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Abstract

We consider a class of fourth order uniformly elliptic operators in planar Euclidean domains and study
the associated heat kernel. For operators with L coefficients we obtain Gaussian estimates with best
constants, while for operators with constant coefficients we obtain short time asymptotic estimates. The
novelty of this work is that we do not assume that the associated symbol is strongly convex. The short time
asymptotics reveal a behavior which is qualitatively different from that of the strongly convex case.
© 2018 Published by Elsevier Inc.
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1. Introduction

Let 2 be a planar domain and let
Hu =3} (a(x)3Z, ) + 20y, 9, (B(x)dx, dxyu) + 05, (v (x) 05, 1)
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be a self-adjoint, fourth-order uniformly elliptic operator in divergence form on € with L
coefficients satisfying Dirichlet boundary conditions on d€2. It has been proved by Davies [4]
that H has a heat kernel G (x, x’, r) which satisfies the Gaussian-type estimate,

|x _x/|4/3
o),

1
|G(x,x", )| <cit™2 exp(—cz T

(D
for some positive constants cy, ¢z, ¢z and all # > 0 and x, y € Q.

The problem of finding the sharp value of the exponential constant c; is related to replacing
the Euclidean distance |x — y| by an appropriate distance d(x, y) that is suitably adapted to the
operator H and, more precisely, to its symbol

A(x, &) = ()& +2B(0)EMES +y(0E) ., xeQ, EeR?.

In the article [5], and for constant coefficient operators in R” which satisfy suitable assumptions,
the asymptotic formula

372 pulx — x’)4/3)

16 /3
3V3V2 pux —x)Y3 x

eos (~ =~ — = 3)

G(x,x', 1) ~h(x —x) "3 V3 exp ( -

2

was established as + — 0+; here £ is a positively homogeneous function of degree one and p, is
the Finsler metric defined by

n-§

= max ——. 3
p*(é) UGRZ\{O} A(T] 1/4 ( )

An analogous asymptotic formula has been obtained in [7] in the more general case of operators
with variable smooth coefficients; in this case the relevant distance is the (geodesic) Finsler
distance d), (x, x") induced by the Finsler metric with length element p,(x, &), the latter being
defined similarly to (3), with the additional dependence on x.

A sharp version of the Gaussian estimate (1) was established in [2] where it was proved that

32 dy (x, x')*3
Gernl e bexp] - (B2 - b )

+eemt, )
for arbitrary € and M positive. Here D > 0 is a constant that is related to the regularity of the
coefficients and dy (x, x’), M > 0, is a family of Finsler-type distances on £ which is monotone
increasing and converges as M — +oo to a limit Finsler-type distance d (x, x’) closely related to
dp, (x, x”) but not equal to it; see also Subsection 3.1.

A fundamental assumption for both (2) and (4) is the strong convexity of the symbol A(x, &)
of the operator H. The notion of strong convexity was introduced in [5] where short time asymp-
totics were obtained not only for the operator described above but more generally for a constant
coefficient operator of order 2m acting on functions on R”. In the context of the present article
and for an operator with constant coefficients, strong convexity of the symbol A(£) amounts to
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0<pB<3/ay. (5)

We note however that in [2] (where the coefficients «, §, y are functions) the term strong con-
vexity was also used for the slightly more general situation where

0=B) =3/a(x)yx), x €. (6)

In other words, while for short time asymptotics the strict inequality was necessary, for Gaussian
estimates equality is allowed.

Our aim in this work is to extend both (2) and (4) to the case of non-strongly convex symbols.
Hence in Theorem 1, which extends the Gaussian estimate (4), condition (6) is not valid, while
in Theorem 2, which extends the short time asymptotics (2), condition (5) is not valid.

In Theorem | we obtain a Gaussian estimate involving the Finsler-type distances dys(-, -) and
an o, that depends on the range of the function

B(x)
Va@y )’

So the strongly convex case corresponds to Q taking values in [0, 3] but here we allow Q to
take any value in (—1, 400). It is worth noting that while in the strongly convex case we have
0% = 3+/2/16, in the general case o, can take a continuous range of values. Our approach follows
the main ideas of [2] and in particular makes use of Davies’ exponential perturbation method.
However technical difficulties arise due to the existence of three different regimes for the function
Q(x), namely (—1, 0], [0, 3] and [3, +00). Each regime must be handled differently, and it must
be shown that the matching at Q =0 and Q = 3 does not cause any problems.

In the second part of the paper we extend the short time asymptotic estimates of [5] to op-
erators with non-strongly convex symbol. As in [5], we consider constant coefficient operators
acting on R?, so the heat kernel (also referred to as the Green’s function) is given by

Q) =

G(x, 1) = /eif'x—A(E)’dg, xeR?, t>0.

R2

(2m)?

