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Abstract

We obtain integral boundary decay estimates for solutions of fourth-order el-
liptic equations on a bounded domain with regular boundary. We apply these
estimates to obtain stability bounds for the corresponding eigenvalues under small
perturbations of the boundary.
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1 Introduction

Let Q be a bounded region in RY and let H be a fourth-order, self-adjoint, uniformly
elliptic operator on L?(f2) subject to Dirichlet boundary conditions on 9%,

Hu(x) = Z D”{ang(x)Dcu(ac)} , e
In|<2
I¢]<2

The scope of this paper is to obtain integral boundary decay estimates for solutions of
the equation
Hu=f, felQ). (1)

More precisely, we want to establish ranges of 3 > 0 for which the integrals

/d_Q_ﬁuzdx and /d_ﬁ|Vu]2dx

(d(x) = dist(xz,09)) are finite. If the boundary €2 is regular in the sense that the
Hardy-Rellich inequality

\V4 2 2
/Q(Au)2dec/Q{‘ d12L| —I—%}dac, u € H(Q),

is valid, we then immediately have such an estimate since HZ(€) = Dom(H'/?). Our
aim is to establish better decay estimates that exploit the fact that the solution u of
(1) belongs not only in HZ(£2) but also in Dom(H).



This problem is well studied in the case of second-order operators. In [D2] Davies
obtained boundary decay estimates of the form

|Vul? u? 1/2 )
/Q o T prza | 42 < e 1Hull2l H  Pullz + lullz |, v € Dom(H),  (2)

for @ > 0 in some interval (0, ). Here g is an explicitly given constant which de-
pends on the boundary regularity and the ellipticity constants of H. As an application
of (2) stability estimates were obtained on the eigenvalues {\,} of H under small
perturbations of the boundary dQ. More precisely, if @ C Q is a domain such that
00 C {z € Q : dist(x,09Q) < €} and if {)\,} are the corresponding Dirichlet eigen-
values (the operator H being defined by form restriction), then it was shown that (2)
implies

0< M\ — A\ < €2 (3)

for all n € N and all € > 0 small enough. This estimate has obvious applications in the
numerical computation of eigenvalues; see [D2] for more on specific examples.
Inequality (3) was subsequently improved in [D4], where €2%, a < g, was replaced by
€220 for the same ap; this was done by estimating the integrals fd(x)<€ |Vu|?dr and
J d(z)<e u?dx for small € > 0. For results analogous to those of [D4] for the p-Laplacian
together with applications we refer to Fleckinger et al. [FHT]. See also [EHK] where
estimates of this type were first obtained for eigenfunctions of second-order operators.
For relevant results in the case of singular operators see [M].

In our main theorem we obtain integral decay estimates analogous to (2) for fourth-
order operators. More precisely, for a fourth-order operator H with L coefficients we
establish boundary decay estimates of the form

|V2u|?  |Vul|? u?
/Q ( d2a‘ + l12+2a + d4+2a dr < C(HHU”2||HQ/QUHZ + HUH%)» u € Dom(H), (4)

for v in an interval (0, ). Under additional assumptions we obtain g = 1/2, which is
optimal. To prove (4) we first use some general inequalities, which lead to a property
(P,) being identified as sufficient for the validity of (4). We then study property (P,),
and find sufficient conditions under which it is valid; the distance function used here is
taken to be the Finsler distance induced by the operator.

Technical reasons oblige us to make a regularity assumption that is not needed in the
second-order case and requires d(x) to be C2 near 952. This relates to a recurrent and
largely unsolved issue in higher-order problems: a distance function is normally only
once differentiable, but is required for technical reasons to be differentiated more than
once; see for example [B], where such an issue has arisen in the context of heat kernel
estimates.

Finally, as an application of (4) we obtain stability bounds analogous to (3) on the
eigenvalues of H under small boundary perturbations.

The structure of the paper is as follows: in Section 2 we provide a sufficient condition
(Py) for the validity of (4); in Section 3 we establish the range of « for which (P,) is
valid for different classes of operators; and in Section 4 we present the application to
eigenvalue stability.



Setting

We fix some notation. Given a multi-index n = (n1,...,nn) we write n! = n!...nn!
and |n| = m + -+ ny. We write v < n if 7; < n; for all ¢, in which case we also
set ¢ = n!/y!(n—)!. We use the standard notation D"u = (9/0x1)™ ...(9/0zN)"™u
and (Vu)" = ull ... uN. By V?u we denote the vector (uxz.xj)f-yj:l. The letter ¢ will
denote a constant whose value may change from line to line; the constants ¢, co and
c3 however are the same throughout the paper.

