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Abstract

We consider the Hardy constant associated with a domain in the n-di-
mensional Euclidean space and we study its variation upon perturbation
of the domain. We prove a Fréchet differentiability result and establish a
Hadamard-type formula for the corresponding derivatives. We also prove a
stability result for the minimizers of the Hardy quotient. Finally, we prove
stability estimates in terms of the Lebesgue measure of the symmetric
difference of domains.
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1 Introduction

Let ©2 be a bounded domain in R", dg(z) = dist(z,dQ), = € Q, and p €]1, 00[. If
there exists ¢ > 0 such that

p
/ |\Vul|Pdz > c/ @dm, for all u € C(Q), (1.1)
Q o do

we then say that the LP Hardy inequality holds in 2. The best constant for
inequality (1.1) is called the LP Hardy constant of {2 and we shall denote it by
H,(2). It is well-known that if € is regular enough then the L? Hardy inequality
is valid for all p €]1,00[; moreover if 2 is convex, and more generally if it is
weakly mean convex, i.e. if Adg < 0 in the distributional sense in €2, then
Hy(Q2) = ((p —1)/p)"

The study of inequality (1.1) has a long history which goes back to Hardy
himself, see [19]. In the last twenty years there has been a growing interest in the

study of Hardy inequalities, the existence and behavior of minimizers [22, 23],
improved inequalities [5, 3|, higher order analogues and other related problems.
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The precise evaluation of H,(2) for domains 2 that are not weakly mean
convex is a difficult problem. There are only few examples of such domains for
which H,(€2) is known and these are only for the case p = 2 and for very special
domains €2. Even the problem of estimating from below H,(2) is difficult and
most results again are for p = 2. One such result is the well known theorem by A.
Ancona which states that Ho(£2) > 1/16 for all simply connected planar domains.
We refer to [11, 22, 3, 21, 4, 1] for more information on the Hardy constant.

In this paper we study the variation of H,(2) upon variation of the domain
). This probem can be considered as a spectral perturbation problem. Indeed,
if there exists a minimizer u € W,*(Q) for the Hardy quotient associated with
(1.1) then w is a solution to the equation

JufP~*u
da

—Ayu = H,y(Q) (1.2)

where A,u = div(|Vul|P~2Vu) is the p-Laplacian. Domain perturbation problems
have been extensively studied in the case of the Dirichlet Laplacian as well as
for more general elliptic operators, such as operators satisfying other boundary
conditions, higher order operators and operators with variable coefficients. When
studying such problems, there are broadly speaking two types of results: qual-
itative and quantitative. The former provide information such as continuity or
analyticity, while the second involve stability properties, possibly together with
related estimates. The relevant literature is vast, and we refer to [2, 8, 9, 17, 18]
and references therein for more information; in particular, for the p-laplacian we
refer to [6, 15, 20].

In this paper we obtain both qualitative and quantitative results on the do-
main dependence of H,(Q2). In Theorem 8, we assume that € is of class C? with
H,(Q) < ((p—1)/p)* and we establish the Fréchet differentiability of H,(¢(2))
with respect to the C? diffeomorphism ¢. In particular we provide a Hadamard-
type formula for the Fréchet differential. For our proof we make essential use of
certain results of [22], where it was shown in particular that if H,(Q2) < ((p—1)/p)?
then the Hardy quotient admits a positive minimizer « which behaves like d¢ near
01 for a suitable o > 0. In fact, in Theorem 6 we also prove the stability of the
minimizer u in VVO1 P(Q); this is of independent interest but is also used in the
proof of Theorem 8.

We subsequently consider stability estimates for H,(€2). In Theorem 11 we
prove under certain assumptions that the Hardy constant H,(2) of a C* domain
Q) is upper semicontinuous with respect to bi-Lipschitz tranformations ¢. In
Theorem 12 we consider the stability of the Hardy constant when 2 is subject to
a localized perturbation which transforms it to a domain . Assuming that both
Q and Q are of class C? we obtain stability estimates for the L? Hardy constant
in terms of the Lebesgue measure of the symmetric difference QAQ. Estimates
of this type have been recently obtained for eigenvalues of various classes of
operators; we refer to [7, 8, 2] and references therein for more information.