The asymptotic estimates are contained in Theorem 2 and the proof uses the steepest descent
method. For technical reasons we only consider specific choices of the point x € R%; we com-
ment further upon this before the statement of Theorem 2, but note that the asymptotic formulae
obtained are enough to demonstrate the sharpness of the exponential constant of Theorem 1.
Anyway, these asymptotic estimates are of independent interest, in particular because they re-
veal a behavior that is qualitatively different from that of the strongly convex case. In the case
0 < QO < 3 studied in [5] the Green function oscillates around the horizontal axis. As it turns
out, when Q < 0 or Q > 3 the Green function remains positive for small times. The borderline
cases Q =0 and Q = 3 are particularly interesting. In these two cases the asymptotic expression
involves oscillations that touch the horizontal axis at their lowest points (see the diagrams at the
end of the article). This is due to a bifurcation phenomenon that takes place at Q =0 and Q = 3.
At these values of Q there is a change in the branches of saddle points that contribute to the
asymptotic behavior of the integral. While for each Q # 0, 3 there are two contributing points,
for each of the values Q =0 and Q = 3 there are four such points.
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At the end of the article we present numerical computations that illustrate the asymptotic
estimates. For the sake of completeness we have also included an appendix with the proof of
Evgrafov and Postnikov in the strongly convex case 0 < Q < 3.

We close this introduction with one remark. As pointed out in [5], for a fourth order operator
in two dimensions strong convexity is equivalent to convexity. Nevertheless we have chosen not
to replace the term ‘strongly convex’ by ‘convex’ in order to emphasize the importance of strong
convexity in the general case of an operator of order 2m acting in R” (considered in both [5]
and [2]).

2. Heat kernel estimates
2.1. Setting and statement of Theorem 1

Let Q C R? be open and connected. We consider a differential operator H on L2(2)
(complex-valued functions) given formally by

Hu(x) =87 (e(x)dF u) + 207 . (B()d5, o, u) + 37, (v (x)d5,u),

where o, 8 and y are functions in L% (2). In case 2 # R? we impose Dirichlet boundary con-
ditions on d€2. The operator H is defined by means of the quadratic form

o) = / {a @)t 12+ 2B |ty 1* + ¥ () tpy |2} dx,
Q

defined on Hoz(Q). We assume that H is uniformly elliptic, that is the functions « and y are
positive and bounded away from zero and also

Bx)
inf ———
xeQ o (x)y (x)
The form Q is then closed and we define the operator H to be the self-adjoint operator associated
to it. As mentioned in the introduction, the operator H has a heat kernel G (x, x’, t) which satisfies
the Gaussian estimate (1).

To state the main result of this section we need to introduce some more definitions. We define
the class of real-valued functions

E={peC*(Q): [|ID*llo <+00, 0 <|a| <2},
and the subclass
Eam={pel: Ay, Vo(y) <1,yeQ, and [|[D|cc <M, |a| =2}.
We then define a distance dy (-, -) on 2 by

dy(x,x)=sup{p) —p(x) : p€&am}.
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It is not difficult to see that as M — 400 this converges to the Finsler-type distance

d(x,x") =sup{p(x") —@(x) : ¢ €Lip(Q), A(y,Vo(») <1, yeQ}. (7)

As it turns out, there holds d(x, x") <d pe (X, x") and the two distances in general are not equal.

Still, there are cases where equality is valid and this shows in particular that the best constant for

Gaussian estimates is the same for both distances. This is further discussed in Subsection 3.1.
We next define the functions

Ox) = L x € Q,
Vo (x)y(x)
8%, if —1<0Q(x)<0,
k(x)=1 8. if0< Q(x) <3,

0(x)*—1, if Q(x)>3,

and
3 (140 .
3 1 \1/3 2497 (1-0 ()73 if —1<0Q(x) <0,
0= (awm) = Hn if0=0(x) =3, ®)
s> =173, if 0(x) > 3.
We set

* k(x) do, = inf o (x) 3(1)1/3
=su , andoy=info(x)=-"- .
Sup e T T e

Finally, we denote by D the distance in L*°(2) of the functions «a(x), 8(x), y (x) from the space
of all Lipschitz functions,

D =max {dp (&, Lip(R)) , dr (B, Lip(R)), dre=(y, Lip())}. ©))
The main result of this section is the following

Theorem 1. For all € € (0, 1) and all M large there exists cc, ce,y < 00 such that

dy (x, x")43

|G(x,x/,z)|§c€t—l/2exp{—(U*—cD—E) Y

+c€,Mz}, (10)

SJorall x,x' € Qandt > 0.

It will follow from the results of Section 3 that the constant o is sharp.
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2.2. Proof of Theorem 1
We first establish some auxiliary inequalities related to the symbol A(x, &) of the operator H.

Since these are pointwise inequalities with respect to x € 2, we assume for simplicity that the
coefficients are constant and therefore the symbol is

AE) =at! +2BE1E +vE), EeR?

where «, B, y € R. By ellipticity we have «, y > 0 and Q := g/./ay > —1. We shall need to
consider the symbol also as a function of two complex variables, that is we set

A(z)_otzl +2,311z2+yz2, z2=(21,22) € C2.

Lemma 1. There holds

Re A(E +in) > —kA(n), & neR? (11)

where the constant k is given by

8(1]+QQ)2, if —1<Q<0,

k=18, if 0<Q<3,
0*’-1, ifQ>3.