We now describe our setting. We assume that  is a bounded domain in RY with
boundary 9. We consider a distance function d(-,-) on 2, and denote by d(-) the
corresponding distance to the boundary 92. We say that d(-) belongs in the class D if
it satisfies:

(D1) There exist ¢y, co > 0 such that for any z,y € Q
(a) a <|V.d(z,y)| <c, z€Q
(b)  cdpuc(z,y) < d(z,y) < cadpuc(T,y).
(D2)  There exist 6,7 > 0 such that
(a) d(x) is C% on {0 < d(z) < 6}
(b) |V2d(z)| < cd(x)~'*7 on {0 < d(x) < 6}.

(D3)  The following Hardy-Rellich inequalities are valid for all v € C2(€):
2
(a) / (Av)?dz > 03/ U—4dfv
Q od
[Vol?

(b) /Q(Av)de > 03/Q Vdg dx .

We note that a sufficient condition for (D3)(b) is the Hardy inequality

2 v’
Vol“de > c3 | —dzx.
[ 1vel [ 2
The distance d(-,-) will typically be a Finsler distance, in which case (a) and (b) of
(D1) are equivalent. Condition (D2) is essentially a strong regularity assumption on
01, as will be seen below. Its validity in examples will always involve the specific value
7 = 1; we choose however this more general and somewhat axiomatic setting because,
we believe, it shows more clearly what the essential ingredients are. Finally, for more
on Hardy-Rellich inequalities, optimal constants as well as improved versions of such
inequalities we refer to [BFT, BT] and references therein.

In the sequel we shall often need to twice differentiate d(x) near 9. In order to avoid
repeatedly splitting integrals in two, we redefine d(z) on {z € Q : d(z) > 6} so that
now d(z) is C? and positive function on 2 such that d(z) equals inf{d(z,y) : y € 0Q}
for z € {dist(z,0€) < 0} but not necessarily for all x € Q (of course d(z,-) extends
to 9Q by uniform continuity). In relation to this we emphasize that throughout the
paper what really matters is what happens near the boundary 9€2. We also note that,
while the validity of estimate (4) and assumption (D3) is independent of the specific
distance d(-) € D chosen, we shall need to consider non-Euclidean distances since some
of the intermediate calculations do depend on the specific choice of distance.



We will consider operators of the form

Hu(z) = Z D"{ang(x)DCU(x)} , T e, (5)
n|=2
I¢|=2

subject to Dirichlet boundary conditions on 9€2; lower-order terms can be easily ac-
comodated. More precisely, we start with a matrix-valued function a(x) = {a,¢(z)}
which is assumed to be have entries in L*°(£2) and to take its values in the set of all
real, N(N +1)/2 x N(N +1)/2 matrices (N/(N 4+ 1)/2 is the number of multi-indices
n of length |n| = 2). We assume that {a,¢(z)} is symmetric for all € © and define a
quadratic form Q(-) on the Sobolev space HZ(f2) by

Q(u) = /Q S aye(2)Du(x) Déuz) dz, u e H(Q).

We make the ellipticity assumption that there exist A, A > 0 such that
AQo(w) < Q(u) <AQo(w),  we HF(Q),

where Qo(u) = [o(Au)?dx denotes the quadratic form corresponding to the bilaplacian
A?. We then define H to be the associated self-adjoint operator on L?(f2), so that
(Hu,u) = Q(u) for all u € Dom(H).

2 Boundary decay

Let d(-) € D. Let a > 0 be fixed and let us define
wx)=d(x)™*, z ).

We regularize w defining
1
dn(x) :d(x)—i—ﬁ , wp(z) =dp(x)™, n=1,2,.... (6)
We note that u € HZ(Q) implies w,u € HZ(), n € N. It is crucial for the estimates
which follow that, while they contain the functions d,, and w,, they involve constants
that are independent of n € N.

Lemma 1 Let o > 0. There exists a constant ¢ which is independent of n € N such
that

V2ul?  |Vul? u?
/Q <| d2@‘ + li2+2’a + T dzr < cQ(wnu) , u € Hg(ﬂ) (7)

Proof. Tt suffices to prove (7) for all u € C?(2). So let u € C?() be given and let
v = wyu, a function also in C2(£2). Using (D3) we have

u? v?
/Qd#hdx = /Qd;%dm
2
v

< c/Q(Av)2da:.

IN



Similarly,

[Vul?

1 o o
o Zr2adt = /leadn WVdy, + d3 Vol da

v? |Vo|?
< .
< C/Qd%daH-c/Q 2 d
< c/(Av)zdx,
Q

where we have used the fact that

/Q V20 2dx = /Q (Av)2da . 8)

Finally, since d and d,, differ by a constant,
Ugz; = ApyVaie; + adgfl(d%% +dy;ve;) + adgfldzﬂjv + ala — l)dgfzdxidxjv,

and therefore

2,12 2 2712
/ |V2u\ d:néc{/ |V2v|2d1‘+/ Vol dx +/ —rdz ~|—/ ]V d’ }
o dzo Q Q d;

Since d,, > d, the second and third terms in the brackets are smaller than ¢ [o(Av)%dx
by the Hardy-Rellich inequalities (D3). The same is true for the last term by (D2).
Thus, one more application of (8) concludes the proof. //

Lemma 2 Let o € (0,1) and wy, = d,;“. Then there ezists a constant ¢ > 0, indepen-
dent of n € N, such that

Qu,wu) < c|Hull2| H*'*ullz,  u € Dom(H).

