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Abstract

The Hardy constant of a simply connected domain £2 C RR2 is the best constant for the inequality

2
/|Vu|2dx f " X, ueCX(R).
dist(x, 39)2

After the work of Ancona where the universal lower bound 1/16 was obtained, there has been a substantial
interest on computing or estimating the Hardy constant of planar domains. In this work we determine the
Hardy constant of an arbitrary quadrilateral in the plane. In particular we show that the Hardy constant is
the same as that of a certain infinite sectorial region which has been studied by E.B. Davies.
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1. Introduction

In the 1920’s Hardy established the following inequality [12]:

o0 o0
otarst L for all o0 1
u' (1) dt/z_t t—zdt, orallu € C:°(0, 00). (1)
0 0

The constant 1/4 is the best possible, and equality is not attained for any non-zero function in
the appropriate Sobolev space.
Inequality (1) immediately implies the following inequality on Rﬁ =RN=! x (0, +00):

1 u?
/qu|2dx>Z/x—2dx, forall u € C2°(RY), 2
N
RY RY

where again the constant 1/4 is the best possible. The analogue of (2) for a domain 22 C R¥ is
[Vul dx/Z d_2dx’ orallu e C°(£2), 3)
Q Q

where d = d(x) = dist(x, §2). However, (3) is not true without geometric assumptions on £2.
The typical assumption made for the validity of (3) is that §2 is convex [10]. A weaker geometric
assumption introduced in [7] is that £2 is weakly mean convex, that is

—Ad(x) >0, in£, )

where Ad is to be understood in the distributional sense. Condition (4) is equivalent to convexity
when N =2 but strictly weaker than convexity when N > 3 [4].

In the last years there has been a lot of activity on Hardy inequality and improvements of it
under the convexity or weak mean convexity assumption on §2; see [8,7,13,11]. If no geometric
assumptions are imposed on £2, then one can still obtain inequalities of similar type. If for ex-
ample £2 is bounded with C? boundary then one can still have inequality (3) for all u € CX(82¢)
where 2, = {x € £2: d(x) < €}, provided € > 0 is small enough [11]. In the same spirit, under
the same assumptions on £2 it was proved in [8] that there exists A € R such that

4) a2

1 2
/|Vu|2dx+A/u2dx > —/ ©dx, forallu e CX(82). (5)
2 2 2

More generally, it is well known that for any bounded Lipschitz domain £2 C RY there exists
¢ > 0 such that

2
/|Vu|2dx>c/%dx, forall u € C2°(£2). (6)
Q 2

Following [9] we call the best constant ¢ of inequality (6) the Hardy constant of the domain £2.
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In two space dimensions Ancona [3] using Koebe’s 1/4 theorem discovered the following
remarkable result: for any simply connected domain £2 C R? there holds

1 2
/|Vu|2dx >— | —dx, forallueC®(R). (7

This result is typical of two space dimensions: Davies [9] has proved that no universal Hardy
constant exists in dimension N > 3.

From now on we concentrate on two space dimensions. Two questions arise naturally, and
have already been posed in the literature [14,9,10,6,15]:

(1) Given a simply connected domain £2 C R? find (or obtain information about) the Hardy
constant of £2.

(2) Find the best uniform Hardy constant valid for all simply connected domains 22 C RZ.
Moreover, determine whether there are extremal domains, that is domains §2 whose Hardy
constant coincides with the best uniform Hardy constant.

Laptev and Sobolev [15] established a more refined version of Koebe’s theorem and obtained
a Hardy inequality which takes account of a quantitative measure of non-convexity. In particular
they proved that if any y € 92 is the vertex of an infinite sector A of angle 6 € [, 2] indepen-
dent of y such that £2 C A, then the constant 1/16 of (7) can be replaced by 2 /462. The convex
case corresponds to 6 = i, in which case the theorem recovers the 1/4 in the case of convexity.
Analogous results were obtained recently in [5,2].

Davies [9] studied problem (1) in the case of an infinite sector of angle 8. He used the sym-
metry of the domain to reduce the computation of the Hardy constant to the study of a certain
ODE; see (13) below. In particular he established the following two results, which are also valid
for the circular sector of angle B:

(a) The Hardy constant is 1/4 for all angles 8 < B.,, where B, = 1.5467.
(b) For B, < B < 2m the Hardy constant strictly decreases with 8 and in the limiting case
B = 2m the Hardy constant is = 0.2054.

Our aim in this work is to answer questions (1) and (2) in the particular case where 2 is a
quadrilateral. Since the Hardy constant for any convex domain is 1/4 we restrict our attention
to non-convex quadrilaterals. In this case there is exactly one non-convex angle 8, 7 < 8 < 2.
As we will see, this angle plays an important role and determines the Hardy constant. Our result
reads as follows:

Theorem. Let 2 be a non-convex quadrilateral with non-convex angle m < 8 < 2mw. Then

2
/|Vu|2dx>c,g/%dx, e C®(Q), (8)
2 2

where cg is the unique solution of the equation
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Mtan(ﬂ(ﬂ_n)>=2(m>2 )
2 ri)

when Ber < B < 2w and cg =1/4 when m < B < Ber. The constant cg is the best possible.

As we shall see, the constant cg is precisely the Hardy constant of the sector of angle B,
so Eq. (9) provides an analytic description of the Hardy constant computed in [9] numerically.
From (9) we also deduce that the critical angle S, in (b) is the unique solution in (7, 277) of the

equation
Bor—7\ _ F(%))Z
tan( 1 )_4<F(zl¥) . (10)

Relation (10) was also obtained, amongst other interesting results, by Tidblom in [17]. We also
note that the constant ¢y, is the uniform Hardy constant for the class of all quadrilaterals. The
sharpness of the constant cg follows from the results of Davies [9].

