest boundary point (x',y’,0) € 9.
Moreover, given a point &' = (2/,y',0) € 9y and p > 0, there exists a unique point
& = (x,y,t) € Iy whose nearest boundary point is &' and for which dy (&) = p.

Proof. We have already seen in the proof of Lemma 6 that given £ € Ily the nearest
boundary point £’ € 9Ilj is uniquely defined.

Suppose now that a point ¢’ = (2/,y,0) € 9y and p > 0 are given. Assume that
¢ € Tl has & as its nearest boundary point and that dy(£¢) = p. Denoting r? = |z|? + |y|?
and 7’2 = [2/|? + |y/|? we have from (18) that

r'? = (1+s%)r?,

where s > 0 is defined in terms of r, ¢ by (17). We also have (cf. (22)) p* = rts*(1 + s2).
We thus conclude that
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and this relation uniquely determines s > 0. Now going back to (18) we obtain

1452 ! 1452 °

We also have ¢t = 72(s® + 2s), hence the point ¢ = (x,y,t) € IIy has been uniquely
determined. It is not difficult now to see that this point has indeed (a’,4’,0) as its
nearest boundary point and dy(£) = p. This completes the proof. O

Remark 4. Let us point out that the convexity of a set 2 C G in a stratified group G is
a genuine geometric notion in the sense that it is invariant under left translations; i.e.,
if 2 C G is convex and g € G, then g is also convex.

Theorem 11. Let Q C H™ be a bounded convez polytope and let dn(€), £ € Q, denote the
corresponding gauge pseudodistance to the boundary. Then

(i) Amndy <0 in the distributional sense in €.

(ii) The Hardy inequality
1 Vindn|?
/ Vaul?d¢ > 5 / '“iTN‘qu@ u € C2(Q),
Q Q N

is valid, and the constant 1/4 is sharp.

Proof. Let E1,..., E,, denote the sides of 2. We define

I
—

Av={€€Q:d(E) = dist(&, i)}, k

yeee, M.

Hence the sets Ay, have pairwise disjoint interiors and U;" ; Ay = Q. Let I, k =1,...,m,
denote the half-spaces determined by €2 so that

By COlly, k=1,...,m, and Q=[]
k=1

We then have

dN(g) = diStN(g,aHk) =: dN,k(g) s for all f c Ak (31)

It immediately follows from (31) that

dy(§) = min dy x(§), e

1<k<m

We fix a non-negative function ¢ € C°(Q2) and we aim to show that
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[ Vudy - Vuode =" [ Vudws- Vuode = o (32)
Q

k=14,

We recall the divergence theorem in the stratified setting: if the vector field F' takes
values in the first stratum and sufficient regularity is assumed then

/diVHFdfi/F‘I/HdS,
A 0A

where
v = (Vo + 21y, vy — 214x) (33)

and v = (vg, vy, ;) denotes the usual outer normal vector.

We cannot directly apply integration by part to each of the integrals in the RHS of
(32) due to the fact that, as is seen from Lemma 6, there is a halfline L, C II; on
which the function dy i is not differentiable (the halfline Ly, is the image of the halfline
{(0,0,¢t) : t > 0} under the group action that maps Iy onto II;). We define the set

K= 6 Ly
k=1

and so dy is C' in Q\ K.

We now use a standard cut-off argument. We denote by dg(-, K) the Euclidean dis-
tance to the set K and we consider smooth functions ., € > 0, such that 0 < ¢, <1
and

’l/)e(g) 07 if dE(gaK) <€,
Ye(§) =1, if dgp(§, K) > 2e,
[Vie(§)] < €, forall £ € H.

We then define ¢ = ¢ 1.
Let k € {1,...,m}. Integrating by parts and using Proposition 7 we obtain

/deN,k Vy¢cdl = — /¢e Apdydé + / G Vudn g - Vi,g dS
Ay Ay DAL

> / G Vudn g - Via dS,
OAL

where v, i is defined as above relative to Ay. Adding over k we arrive at
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/ Virdy - Vioode >3 [ 6 Vudns-vinds. (34)

k= 18A

Now, each boundary 0 Ay consists of outer parts where ¢ vanishes as well as of common
boundaries with other sets A;, j # k. Let us fix k, j such a set Ay and A; share such a
common boundary Si;. Let v be the normal vector on Sj; which is outer with respect to
Ay, (the existence of v is shown in the Appendix in case where the two hyperplanes are
not vertical; otherwise one may use an approximation argument, see also [19]). Defining
vy = (Vg + 211y, vy — 212) we conclude that the two contributions on the surface Sy,
from Ay and A; add up to