The paper is organized as follows. In Section 2 we introduce our notation and
prove a general Lipschitz continuity result. Section 3 is devoted to the proof of



differentiability results, the Hadamard formula and the stability of minimizers.
In Section 4 we prove stability estimates in terms of the Lebesgue measure of the
symmetric difference of the domains.

2 Preliminaries

Let © be a bounded domain (i.e. a bounded connected open set) in R". Given
p €]1,+oo[ we denote by W,”(Q) the closure in the standard Sobolev space
W1P(Q) of the set of all smooth functions with compact support in .

If u € Wy P(Q), u # 0, we then denote by Rgq[u] the Rayleigh quotient

Vul|Pdx
RQJD[U] = fQ‘ u|p| )
Q @dl’
and we set
H,(Q) = inf Rq plu]. (2.1)

uEW&‘p(Q),uio

If H,(2) > 0 we then say that the L” Hardy inequality is valid on €.

It is well known that if 2 has a Lipschitz continuous boundary then 0 <
H,(2) < ((p—1)/p)P and it has been proved in [22, 23] that if Q is of class
C? then there exists a minimizer v in (2.1) if and only if H,(Q) < ((p — 1)/p)?;
moreover, such minimizer is unique up to a multiplicative constant, can be chosen
to be positive and there exists ¢ > 0 such that

c o (2)* < u(z) < cdo(x)®, = €9, (2.2)
where a > (p — 1)/p is the largest solution to the equation
(p = 1)a" (1 — a) = H,(Q). (2.3)

Given a Lipschitz map ¢ : @ — ¢(Q2) we define Lip(¢) = ||V| ro(q). For
L > 0 we define the uniform class of bi-Lipschitz maps

bLip, (Q) ={¢: Q = ¢(Q) : ¢, ¢~ are Lipschitz continuous
and Lip(¢), Lip(¢\™") < L }.
In the sequel we shall often use the fact that H,(¢(€2)) depends continuously
on ¢. In fact, we can prove the following Lipschitz continuity result.

Note that in the proof of the following proposition as well as in the proofs of
other statements in the sequel, by ¢, c¢; etc. we shall denote constants the value
of which may change from line to line.

Proposition 1 Let Q) be a bounded domain in R"™, p €|1,00[ and L > 0. There
exists ¢ > 0 depending only on n,p, L such that

|Hp(6(2)) — Hp(Q)] < cHy(Q)|VY — |y , (2.4)
for all ¢ € bLip; (Q) such that ||V — I|| ) < ¢
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Proof. Let u € Wy*(Q) be normalized by [, |u[?/dfdz = 1. Then v :=u o ¢(~
belongs to Wy (¢(Q)). Changing variables we have

Jowy [V0Pdy [, [(Vu) (V)P | det Vo|da (25)
P [ul? ’ '
dy ———— | det Vo|dx
Juoy oy ™ e Gy 4V
SO
f¢>(ﬂ) [VulPdy fQ |VulPdz 26)

[v]”

dy
f¢(Q) d};(ﬂ) (v) fQ

Iu!

p
uplder Vel _ )

fg( (Vu) (V) ~LP| det V| — |Vu|P>dx—fQ|Vu|pd:E (fQ d{;(g)(ﬂx))

|u‘p

Using the relation ||det V| — 1| < ¢|V¢ — ], valid since |V¢| < ¢1, we obtain
after some simple computations that

\|<Vu><v¢>-1|p| det Vol — [Vap| < o/ve— 1] [Tup. (2.7

Note that ¢ admits a unique Lipschitz continuous extension on 2. Moreover,
if z,y € R™ are such that the “open” line segment |z, y[ is contained in €2, then