An important ingredient in the proof of our theorem is the following elementary inequality
valid on any domain U. Suppose U = I" U I". Then, under certain assumptions, for any function
¢ >0on UUTI we have

/|Vu|2dx / AP 2 dx +[ 2 ¢¢-ads (11)

U

for all smooth functions u which vanish near I". Inequality (11) will be applied to suitable sub-
domains U; of §2 and for suitable choices of functions ¢. Roughly, each subdomain U; consists
of points whose nearest boundary point belongs to a different part of 9£2. The contribution along
the boundary 92 is zero because of the Dirichlet boundary conditions whereas there are non-zero
interior boundary contributions that have to be taken into account.

The structure of the paper is simple: in Section 2 we establish a number of auxiliary results
that are used in Section 3 where our theorem is proved.

2. Auxiliary estimates

Let B > m be fixed. We start by defining the potential V (9), 6 € (0, B),

1 T
m, 0<9<7,
Ve =141, F<0<p-7%, (12)
1
sin2(8—6)° B—73<0<p

For ¢ > 0 we consider the following boundary value problem:

{—w”<9)=cV(e)w<e>, 0<0 <8, (13)

V() =y (B)=0.
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It was proved in [9] that the largest positive constant ¢ for which (13) has a positive solution

coincides with Hardy constant of the sector of angle 8. Due to the symmetry of the potential

V(0) this also coincides with the largest constant ¢ for which the following boundary value

problem has a solution:

{—w”(e)zcvw)wex 0<0<p/2, 1
Y (0)=y'(8/2)=0.

Due to this symmetry, we shall identify the solutions of problems (13) and (14).

The largest angle B, for which the Hardy constant is 1/4 for g € [, B.-] was computed
numerically in [9] and analytically in [17] where (10) was established; the approximate value is
Ber = 1.5467.

We first study the following algebraic equation

ﬂ_ﬂ: F(3+W) 2
e H(557)) = (ni=) “

We note that choosing in (15) ¢ = 1/4 we obtain B, which is given by (10).

Lemma 1. For any B > B., there exists a unique c = cg satisfying (15). Moreover the function
B+ cp is smooth and strictly decreasing for B = Ber. In particular we have

1
Cop <Cg < 7 forall B < B <2m.
Note. From (15) we obtain the numerical estimate ¢y, = 0.20536 of [9].
Proof. Setting x =+/1 — 4c Eq. (15) takes the equivalent form

_reE
rE

3

G(xv 13) = %(1 —x2)1/4tan1/2((1 _x2)1/25 ; 7T>

where we are interested in the range 0 < x < 1 and 8 is such that

_onpBf-mw
(1 x) 1 <7

For this range of x and B8 we can easily see that G(x, 8) is C*°. We will apply the Implicit
Function Theorem. We first note that G (0, B.,) = 0. Moreover a simple but tedious computation
gives

x(B—m) 1+tan?((1—x»)2E7)
16(1 —x3)V* qan1/2((1 — x2)1/2857)

34+x 7¢3+x 7 14+x
_ X 1/2(1_ 21/25—7T>_ (=) <F(T)_F(T))
s\ )T AarEmH\régs  rdgn /)

G i py=—
o B) =
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Since

d (T 1
E(F(x)>‘2<x+n)2>0’

n=0
we conclude that 0G/dx < 0 for all (x, 8) withO < x < 1 and

2
ﬂcr<ﬁ<7+n-

V1 —x2

We also easily see that dG /3B > 0 in the above range of x, 8. This implies the existence
and uniqueness locally near § = .. A standard argument then gives the global existence of
a smooth, strictly increasing function x = x(8) for 8 > B,. The proof is concluding by substi-

: _ 1—x2
tutingc=—4—. 0O

We next study the boundary value problem (14). The solution will be expressed using the
hypergeometric function

F(a,b,c;z) =

I'(c) i Fa+nro+n) "
I'(a)I"(b) = I'(c+n) n!’

Lemma 2. Let 8 > B.,. The boundary value problem (14) has a positive solution if and only if ¢
solves (15). In this case the solution is given by

V2 cos(\/e(B—m)/2) sin%(8/2) cos' ¥ (6/2) 1,1 1 1. ;2.0
w(@): F(%,%,a—&—%,%) F(jy jaadl_iasln (7))5 0<9<%7
cos(v/c(§ — 0)), T pg<b,

where « is the largest solution of «(1 — a) = c. Moreover r € HO1 O, B).

Proof. Clearly the function

V() =cos<@<§ —9)), % <0< g

is a positive solution of the differential equation in (;r/2, 8/2) and satisfies the boundary condi-
tion ¥/ (B/2) = 0. For 6 € (0, w/2) we set § = sin? /2 and y(0) = sin®(0/2) cos' =¥ (8/2)w (&)
and we obtain after some computations that w(£€) solves the hypergeometric equation

3 1 1
5(1—5)w§5+<2§+a—§)wg+zw=0, 0<&< 5

the general solution of which is described via hypergeometric functions F(«, B, v, &) and is well-
defined for |£| < 1; see [16,1] for details and various properties of the hypergeometric functions.
We thus conclude that the general solution of the differential equation in (14) is
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0 0 11 1 %
y(0) =c sin"‘(i) cos]"‘(E)F(z 7 + X sm2<2>>
0 0 3 0
+epsin' ™Y = )cos' Y 2 )F(1—a, 1 —a, = —a;sin?( = ) ).
2 2 2 2

In order to maximize ¢ we take ¢, = 0. The matching conditions at 6 = 7/2 force ¢ to satisfy
Eq. (15) and determine ¢;. O