/ ¢e (Vuadn gk — Vuadyn;) - vadS.
Sk,

The surface Sy; is a level set for the function dy,r —dn ; and at each point € Sy; there
holds Vdy 1 — Vdy,; = Av where A = A\(§) > 0. We therefore have on Si;

(Vudng —Vady;) ve = (Vedng — Vedn; + 2(dnk)y — 2(dn,j)ey,
Vydng — Vydn,; —2(dn i) + Q(dNJ)t:E) . (Vz + 2yvy, vy — 29:1/,5)
= ()\uz + 2Dy, Ay — 2)\Vtx) . (Vz + 21y, vy — 2utm)

= M(ve + 209)* + (v, — 202)?)
> 0.

Hence the LHS of (34) is non-negative. Noting that V¢, — V¢ in L'(Q) as e — 0
completes the proof. Combining the above completes the proof of (i). Part (ii) is an
immediate consequence of part (i) and Theorem 1. The optimality of the constant follows
from Theorem 9. O

As an immediate consequence of Theorem 11 we obtain the geometric uncertainty
principle on the convex set 2 C H™ with respect to the gauge pseudo-distance on H".

Corollary 12. Let D C H"™ be either a bounded convex polytope or an arbitrary half-space
in H" and let

dn(§) = disty (&, 0D)

denote the corresponding pseudodistance of & € D to the boundary 0D. Then for any
u € C(D) we have

N[=

/|anu|2dg /d ng > %/u2d€.
D

D
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Proof. A combination of Theorem 11, Part (ii) and of the Cauchy-Schwarz inequality

yields

D

1
>3 /u2d§ . O

D

1 2
/|anu|2d§ /deg >3 /Z;—ng /deg
D D N D
2

3.3. Hardy inequalities with respect to the Carnot-Carathéodory distance

In this section we consider geometric Hardy inequalities in the Heisenberg group with
respect to the Carnot-Carathéodory distance.

In the case of the Heisenberg group H”, it has been proved in [4,6] (see also [12]) that
the Carnot-Carathéodory distance of a point £ = (x,y,t) to the origin is given by

%r, if (x,y) # (0,0),
p<>—{‘ s @) £ 0.0 (35)

7T‘t|7 if (x7y) = (O7O)a

where r = /|z|? + |y|? and the angle ¢ € (0,7) is uniquely determined by the require-

ment

u(g) = 20ME0) _ 1 (36)

2sin? ¢ r
For a given domain 2 C H" the induced distance to the boundary is given by
d,(€) = dist, (€, 00) = inf{p((¢") 7€), £ €09},  €eq (37)
As in Section 3.2, we first consider the case of the half-space
Iy = {(x,y,t) € H" : t > 0}.

By the above, it is then easy to see that for £ = (z,y,t) € Il and &' = (2/,y’,0) € I,
we have

[ T 2 T 12 A,
dp(f,fl) _ { sin¢>\/|m 'rl + |y y| ’ (xlvy/) 7é (m,y), (38)
\/E, (x,y):(:z:,y),

where ¢ € (0,7) is implicitly given by

O ey
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We set

and define the function

F'y) =gV —aP +1y =y, (@'y) # (x,y),
where ¢ € (0,7) is determined by (39) with £ € Iy being fixed.

Lemma 13. Let £ = (z,y,t) € Iy with (z,y) # (0,0). The function F(x',y") has a unique
critical point (2',y') in the set R®™ \ {(z,y)}. Moreover this critical point is given by

/

(i — @) cot o =y , (40)
(y; — yi)cot ¢ = —x; , i=1,...,n,

where ¢ is the unique solution in (0,7/2) of the equation

26 +sin(2¢)  t
T Beotg T (4D

Proof. For notational simplicity we set X = (z,y) and X' = (2/,y’) # X. We then have

Ay

Fu (2, y') = g'(¢)dar | X' — X +9(¢)ﬁ- (42)
Differentiating (39) we get
G 2 o 9)at )
H T T |X’—X|2 |X’—X|4
_ T2 — 2u(9) (] — ;)
X-XE