16(y) = ()] — ly — 2| < 1IV6 — Tli=@ly — o] (2:8)
Choosing y to be a nearest boundary point to z yields
dyo)(9(2)) < do(2) (1 + [V — I||=()- (2.9)

Hence, using also the normalization, we have

/dp |(L< )>]detv¢\da; >1— ||V — I|| (- (2.10)

Combining (2.6), (2.7), (2.10) and the normalization we conclude that
Ry(ey[v] < (1+¢l|[Vo — I~ (a)) Ralul, (2.11)

provided [[V¢ — I||~(q) is sufficiently small. Hence H,(¢(2)) < H,(2)(1 +
c|[V¢ — I|jr=(). Replacing Q by ¢(2) and ¢ by ¢(-V we obtain H,(2) <
H,(¢(Q)(1 + ¢[[(V) ™! = I|| o). Inequality (2.4) then follows. O



3 Differentiability of the Hardy constant

Let 2 be a bounded domain in R™ and 1 a Lipschitz continuous map from Q to
R™. In the sequel by ¢; we shall denote the map from €2 to R™ defined by

¢t:[+tw7

where ¢ € R and [ is the identity map. Clearly, there exists T' > 0 such that for
any t €] — T, T the map ¢, is a bi-Lipschitz homeomorphism from €2 onto ¢;(£2),
and ¢, (052) = 0¢,(Q2).

Given a homeomorphism from € onto ¢(€2), we set

Valo, ¥1(y) = dyoyy (Vdo) () - (0067 () =¥ 06 (ruy)) . (3.1)

for all y € ¢(£2) such that dyq) is differentiable at y. Here and in the sequel, by
T4 we denote the nearest point of 0A to x, which is unique for almost all x.

Lemma 2 Let Q be a bounded domain in R", p € [1,00[ and ¢ a Lipschitz
continuous map from § to R". Let T > 0 be such that ¢ = I+t is a bi-
Lipschitz homeomorphism from ) onto ¢(S2) for allt €] —T,T.

Let ty €] —T,T] be fized. The following statements hold:

(i) There exist ¢, so > 0 such that

dy (Q)¢to+s($) - dZtO(Q)gbto (2)] < Cdpto(g)gbto (x)]s] (3:2)

¢t0+s
for all z € Q and s €] — s, So|.

(ii) Ifz € Q anddy, (o) is differentiable at ¢y () then the map t — df o ¢e(z)
15 differentiable at ty and

d

%‘t:t dgt(g)¢t($) = pdptO(Q)¢to (iL')VQ [¢t07 w}(¢t0 (iL‘)) (33)

Proof. 1t suffices to give a detailed proof only for the case p = 2, since the proofs
of (3.2) and (3.3) for p # 2 can be immediately deduced from the case p = 2
combined with inequality (3.9) below.

Let z € Q and b € 99 be such that dy, ()¢t () = |d,(2) — ¢1,(b)[. For any
s €] =T —ty, T — to| we have

d§t0+5(9)¢to+s( x) = min [y, 45(z) — ¢to+s(a)|2

acdQ
< |¢to+8<x) - ¢t0+8( )|
= [f1o(2) — @1, (D) + s(v () — (b))
:dit (@) Pt (T ) + s° [ () — ¢ (b)]?
+28(d1y (7) — D1y (b)) - (¥ () — (D). (3.4)
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Note that there exists ¢ > 0 such that

() — 0 (B)] = [0 (b () — (6 (1o (1))

< c|re () — bty (b)] = cdgy () P10 (@) (3.5)
for all x € Q. Let by, € 02 be such that
d¢t0+s(9)¢t0+s(‘r> = |¢t0+8($) - ¢t0+5(b8)|' (36>