Proof. We first compute

Re A +im =a( — 6670 + ) +28 (263 — 703 — &30} — 4r&ammz + nin3)
+y (& — 68313 +113). (12)

We now distinguish the three cases.
(i) —1 < Q < 0. Using (12) we see by a direct computation that

0

11—
ReA(S—}-tr})—}-S(l_l_Q)2 @)
_ ) Q 5\?2 _ 1/2£2 . 1/2£2)2
@+ nla(et - 1 ant) +r(8 - 1 and) |- o -y 8} a3)

_2Q(a1/2§-lnl+y1/2$2n2) _2Qal/2yl/2(§1n2+%—2n1)2

0
Q(l n Q) (2 =y 202)?,

and (11) follows.
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(i1) 0 < Q < 3. Similarly it may be verified that

2
Re AG +in) +840) = 5 [a2&] — 30D +y (& —3md))
4
+TQ¢1]/2V1/2(€1§2—3771772)2
3_
+2 22 et -3 + @ -3}, (14
and (11) again follows.
(>iii) Q > 3. In this case we have
Re A(¢ +in)+ (0% — DA®M)
2
=200 - 3)(@Pgim -y Pem)’ + [« 267 - ond) +v'2& - 0nd)) (15)
+3 2 —3)(Q+1(Q*+3
+2(0 - D2y 12 (518, - %mnz) 422 )(%_ 1)(Q o112 12,22

and (11) follows once again. O

Given v € £ the (multiplication) operator ¥ leaves the Sobolev space Hoz(Q) invariant so
one can define a quadratic form Qy on HOZ(Q) by

Q)= Qu, e Vu,

where

O(u,v)= / {a(x)uxlxlvxlxl + 2,3(x)ux1x25x1x2 + V(x)uxzxzvxzxz}dx
Q

is the sesquilinear form associated to Q(-). Expanding the various terms of Qy (u) (cf. (17) be-
low) we find that the highest order terms coincide with those of Q(u) and standard interpolation
inequalities (cf. [4, Lemma 2]) then give

10@) — Qy ()] < Q) + ce{ ¥ llw2eo + 1V 1 §y200 13, (16)
forall € € (0, 1) and u € Hj ().
The proof of Theorem 1 makes essential use of the following result which is Proposition 2
of [3]:
Lemma 2. Let € £ be given and let k > 0 be such that

Re Qy (1) > —k [lull3,

foru € C°(2). Then for any § € (0, 1) there exists a constant c5 such that
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1G(x,y. 0| < cst™ ' Pexplyr (x) — ¥ () + (1 + 8)kr},
forall x,y e Qandall t > 0.

Given ¢ € £ and A > 0 we have

Qi () = / [0 211 (T3, + 2B )15 € )
Q

Y @)U (€ | . a7)

Using Leibniz’s rule to expand the second partial derivatives the exponentials ¢*¢ and e ¢
cancel and we conclude that Q;,(u) is a linear combination of terms of the form

)Ls/bsy(s(x)DyuD‘sﬁdx, (18)
Q

(multi-index notation) where each function by, 5(x) is a product of one of the functions & (x),
B(x), y(x) and first or second order derivatives of ¢. For any such term we have s + |y + 6| <4.

Definition. We denote by L the space of (finite) linear combinations of terms of the form (18)
with s + [y + 8| < 4.

We shall see later the terms in £ are in a certain sense negligible. We next define the quadratic
form

Ouip)= [ [fatoed, + 2606 + gt Tiur
Q

+)L2{a(x)‘/’)%l (MEX]Xl + “xlmﬁ - 4|“X1 |2)

— — — — 2 2 2 2
+2ﬂ(x)[(px1 (pxz (uuxlxz + uxlxzu - uxl uxz - uxzuxl) - ((pr |uX1 | + (pxl |uX2| )]
‘H/(x)%%z (uﬁxzxz + szxzﬁ - 4’|ux2 |2)}

o)t P+ 283, + ¥ (@) iy

It can be easily seen that Q; 3, () contains precisely those terms of the form (18) from the
expansion of Q;(-) for which we have s + |y + §| = 4. Hence we have

Lemma 3. The difference Q),(-) — Q1,5.9(-) belongs to L.
The symbol of the operator H is
A(x,2) =a(0)Zf + 28025+ vy, xeQ, zeC?,
and the polar symbol is defined as

Ax,z,7) = a(x)232)? + 2B (x)z12221 25 + ¥ (x)23252, xeQ, z,7eC%
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For x € Q and &, &', n € R? we set

S(x,&,&",m) =ReA(x,& +in, & +in) +k(x)A(x, n).

Given ¢ € £ and A € R we define the quadratic form Sy, on H&(Q) by

1 o -
SW(M)ZW /// S(x, &, &, AV CE 1 (E)a(E) dE dE dx.

QxR2xR2

Lemma 4. There holds
O1,0.pu) +/k(X)A(x,)\V<p)Iu|2dx = Sip(u),
Q

forall g € €, A > 0and u € H}(Q).

Proof. For the proof one simply uses the relation D%u(x) = Qn)~! fR2 (i&)*e™*E(£)dE for

the various terms that appear in Q1 4. Since a very similar proof has been given in [2] we omit

further details (the fact that k(x) is not constant in our case is not a problem and strong convexity
is not relevant here). O

We now define for each x € Q a quadratic form I'(x, -) in C® by

(Q+ DIpil? 4+ (Q + DIp2> — Qlps> —20Ipal>—

—0)2 .
—201ps* = G52  Ipsl’, if —1<0Q() <0,

Fee, p) =4 321012+ 25321 p P + Lipi + pP+ Lipsl?, if0<0() <3,

2(Q =3)Ip1l* +1p2l* +2(Q = DipsI*+

+2923(0+ Q> +3)|pal. if Q) >3,

forany p = (p1,..., pe) € CS. Clearly I'(x, -) is positive semidefinite for each x € 2. We denote
by I'(x, -, -) the corresponding sesquilinear form in C9, that is I'(x, p, ¢) is given by a formula
similar to the one above with each | px|? being replaced by pig.