Lemma 3. Let w < 8 < Ber. The largest value of ¢ so that the boundary value problem (14) has
a positive solution is c = 1/4. For B = B, the solution is

co%(ﬁ"’_”)sm]/2
YO =1 FGLD

COS(j(ﬁ—ir— ), <0<l

CF(L L sin?(§), 0<0<3,

Proof. Let c = 1/4. Working as in the proof of Lemma 2 we find that the general solution of the
differential equation (14) in (0, 7 /2) now is

0 0 11 0
y(@) =c sin'/?{ = ) cos'/?( = 1; sin?
2 2 22 2
1/2
0 0 11 0 dt
+ sinl/z(—> cosl/z(—>F<—, - 1; sin? <—)) [ 7 .
2 2 2°2 2 t(1 t)Fz(2 5. 1;1)

sin2(6/2)

The matching conditions at § = w/2 determine c¢; and c;. In order for ¢ to be positive it is
necessary that ¢; > 0. This turns out to be equivalent to

2.3 _
4F (2) Etan(ﬂ n).
() 4

This implies that 8 < S, and in the case 8 = .- we have c; =0. O

For our purposes it is useful to write the solution of (14) in case B > B, as a power series

YO) =6 a,0", (16)

n=0
where « is the largest solution of the equation «(1 — o) = ¢ in case 8 > S, and « = 1/2 when

B = Ber. We normalize the power series setting ag = 1; simple computations then give

a1 =0 ay = _ad-o) (17)
’ 6(1 4+2a)

For our analysis it will be important to study the following two auxiliary functions:

v'(0)

) = ,
1) 70

0 € (0, B), (18)
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and

RAQ
v (©)
where 1 is the normalized solution of (13) described in Lemmas 2 and 3. We note that these

functions depend on B. Simple computations show that they respectively solve the differential
equations

g@) sing, 6 €(0,pB), (19)

F1O)+ f2O) +cV(©O)=0, 0<6<p (20)
and
g/(e))z—,L[g(e)2 —cos0g(®) +c], 0<6<m/2, 21)
sin

where ¢ = cg.
Lemma 4. Let m < B < 2m. The function g(0) is monotone decreasing on (0, 7w /2].

Proof. In the case where m < 8 < S we have ¢ = 1/4 and therefore monotonicity follows at
once from (21). Suppose now that . < B < 27. Using the asymptotics (17) we obtain

g@) =a+ <2a2—%>92+0(03), asf — 0+. (22)

Now, by (21) g(8) is monotone decreasing in [0y, /2] where 0y € [0, 7/2] is determined by
cos?6y = 4c. Let pT(6) denote the largest root of the equation 1?2 —cosOt + ¢, 0 <6 < 6.
We note that g(0) = p™(0), g/(0) =0 and (by (22)) g”(0) < 0. Hence there exists a non-empty
interval (0, 9*) on which g is strictly monotone decreasing and, therefore, g(9) > p™(6). To
prove that g is monotone decreasing on the whole [0, /2], let us assume that it is not. Then
there exists a least positive 8 such that g’(6) = 0. We then have g(8;) = p7(61). But (p*)’ <0,
hence g(0) < p™(9) for & < 6; close enough to 6;. This contradicts the definition of §;. O

Lemma 5. Let 7 < B < 2m. For /2 < y < 1 let 01 be the angle in [0, /2] determined by the
relation

cotf; =siny. (23)

Then there holds

2+ cos T T

—.zyf<91>>f<—), T<rsm (24)

I +sin“y 2 2
Proof. We define

2 4+ cos
o) = Y ren
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We will establish that Q is a decreasing function in [ /2, ]. An easy calculation gives

siny (cos?y +4cosy +2)
cosy (24 cosy)

, cosy (2+cosy) 5
= 01
0 (y) (% sin [f( )" -

fO)+c(1 +sin2y):|,

where 01 =01(y), /2 <y <.

We first consider the interval where —2 4 +/2 < cosy < 0. For such y we have cos?y +
4cosy + 2 > 0 and the result follows at once.

We next consider the case where —1 < cosy < —2+ /2. The discriminant A of the quadratic
polynomial above is

sinzy(coszy +4cosy +2)% —4ccos? y (1 + sin )/)(2+cosy)2

A =
cos2 y(2+cosy)?

However, since

%(t2—4t+2)2=4(t2—4t+2)(t—2)<O, 2-V2<1<1

we conclude that (12 — 47 + 2)% < 1 for 2 — +/2 < 1 < 1 and therefore

_ . B 2
A< (1 —cos?y) —4ccos® y (2 — cos? y)(2 + cos y) . for —1<cosy < -2+ 2.
cos? y(2+cosy)?

Next we shall prove that (1 — cos?y) —4ccos? y (2 —cos? y)(2+cosy)? <0 for —1 < cosy <
—2 4 +/2. For this we set 1 = — cos y and we define w(r) = 1 — 1> —4ct>*2 —t2) (2 — t)2, t>0.
We have

w'(1) = =2t (1 + de[ 31" +101° — 41 — 121 + 8]).
Now, the function p(t) = —3t* + 10> — 41> — 121 + 8 has derivative
p@)=@—1D(=122+ 18 +10) —2<0, 0<r<1.