Then we have

d§t0+s(§2)¢to+8(‘r) = o1 (€) = o (bs) + s(¥(x) — ¥ (bs))[?
A3, (@) Pto () + 2501y (2) — G4 (b)) - (¥() — b(bs))
+521(z) — (b, (37)

v

Note that there exist sg, ¢ > 0 such that

() —(be)] = (D% 2 (Drors(2))) — V(S (1o e (b))
S C|¢t0+s($) - tho-&-s(bs)l
= Cd¢t0+s(9)¢to+s (l‘) (38)

for all x € Q and s €] — s, so[. Moreover, possibly replacing sy by a smaller value,
there exists ¢ > 0 such that

gy @010 () < dyy (@) Ptors (1) < gy ()P, (), (3.9)

for all z € Q and s €] — s, so[. Ineed, the second inequality in (3.9) easily follows
by applying (2.9) with € replaced by ¢y, (£2) and ¢ replaced by ¢y, 45 © ¢§;1); the
first one follows similarly from (2.9).

From inequalities (3.4)-(3.9) we easily deduce the validity of (3.2) for p = 2.

We now assume that dy, (o) is differentiable at ¢y, (z) (hence 74, )¢z, (7) is
uniquely defined) and prove statement (ii). By (3.2) it follows that

lim dg,, (@) Pto+5(%) = oy (2) D1 () (3.10)
We claim that
. —1
lim b, = 65, (o, (2010 (2)). (3.11)

In order to prove (3.11) it suffices to prove that

lim Gy s (b,) = M Gy (94, (T (20 P10 () (3.12)

ie.,
i Gy (B5) = T 610 (). (3.1)

Assume by contradiction that (3.13) doesn’t hold. Then there exists a € O¢y,(12)
such that, possibly passing to a subsequence,

lim oy, pa(be) = and [64,(2) — ] > dy, @bio(@) +6, (3.14)
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where ¢ > 0. In particular
100 Gy 45(bs) — 01y (2)] = la = @10 (2)] > dy, () 1o () + 0. (3.15)
We also have

|Bto15(Ds) = 1o ()]* = |Bt015(Ds) — Pro4s(2) + 53()[?
= d3, (@) Pto+s() + 25(Ptots(bs) — Bros(2)) - () + s [¢p(2) 7. (3.16)

By (3.10) and (3.16) we deduce that
ili\% |¢t0+5(b5) - gbto (:L‘)| = d¢t0(ﬂ)¢to (ZL’)

which contradicts (3.15). Thus (3.11) holds.
By (3.4), (3.7) and (3.11), by observing that b = ¢§0 (Tou, ()Pt () and

noting that
¢t0 (37) — T, (Q)¢t0 (.T)
Ay @ Pro(x)

we immediately deduce the validity of (3.3) for p = 2. O

(Vd¢t0 (Q)) (¢to (x)) =

Lemma 3 Let Q be a bounded domain in R™, p € [1,00[ and ¢ a Lipschitz
continuous map from Q to R™. Let T > 0 be such that ¢, = I + t is a bi-
Lipschitz homeomorphism from Q onto ¢,(Q) for allt €]=T,T[. Letu € WyP(),
p € L>(Q). Then the function G :] — T, T[— R defined by

[ulPp
Gt)= | -1 4 3.17
(t) /Q dﬁt(ﬂ)@(x) " ( )

for allt €] =T, T, is differentiable and

[ uPpValsn 9)(e)
G'(t) = —p /Q Z o) dz, (3.18)

forallt €] —=T,T.

Proof. We divide the proof into two steps.

Step 1. We prove that G is differentiable at ¢ = 0 and that formula (3.18)
holds for ¢ = 0. Obviously, we have

dz. (3.19)

G(@) - G(0) / ‘U| p t(Q)QSt(ﬂf) —d’éx)
Q)¢t (@)dg

By (3.2) we have that there exists ¢ > 0 and Tj €]0, T'[ such that

|ulPpldy, oy Pe(x) — doy| C|uV’p
tld5, o (2o T dga




for all ¢ €] — Ty, To[ and = € Q. Since the function |u|?p/d%, belongs to L'(£2)
and does not depend on ¢ €] — Tp, Ty[, we can apply the Dominated Convergence
Theorem and pass to the limit under the integral sign in (3.19) as ¢ — 0. By
applying formula (3.3) with ¢ty = 0 we immediately get that G is differentiable at
t =0 and that formula (3.18) holds for ¢ = 0.