Next, for any x € Q and &, € R? we define a vector Dxey € R® by
Pxgn =

1/2 1/2 1/2 12 2
< / [%_1 1+Q771] 14 / [52 1+Q772] al/ 51 / %-2»

al e + v 2,
alPyV3Em + &), o2y} — V”zn%),

if —1<Q(x) <0,
(2167 = 3071, y'2183 = 3031, @'ty g6 = 32, 0,0,0), 0= 0() <3,

(g1 =y, al/z@l o) +y'/2(& - 0nd).
al My 3E 18 — S8 ), oAy Ve, 0, 0),

if Q(x) > 3.
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A crucial property of the form I'(x, -) and the vectors py ¢ , is that

S(x; 8,86, ) =0, prey Prgn) (19)

forall x e Qand &,n € R2; this is an immediate consequence of relations (13), (14) and (15),
for each of the three cases respectively.
We next define a quadratic form I';,(-) on H&(Q) by

l i / ~ TN ’
Do) =2 /// LG Preavp Preave)e €&V AEAE) di dE'dx.

QxR2xR2

We then have

Lemma 5. Assume that the functions a(x), B(x), y (x) are Lipschitz continuous. Then the differ-
ence Sy () — 'y () belongs to L.

Proof. We consider the difference

S(x, 8,8, m) —T(x, px.gn, Prg' )

and we group together terms that have the property that if we set £ = & then they are similar as
monomials of the variables £ and 7. Due to (19) one can use integration by parts to conclude that
the total contribution of each such group belongs to £. We shall illustrate this for one particular
group, the one consisting of terms which for & = &’ involve the term ?;12;7%.

The terms of this group from S(x, &, &', ) add up to

—a () (EE+E2 45 E)).
The corresponding terms of I'(x, px & 5, Px,g’,y) are
)N (Q(x) —3)(E +£H) —20(0)E £ ], if Q(x) <0,
—3a()nT(EE+E), if0< Q) <3,
a@)n[ — Q) (EF+E2) +2(0(x) —3)&iE]].  ifQ(x) > 3.
Hence the difference of these terms in S(x,&,&",n) — T'(x, px.g,y, Px.g',y) IS
a2 — 0 E:+£H) + 20x) —HEE],  if Q(x) <0,

a(n7[2E7 + &)%) — 4&61&], if0 < Q(x) <3,
a@)n[(Qx) — DE+£H) + (2 —20()E ], if Q(x) > 3.

This can also be written as oz(x)r;fR(x)(El2 + 5[2 — 2&1&() where

2-00), if Q) <0,
R(x) =2, if0 < Q(x) =3,
Q(x)—1, ifQ(x)>3.
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Inserting this in the triple integral and recalling that 7 = A V¢ we obtain that the contribution
of the above terms in the difference Sy (1) — I'yp (1) is

Q2n)~? /// ()R ED + &% — 2616222 e % 0(£)a(E) d& de' dx

QxR2xR2

=12 /a(x)R(x)go%l (=t T — ULy, — 2l [P)dx
Q

e /O{()C)R(x)(p)%l (4,7 + uliy, ), dx.
Q
Since the function oz(x)R(x)gD)%1 is Lipschitz continuous we can integrate by parts and conclude
that the last integral belongs to £. Similar considerations are valid for the other groups; we omit

further details. O

Lemma 6. Assume that the functions a(x), B(x), y (x) are Lipschitz continuous. Let M > 0 be
given. Then for any ¢ € Ea_y and ) > 0 we have

Re Q;y(u) = —k*A* |ull3 + T (),
foraformT € L and all u € HOZ(Q).

Proof. The fact that ¢ € £4 37 implies that A(x, Vo(x)) <1 for all x € Q. Hence using Lem-
mas 3, 4 and 5 we obtain

Re Qip(u) = — / k() AG, AVQ) [ dx + Tip () + T (u)
Q

Z—k*k4/|u|2dx+FA¢(u)+T(u)y
Q

for some form 7' € £ and all u Hg(Q). Moreover

1 Bk e ,
Fw(")zeT)z /// T(X, Pxeave, Pre ave)e' C 8V A(E)a(E") d& dE' dx

QxR2xR2
- L / r(x / i (E) pr.g avpds / S preavpds) d
(27_[)2 > Px,EAVeds, | € u Px & \Vg X
Q R2 R2
>0,

by the positive definiteness of I'; the result follows. 0O
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We can now prove Theorem 1. We first consider the case where the coefficients of H are
Lipschitz continuous. For the general case we shall then use the fact that Lemma 2 is stable
under L*° perturbation of the coefficients.