Hence going back to (42) we see that F,/(z',y’) = 0 if and only if

(9(0)0'(9) = 29/ (9)1(®) ) (@} — 1) = 2/ ()i (43)
But
(6) = 2(sin ii;?)q;cos ¢)7 J(6) = sin ¢S;12¢¢cos 0]

and
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cos ¢(sin ¢ — ¢ cos @)

sin® ¢ ’

g(o)u' (¢) — 29 (o) () = 2

so (43) takes the form (2] —x;) cot ¢ = y;. Similar considerations show that Fy,(z',y") = 0
if and only if (y, — y;) cot ¢ = —x;. Hence we conclude that a point (z/,y') # (z,y) is a
critical point of F' if and only if (40) is satisfied where ¢ € (0, 7) is given by (39).

Assume now that (2/,y’) # (x,y) is a critical point of the function F. From (40) we
then have that ¢ # 7/2. Moreover, again from (40),

wi(w; — i) +yi(y; —yi) =0, 1=1,...,n,

and
vy -2 y=x-(y —y)— (@ —z)-y=—r’tang.
It then follows that
|/ — z|* + |y — y|* = r* tan® ¢. (44)
These together with (39) give

= 272 tan ¢
W) = T tan’e

Recalling the definition of the function pu, cf. (36), we conclude that ¢ satisfies (41). This
procedure defines a map

I \ {(0,0,t) : t > 0} > (z,y,t) = ¢ = ¢(x,y,t) € (0,7).

We shall write ¢ = ¢(r,t), r = y/|x|? + |y|?. This map is clearly continuous and, as we
have seen, we have ¢(r,t) # w/2 for all r,t > 0. But, by (41), ¢(r,t) — 0 as t — 0+
for any fixed r > 0, hence by continuity we obtain that in fact ¢(r,t) € (0,7/2) for all
r,t > 0.

Hence given (z,y,t) € Iy with (z,y) # (0,0), if a critical point (2/,y') # (x,y) exists
then it is unique and it is determined by (41) and (40).

To complete the proof we observe that the argument works both ways: if ¢ € (0,7/2)
is defined by (41) then the point (z/,y’) defined by (40) is different from (z,y) and is
indeed a critical point of F. O

Lemma 14. The Carnot-Carathéodory distance of a point & = (x,y,t) € Iy to the bound-
ary O0lly is given by

Zor,if (zy) #(0,0),
dp('f) = ; .
\/g7 Zf (ac,y) = (0,0),
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where r = \/|z|? + |y|? and in the first case ¢ € (0,7/2) is uniquely determined by the
requirement

2 in(2 t
¢ + sin(2¢) _t (45)

2cos2 ¢ r2
Moreover in case (x,y) # (0,0) the distance is realized at a unique point &' € Ol while
in case (z,y) = (0,0) it is realized at all points of the circle with centre at the origin and

radius \/2t/m.

Proof. (i) Case (z,y) # (0,0). Let £ = (x,y,t) € Iy with (z,y) # (0,0) be given and let
(2',y") # (z,y) be the critical point of F' determined in Lemma 13. Writing &' = (2, 4/, 0)
and recalling (38) and (44) we have

d,(&,8") =F(z',y)

¢ / 2 / 2
= "L' —_— —
e AR ]

_ ¢ r tan ¢

sing
¢

e 3 T. (46)

The proof will be complete if we prove that the distance of ¢ to the point (z,y,0) is
strictly larger than d,(&,£’). To see this we recall that, by (38),

dp(gv (x,y70)) = \/E

Applying the elementary inequality
¢2<g(2¢+sin(2¢)), 0<¢<g7
we thus have
2
d2 N — ¢ 2

2¢ +sin(2¢)
< 2cos? ¢ o
t 2

= —=ar
r2

= di(é‘, (x,y,O)).