Proof. For any n € N and u € C2(9) we have

/wﬁ/au2da: < /w4/au2d:c
Q Q

2

u

< cQu).

Hence w%/ “ < cH in the quadratic form sense, which by [D1, Lemma 4.20] implies that
wit < cH® (since o € (0,1)). Hence given u € Dom(H) we have

| Hull2[|wiull2
c|| Hullo| H*?u|2 ,

Q(u,wiu)

<
<

which is the stated inequality. //

We can now establish a sufficient condition for the boundary decay estimates.



Theorem 3 Let « € (0,1) be fized and let wy, = d,;*. Assume that there exist k, k' > 0
independent of n € N such that

Q(wnu) < kQ(u,wgu) + /{:'Hqu, u e CCQ(Q), (9)

for all n € N. Then there exists ¢ > 0 such that

V2l [Vu* W o
/{)( e+ prea + g | 40 < el Hullo | H "ully, e Dom(H). (10)

Proof. The validity of (9) for all u € C%(Q) implies its validity for all u € H3(f) and
in particular for all u € Dom(H). Hence given v € Dom(H) and applying Lemmas 1
and 2 we conclude that there exists a constant ¢ such that for any n € N there holds

|V2u|?  |Vul? u?
/Q < 2o + 220 + Jit2a dx < C(||H“H2||Ha/2u||2 + ||U||%) .
n mn mn

Letting n — +o00, applying the Dominated Convergence Theorem and using the fact
that the spectrum of H is bounded away from zero we obtain (10). //

3 The property (P,)

The validity of assumption (9) of Theorem 3 will be our main interest in this section.
For the sake of simplicity, for any « € (0,1) we define the property (P,) (relative to
the distance function d € D) as

There exists constants k, k' > 0 such that
Q(d, “u) < kQ(u, d,;**u) + K'||ull3 (Pa)
for all n € N and u € C%(Q).

This is precisely assumption (9) of Theorem 3. Our aim in this section is to obtain
sufficient conditions under which property (P,,) is valid. In the following three subsec-
tions we present three theorems that provide such conditions. The first applies to all
operators in the class under consideration; the second applies to operators of a specific
type but gives a better range of @ > 0; and the third applies to small perturbations of
operators in the second class.

Remark. If 0 is smooth then the ground state ¢ of A? decays as d(z)? as z — 9.
Hence the integral in the left-hand side of (10) is not finite for & > 1/2. For this reason
and throughout the rest of the paper we restrict our attention to o € (0,1/2).

3.1 General operators

We always work in the context described at the begining of Section 2. We recall that
for a € (0,1/2) we have w, = d,;® = (d + 1)=*; we also recall that A and A are the
ellipticity constants of the operator H.



Theorem 4 There exists a computable constant ¢ > 0 such that property (P,) relative
to the Euclidean distance is valid for H for all a € (0,¢ " A71N).

Proof. Let u € C?(f2) be fixed. Setting v = d,;“u and using Leibniz’ rule we have

2 pj=2
I¢]=2
- _/Q o> ccSan(DVd)(D°d,*) (D7) (D v)die
Inl=2  ~<n
[¢|l=2 6<(
¥+6>0
< eh[ 3 V[V (VR [V el
0<i,5<2
i+7>0

But, by (D1) and (D2),
Vdy*| = ady;*7t, |V2dR®| < cady®?,

and we thus obtain

« -« 212 ‘VU‘Z 'U2
Q(v) — Q(djv,d, *v) < cAa/ |Vov|* + + — |dx
Q dy - dy
< cAXTaQ(v).
Hence, if « is such that cAA"ta < 1, then property (P,) is valid for H. //

3.2 Regular coefficients

The weak point of Theorem 4 is the poor information it provides on the range of « for
which (P,) is valid. In this subsection we shall consider operators of a more specific
type and for which we shall see that (P,) is valid for all o € (0,1/2).

It will be useful in this subsection to drop the multi-index notation and write the
quadratic form as

N
Q(u) = /Q Z QiU Uy, AT u € HS(Q)

i,7,k,l=1
We may clearly assume that the functions a;;z; have the following symmetries:
Qijkl = QAjikl >  Qijkl = Qijlk 5 Qijkl = Aklij - (11)
We make the following additional assumptions on the coefficients {a;;x;}:
(i)  There exist 6,7 > 0 such that
(a) each a;j is differentiable in {d(z) < 6} (12)
(b) \Vaijr| < ed 7 on {d(x) < 6}

i) > agu@&&nim < Y. agu@)&Emem, &neRY, zeq.
Z’7j7k7l l”j7k’l



Without any loss of generality we assume that 7 in (i) is the same as in (D2). Condition
(ii) is a technical one, whose necessity is not clear. We present two examples in which
it is valid.