Proof of Theorem 1. Part I. We assume that the functions «(x), B(x), ¥ (x) are Lipschitz con-
tinuous. We claim that for any € and M positive there exists c¢ s such that

Re Qi) = —| K"+ On* + e (1423 Hul, 20)

for all » > 0 and ¢ € £4_p. To prove this we first note (cf. [2, Lemma 7]) that any form 7 € £
satisfies

1T )| <€Q) +ce(1+1%) lul3,
foralle € (0,1),A>0andu € Hg(Q). Hence Lemma 6 implies
Re 05 (0) = — [k + e (1 4+ 29 |l — € Q). 1)

Now, from (16) we have that for any v € £ there holds

1
Q) = Qy )] = 500 + el oo + 1V a1l

Taking ¥ = Ap where A > 0 and ¢ € £4 ) we thus obtain

1
|Q) = Qi w)| < 7 QW) +cu( + 2 ull3. (22)

Now, the coefficients of A* in the expansion of Q). only involve first derivatives of ¢. Since
|Vo| <cforall ¢ € €4 p, (22) can be improved to

1
QW) — 05 (w)| < 520 + e+ 23) + ea*}ull3,
which in turn implies
O(u) < 2Re Q5 () + {ep (h + 2%) + ca }lu 3. (23)

Letu e Hg(Q) be given. If Re 0, () > 0 then (20) is obviously true. If not we then have from
(21) and (23)

Re Q;,(u) > —{k*x“ +ce(1 +x3)]||u||§ —2€eRe Q;(u) — €fepr( +2%) + cat}ull3
> —{(k* +cort +ee(l +A3)+e{cM(A+A3)+cA4}}IIMII§,

and (20) again follows; hence the claim has been proved.
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We complete the standard argument; Lemma 2 and (20) imply
(G 3, ] < cct™ P exp [Ap(n) — 0@+ (1 + O + O0r* + e (1 +2D)} e},
for all € € (0, 1). Optimizing over ¢ € £4, yields
1G(x, x', 1)] < cgt_l/zexp{ —ady (e x) + (L + Ok +Or* + ce (1 +A3)}t].

Finally choosing A = [dy (x, x’)/(4k*t)]1/3, we have

dy (x, x")¥3

—dy (x, ) + kA% = —o, AYE ,

and (10) follows.
Part 2. We now consider the general case where the functi~0ns a(x), B(x), y(x) are not Lips-
chitz continuous. Then there exist Lipschitz functions &(x), 8(x), y (x) such that (cf. (9))

max{[la — &lloo, 18 = Blloos Iy — 7lloo} <2D.
We assume that D is small enough so that the corresponding operator His elliptic; we shall use

a tilde to denote the various entities associated to H. Given ¢ € £; ,, and A > 0 it follows from
the first part of the proof that

Re 0y () = — {34 + el 423 | ul3 - eQw). 24
Moreover it is easily seen that
k*—k* <cD, | Qup() — Orp)| < cD{ Q) +2*|ul3}. (25)
From (24) and (25) we obtain
Re Q;,(u) > —{(k* F D) o1+ /\3)} Il — € Q).

As in Part 1, this leads to a Gaussian estimate involving the constant o, — ¢D and the distance
du (x, x"). Toreplace dy (x, x”) by dy (x, x”) we note that there exists ¢ > O such thatifp € £; ,,

then (14c¢D)~'¢ € E4.p. This implies that dy; (x, x") > (14 cD)~'dy(x, x), which completes
the proof of the theorem. O

3. Short time asymptotics

In this section we study the short time asymptotic behavior of the Green function G(x, t) of
the constant coefficient equation

w = —(35, +2B0;7, 05, + 05, )u,  xeR’, 1>0. (26)

X1 7x2
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(The slightly more general case where we have oca;‘l +2B02 92 + )/8;‘2

0%, is easily reduced to (26).)
The symbol of the elliptic operator is

AE) =& +2pE7E5 +&5, EeR?

and it is strongly convex if and only if 0 < 8 < 3.

Theorem 2 below implies the sharpness of the constant o, of Theorem 1, but it is interesting
on its own. As already mentioned, the behavior when 8 <0 or 8 > 3 is qualitatively different
from that of the case 0 < 8 < 3 studied in [5]. The borderline cases 8 = 0, 3 are particularly
interesting.

The Green’s function for equation (26) is given by

G(x,t) = /eig'x_tA(E)dé, xeR?, t>0. (27)

RrR2

(2m)?

As already noted in the Introduction, we only consider specific points x: points lying on any
coordinate axis when 8 > 3 and points lying on any main bisector when < 0; due to symmetries
this amounts to points of the form (s, 0) and (s, s) respectively. This choice is related to Lemma 1:
in each of the two cases the respective point n (i.e. n = (s, 0) or n = (s, s)) is a point for which
there exists & € R? so that (11) becomes an equality. Moreover, for these points the explicit
computation of the distance to the origin is possible; see also Subsection 3.1 below.

The main result of this section is the following

Theorem 2. For any s > 0 the following asymptotic formulae are valid as t — 0+:

1) If—1<B<0andx=(s,s) then

1 (1—p)l/e 234173 oy (_ I
31/2 -41/37'[ (3 _ '3)1/2(1 +ﬂ)1/6 p 44/3 1— ﬂ

3 148 1/354/3
G(x. 1) ~ ) W)

(1) If B=0and x = (s, s) then

~2/3;-1/3

G(x,t)~ s

S4/3 @s4/3 TL’])

3
3415 exp(—mm)'(l“‘“[wsm‘?