(ii) Case (z,y) = (0,0). Let ¢ > 0 be fixed. We recall that
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d,»((0,0,t),(0,0,0)) = Vnt.
Now, for (z',y") # (0,0) we define

2
&

Gl y) = d((«',4/,0), (0,0,2)) = e~

where r'? = |2/|? + |y/|? and ¢ € (0, ) is defined by

2¢ — sin(2¢) _

2sin? ¢ r

t
TQ.
Hence

rooN 2¢2
G y) = o mea

The function ¢ — ¢?/(2¢ — sin(2¢)) is minimized for ¢ = 7/2 in which case it is equal
to m/2. Hence d,(0,0,t) = /mt/2. Moreover we have ¢ = m/2 precisely for the points
(«',%') for which 1’2 = 2t/7. This completes the proof. O

Proposition 15. Let ITy = {(z,y,t) € H",t > 0} and let d, = d, (&), & € Iy, denote the
corresponding Carnot-Carathéodory distance to the boundary Olly. Then for any fixed
r # 0 we have

t
d,(&) = o +o(t), ast—0".

Proof. The proof follows from Lemma 14 using standard arguments, since by (45) ¢ — 0

implies that ¢ — 0. O

Theorem 16. Let IT be an arbitrary half-space in H™ and let d, (&), & € H", denote the
Carnot-Carathéodory distance to the boundary OIl. Then

(i) Apnd, <0 in the distributional sense in IL.

(ii) For any p > 1 the Hardy inequality

1 P
[1wneapag = (220) [Whae, wecxm,
a p

dp
is valid. Moreover the constant is the best possible.

Proof. (i) We first note that by invariance under group action we may assume that II =
IIy. By Lemma 14 the distance to the boundary of a point £ = (x,y,t), (z,y) # (0,0), is
given by
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¢ r=: B(¢)r.

dp(r:t) = cos¢p

We will see below that d, (r,t) < 0. Therefore, we have

2n —1
AH” dp = dp,rr + fdp,r + 4r2dp,tt (47)

S dp,rr + %dp,r + 4T2dp,tt
= B(6)(r? + 4r°67) + B'(9) (rdre + 30, + 41%u) + 1 B(6).

The various partial derivatives of ¢ = ¢(r,t) are computed from the relation

2¢ +sin(2¢) ¢

Q(¢) := T 20?2 (48)
Differentiating we find
_ _ Q") _2Q(9)
“TEQE T TE@er YT i)
Q((;S) / 2 1
=) (g 4 .
b = iy (6@ W) —4Q7(9)Q(0)
Substituting in (47) we arrive at
Buaedy < s (4 (B'Q - Q'B) + BQ)). (49)
Let A denote the term in large brackets in (49). We have
/o COSO+ ¢ sing v @+ ¢sin® ¢+ sin(2¢)
B(9) =  cos2¢ B(¢) = cos3 ¢ ’
/N o COSP+ @ sing v o @20 sin? ¢ + 3sin(2¢)
Q(¢)—2W7 Q" (¢) =2 cost g :

Therefore
dpr(r,t) = B(¢) + B'(¢)p.r = —sing <0
as claimed. Substituting we find after some computations that

A=-— & : ((1 +2cos? ¢ — 3cos? p)p? + cos psin ¢ (3 — 5 cos? B)p?

+ cos? ¢ (3 — 4 cos® $)¢p + cos® ¢ sin ¢> .
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Now, the term in the large brackets above can be written as

#3 sin ¢ + ¢? sin® ¢ cos ¢ (3sin ¢ — ¢ cos P)
+ psin ¢ cos® ¢ (3sin ¢ — 2¢ cos ¢) + cos® ¢ (sin ¢ — ¢ cos @)

Each of these four terms is non-negative for ¢ € (0,7/2); hence A < 0 and (i) has been
proved.

(ii) The required Hardy inequality will follow by applying Theorem 1 provided we es-
tablish that A, gnd, < 0 in the distributional sense in II. Now, by [23, Theorem 3.1] (or
by a direct computation for r # 0) we have |Vgnd,| =1 a.e.

Hence the above condition can be simplified to Agnd, < 0 which is in particular
independent of p > 1; see also [3]. So the result follows from (i). The sharpness of the
constant follows from Theorem 1 (b), Proposition 15 and the fact that |[Vyg=d,| =1 a.e.,
cf. 23]. O

The next proposition provides a more detailed picture concerning nearest boundary
points. We denote 7'2 = |2/|2 + |/|?.

Proposition 17. (1a) Any point £ = (z,y,t) € Iy with (z,y) # (0,0) has a unique nearest
boundary point (z',y’,0) € 01ly. Moreover (x',y') is different from (z,y) and from (0,0)
and there holds d,(§) < mr' /2.