Example 1. Suppose that a;jx = b;jby; for some non-negative N x N matrix {bij}i;-
Then (ii) is valid by the Cauchy-Schwarz inequality for the non-negative form (&, 7n) —
b;j&n;. This for example includes operators of the form Aa(z)A, for which we have
ikl = a(x)0;;0k.

Example 2. Suppose that a;jx = 0;j0xia:x, where a;;, = ap; > 0 for i,k =1,..., N.
Then it is easily seen that (ii) is again valid.

We choose the distance function d(-) to be the one naturally associated with H, that
is the one induced by the Finsler metric p(x,n) whose dual metric (cf. (15) below) is

P2, = (Y au@egs) (13)

i7j7k7l
This implies in particular that the function d(-) satisfies
Z aijkl(x)dxiddfjdxkdz‘l =1, a.e.x € (). (14)
i7j7k7l

Indeed, the inequality >, ; ;) @ijki(2)dz, dz;dzy dz; < 1 is shown in [A, Lemma 1.3]. To
prove the reverse let y denote a point of differentiability of d. Then y has a unique
nearest point yg € 0; so d(y) = d(y,yo) =: s. Let y;, t € [0, s], be the geodesic joining
yo and y parametrised by arc length so that ys = y. Then for € > 0 small we have on
the one hand

d(Ys—c) — d(y) = d(y, Ys—c) = (Y, Y — Ys—e) + 0(€),
and on the other hand, by differentiability,
d(Ys—e) — d(y) = Vd(y) - (Ys—e — y) + o(e) .

Hence

pe(y, Vd(y)) = sup Y& oy, VW) - (Ws—c = y)

=1. 15
cery PW,E) T N0 py,y— Ys—o) (15)

We note that the metric is Riemannian if the symbol of the operator H is the square
of a polynomial of degree two.

We assume that our basic hypotheses (D1) — (D3) of the Introduction are valid; Con-
cerning in particular the validity of condition (D2), we note that it is satisfied if enough
regularity is imposed on the boundary and the coefficients. If for example the boundary
is O3 and the coefficients a;jp; lie in C3(0 < d(z) < 6), then d € C%*(0 < d(z) < 6);
see [LN, Section 1.3]. On the other hand, for the Euclidean distance a C? boundary is
enough [GT, p354].

It is useful to introduce at this point a class A of integrals that are in a sense negligible.

Definition. A family of quadratic integral forms T,(v), v € C2?(Q2), n € N, belongs to
the class A if for any € > 0 there exists ¢ > 0 (independent of n € IN) such that

|T,(v)] < eQ(v) + CG/QUle’ , n €N, v e C3Q). (16)



Lemma 5 Let I,,(v) = [b,(DV)(D%)dx, |v|,|5] < 2, be a term that results after

expanding Q(dSv,d, “v) and integrating by parts a number of times. If b, contains as

a factor either a derivative of ay¢c or a second-order derivative of dy, then (In)n € A.

Proof. After expanding Q(d%v,d,,;*v) (cf. (19) below) we obtain a linear combination
of integrals, and direct observation shows that each one of them has one of the following
three forms (we switch temporarily to multi-index notation):

@) [ ancdy (V)T (DT (DR )da [l =[G =2y <7, 6 <G
Q

0) [ angdy U (Do (D )z ol =[G =2,y <,
Q

© [ ancd D) (D dn)oPdr . ol = 1] = 2.
Q

(These are distinguished by the number of second-order derivatives of d,, that they
contain — none, one and two respectively.) Hence all resulting integrals have the form

[ @@, 0< 5] <2,
Q

where by, (x) is a product of a,¢ with powers and/or derivatives of d,, and, since Vd,, is
bounded,
by (2)] < cdp(z)~4THH 2 e Q. (17)

In cases (b) and (c¢) however, where b,(z) contains as a factor at least one second-
order derivative of d,,, it follows from condition (D2) of the Introduction that we have
something more, namely

bn(x)| < edp(x *4+|7+5|+T, x e Q.
|bn ()]

This easily implies that the integral lies in A in this case.