(i) If B =3 and x = (s, 0) then

1 —2/3,-1/3 3 543 33§43 n
Gr.0)~ 3 PP ew (= gs) - (1 +eos | — 5 ))

(iv) If B > 3 and x = (s,0) then
1 —1/2, 22 1/6 .—2/3,—-1/3 3 2 71/3S4/3
G(x,1) mﬁ B~—1D st eXp(—m(ﬁ -1 m)
Remark. Clearly that the notation F (1) ~ G()) cannot have here the usual meaning F (1) =

G(A)(1 4+ o())), as the function G takes also the value zero. By looking at the proof below it
becomes clear that the actual meaning of
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F(A) ~ eA}‘)LD[l + cos(BA + C)] , asA— 400,

is that
F) = AP ([1 4+ cos(BA + C)] + 0(1)) , asA— +oo.

3.1. Some comments on the distance d(x, x")

Before proceeding with the proof of Theorem 2 we make some comments on the distance
d(x, x") defined by (7). First, we recall that a Finsler metric on a domain  C R” is map p :
Q x R" — R, whose regularity with respect to x € 2 may vary and which has the following
properties

(i) p(x,&)=0ifandonly if £ =0
(i) p(x,28) =|rlp(x,§), AeR

(iii) p(x, &) is convex with respect to &

Given a Finsler metric on €2 the dual metric p, is defined by

xeQ, nekR?. (28)

P«(X, n) = max n-§ ,
§#40 p(x,§)

This is also a Finsler metric and there holds p., = p. Having a Finsler metric one can define
lengths of paths and hence the (geodesic) distance between points.
We now return to our specific case. The map

P, &) =AM, 5V, xeQ, £eR?,

satisfies properties (i) and (ii) above but not (iii). Nevertheless the dual metric p, can still be
defined by (28). Since it is convex (being the supremum of linear functions) it is a Finsler metric.
Clearly p.«(x, &) does not coincide with p(x, &) in this case. Actually, there holds p..(x, &) <
p(x, €); indeed it may be seen that the set {£ : p,.(x, &) < 1} is precisely the convex hull of the
set {§ : p(x, &) <1}

Now, the (geodesic) Finsler distance d, (x, x) induced by p, satisfies [1, Lemma 1.3]

dp, (x,x") =sup{p(x') — p(x) : ¢ €Lip(Q), pus(y, Vo(»)) <1, ae.yeQ}.

Since puy < p this implies d(x, x") < dp, (x, x"). We shall now see that this does not spoil the
sharpness of the constant o, of Theorem 1.

Let us restrict from now on our attention to the constant coefficient case. By translation in-
variance we have d(x, x") = dp(x — x’) where

do(x) = sup{p(x) : ¢ €LipR?), ¢(0)=0, A(y,Vo(y) <1, ae yeR?. (29)

‘We then have
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do(x) = pu(x),  xeR% (30)
Indeed, given a function ¢ as in (29) we have

1 1 1

w(X)=/%<p(tX)dt=/V<p(M)~xd /A Vo(rx))' A peyde < pu(x)

0 0 0

hence do(x) < p«(x). For the converse, let £ € R?\ {0} be given. The function

§-y

2

p(y)=

then satisfies A(V@(y)) = 1 and therefore can be used as a test function in (29). Hence

§-x

AE)A =@(x) <dp(x),

and maximizing over & yields p,(x) < dy(x).
Now, it is immediate from (28) that
|x|?

px(x) > — x € R2\ {0}. (€2))
p(x)’

We shall need to identify the points x € R? for which (31) becomes an equality. By homogeneity
it is enough to consider points of unit Euclidean length. Let us write ey = (cos ¢, sin¢). We are
then seeking directions ¢ for which

1 €y - €9
A(e¢)1/4 GeR Aeg) /A

So let ¢ € [0, 2] be fixed and set

€p ey cos(¢p —9)
- /4 — 1/4°
Ales) (1 + 8L sin? 29)

Then

g (0) = A(eg) V*sin(6 — ¢) — %A((eg)*/4 cos(f — ¢) sin46 .

It follows that g’(¢) = 0 if and only if sin4¢ = 0, i.e. if and only if ¢ is an integer multiple of
7 /4. This corresponds exactly to the points considered in Theorem 2 and hence for these points
inequality (31) holds as an equality. In particular, recalling (30) we have

do(s,0)=s

and
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252

_~3/4 —1/4
G = AT

do(s,s) =
Suppose now that § > 3. We then have (cf. (8)) 0 =3 - 4743 (8% — 1)~1/3 (recall that Q = B
for equation (26)). This proves the sharpness of the constant o, in Theorem | in the regime
Q>3
Similarly, if —1 < 8 < 0 then (cf. (8))

3 (1+4p?3
0_2_44/3 (1_13)1/3

and therefore

3 1+BapsPy do(s, s)*3
o (‘M(l_ﬁ) ;W)_e’q’(_"* 1173 )

Hence the constant o is sharp also in the regime —1 < Q <0.
3.2. Proof of Theorem 2

Changing variables in (27) by & = (41)~'/3 we obtain

G(x,t)= (32)

1

*(Gom)
Q2m)2 4023~ \(@4n'/3
where

F(A):/el(”‘f—%f‘@) dt.
R2

To find the asymptotic behavior of F (1) as A — 400 we shall use the method of steepest descent.
So we shall consider the complex analytic function of two variables, z = (z1, z2),