Step 2. Let tg €] — T, T[ be fixed. By changing variables in integrals, we have

) 0 6! DldetTol-D
G(t) =/ (") 0 61, _1detVér, | (3.20)
d)io(Q)

Y.
P (1)
d¢>z0¢§gl)(¢t0(9)) (th o ¢t0 (y))
We set t =ty + s and we note that

dro ol V() = of, () + (to + )0 (ol V() =y + s, N (y),  (3.21)

for all y € 1, (). By setting Q = 6, (), & = uo gy, ", 5= pogy, |det Vg™,
b =1pod "V, ¢ =1+ s, we have

|al”p

Glto+s)= | —————dy.
o) /fzdgs(mqﬁs(y) ’

By Step 1, it follows that G is differentiable at ¢, and

Gt — —p [ 1 elo Do) )

~ 870, (3.22)
@ d&o(ﬁ)qbo(y
It is easily seen that o
Valdo, ¥1(y) = Valdw, ¥ (y) (3.23)
By changing variables in the right-hand side of (3.22) and using (3.23) we get
formula (3.18) for t = t,. O

In order to prove that the Hardy constant H,(¢;(2)) is differentiable with
respect to t in the case H,(¢:(2)) < ((p — 1)/p)?, we need to prove a result
concerning the continuous dependence on t of the corresponding minimizers. To
do so, we need the following theorem which provides estimates for the minimizers
and their gradients. As we have already mentioned before, estimate (3.25) is
proved in [22; 23]. Here we indicate the dependence of the constant C' in (3.25)
on the data, and we prove estimate (3.26) which is also of independent interest.

For 6 > 0 we define
Qs :={r € Q:do(zr) <d}.

By Inr(£2) we denote the inradius of 2, namely Inr(Q2) = supg, dg. Moreover, by
|v]|Le(0,p) We denote the weighted norm ( [, [v[Ppdz)'/? of a function v defined on

Q.



Theorem 4 Let p €]1,00] and let Q be a bounded domain in R™ of class C* such
that Hy(Q) < ((p—1)/p)P. Let 6 > 0 be such that dg is of class C? on Q5. Let
Cs > 0 be such that
|AdQ| S 05, on Qg. (324)
Then there exists C' > 0 which depends only on n,p,d, Cs and Inr(€2) such that if v
is a positive minimizer for the Hardy constant H,(§2) normalized by ||v||Lp(Q7d5p) =
1, then
v < Cdg, on (3.25)

and

Vo < Cd&™, on Q, (3.26)
where « is the largest solution to the equation (p — 1)a? (1 — a) = H,(Q).

Proof. The existence of a constant C' > 0 such that inequality (3.25) holds,
is proved in [22, Lemma 9] and [23, Lemma 5.2]. Moreover, a detailed analysis
of the proof in [23] combined with the local estimates in Serrin [25, Theorems
1, 2] allow to deduce that the constant C' in (3.25) depends only on n, p, §, Cs and
Inr(2).

We now prove (3.26). Let xp € © and R > 0 be such that B(zo,2R) C €.
Note that v is a solution to equation (1.2). Thus by the general gradient estimate
in [13, Theorem 1.1] there exists ¢ > 0 such that

R B piil
Vo(zo)| < c][ |Vv|dx+c/ (M) dv. (3.27)
B(zo,R) 0 p" P

where p is the measure with density H,(Q)vP~!/db, hence |u|(B(xo, R)) equals
H,(Q) fB(xO ) vP~! /db dx. (Note that in our case it suffices to have u € L} () in

loc

order to apply [13, Theorem 1.1].) We set R = dq(z0)/3 and we observe that for
any = € B(xo, R) we have that

R < do(z) < 4R. (3.28)

We now estimate the first summand in the right-hand sinde of (3.27). Note that
by [25, Theorems 1,2] we have that

c
IVull e seo,ry < Hllullzoseo2m)- (3.29)
Thus, by Holder’s inequality, (3.25), (3.28) and (3.29) we get