Suppose now that we integrate by parts in the integral above, transfering one derivative
from, say, D7v, (|| > 1), to the remaining functions. If the derivative being transfered
is 0/0x;, we obtain — in an obvious notation — the integral

/Q {aedy (W, (D)} (DY) da

T

If the derivative 0/0z; "hits” either a, or one of the factors that make up (Vd, /7=~
we obtain an integral of the form

/ bp(2)(DY %) (D%v)dx
Q

where |b,| < cd,_LHTd;HhM'; hence this integral belongs in A. //

Example. We illustrate the last lemma with an example: in (21) below there appears
the integral

In(v) :/Qaijkld'rZQddejvvlkxldx'



Letting (T),)n, (T},)n denote elements in A we compute

/Qaijkld;2dxidxjvvxkxldx =

_ /Q (k1) g g2yl V03, + 2 /Q ikt g, i gy 00,
—/Qaijkld;2dxirkdzjvvxld:c—/Qaijkld;2dxidzjxkvvxkxldm
—/Qaijkld;fdxidxjvxkvxld:z

_ /Q i oy iy (02 g — /Q ijhtdey 2y Vg, Uy + T ()

= 3 /Q aijridy,  do,dy Aoy, dg, v*dx — /Q ijidy > Ao, s Vg, Vo d + Ty (v) .

Note. The summation convention over repeated indices will be used from now on.

Lemma 6 There exists (T,)n € A such that

Q(U) - Q(dgv)dgav) = 2a° /Q aijkld;2d:tidxjvxkvxldx (18)

+40? /Q aijkld;2dxidxkvxjvxldx — (a* +11a?) /Q d,*v?dx + T (v),
for all v € C2(Q).

Proof. For (8 equal to a or to —a we have

(dy)zia; = dnvaye; + By dova, + By dayva, +B(8 = 1)d)*d, doyv + By daya,v

(19)
We substitute in Q(dSv,d,,“v) and expand. Now, by Lemma 5 all terms containing
second-order derivatives of d,, belong to A. Further, the symmetries (11) of a;jy give

aijkld:vidacjdackvml = aijkldmidxkda;lvxj =
aijklda:id:cj-vaska;l = aijkld:ckdzlvzizj = .. (20)

aijkldxidmlvrjvwk = aijkldxidmkvrjvrl =

Denoting by (T},), an element of .4 which may change within the proof we thus arrive
at

Qdyv,d,“v) = /Qaijkl{vxixjvxkzl + 2a2d52dxidxjvvwl - 4a2d;2dxidxkvxjvxl
+40Pd, g, dy, dg, V0, + (21)
o’(a® — 1)d;,  dy,dy, dwkdxlvz}da: + Ty (v).

We integrate by parts the second and fourth terms in the last integral. By Lemma
5, all terms that contain either derivatives of a;ji; or second-order derivatives of d,

10



belong in A. Hence, denoting always by (7)), a generic element of A we obtain (cf.
the example above)

/Q aijrady 2y, dy, V0g, pdx = 3 /Q aijrady, dy, dy, dgy dg, v d
—/Qaijkld,_fdmidzjvmkvxldx + T (v)
and, similarly,
/Q Qijhidy 2 dyydy Ay 005, dT = g /Q aijrady, o, dy, doy dg,v*dz + T, (v).
Substituting in (21) yields
Q(dov,d, “v) = /Qaijkl{vximjvmm — 4a2d;2dmidzkvzjvml
—20%d;, % dy, dy V2 Vg, + (@ + 110%)d;,  dy, do, dxkdxlvz}da: + T (v).

Recalling that (14), relation (18) follows. //

Lemma 7 Let v € C2(Q) and w = dn/*v. Then there holds
Q) — Q(dYv,d, “v) = 20[2/0aijkldndxidxijkwxldx
2 4, 5o’ -1, 2
+4o / Wijrtn e gy We; Wey dx 4 (—a* + 7)/ d, wdzx + T, (v),
Q Q
where (Ty,)n € A.

Remark 1. When working with the function w, all integrals have the form
/ by (2)(DYw)(D°w)dx
where the function b,, satisfies
by (2)| < edp(z)"1 TP zeq. (22)
Such an integral lies in A if in addition there holds
by (2)| < edp(z)"1ThTHT e Q.

for some 7 > 0; as before, these are precisely the integrals that contain either second-
order derivatives of d,, or (first-order) derivatives of a;j.

Remark 2. Since d and d,, differ by a constant, for the sake of simplicity we shall write
d, instead of (dy).,, etc.