Therefore 1 + 4cp(t) > 1 4+ 4cp(1) =1 —4c > 0 for O < ¢ < 1. This in turn implies that w(¢)
decreases in [0, 1]. But

w2 —+2)=4/2—-5—-64c(5v/2—7) <0,
since ¢ > (4v/2 — 5)/(64(5+/2 — 7)) ~ 0.1444. We thus conclude that w(r) < 0 for 2 — v/2 <
t < 1, which in turn implies that A < 0 for —1 < cosy < —2+44/2. Therefore Q(y) is decreasing

also in this interval. Since Q () = f(7/2), the proof is complete. O

Lemma6. Lern < B<2mandn/2 <y <m. For6 €[n/2,(3n/2) — y] denote by 6; = 601(0)
be the angle in [0, 7 /2] uniquely determmed by the relation

cotf)y = —cos(@ + y). 25)
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Then there holds

2
ey Tep<Z oy, (26)
2 +sin(0 + y) 2 2

f) = f0)
Proof. For 6 = /2 the corresponding value 6, = 61 (;r/2) is the one given by (23) hence the
result is a consequence of Lemma 5.
To prove (26) we shall consider 6; as the free variable so that 8 = 6(6) is given by (25). Since
f(6y) satisfies f'(01) + f2 @1) +c/ sin? 6 = 0, it suffices to show that the function

o 1—|—cos2(9—|—y) .
h(0)) == f(@m (6 =606D)

satisfies

c

T
H(0y) :=h(61) +h*61) + <O, 6.<H<T, 27)

sin? 01

where 0, € (0, w/2) is determined by cotf, = siny.
We express H(01) in terms of f(0) and f'(0); we also use the fact that, by (25),

do, sin(0 + y)
do 1+4cos2(@+y)
Using (20) and setting w = 6 + y we obtain after some simple computations that
1 +cos?w
sinw (2 + sinw)?

+ cos (sin® @ + 4sinw +2) £(0) + 2¢(1 + sinw) (2 + sinw)]. (28)

H()) = [2(1 + cos® w) (1 + sinw) f2(0)

In brackets we have a quadratic polynomial of f(6) whose discriminant is itself a polynomial
P(t) of t = —sinw € [—cosy, 1] C [0, 1],

P(t) = (1 = D[f* + (16c — Dt* + 12(1 — 4o)r* + 41* + 12(8¢ — D)t +4(1 — 16¢)]
= (1-10®).

We observe that Q(0) < 0 and Q(1) =2 > 0; moreover
Q' (t) =5t* +4(16¢ — 7)1> +36(1 — 4c)t> + 81 + 12(8¢ — 1). (29)

Recall that 1/8 < ¢ < 1/4, hence all the summands in (29) are non-negative in [0, 1] with the
exception of 4(16¢ — 7). Since [4(16¢c — 7)| = 28 — 64¢c < 36(1 — 4c) + 8 4+ 12(8¢ — 1), we
conclude that Q' > 01in [0, 1].

The above considerations imply that there exists a unique 7y € (0, 1) such that P(r) <0
in (0,7) and P(t) > 0 in (fp, 1). This immediately implies that H(#;) < O in the range
0<t<t.
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For rp <t < 1 the quadratic polynomial in (28) has two roots of the same sign as the
sign of 1> — 4t + 2. The equation 1> — 4t 4+ 2 = 0 has solutions 2 & +/2. It follows that
the quadratic polynomial above has negative two roots when max({ry, 2 — ~/2} < ¢ < 1. Since
f(@®)>0,0<6 < B/2, we conclude once again that H(0;) < O in this case as well. But we
easily check that Q(2 — +/2) < 0, which implies that max{to, 2 — ~/2} = 9. This completes the
proof. O

Lemma 7. Let m < B < 2m. The following inequalities hold:

() If0<w < /4 then f(0)sinfcos(d +w) +acosw>0,0<6< 7,
(i) If37/2— B <w < 2w — B then f(O)cos(d +w)+a[l+sin@® +w)] >0, 5 <0< B3,
(iii) If0 < <27 — B then — f () cos(f + w) + a[1 —sin(0 + ®)] >0, & z

Proof. (i) The inequality is trivially true for 0 <0 < 7 /2 — w, so we restrict our attention to the
interval w/2 — o < 6 < /2. We must prove that

16 < F@®), %—w<e<%, (30)

where f is given by (18) and

CoOSw

FO)=—a————.
sinf cos(0 + w)

Using the fact that /c < o we have

P(2)-1(%) =acoro—vewlve(4 - 1)
S ()|

o B =«
= S )+
sinwcos[\/E(g -] COS<\/E(2 2) a))
=0, (€1))

sinceO<\/E(§— %)+a)<§—%+w<n/2.

We shall prove that F’ () + F(0)> + Sin"z 5 <0in [7/2 — w, 7/2]. This, combined with (20)
and (31) will imply that f(#) < F(#) in [7/2 — w, /2]

Recalling that ¢ = a(1 — «¢), we have for 0 € [7/2 — w, /2],

F'(0) + F2 ¢
©) + F20) + —
sin“ 0

o coSw cos 6 o coswsin(@ + w) a?cos?w c

~ sin2o cos(@ +w)  sinfcos?(0@ +w)  sin’Ocos?(0 +w) sin’0

cos wcosd cos(d 4+ w) — coswsin(d + w) sind + a cos w + (1 — &) cos2(0 + w)
sin? 0 cos2(6 + w)
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2coswcosf cos(f +w) — (1 — a)[cos2a) — cos2(9 + w)]
sin® 6 cos2(6 + w)
2coswcosB cos(f + w) — (1 — ) sinf sin(6 + 2w)
sin? 6 cos2(0 + w)

=«

=
<01

since the last term is the sum of two non-positive terms. Hence (i) has been proved.
(ii) We first note that

B b4 b4
fO)= \/_tan<\/_<§—9>), Egggﬂ—g,

and

It follows that the required inequality is written equivalently,

cos<ﬁ<§ — 9)) + ﬁsin<ﬁ<§ —9)) cos(w +0) >0,

a(l + sin(w + 60)

~—

T
—<O0<B—
> B

Hence, since o > +/c,

o1 +sm(9+w))cos< <__e))+¢551n< <§_9>)cos(e+w>

> V| (1+5in6 + ) cos(ﬁ@— ))+s1n<ﬁ(§—e>>cos(e+w)}
e () o]
) o))

0 0
=2\/ESin|:\/E(§—9>+%+5+%i|sin<%+§+%).