1
[Blao, )| e
][ [Vu|dr < CTHUHLP(B(M,QR)) < R |3 | o (B0 2)
B(zo,R)
<cR v ( / Ra”dx) T <eR < cd® (o). (3.30)
B(z0,2R)

We now estimate the second summand in the right-hand sinde of (3.27). By
(3.25) and (3.28) it follows that

1l (B(xo, )] < /

dg(pfl)fpdx < c/ RoP=D=py < cRMP=D=Pyn,
B(zo,p)

B(zo,p) (3 31)



for all p €]0, R[. By (3.31) we immediately get

R _1
B 71 d
/ (—'“K (ff’p») P < cRl < cd% (o). (3.32)
0 p" P
Inequalities (3.27), (3.30) and (3.32) imply the validity of (3.26). O

By C2?(Q;R") we denote the space of functions ¢ from Q to R" of class
C? in Q such that all derivatives D% with 0 < |a| < 2 have continuous ex-
tensions on . Moreover, we endow it with its standard norm H(bHCQ@Rn) =
maxo<|a|<2 MaAX,cq | D¢O(z)|.

Corollary 5 Let Q2 be a bounded domain in R™ of class C? and M > 0. Let
P € C*(GR™) with ||[¢]|lcziqpny < M. Let T > 0 be such that ¢, = I+t is a
diffeomorphism from Q onto ¢,(Q) for allt €] —T,T].

Then there exist Ty €]0,T[, R,Cr > 0 depending only on Q and M such that
d, () is of class C* on (¢:(Q))r and

|Ad¢t(9)| < OR7 on (¢t(Q))R7 (333)

for all t €] — Ty, To[. Furthermore, if p €]1,00[ and H,(2) < ((p — 1)/p)? then
there exist Ty €]0,Ty[ and C' > 0 depending only on Q,p and M, such that
H,(6:(2)) < ((p —1)/p)P for all t €] — T, T1[ and such that if v, is a positive

minimizer for Hy(¢:(€2)) normalized by HthLP(@(Q),d;’ZQ)) =1 then
t

v < Odgr ) and [V < Cdg:&zl), on ¢(2), (3.34)

forallt €|=T,T1[, where oy is the largest solution to the equation (p— D2 ' (1-
ay) = Hy(6:(92)).

Proof. The first part of the statement follows by standard arguments. In
particular, we refer to Gilbarg and Trudinger [16, Appendix 14.6] for the proof
of (3.33). Assume now that H,(Q) < ((p — 1)/p)?. By Proposition 1 it follows
that H,(¢:(Q2)) < ((p — 1)/p)P for all ¢ sufficiently small. The proof of (3.34)
immediately follows by Theorem 4 and (3.33). 0

We are now ready to prove the following

Theorem 6 (Stability of minimizers) Let p €]1,00[ and Q be a bounded do-
main in R™ of class C? such that H,(Q) < ((p —1)/p)P. Let 1 € C*(Q;R™) and
let T > 0 be such that ¢, = I+t is a diffeomorphism from Q onto ¢,(Q) for all
tel-T,T].

Let Ty €]0, T be such that Hy(¢:(2)) < ((p — 1)/p)? for all t €] — Ty, To[ and
let vy be a positive minimizer for Hy(¢¢(2)) normalized by ||ve|l 1oy, () a2 ) = 1-

()
Then the following statements hold:

(i) Let uy = vy 0 ¢y for allt €] — Ty, To[. Then

i [ — 1oy = 0.
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(i)  Assuming that every function vy is extended by zero outside ¢.(€2), we have
}Eg% ||Ut — ’UOHWOLP(QU@(Q)) = 0.

Proof. First, we prove statement (i). By the normalization of v; we have that
vatnlip(cﬁt(ﬁ)) = H,(¢:(2)). It follows from Proposition 1 that ||vt||W3,p(¢t(Q)) and
HUtHWOI,p(Q) are uniformly bounded for ¢ sufficiently small. Thus, possibly passing
to a subsequence, there exists iy € W, ?(Q) such that u; — @y weakly in W, ()
and strongly in LP(§2) as t — 0.