3 1
Proof of Lemma 7. We substitute vy, = di wy, + %d% dg,w in (18). Recalling the symme-
try relations (20) (with w in the place of v) and using the fact that a;jpids,;ds; dey dzy =1

11



we obtain

Q(v) — Q(dyv,d,"v) =
S WUV FIRLF O
~ 4a /Q iy s, g [d3 s, + SR dyyw] [y, + Sdddyyw]do + T (o)

2
2 —2 3 33 3 31
+20 /Q iy e, o, [ A, + S dyw] Ay, + Sdidy,w]ds
—(a4 + 11a2)/ dglwzdx + T (v)
Q
- 9
= 4a? /Q ijrady 2 dy, dy, [diwmjwml + 3d%dzjwwlw + Zdndmjdmlwﬂ da
- 9
+20[2 /Q aijkldn2dxidxj [dikaU)xl + Bd%dkaxlw + Zdndxkdxl,w2:| dz
—(a4 + 11a2)/ d;lwzdx + T, (v)
Q
= Ao /Q aijkldndxidkazj Wz, dz + 20° /Q aijkldndxidxj Wy, W dx

2
+(—a4 + 5%)/ d;1w2da: + 18a2/ ik, Ay Aoy Weywdx + Ty (V).
Q Q

But the last integral belongs in A by an integration by parts; hence the proof is com-
plete. //

Lemma 8 Let v € C?(Q) and w = dn**v. Then there holds
3 9
Q(U) = 0 aijkldnwxixjwa:kmldm + 5 o aijkldndwidxijkwmldm
9 _
-3 /Q aijkldndzidkaxjwmld:n + % /Q dn1w2d33 + Th(v),
where (Ty,)n is an element of A.
Proof. We have
3 31 3 1 3 -1 3 1
vl‘il‘j = deJ,‘,'J,‘j + idn daf,‘lwx7 + §dn da,‘7wa:l + Zd’n dl‘ldij + id’ndajix]‘w .

As already mentioned, all terms involving second-order derivatives of d,, belong in A.
Hence, using the symmetry relations (20) once more we compute,

i 1 3 1
Q(U) = /Qaijkl dTQwasz + Bd'rzldxlwxj + Zdn deidxjw]

X

1

3 1 3 _1
dp Wy a0, + 3di dyy Wy, + Zdn 2 dxkdzlw} dx + T, (v) (23)

[ 3 2 3
= /Qaijkl dnwmimijk:cl + Gdndxiwzjwzkzl + §dndzld93]w:ckmlw

9 9 _
+9dndy; Ay W3, + 5oy a1y w + Ednldmdxj oy dgyw? | dz + Ty, (v).

12



The fifth term belongs in A be a simple integration by parts. We also integrate by
parts the second and third terms, obtaining respectively

/Qal-jkldidxiwxijkxlda: = —2/Qaijkldndxidkamijldx
+ /Q ik An e, Ay Wy Wey da + T (v)
/Qaijkldndwid%wwkzlwdx = —/Qaijkldndxidzjwwkwxldx—|—Tn(v).
Substituting in (23) and recalling (14) we obtain the stated relation. //

We can now prove the main theorem of this subsection. For any a € (0,1/2) we define

9

Ko = (1—4a2)(9 — 4a?)’

Theorem 9 For the operator H and relative to the metric (13) property (Py) is valid
for all a € (0,1/2). More precisely, for any o € (0,1/2) and any k > ko there exists
k' < 400 such that

Q(dy, “u) < kQ(u, dy**u) + K'[|ull3,  ue CZ(9Q). (24)

n

Proof. Let u € C%(Q) be given and let v and w be defined by v = d;;%u and w = v
respectively. Define v, = (40a? — 16a*)/9 and observe that v, € (0,1). Applying
Lemmas 7 and 8 and assumption (12) (ii)we obtain

YaQ(dy, “u) = [Q(d; *w) — Q(u, d;**u)]
= 7Q(v) - [Qv) — Qdyv, d;"v)]

) 9
= ya/Qaijkldiwxﬂjwwwldm—i- (%—2a2)/Qal-jkldndxidijzkwxldx
—(3fya+4a2)/Qaijkldndxidmkwmijldx (25)

2
+(at - 5% + gllﬁ“) /Q iy oy gy Ay + T (v)

3
> ’Ya/ﬂaz'jkldiwxmijkxzdl“ﬁL (% *6042)/Qaijkldndxidijwl“kwwldx
4 5a Mo -1 2
—|—<a - 7 + F) 0 aijk‘ldn dxidxjdwkdxzw dzx +- T”(U) ’
Therefore

YaQ(dy *u) = [Q(d;*w) — Q(u, d;**u)] > T (v) | (26)

since the coefficient of the last integral is zero and those of the other two integrals are
non-negative. Now, for any €1, €2 > 0 we have from (16)

)] < aQv)+cq vl
= @aQd; ) + cqlldyul3
< aQUdy"u) + ey (eslld 2ull3 + ey [ul3)
< aQ(d,"u) + e (c2Q(d; ") + co Jull3)

13



and therefore
T (v)| < eQ(d, “u) + cc|lull3 (27)

for any € > 0 small. Choosing € > 0 so that 7, + € < 1 we obtain from (26) and (27)

1 c
dpu) < ————Q(u, d,*u) + ————||ul|3 .
Q(n U)_l—’}/a—EQ(U7 n u>+1—’ya—6HUH2
Hence (24) is valid with k& any number larger than 1/(1 —v,) = kq. //