But for the given range of @ and 6 we have

T 0 o B T 6 o
0<=—+-+-< d 0< E o)+ +2+=<n.
Tyt <7 an */E(z )+4+2+2 n

Hence the last quantity in (32) is non-negative.

(32)
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(iii)) We have cos(0 + w) < 0 for % <OLB— % therefore the inequality is trivial for 6 €
[7/2, /2] (since f > O there). We now consider the complementary interval /2 <6 < 8 —
/2. Arguing as in (32) above we see that it suffices to prove that

_sin<¢2<§ - 9)) cos(f + w) + [1 —sin(d + )] cos<ﬁ<§ - 9)) >0,

or equivalently,

cos<ﬁ(9—§))>sin<ﬁ(§—9>+9+w), ggegﬁ—%. 33)

cos(ﬁ(@ - g)) - sin(ﬁ(é —6’) +0 +a))
- —ZSin(% . 9%") sin<¢2(§ - 9) + Q"LT“’ - %)

Since S 4+ w < 27, we have

We have

o
N
NSTIN
+
SIS
|
N
oS

~1 9

and

B O+o 7 _ Jf-7) Ptow _x
0<Ve(Z—0)+—= -2 <~ <z
*/E<2 Tty 2 T2 2

hence (33) is true. O
3. Proof of the Theorem

In this section we will give the proof of our Theorem. We start with a lemma that plays
fundamental role in our argument and will be used repeatedly. We do try to obtain the most
general statement and for simplicity we restrict ourselves to assumptions that are sufficient for
our purposes.

Let U be a domain and assume that 3U = I" U I” where I" is Lipschitz continuous. We denote
by v the exterior unit normal on I”.

Lemma 8. Let ¢ € HILC(U) be a positive function such that V¢ /¢ € L*(U) and V¢ /¢ has an L'

trace on I' in the sense that vV ¢ /¢ has an L' trace on dU for every v e C®(U) that vanishes
near I'. Then

A \%
/|Vu|2dxdy2—/fu2dxdy+/?¢-§u2d5 (34)
U U r

for all smooth functions u which vanish near I' and A¢ is understood in the distributional sense.
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If in particular there exists ¢ € R such that
c
—Ap > d_2¢’ (35)

in the weak sense in U, where d = dist(x, 1:‘), then

\Y%
/|Vu|2dxdy> / dxdy + /uzf
U r

for all functions u € C®(U) that vanish near I".

(36)

Cl

Proof. Let u be a function in C*°(U) that vanishes near I". We denote T = —V¢/¢p. Then

-

/uzdivi*dxdyz—z/uw.dedy+/u2T.T)dS
U U r

g/|f|2u2dxdy+/|Vu|2dxdy+/u2f-ﬁds,
U U r

that is

/|W|2dxdy>/(divf—|i"|2)u2dxdy—/i"-§u2ds.
U r

Using assumption (35) we obtain (36). O

Let us now consider a non-convex quadrilateral §2, with vertices O, A, B and C (as in the
diagrams) and corresponding angles g, y, § and . We assume that the non-convex vertex is O
and, is located at the origin, and that the side O A lies along the positive x-axis and has length
one.

Our argument depends fundamentally on two geometric features of the quadrilateral £2. While
in all cases the methodology remains the same, the technical details are different. The first feature
is whether or not one of the angles adjacent to the non-convex one is larger than 77 /2. The second
one is related to the structure of the equidistance curve

I'={Pe: dist(P, 0AU OC) =dist(P, ABU BC)}.

Clearly the curve I consists of line and parabola segments. Taking also account of symmetries,
each non-convex quadrilateral §2 fits within one of the following five types, each one of which
will be dealt with separately:

Type Al. We have y < /2, ¢ < /2 and the curve I" consists of two line and two parabola
segments. (Here we also include the special case where I" consists of two line segments and one
parabola segment.)
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Type Al Type A2

Type Bl Type B2

Type A2. We have y < /2, ¢ < /2 and the curve I" consists of three line segments and
one parabola segment.

Type B1. y > /2 and the curve I" consists of two line segments and two parabola segments.
(Here we also include the special case where I” consists of two line segments and one parabola
segment.)

Type B2. y > 7/2 and the curve I" consists of three line and one parabola segment: starting
from the point A we first have two line segments, then a parabola segment and then the last line
segment.

Type B3. y > /2 and the curve I" consists again of three line and one parabola segment:
starting from the point A we first have a line segment, then a parabola segment and then two
more line segments.

In all cases the curve I divides £2 into two parts £2~ and £27 where points in £2~ have nearest
boundary point on O A U OC and points on £27 have nearest boundary points on AB U BC. We
denote by v the unit normal along I" which is outward with respect to £2~. We also denote by S
the point where I” intersects the bisector at the vertex B.

We shall often make use of the following simple fact: let P be the parabola determined by the
origin and the line x sino 4+ y cosa +/ = 0, where / > 0. The exterior (with respect to the convex
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B

Type B3

component) unit normal along d P is given in polar coordinates by

5 (cosf — sinoc,' sinf — cos ) - 37)
/2 —2sin(6 + a)

Proof of Theorem: Type A1. We parametrize I" by the polar angle 6 € [0, §]. For 6 € [0, 7/2]
I’ is a straight line; the same is true for 6 € [ — /2, B]. Finally, for 6 € [n/2,8 — 7 /2] I”
consists of segments of two parabolas. These parabolas meet at the point S which is equidistant
from AB, BC and the origin. Let 6 be the polar angle of S. We assume without loss of generality
that 6y < B/2. Hence I consists of four segments which when parametrized by the polar angle
0 are described as

I ={0<6<n/2}, D ={n/2 <6 <6},

(STRE RSN

F3={eo<9<ﬂ—%}, F4={ﬂ— <e<ﬂ}.