We claim that

Ha0|’LP(Q,d5p) =1 (3.35)
In order to prove this, we recall first that
/ ur (@)|detVon)l ;4 (3.36)
Q dgt(n)@(%)

for all t €] —T,T[. By the continuous dependence of Hy, ) on t proved in Propo-
sition 1, and by Corollary 5, there exist C' > 0 and a > (p — 1)/p independent of
t such that

uy(r) < Cdg, o) Pi() (3.37)

for all z € Q and ¢ sufficiently small. By (3.2) we have that di, o ¢:(2) = d§(z)
as t — 0. Thus by (3.2), (3.37) and the Dominated Convergence Theorem we
can pass to the limit inside the integral sign in (3.36) and prove the claim above.

By the elementary inequality |a[? > [b[P 4+ p|b|P~2b- (a — b) valid for all vectors
a,bin RV, we have

H(0d9) = [ V(T PlaerTon(allds > [ (Vi detVe(z)lda
—HD/Q |Viio[P Vi - (Vuy (V) ™t — Viig)|det Ve, (z)|dx. (3.38)
By passing to the limit in the previous inequality and using Proposition 1, we get
(@)= [ Vil

This, combined with the normalization of %y and its positivity, allows to conclude
that 2y = ug. Since

H,(6:(Q2)) — / |Vu|Pde = / |Vut(V¢t)_1|p|dethbt(x)| — |VuPdx,  (3.39)
Q Q
we have that

tmn (H(00(2)) - /Q V) = 0. (3.40)

t—0

Thus from (3.40) and Proposition 1 we deduce that
lim/ \Vu|Pde = H,(£2) :/ |Vug|Pdz. (3.41)
=0 Jq Q
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By (3.41) and the weak convergence of u; to ug in Wy () we deduce the validity
of (i).

We now prove statement (ii). We have

IVor = Vool 7o @ug, @)
”VUOHLp (Q\ () + “VUtHLp(d,t Q\Q) + ([ Vv, — vv0||LP(Qﬂ¢ Q)" (3.42)
The first summand in (3.42) above clearly tends to zero as t — 0. The fact that

the second summand in (3.42) also tends to zero will follow immediately from the
following

Claim. For all € > 0 there exist 7,6 > 0 such that

/ |V |Pdy < e,
A

for all t €] — 7, 7[ and all measurable subsets A of ¢;(Q2) with |A| < .

To prove the Claim we use (3.2) and Corollary 5 to conclude that there exists
a. €](p — 1)/p, af such that

vat“ip(m < C/ dg)i?égl)dy < C/ - dg(atil)dx < C/ dg(a**l)dx’
A s V(A 61 (4)

for all small enough ¢; the last integral clearly tends to zero uniformly with respect
to t as |A| — 0.

To estimate the third summand in (3.42) we take a set U CC Q and write

Vo, — VUOHLP QN (Q < vat va”iP(Uﬂqbt(U))
By the last Claim, the last two norms in (3.43) can be made aritrarily small

provided U is a large enough subset of €2. Hence the proof will be complete if we
show that for a fixed U CC ) there holds

Indeed we have

Ve = Vol e wng. )
= 1(Vu)(Vé) ™ 0 6" — Vuoll ownsey
< elll(Va) (V)™ = (Vo) © bl o= o
< cll(Vur) (Vo)™ = Vel iy oo + Ve = Vaaoll oy )

+C||VUO - (VUO) qbt”Lp((z,g*l)(U)mU)- (345)

The first of the last three terms in (3.45) clearly tends to zero as t — 0. The
same is true for the second term by statement (i). The fact that the third term
tends to zero is an immediate consequence of the local Holder continuity of Vuy,
which follows by the general results in [12]. This completes the proof. 0
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Finally, we can prove the following Hadamard-type formula for the L” Hardy
constant. Note that by Corollary 5, the assumption H,(2) < ((p — 1)/p)? guar-
antees the existence of T €]0,T] such that Hy,(¢:(Q2)) < ((p — 1)/p)* for all
t €] —To, To.