3.3 Small perturbations

In this subsection we prove a stability theorem on the validity of (P,). We denote by
M the cone of all coefficients matrices for the operators under consideration, that is

M, = {a = {an<}|n|:|q:2 : a,¢ symmetric, real valued and measurable

with AQo(w) < Q(u) < AQo(u), u € C2(Q) (A A > o>},

equipped with the uniform norm
la]|co := esssup|a(x)|oo ; (28)

here |a(z)| is the norm of the matrix a(x) = {a,¢(x)}y¢ considered as an operator
on RVW+D/2 We recall that A, \, etc, denote the lower ellipticity constant for the
operators induced by the matrices a, a, etc. We have

Lemma 10 There exists a computable constant ¢ > 0 such that for all a € (0,1/2)
there holds

/Q IV2(d%)] - [V2(d%)|dz < cQo(v), v € C2(Q).

Note. For an estimate on the constant ¢ see the remark at the end of this subsection.
Proof. For any 3 € R we have

(d50) 0, = APV, + BdD vy, + BdE oy vy, + B(B— 1)de 2dy,dy, v+ Bl dg,0,0.

(29)
We write this for 5 = a and for # = —a, and we multiply the two relations; d; cancels
with d,;“ and we obtain

2 2 2712
|V2(w;1v)| . |V2(wnv)| < c{|V2v|2 + Vol v [V=dn| vQ} .

2 tat e

The proof is concluded by using assumption (D2) on V2d and the Hardy-Rellich in-
equalities (D3); here we have also used the fact that [, |V?v|?dz = [, (Av)?d. //
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Proposition 11 Let o € (0,1/2) be fizred. Assume that (Py) is valid for the matrix
a € My relative to some distance d(-) € D and let k, k' > 0 be such that

Q(wpu) < kQ(u,wZu) + k'HuH%, neN, wuc CE(Q)

Then there exists a constant ¢ > 0 such that if a € My satisfies ||a—al|c < 5\[(1~+ck:)]_1
then (Py) is also satisfied for a relative to d(-); more precisely, there exists k' < +oo
so that

k

N wpu) < = ~u,wgu +K|ul2, neN, ueCfQ.
Qlent) £ T e = Q) + Flul @

Proof. We first note that
Q) = QW) < | [a—al- |V2oPde < a—alQo(),  vECHQ).  (30)

Moreover, setting v = w,u we have from Lemma 10,

Q) ~ Quuwdu)] < [la = all [ [Vl - [V3(wiu)lda
= Jla—all [ V3w )| [V2(w00)ldo
<l all Qo). ()

From (30) and (31) we conclude that for any n € N and u € C?(£2) we have

Quau) < Qwnu) + [|@ — afleQo(wnu)
< kQu, wyu) + K lul3 + [|a — allcQo(wnu)
< h(Qluswhu) + el — allwQofwnu) ) + Kl + | - all Qo)
= kQ(u,wpu) + (1+ck)la — alloQo(wnu) + K'[lull3
< kQ(u,wpu) + A7 1+ ck)la — afl o Q(wnw) + K|ull3,
from which the statement of the lemma follows. //

Let G denote the cone of all coefficient matrices that satisfy assumptions (i), (ii) of
Section 3.2. Also let k, be as in Theorem 9. Combining Proposition 11 and Theorem
9 we obtain immediately the following

Theorem 12 There exists a computable constant ¢ > 0 such that if for some o €
(0,1/2) the coefficient matriz a of the operator H satisfies

A
dist o -
1Stz (aag) < (1 n Ck'a)
then (Py) is satisfied for H.
Proof. Let a € G be such that
la = lloo < —2
1+ kg

15



By Theorem 9 (P,) is satisfied for a and (24) is valid for any k > k. If in addition k

satisfies
A

1+ ck’
then (P,) is also valid for a by Proposition 11. //

la —alloo <

Example. Suppose that the coefficients a,¢ are uniformly continuous and satisfy
(12) (ii). Then property (P,) is valid for H for all « € (0,1/2). This is seen by
approximating a,¢ with smooth functions using an approximate identity; note that the
approximating functions also satisfy (ii).

Remark. The constant ¢ of the above proposition is precisely the constant ¢ of Lemma
10. Precise estimates for this constant can be easily obtained. Indeed, it follows from
(29) that for a € (0,1/2) there holds modulo A

19350+ [9(dy ) do

Q

Vo2
&

Vo
2

IN

2
3/ (IV20]? + 40?|Val? +a2(a+1)2|Vd|4v—)daz
Q dd

IN

9 ’1)2
2,2 2 4
3/ (‘V v|* + | Vd| + 16|Vd\ %)dl'

Hence, letting ¢z, c3 be as in (D1), (D3), we obtain (modulo A)

9
/ IV2(d%v)| - |V2(d;, “v)|dx < 3(1 +chest + —03‘03_1) / (Av)?dz .
Q 16 Q
In fact, since we work modulo A, the last constant can be improved 3(1 + c3A™1 +
(9/16)c3B~1), where A and B are the weak Hardy constants, that is they satisfy

2
/|Vv|2da:2A/ U—Qdaz—c’/dew
Q od Q

2
/(AU)QdLU > B/ %dw—c"/ vidz .
Q ad Q

For smooth boundaries with a smooth Riemannian metric this amounts to A = 1/4,
B =9/16.