We shall apply Lemma 8 with U = £2_, I'=0AUOC and ¢ (x,y) =(0), where 1 (0) is the
solution of (13) described in Lemmas 2 and 3. An easy computation shows that

c
—AY = 7 v.
‘We thus obtain that

2 u’ Vo -, %
|Vul|“dxdy > c ﬁdxdy—i— T-vu dS, ueCz(£2). (38)
2 2 r

We next apply Lemma 8 for the function ¢ (x, y) = d(x, y)* (we recall that « is the largest
solution of «(1 — ) = ¢). We note that in §2 the function d(x, y) coincides with the distance
from AB U BC and this implies that

o

“>a(l d 2
—Ad” > a( —a)ﬁ, on 2.
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(The difference of the two functions above is a positive mass concentrated on the bisector of the
angle B.) Applying Lemma 8 we obtain that

|Vul“dxdy > c ﬁdxdy— 7 vucdS, ueCn(82). 39)

2, 2 r

Adding (38) and (39) we conclude that

2 v vd\ .
/|Vu|2dxdy>c/%dxdy+/<?¢—a7>-vuzdS, ueCX(R). (40)
2 2 r

We emphasize that in the last integral the values of V¢ /¢ are obtained as limits from §2_ while
those of Vd/d are obtained as limits from £2.

It remains to prove that the line integral in (40) is non-negative. For this we shall consider the
different segments of I".

(1) The segment '] (0 < 6 < 7r/2). Simple calculations give

Vo _19'0)
o ry®

(—sinf, cosf), in2_. 41

The line AB has equation y + (x — I)tany =0, sod(x,y) = (1 —x)siny — ycosy on {P € £2:
d(P) =dist(P, AB)} and therefore

vd (siny,cosy)
=—a——

y y , onljUD. (42)

Since ¥ = (sin(y /2), cos(y/2)) along I, (41) and (42) yield

<E —av—d> V= l!ﬁ/(e) COS(9+ Z) + M, on 7.
¢ d r () 2 d

However d(x, y) =y =rsinf on I, so we conclude by (i) of Lemma 7 (with w = y/2) that

V¢ vd\ . 1 y
(— —Ol—) V= — (g(@)cos(@ + E) +acos(y/2)> >0, onl7y. 43)

(ii) The segment 1> (/2 < 6 < 6p). This is (part of) the parabola determined by the origin
and the side AB. Applying (37) we obtain that the outward (with respect to §2_) unit normal
along I is

(cos@ + siny, sinf + cos y)

. (44)
V24 2sin(0 + y)

V=
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Combining (41), (42), (44) and (ii) of Lemma 7 (with @ = y) we obtain

Vo vd\ . 1 VA C)) .
(7 _“7) V= wm( oy O+ Hallsin@+ y)]) =0
on I>. 5)

(iii) The segment I3 (6y < 6 < B — m/2). This is (part of) the parabola determined by the
origin and the side BC. Now, the line BC has equation

(x 4+ T)sin(y +8) + ycos(y +96) =0,

where (—T, 0) is the point where the side BC intersects the x-axis. Applying (37) we thus obtain
that the outward unit normal is

(cosf — sin(y + 4), sinf — cos(y + 4))
V2 =2sin(@ ¥y +9) '

V=

Hence, by (iii) of Lemma 7 (with =y + §),

Vo Vd\ . 1 RAQ) .
<?—a7).u_r\/m( 76 cos(@ +y +68) +afl sm(9+y+8)]>
>0, onl3. (46)

(iv) The segment Iy (B — /2 < 6 < B). Replacing @ by  — 0, y by 2m — f — y — § (the angle
at C) and using the relation ¥ (0) = ¥ (8 — ), the computations become identical to those for
the segment I'1; hence we obtain

Vo vd\ .
— —a— )-v>0, only. A7

The proof of the theorem is completed by combining (40), (43), (45), (46) and (47). O

Proof of Theorem: Type A2. In this case the curve I consists of three line segments and one
parabola segment. Without loss of generality we assume that starting from 6 = 0 we first meet
two line segments, then the parabola segment and then the last line segment. Then the first two
line segments meet at the point S with polar angle 6y < /2 and the four components of I”
are

I =1{0<0 <6}, F2={90<9<%},

F3={%<e<ﬁ—%}, F4={ﬂ—

oS
/N
>
/N
=
———

As in the case Al, we apply Lemma 8 on §£2_ and $2; with the functions ¢ (x, y) = ¥ (0) and
¢1(x, y) =d(x, y)® respectively. We arrive at an inequality similar to (40) and we conclude that
the result will follow once we prove that
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(E—av—d>~ﬁ>0, onTl. (48)
p d

The computations along the segments I, I3 and I'; are identical to those for the type Al
considered above and are omitted.

For I, we consider the point (—7, 0), T > 0, where the side BC intersects the x-axis. The dis-
tance from the line BC is (x + T') sin(y +38) + y cos(y + ), therefore Vd = (sin(y +§), cos(y +
8)) on I'>. Moreover along I we have v = (—cos((y + 8)/2), sin((y + 8)/2)). We also note on
I, we have d(x, y) = y =r sinf. Combining the above we obtain that

\% vd\ . 1 . ) . )
(745 —a7> = |:g(c9)s1n<0+ %) +oes1n(y_2|_ )], on I,

which is non-negative for 6 € [0, /2] since y +38 <7w. O

We next consider the cases where one of the two angles that are adjacent to the non-convex an-
gle exceeds 7 /2. Without loss of generality we assume that y > 7 /2 (the angle at the vertex A).
We note that since B > 37/2, in this case we have m < 8 < B, hence the Hardy constant is
c=1/4.