(1b) Let t > 0. The point (0,0,t) has as nearest boundary points all points (z',y’,0) with
W+ Iy = 2t/

(2a) Conversely, let & = (2/,y',0) € dlly with (z',y’) # (0,0) and p > 0 be given. If
p < mr' /2 then there are exactly two points & = (x,y,t) € Iy whose nearest boundary

point is &' and for which d,(§) = p. Moreover exactly one of these points lies on the
t-axis. If p > wr' /2 then there is only one such point and it lies on the t-axis.

(2b) No point in Iy has (0,0,0) as its nearest boundary point.
Proof. (1a) We have already seen in the proof of Theorem 14 that given £ € Il the

nearest boundary point & = (2/,y’,0) € 9Ily is uniquely defined. Moreover, setting
2 =|2']? 4+ |y'|* we have from (40) that

2
2 _ 2 2 _ T
r! f(l—i—tan (;5)7' —m
where ¢ € (0,7/2) is given by (45). Hence
10 , 7!
d = = _
()= =o' < (50)

(1b) This is contained in Theorem 14.
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(2a) Assume that & = (z,y,t) € Iy with (z,y) # (2/,y') has ' as its nearest boundary
point and that d,(&§) = p. By (50) ¢ = p/r" and the point ¢ is now uniquely determined
by (40) and (45). It is now easy to see that this point £ has indeed &’ as its nearest
boundary point and d,(§) = p.

Moreover, by Theorem 14, the point (0, 0,2p?/7) also has (z',’,0) as one of its nearest
boundary points and its distance to the boundary is p. In case p > mr’/2 the first of
these two points is not defined. Hence (2a) has been proved.

(2b) We note that in case (1a) the nearest boundary point (z’,y’,0) is not the origin
since (0, 0) is not a critical point of the function F' in Lemma 13. In case (1b) the nearest
boundary points are also different from the origin. O

Lemma 18. Let 2 C H"™ be a bounded conver polytope. The corresponding Carnot-
Carathéodory distance to the boundary satisfies Agnd, < 0 in the distributional sense in

Q.

Proof. The proof follows exactly the lines of the proof of Theorem 11 using Lemma 14
and Theorem 16 instead. O

Theorem 19. Let Q@ C H™ be bounded and convex and let d,(§), & € Q, denote the
corresponding Carnot-Carathéodory distance to the boundary. Then for any p > 1 the

/ |VH7L'U,
Q

Hardy inequality

p—1\? [ |ul|P
G N (0
’ ) z d¢, we (),

rag > (

Q

is valid.
Proof. Let u € C2°(Q) be fixed. We consider a bounded convex polytope ' such that
supp(u) CC ' ccC Q.

Let us denote by d'p the Carnot-Carathéodory distance to 9€)’. Combining Theorem 1
and Lemma 18 we obtain that

/ |anu
Q/

Hence, since d;, <d, in ¢,

— 1\P p — 1\»P P
[vaearac = [1waeapag > (1) [Bacs (20)" [
2 o p p

!'p 4
’ dp Q dp

p—1\P [ |uf?
rag> ()" [ e
Q g

and the proof is complete. 0O
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Remark 5. We point that the fact that the key property that d;) <d,, for d and d' as in
the proof of Theorem 19 in the bounded convex polytope €2’ and reflects the geometric
nature of the Carnot-Carathéodory distance, meaning in particular that the latter is a
“true” distance respecting the geometry of H™.

The proof of the following corollary, which is the geometric uncertainty principle with
respect to the Carnot-Carathéodory distance, follows the lines of Corollary 12 in the case

of the gauge pseudodistance.