4 An application: eigenvalue stability

In this final section we demonstrate how the boundary decay estimate of Theorem
3 yield stability bounds on the eigenvalues {\,} of H under small perturbations of
the boundary 0€Q2. The proof follows closely the corresponding proof in [D2] for the
second-order case, however we include it here for the sake of completeness. So we
consider a distance function d(-) € D, an operator H as above and assume that the
boundary decay estimates (10) are valid for some fixed a € (0,1/2). For ¢ > 0 we
define Q. = {x € Q : d(z) > ¢}. We assume that ¢ < /2 so that d(z) is C? on Q\ Qa..
We define d,(z) = dist(z, 0Q¢), x € Q, and make the additional assumption that there
exists ¢ > 0 such that for small enough € > 0 there holds

|V2d,| < c on {d(z) < 2€}. (32)
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Now, let 2 be a domain such that
Q. cQcQ;

we do not make any regularity assumptions on 9. We denote by {S\n} the eigenvalues

of the operator H on L?(Q), which is defined by restricting the quadratic form Q(-) on
HG ().

Let ¢ be a non-negative, smooth, increasing function on R such that

(@) 0, x e\ Q,
] o(de(x)/e), =€ Qe.

Note that 7(z) = 1 when d(x) > 2¢; moreover (32) yields

r@) <1, [Vr@)| <, Vi) < e,

Let us now denote by {¢,} the normalized eigenfunctions of H. For n > 1 we set

Lp=lin{¢1,...,én}, Ln=ln{rei,...,7dn},

and observe that L,, ¢ HZ(Q).

Lemma 13 There exists a constant ¢ > 0 such that for all ¢ > 0 small and oll u €
Dom(H) there holds

() 1Q(ru) = Q(u)| < ce®||Hullo| H* ul 2,

.. 1/2 1/2
() |lIlrulls = fullo| < e[ Hully || Hull3

Proof. Let v € Dom(H). On Q9. we have 7(z) = 1, hence

Q0 -l = | [ 3 ax {(D"(ru)(DX(ru)) - (D)D)} ds
|n|=2
I¢]=2

< c/ [V (rw)? + |V2ul }da
d(xz)<2e

< c/ V2l + V72| Vul? + V2722 da
d(xz)<2e

< c/ {‘V2U’2+€_2‘Vu’2+6_4u2}d$
d(z)<2e

<

2,12 2 2
20 [VZul* | [Vul |u
ce /d(oc) <2€{ 2o T prea T gitea }dx’
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from which (i) follows by means of Theorem 3. Similarly,

2 2
lirullz = flulla| < llrw—ul3
< / lu|?dx
d(z)<2e
44+2a u’
< € / ———dx
d(xz)<2e dit2e
< et Hull2 | Hull2.
from which (ii) follows. //

Theorem 14 Assume that there exists a distance function d € D and an o € (0,1/2)
such that (10) is satisfied. Assume also that (32) is valid. Then there exists c,d > 0
such that for each n > 1 there holds

0<An < An < An + X220 (33)

for all € > 0 satisfying €2 < R walel

Proof. We fix n > 1. Since L,, C HZ(Q) we have by min-max
An sup{Q(v)/[[ll3 : v € Ln}
= sup{Q(ru)/||rull3 : u € Ly}. (34)
Now, let u € L,, be given. It follows from Lemma 13 (i) that
Qru) < Qu) + || Hullo||[H**ull2
< Q(u) + e X/ ull3 (35)

IN

Similarly Lemma 13 (ii) gives
Iraly = flull3 = e N2 ull2(llullz + |rull2)
> full3 — et NS lul3 (36)

Assumimg in addition that ||ul|2 = 1 we thus obtain from (35) and (36) that

Q(ru) Q(u) + ce2 )/

Irul3 1 — ce2tary/®
Qu) + X2/
An + XD/ Ae2

IN

<
<

where for the second inequality we have used the fact that €2* < ¢\, 5/ % with ¢ small
enough but fixed (and independent of n and €). Hence (34) implies

An < An < Ap + X242
which completes the proof of the theorem. //
Remark. In the case where Q = B(1) and Q = B(1 — ¢) we have \, = (1 — €)%\,

and hence A\, — A, = 4\, (e + O(€?)). Hence the value v = 1/2 is the best possible for
estimate (33).
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