We now divide £2 in two parts, §2 f and .Qf, the parts of £2 with nearest boundary points
on AB and BC respectively. We denote by I, the common boundary of £2 ﬁ and .Qf, that is the
line segment SB. We also denote by v, the normal unit vector along Iy which is outward with
respect to .Q_ﬂ.

Proof of Theorem: Type B1. As in the case Al, the curve I" is made up of four segments,
N={0<6<m/2}, I ={m/2<0 <6},

b1 T
F3={90§9<,3—5}, F4={,3—5<9</3},

where 6y is the polar angle of the point S. We use again Lemma 8. On £2_ we use the function
¢ (x,y) =¥ (0), exactly as in types Al and A2 and we obtain that

2 L[ Vé - 00
|Vu| dxdy}z d—2dxdy+ 7-1)14 dS, ueC;-(£2). 49)
Q- r

On .Qf again we work as in types Al and A2: we use the function ¢ (x, y) =d(x, )2 and we
obtain

1 2 1 vd 1 [Vd .
/|Vu|2dxdy>—/u—dxdy—— / —~vu2dS——/—-v*u2dS,
4 d? 2 d 2 d
¢ ok Uy Ty

ueCX(R). (50)

Concerning .Qf, we cannot use the test function ¢ = d'/? since part (i) of Lemma 7 is not valid
for the full range 7 /4 < w < 7 /2. So we construct a different function ¢. To do this we consider a
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second orthonormal coordinate system with Cartesian coordinates denoted by (x1, y1) and polar
coordinates denoted by (71, 61). The origin O of this system is located on the extension of the
side AB from A and at distance —cosy from A, and the axes are chosen so that the point A
has Cartesian coordinates (— cos y, 0) with respect to the new system. We note that this choice
is such that

the point on I'] for which 6 = satisfies also 6] =

0=

%
-3 (51)

|

T
2

We apply Lemma 8§ on Qj: with the function ¢ (x, y) = ¥ (61). This function clearly satisfies
—A¢ 2> J—‘d_zdn, hence we obtain

1 2 Vér . Vi -
/|Vu|2dxdy21/%dxdy— / (%-v)uzdé’—i—/(%-v*)uzd&

A A
24 o4 1nur; I

ueCR(Q). (52)

Adding (49), (50) and (52) we conclude that

1 [ u? Vo V
/|Vu|2dxdy>z/2—2dxdy+ / <7¢—%>-7)u2d5
1

o 2 nun
Vo Vd\ . , / Vo Vd\ . ,
YO YN Su2as YOU_ V4N 5.2dS (53
o [ (G -g0) s [(S-37) maras 6
I3UrIY I

for any u € C2°(£2). So it remains to prove that the three line integrals in (53) are non-negative.
For this we shall separately consider the different the segments 17, I, I3 and I'4 and the seg-
ment [.

(1) The segment I} (0 < 6 < 7r/2). We have

and similarly

V_(mﬁz_W(el) COS<91_Z)7 OHF].
1 ry(01) 2

However we have r| sinf; = r sinf along I, so recalling definition (19) we see that it is enough
to prove the inequality

2(6) cos<9 n g) + g(91)cos<91 — %) >0,  onfi. (54)

Recalling (51) and applying the sine law we obtain that along I} the polar angles 6 and 6; are
related by

cotf) = —cosy cotf + siny. (55)
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Claim. There holds

0 >60+y—m, onll. (56)

Proof. We fix 0 € [0, /2] and the corresponding 61 = 61(0). If 6 + y — w < 0, then (56) is
obviously true, so we assume that 6 +y —m7 > 0. Since 0 <0+ y —nm <7w/2and 0 < 0 < /2,
(56) is written equivalently cot6 < cot(8 + y — m); thus, recalling (55), we conclude that to
prove the claim it is enough to show that

—cosycotd +siny <cot(@+y), m—y <O

’

NSNS

or, equivalently (since w <0 + y < 37/2),

—cosycot29 + (—cosycoty —coty +siny)cotf + 1+cosy >0,

T
n—ygegi. (57)

The left-hand side of (57) is an increasing function of cotf and therefore takes its least value at
cot® = 0. Hence the claim is proved.

For 0 <6 <m/2 —y/2 (54) is true since all terms in the left-hand side are non-negative. So
letw/2 —y/2 <0 < /2 and 0) = 01(0). From (55) we find that

do; | — cosy (1 +cot?20) + 1 + cot? 6,
de 1 + cot? 6,

1 +sin?y +cosy — 2siny cos y cotf + cos y (1 + cosy) cot? §
1 +cot?2 6, ’

The function
h(x) := 1 + sin’ y +cosy —2siny cosyx + cosy (1 + cos y)x2

is a concave function of x. We will establish the positivity of A(cotf) forr/2 —y /2 <0 <7 /2.
For this it is enough to establish the positivity at the endpoints. At 6§ = 7 /2 positivity is obvious,
whereas

h(tan(%)) =1 +sin2y +cosy — ZCosysinzg > 0.

From (51) we conclude that 61 <0 form/2 —y/2 <60 <7 /2.
We next apply Lemma 4. We obtain that for /2 — y /2 <0 < 7w /2,

g(@)cos(@ + %) +g(91)cos<91 -~ g) > g(9)|:cos(9 + %) + cos<91 - %)]
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040 0—0
=2g(9)cos< —; 1>cos(++y>

205

where for the last inequality we made use of the claim. Hence (54) has been proved.
(i1) The segment 1> (% < 6 < 6p). Computations similar to those that led to (45) together with
the fact that r = r1 sinf; on I give that along I we have

<E_E).a
0] o1

- ! 40 S
C VZ+2sin(@ + ) [ cos(® +y) " [sin(@) — 6 — ) — cos 91]]

1 . .
RN ES TG > [f(0)cos(6 +y) — f(61)sinb[sin(6) —6 — y) —cosb]].  (58)

Now, simple geometry shows that along I the angles 6 and 0; are related by

cotfy = —cos(@ + y). 59)
It follows that

cos(@ + y)[2 + sin(@ + y)]
14 cos2(0 +y)

sin 6y [sin(01 —0—y)— cos@l] = , along .