Corollary 20. Let D C H™ be either a bounded conver domain or an arbitrary half-space
in H™ and let

d, (&) = dist,(&,0D)

denote the corresponding Carnot-Carathéodory distance of & € D to the boundary 0D.
Then for any w € C°(D) we have

S]]
N

N | =

/|VHnu|2d§ /diuzdf > /u2dg.
D

D D

4. Hardy inequalities on stratified groups of step two

In this section we consider stratified groups of step two. If G = R" is such a group
with (cf. (3)) dim(V;) = m < n, then each element g € G can be written as

g = (9(1)79(2)) = (g1’ s 9my mls agn)7

where ¢ € R™ and ¢ € R™ ™ belong in the first and the second stratum of G,
respectively. It is known that the group law has the form

/ 9i g;7 { 17"'7ma
. _ _ 51
(gg> {gl+g;+%<B(z)g/(l)’g(l)>’ l—m+1,~-~,n, ( )

where the B(\’s are m x m matrices, and (-, ) stands for the standard inner product in
R™, see e.g. [5, Remark 17.3.1]. The group law (51) can also be written as

1
lo— (oD D o@ g @ 4 L) O 9
g9=1(9"+9". 97+ +5(Bg". g), (52)
where (Bg(M), g’ V) denotes the (n — m)-tuple

(Bm+D) g 7y o (B () g (Y
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The inverse element is then given by

_ 1
9T = (=g, —g® + S (BgW 1))
We note that the (anisotropic) dilations on a stratified group G of step two are given
by the maps 6y, A > 0, defined by

(g™, g?)) = (AgM, A2g@).

In the first part of this section we prove some results on the concavity, in the sense of
[9,20], of the Euclidean distance to the boundary on a convex set @ C G. This, combined
with results for [9], yields Theorem C of the introduction and in particular the L? Hardy
inequality on convex domains ) C G.

4.1. On the distance function from the boundary of bounded conver domains in
stratified groups

To develop the subsequent analysis we first need to clarify the notions of convexity
of sets and functions in the stratified setting. Even though, as mentioned above, these
notions were introduced at the same time in [9] and in [20], here we adopt the notation of
[9] since in [20] these notions are developed in the viscosity sense, while for us the weak
sense is more suitable. To this end let us first introduce the following auxiliary notion.

Let G be a stratified group with dim(G) = n and dim(V;) = m. Given a point g € G
the horizontal plane H, passing through g is defined by

Hy = Lg(exp(Vy © {0})),

where L, denotes the left translation by g € G and exp : g — G is the exponential map
for the group G. In particular, we have that

H, = exp(V1 S2) {0}) )

where e € G is the identity element of G.
Following [9], for given g,¢' € G and A € [0,1] we denote by g, the anisotropic
analogue of the standard Euclidean convex combination, that is

9= 9a(9:9") = g0r(g719).
The following definition was given in [9, Definition 5.5].

Definition 21. A function u : G — (—o00, 0] is called weakly H-convex if {g € G : u(g) =
oo} # G, and if for every g € G and ¢’ € H, one has

u(ga) < u(g) +Mu(g) —u(g)),  Ael0,1].
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The notion of a weakly H-concave function can be defined accordingly.
In [9, Definition 7.1] the authors introduced the following definition of convexity of
sets in the stratified setting.

Definition 22. A subset 2 C G of a stratified group G is called weakly H-convex if for
any g € Q and for any ¢’ € QN H, one has gy € Q for every X € [0,1].

Remark 6. It is easy to prove that if @ C R™ is convex in the Euclidean sense then {2
is a weakly H-convex set in a stratified group G = R" of step two. To see this we first
observe that by the identification

exp(g1 X1+ + gnXn) = (91, 1 9n)

between G and the corresponding Lie algebra g via the exponential map, we have g € H,
if and only if g is of the form g = (g1, ,9m,0,---,0). Since H; = LyH., we obtain
from (52) that ¢’ € H, if and only if ¢’ is of the form

1
g =(g".g) ="+, g? + By, 0 ) (53)

for some v(*) € R™. Suppose now that g € Q and let ¢’ € QN Hy. Then g~'¢' € H,,
which in turn implies that

g™l = AW —g1),0).
So
o =g+ g — M), g® + %(Bg“)7 Mg’ = gM))
— (gD + Mg D = gD), g 4 %A<Bg<1>,v<1>>)
since by (53) we have ¢’ (V) = (1) + (1) for some v € H,. Using (53) we conclude that
g=(1-XNg+Ag". (54)
Hence if © is convex (in the Euclidean sense) it is also weakly H-convex.

In the following example we show that the distance to a hyperplane with respect to
the quasi-norm (1) is not weakly H-concave.

Example 1. Let H" be the Heisenberg group and Iy = {(z,y,t) € H" : ¢ > 0}. We shall
prove that the distance dy (cf. (13)) is not weakly H-concave.