. 1 . 1 4 22, 4
p()=ix-z— ZA(Z) =i(x121 +x222) — Z(Z‘ +2Bz125 + 25),

and shall use Cauchy’s theorem for functions of two variables to suitably deform R? c C? to
some other surface in C2 that will contain the saddle points of ¢ that actually contribute to the
asymptotic behavior of F()). For our purposes it is enough to consider deformations that are
parallel transports by a point in iR?. Indeed, it easily follows by Cauchy’s theorem that for any
1o € R? we have

F(\) = / 94z,

R2+ing

The main issue is to identify the relevant saddle points and (hence) the vector ng. What is of
importance here is the real part of Re ¢ (z) — also called the height of ¢ (z). The relevant saddle
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points are not necessarily those of the largest height, but rather, they are those for which there
exists a deformation such that the largest height on it is attained at those points.

Concerning the notation, we shall write each z € Clasz= (z1,z2) but also as z = & +in with
£=(£,&) eR%and n = (1, m2) € R2. Finally we note that it is enough to prove the asymptotic
formulae in case s = 1, since the general case then follows from the relation

1 t
G(sx,t)=—2G(x,—4), t,s >0, x € R2.
K K

3.2.1. The case —1 < B <0
In this case we have x = (1, 1). Two saddle points that are relevant are the points

T ==& +ino

where

1 3-p)2? 1/1+B\1/3
_(1—/6) 1, 1).

€0=§(1+’3)1/6(1_’3)1/3(1,—1), =35

We deform R? by ing and have
F(A) = / 9Dz
R2+in

Case 1. —1 < B < 0. In this case the saddle points that contribute are precisely the points z(jf. We
claim that

Re ¢ (z) <Reg(z]) ., zeR? +ino, (33)

with equality exactly at the points za—L. To prove (33) we note that it is equivalently written as

1
Re A(z) > Re A(z]) = —(%)1/3,
so it is enough to establish that
: 14 B\1/3 5
ReA(§+lno)+<m> >0, EcR%.
This is indeed true, as a direct computation shows that
. [ AN 2 2202 2 3-8 2
ReA(E+lno)+<m> ——BEI - &) +(ﬁ+1>[(s1 —4(1+ﬁ)1/3(1_ﬁ)2/3)
2 3-8 2 1+ B\2/3 )
& - sarama—p) ]—ﬁ(—l_ﬂ) € +&)

>0, (34)
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[This is a scaled version of (13) for n = (1, 1).] Clearly equality holds only for the points & =
+£, and these correspond to the points z(:)t. Hence the claim has been proved.

This implies (see [5, Criterion 1, page 15]) that the points z(jf are precisely those that contribute
to the asymptotic behavior of F'(A) as A — 400. Now, it is easy to see that the for any § > 0 the

integrals
/ @ g,

D(zE.8)+ino

are complex conjugate of each other, hence the total contribution of the these two points is equal
to twice the real part of the contribution of zBL . Since these saddle points are non-degenerate, the
contribution of zg' is given by the formula (see [5, equation (3.6)] or [6, equation (1.61)])

2 -1/2 +
contr(zy) = T(det@’z,-z;) ’z=z§) 129G,
We have

33=B)1+p)1/3
det(¢ziz,«)|Z:z3= ( (1,3_)(13)1/313) ’

1+ B\1/3
=)

hence combining the above we conclude that

o=

(1-p)Ve 3,14B.1
(3625

4
F) ~ 5

T BG-PIRApET asi—+oo.  (35)

Recalling (32) concludes the proof in this case.

Case 2. 8 = 0. In this case G(x,t) is the square of an one-dimensional integral; we prefer
however to use the two-dimensional approach because the setting is already prepared, but also
because we believe that this conveys better the essential issues involved.

Relation (34) is also valid for 8 = 0 in which case it is written

3

Z)2>0'

3
Re A +ino) +1= (67— 3)°+ (6 -

The points ZOi considered above are saddle points also for § = 0. The same computations as
above are valid hence their contribution is (cf. (35))

4 3
contr(zy ) + contr(zy ) = % exp(— ZA)

However in this case there are two more saddle points of ¢ that lie on R? 4 ino and that must be
considered, namely the points

V3
zf:i7(1,1)+ino.
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For these points we find

3 33 |
¢(Z*ﬂ:) = _Z + —4 1, det((pzizj)'Z:zf — 9627”/3’

and thus obtain the contribution

33 71)

contr(z}") 4 contr(z} ) = 4w exp (— é)») cos (—k -Z).
* * 3L 4 4 3

Adding the contributions we arrive at

4 3 KIVERRN
F(\) ~ 3—)Lexp(— ZA)(I + cos (—A— —)), (36)
which concludes the proof by means of (32). O

3.2.2. The case >3
In this case we have x = (1, 0). Two saddle points that are relevant in this case are the points

5 =B = 1D7PL0, £/B) +i(1,00] = £& +ino.
As before, we have
FO) = / Py
R2+i170

Case 1. 8 > 3. In this case the relevant saddle points are precisely the points z(? This will follow
if we prove that