Since cos(®@ + y) <0, (59) and Lemma 6 imply that (V¢ /¢ — Vei/¢1) - v > 0 along I, as
required.

(iii) The segments I3 and Iy (6p < 6 < B). Since ¢ < m /2, the change 6 <> 8 — 6 reduces
this case to that of the segments I> and I} respectively for a quadrilateral of type Al, already
considered above.

(iv) The segment I. The contribution from 2 ji‘ is

\Y - 0 )
ﬂ CVy = AGY cos(@l + —) >0, only,
o1 g 2

since 61 < y/2, by construction of the new coordinate system and y + § < . Given that the
contribution from .Qf is positive, the proof is complete. 0O

Proof of Theorem: Type B2. As in the case of type A2, there exists an angle 6y < 7 /2 such
that the four segments of I" are
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So I3 is a parabola segment while 7, I> and 4 are line segments. We define the sets 4, .Qf_
and the vector v, as in the case of type B1 and apply Lemma 8 with the same functions, that is
V¥ (0) on 2_,d(x,y)"/? on .Qf and v (01) on .Q_ﬁ (where we use exactly the some construction
for the coordinate system (x1, y1)).

The computations along I'7, I3 and I are identical to those for the type B1 and are omitted.
On I we have, as in the case of subtype A2,

V¢ vd\ . 1 ) y+48 1 . (y+6
— —a— | v= 0 0+ —— — — ]| =0,
( " o 7 ) v g |:g( )s1n< + 3 )+ 2s1n< > ):|

since y + 6 < . Finally, the computations along I, are identical to the corresponding computa-
tions for the case B1. This completes the proof. O

Proof of Theorem: Type B3. In this case there exist angles 6y, 6, with

<6’0<96<ﬂ—%

SIS

such that the four segments of I are

F]:{Ogggz}, Fz:{
2
3={60<0<6)}, TIi={0;<0<B}.

So I3 is a parabola segment while I"1, I3 and I'; are line segments. To proceed, we define the
sets Q_ﬂ, .Qf_ and the vector v, as in the cases B1 and B2 and apply Lemma 8 with the same
functions, that is ¥ (6) on £2_, d(x, y)l/2 on .Qf_ and ¥ (61) on 24, where again we use exactly
the some construction for the coordinate system (x1, y1).

The computations for the line segments I} and I4 and for the parabola segment I are iden-
tical to those for a quadrilateral of type B1 and are omitted. We next consider the line segment
I3 whose points are equidistant from the sides AB and OC. Calculations similar to those above
give that

\YJ \Y . 1 . — .
(% — %) D= g |:g(6) sm('B > 14 —9) +g(91)sm<ﬂ—;y —01)], on [3.

Now, it follows by construction that

T _Bty-=w

0=—== >6;, onl3.
2 2

Since 0 < (B + y)/2 — 61 < m, by the monotonicity of g we have

(T2 580 s SO LGB ) n(B52 )]
1) b1 rsinf 2 2

2¢0) . (B—0—061 y+6—6;
= ——sin cos .
rsinf 2 2
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Since 0 < B — 6 — 61 < 2w, the quantity in the last sine is positive. It is also clear that y + 6 —
61 > 0. Hence the proof will be complete if we establish the following

Claim. There holds
0h=20+y —m, onls. (60)
Proof. Simple geometry shows that along I3 the polar angles 0 and 6; are related by

cotf; = —cos(B + y) cot(B —0) —sin(B + y)

and [6p, 9(’)] Clr/2,8—m/2] Clx/2,(B —y + m)/2]. We will actually establish (60) for the
largerrange 7 /2 <O < (B—y +m)/2.

For this, we initially observe that for 6 = (8 — y 4+ m)/2 inequality (60) holds as an equality.
Therefore the claim will be proved if we establish that

1o T B—y+m
do 2

<0<
2

However, we easily come up to

d6, | _ cos(B+y)cos(B+y)— D) cot(B — 6) + 2sin(B + y) cos(B + y) cot(B — 6)

de 1 + cot? 6;

_ L+sin®(B+y) —cos(B +y)
1 + cot2 9, ’

The function

h(x) :=cos(B + )/)(cos(,B +y)— l)x2 4+ 2sin(B 4+ y)cos(B+y)x + 1
+sin(8 +y) —cos(B +y)

is a concave function of x. We will establish the positivity of A(cot(8 — 0)), /2 <0 < (B —
y +m)/2, and for this it is enough to establish positivity at the endpoints. A simple computation

shows that
2 2

At the other endpoint we have

h(cot(ﬁ — %)) =cos(f + y)(cos(,B +vy)— 1) tan” B —

—2sin(B +y)cos(B + y)tan B + 1 +sin*(B +y) —cos(B + y)
) ﬁﬂ
= w |:1 + cos(28) cosz(ﬂ%>]

cos2 B
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B sin(8 + y)

2cos2 B (sin(B — y) + sin(2B) cos(B + ¥))

20,

since 37/2 < B+ y <2m and 0 < B — y < . Hence the claim is proved and therefore the total
contribution along I3 is non-negative.

It finally remains to establish that the total contribution along I’y is non-negative. As in type B1
the contribution from £2 j} is

Vi . f6) B
W-v* = cos<01 + 2).

This is non-negative since 81 < (B+y —m)/2 and B+ y + 8 < 2m. This completes the proof. O
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