Actually, we shall show that the weak H-concavity fails in a neighbourhood of any
boundary point. Indeed, let £ = (z,y,t) € Ily, and for fixed o > 0 let & = (¢/,y/,t) =
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(az,ay,t). Then £71¢ = (' —x,y' —y,0) € H,, hence £’ € He. Given X € (0,1) we have
by (54)

=0+ (1 =Nz, Ay + (1= Ny, ).
We use cylindrical coordinates (cf. Section 3) and write
§=(rwt), &=(0"wt), &=(r\wt)
Assume now for contradiction that dy is weakly H-convex. Then
dn(rx,t) > (1= N)dn(r,t) + Xdn(r', t).

Using the asymptotics of Proposition 8 we then have

>(1=AN)— +\— 3 t )
oy = L= Mg A +0(),  ast—=0+
Hence
1 1 1
—>(1=N=+Ar—
7')\_( )T'—’_ VARS

which contradicts the strict convexity of the function 1/r. We note that the above argu-
ment can be implemented in a small neighbourhood of any boundary point &, € 0Il,.

4.2. Hardy inequalities with respect to the Euclidean distance

In this section we prove that the Euclidean distance to the boundary on a convex,
bounded domain €2 is weakly H-concave and superharmonic. This provides an alternative
proof of the L2-Hardy inequality for such domains.

Theorem 23. Let G be a stratified group of step two and let Q@ C G be a convez, in the
Euclidean sense, bounded domain in G. Then the Euclidean distance to the boundary is
a weakly H-concave function on €.

Proof. Let Q be as in the hypothesis and let g, ¢’ € Q, with ¢’ € H,. We want to show
that for any A € [0, 1] we have

d(goa(g~"g")) = (1= N)d(g) + Md(g"). (55)

Notice that showing By, (gx) C €, where By, (g») is the Euclidean ball of radius ry = (1—
A)d(g)+Ad(g’) centred at gy, we would have the desired inequality (55). Let h € B, (g)-
Then |h — gx| = p < ry. We define
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v= . Gqi=g+pv, g1 =9+ pav,

where

by = d(g) o, and pyoi— d(g') )
C (1= N)d(g) +Xd(g")" C (1= Nd(g) +Ad(g")"

Then g1 € By(g)(9) C Qand gf € By(y(g') C Q, since [v| = 1, p1 < d(g), and py < d(g').
Recalling also (54) we then have
(1=Ng1 + g1 = (1= N (g + p1v) + Mg' + p2v)
=(1—=XNg+ g + (1 =Np1v+ Ap2v
=gxtpv
=h,

where the last equality follows by the choice of v. Hence, by the Euclidean convexity of
Q, we have h € , and the proof is complete. O

From Theorem 23 we obtain the following result; the sharpness of the constant follows
under the hypotheses of part (b) of Theorem 1.

Theorem 24. Let G be a stratified group of step two and let Q C G be a bounded domain
which is convex in the Fuclidean sense. Then for any p > 1 we have

(i) A, md <0 in the distributional sense in €;

(ii) The Hardy inequality
pfl p ‘VHC”p
Py > p oo
[wmirdg = (B2) [RoBupag . ue ez,
Q Q

s valid.

Proof. Let p € C°(G) with p > 0 and [, pdx = 1. For € > 0 we define

pe(x) = E_Qp((55711‘) )

and

0e(2) = (d* pe)(x) = / Ay ™) pe(w)dy
G

We will show that d. is weakly H-concave on the set

Q. = {33 e Bcc($,€) - Q}
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Let g € Q. and let ¢’ € Hy N Q.. Since ¢’ € H, there exists v € V; such that
g = gexp(v) € Qq,
and for every A € [0, 1] we have
g :=g0x(g7'g") = gexp(v),
implying that the weak H-concavity condition can also be written as
d(gexp(Av)) > (1 — N)d(g) + Ad(gexpv), A €0,1].
For y € suppp. C Becel(e, ), we define the curve
() = gexp(to)y™,  te€[0,1].