Re¢(z) <Redp(z]),  zeR>+in, (37)

with equality exactly at the points zi To prove (37) we note that it is equivalently written as
Re A(z) >Re A(zf) = — (B> — D'/,

so it is enough to establish that

Re AE +ino)+ (B2 -1 >0, &eR%.
This is indeed true, as a direct computation shows that
Re A(§ +ino)+ (8> = 1)~
= (et +& - pB* - 1>—2/3)2 +2(8 — DEPES +2( = 3(F* — T 2 0. (38)

[This is a scaled version of (15) for n = (1, 0).] Equality holds only for the points
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g5 ==(0,y/BB*— 1713

which correspond to the points zat.
The two contributions are again complex conjugate of each other. We use again the relation

2n —-1/2 +
contr(zg) = T(det(@izmz:zg) 1219 (5)
and since
3 - —
$(z5) = _Z(ﬂZ -3, det(z))|,_ = 688>~ )77,

combining the above we obtain

F() ~ 47”(6;3)—1/2(/32 —1)oexp ( - %(ﬁ - 1)_1/3A> . ash— 400, (39)

The proof is concluded by using (32).

Case 2. 8 = 3. Inequality (38) is also true for 8 = 3, in which case it takes the form.

1 3
Re A +imo) + 5= (57 +8 — 3)" +46763 =0

In this case equality holds not only at the points ";“(;—L but also at the points

The corresponding points in C? are the points
+_ et
2 =& +ino.

As before, the combined contribution of the points z*i is twice the real part of the contribution
of z;. We find

3 33, :
¢(Zi_) = _g + Tl y det(d)zilj)lz:z:r = 9627”/3,

hence using the same formula as above we obtain

_ 4n 3 3WV3. 0mw
contr(z:) + contr(z, ) = ETH exp ( — gk) cos (TA + 5)
The contribution of the first two points z(jf is given by (39) (for 8 = 3); adding the two contribu-
tions we conclude that

4 3 33 b4
F()»)~3—)Lexp(— gk)<l+cos [TA— ED , asA— 4o0. (40)

The proof is concluded by recalling (32). O
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Fig. 1. B =—0.5, x = (1, 1). (For interpretation of the colors in the figure(s), the reader is referred to the web version of
this article.)

0.9 |

= = = numerical
0.8 [ = analytic

Fig.2. =0, x = (1, 1).

The estimates (35), (36), (39) and (40) obtained in the proof above all have the form
F(\) ~ G()) for some explicitly given function G(1). In each of Figs. 1-4 we have plotted
the numerically computed graph of F(1)e®” (blue, dashed) against the function G (A)e®* (red,
continuous), where o is the positive constant in the exponential term of G(1). We note that in
the case B = 4 the convergence is slower, but more detailed computations are in line with the
difference being of order O(1/ 22).
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In this appendix we present the proof of Evgrafov and Postnikov [5] for the asymptotic be-
havior of G(x, t) in the strongly convex case 0 < 8 < 3 and for any x € R?, x # 0. We note that

the article [5] deals with the general equation of an operator of order 2m acting in R¢.

To find the contributing saddle points we first note that by the strict convexity of the symbol
there exists a unique ¢ = g(x) € R? such that

1
-VA(g) = x.
1 (g)=x

Then a point z = ag € C? is a critical point for ¢ if and only if &> = i. We shall use two of these

points, the points
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V3L ,
Z*iz(:t7+§z)q:::|:§0+ln0.

As in the proof of Theorem 2 we change domain of integration from R? to R? + ing and the
crucial property is that

Re ¢ (z) =Re ¢(z0), for all z € R? +ino,

with equality only at the points z;. To prove this we note that it is equivalent to

Re A(€ +ing) >Re A(§ +ino), & eR?,

with equality only for & = #£). With « as above, i.e. & = +/3/2 + i /2, we compute

; 1
Re A(& +ino) =Re A(aq) =Re (¢")A(g) = —§A(q) = —8A(no),
so we need to prove that

Re A(€ +ino) +8A(ng) >0, & eR?,

with equality at £ = +£. This is indeed true since for any n = (1, 2) we have

2 4
Re At +im) +840) = £ (& — 30 + @ ~ 3] + L&~ 3mm’
3 —
220 @ -3+ @ - 3m7)
> 0.

Hence the asymptotic behavior will indeed result precisely from the points zf. To compute it we
first note that

3 omi 3 3V3
¢ () = ZeiZTA(q) =—gA@= TJ—A(Q)i-

We also have
4 2mi
det(¢zi2j)|zzzj = h(x) 3e 3

where the function 4 is positively homogeneous of degree one. Hence

i

contr(z)}) = 2Tnh(x)_-%e_-T exp ( - %A(q)k) exp (%A(q) i).

The contribution of z is the complex conjugate of that of z; and adding the two contributions
we obtain that

4 3 343
F)) ~ T”h(x)—z/3 exp(— gA(q)A) cos(TfA(q) _ %) (41)
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We claim that A(g) = do(x)*/3. Indeed by (30) we have

x-& X-q _%VA(LI)“I_ 3/4
AOFE =A@ AgE @

do(x) = ps(x) = st;p

The reverse inequality follows by noting that the supremum is attained at £ = q.
Substituting A(g) = do(x)*3 in (41) and using (32) we finally conclude that as r — 0+.

6.1~ 2 2P ep (S AOTy (o (3T doT
X, - X exp 8. 41/3 t% . 41/3 t% 3)
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