Then 1, is a horizontal curve inside 2 connecting gy~ € Boc(g,€) C Q with ¢g'y~! €
Bcc(g/,é‘) C Q. So

d(y(A) = (1 = A)d(7y(0)) + Ad(7y (1)),

that is
d(gexp(Av)y™") = (1= Nd(gy™") + Ad(gexp(v)y ™).
Multiplying by p:(y) > 0 and integrating we obtain
de(gexp(Av)) = (1 = A)de(g) + Ad=(gexpv),

i.e. d. is weakly H-concave in €)..
Now, we have

Ap pde = divy (|VydeP?V yd.)
= |V yd. [P~ (|VHd5|2AHd5 + (p — 2)(D%d. Vyds, VHd€>>, (56)

where

2n
D%d. := (; (X:X;d- + Xsz-dE))

,j=1

is the symmetrized horizontal Hessian of d. (here X,, 1 = Y%). By [9, Theorem 5.12]
D%d. is negative semidefinite on Q.. Using also the elementary matrix inequality A <
tr(A)I which is valid for any symmetric positive definite matrix, we conclude from (56)
that
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Apuad: <0, pointwise on €. .

Finally, to show that A, yd < 0 in the weak sense we need to show that for any ¢ €
()

11_1{(1)/ |de5‘p_2<de5, VH<p>dx = / |de‘p_2<de, ng0>d(17 . (57)
Q Q
Since
Vyd: = Vgd, a.e. in supp(y),
we have

<|VHd5|p72VHdE, Vap) — <|VHd\p*2VHdVHg0>
Now, notice that since |V gd.| is bounded on supp(¢) we have
{(|VHde P>V ade, V)| < C,,

and we can apply the dominated convergence theorem to get

;1_%<Ap,Hdsv 30> = - / |VHd|p_2<dea VHSO> dg = <Ap,Hda 50> )
Q

which completes the proof of (i) Part (ii) then follows from Theorem 1. O
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Appendix A
We prove here the following result used in the proof of Theorem 11.
Proposition 25. Let II;, Ily be two half-spaces in the Heisenberg group H"™ and let dy 1,

dn,2 denote the corresponding distances to the boundary with respect to the gauge quasi-
norm N, cf. (13). If there exists £ € H™ such that

dn1(§) = dn2(§) and Vdn,1(§) = Vdn,2(8),

then H1 = Hg.
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Proof. By group action there exist £1,£ € H" such that

dN7k(§) = dlStN(gk 5781—10) = dN(gkt 5)7 k= 17 27 f S Hk7

where IIy and dy are as in Lemma 6.
Given £ € IT; N 11, we set

& =1 =: (ak, B, k) , k=1,2.

By Lemma 6 dx(n) depends only on pg := /|ag|? + |Bk|? and 74. Let si, k = 1,2, be
defined by

53+ 28, = = (58)
P

If dn1(€) = dn2(€) then dn(m) = dn(n2) and recalling also Remark 3 we obtain
pist(si+1)=pysy(s3+1). (59)
Writing £ = (z,y,t) and & = (zk, Yk, tx) we have
e = (Tr + 2,95 + Y, te + 1+ 2(xk -y — 2 yk)).
Assume now that we additionally have Vdn 1(§) = Vdn 2(§). There holds

Odns ) _ Dix

Hence, using again Remark 3,
pi st = p3 8. (60)
Combining (59) and (60) and recalling that s; and sy are positive we obtain that
§1 =89 =:8, p1L = p2 =:p. (61)
Now, since dy (1) depends only on py and 73, we have by Remark 3 that

8dN,;€ - 8dN apk 8dN 87%

ox; -~ Opy Ox; + oty Ox;
1 Ody odn
= ——— (@ +Thi) — 25— Yk,
pr Opk ( ) oy,
2.4 2.3
pksk( PrSk
= - T+ Tpi) — Yk,i
dy i 2d3 ),
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and similarly

9dn k PiSi PiSh
A, &) = —m(yz + Yr,i) + Qd?v7kxk,z-

Recalling also (61), it follows that at a point £ as in the statement we have

— sz +21,) — y;l = —s(z; +22,) — y;’i
T14 T,
— s(yi +y1,6) + ;’Z = —s(yi +¥2,0) + ;’Z

and therefore 1 = x5 and y; = yo. Finally, from (58) we also obtain 71 = 75 and
therefore t; = t5. Hence &1 = & as required. 0O

Data availability

No data was used for the research described in the article.
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