Theorem 7 Let p €]1,00[ and Q2 be a bounded domain in R™ of class C* such that
H,(Q) < ((p—1)/p)P. Letyp € C*(1;R™) and let T > 0 be such that ¢; = I+t
is a diffeomorphism from Q onto ¢;(Q) for allt €| —T,T[. Let Ty €]0,T| be such
that H,(¢+(2)) < ((p—1)/p)? for all t €] — Ty, To|.

Then H,(¢:(Q)) is differentiable with respect to t for all t €] — Ty, To[. More-
over

AHy(3:(8Y) _ / Vo Pdiv(y o 600) — p| Vol Vo,V (1 0 60 V) (Vo) dy
dt ()

p

Y — divleh o 4D
FH0@) [ (ko) div(p o of7) d (3.9

for all t €] — Ty, Ty[, where vy is a minimizer for Hy(¢:(S2)) normalized by the

condition HthL"(d’t(Q)’d;ﬁm) =1.

Proof. First of all we note that it suffices to prove that the map ¢ — H,(¢:(€2)) is
differentiable at ¢t = 0 and that formula (3.46) holds for ¢ = 0. Indeed, as in the
proof of Lemma 3, if ¢ £ 0 one can consider ¢,(2) as a reference domain subject

to the domain transformations és =[+sypo ¢§71), s € R, and apply the formula
for s = 0.

Let v, € WyP(¢¢(€2)) be a positive minimizer for H,(¢,(2)) normalized as in
the statement. We then have (cf. (2.5)),
Hy(0(©) = min  Rfu]. (3.47)
ueWy P (Q)
u£0

where R[u] = Ni[u]/D;[u] and

Niful = [ [9u(en) Pldeev e, (3.43)

uP

We set uy = v 0 ¢y Clearly, u; is a minimizer in (3.47) and H,(¢:(2)) = Ri[u:] =
Ni[u¢]. By Lemma 3 and standard calculus it follows that the functions N;[u] and
Dy[u] are differentiable with respect to ¢ on | — Ty, To[. By definition, it follows
that

Ri[us] — Rous] < Hy(9:(Q2)) — Hy(¢0(2)) < Rifuo] — Roluol, (3.50)

hence by the Mean Value Theorem, it follows that there exist real numbers &(t),
n(t) with [£(2)], [n(2)] < [¢], such that

Reylult < Hp(0:(2)) — Hyp(¢o() < Ry [uolt, (3.51)
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where by R/ we denote the partial derivative of R;[u] with respect to ¢ at the
point ¢t = a (the same notation is used below for the derivatives of N and D). By
standard calculus, we have that for any u € H} (),

%!VU(V@)W’ = —p|Vu(Vor) 2 Vu(V) " Vi (V) (V) (Vu)'

(3.52)
and -
d div( oy )
L 1detve,| = [ SR8 ) o, 3.53
gt 4etVed ( et V! Y| t (3.53)
Thus, by (3.52), (3.53) and Lemma 3 we have that for any v € H}(Q)
L [(diviwo s )
N’u:/Vqub | ———L 2 | 0 ¢, dz 3.54
= [ 196V (|detv¢£—”| : (3.54)
—p / IVu(Vy) P2 Vu(Vey) 'V (V) ™ (Vu)|det V| da
Q
and
D : (-1)
Dé[u] _ / . u dlv(¢ o ?tl) ) o th dx
o Ay, 91(2) '\ |detVe; Y|
p
Q d(pt(ﬂ)(bt(x)
By (3.54) and (3.55) and the Dominated Convergence Theorem, it follows that
P_{% R;(t) [uo] = Rp[uo]. (3.56)

Similarly, and using also Theorem 6, we have
lim Re ) [w] = Roluo]. (3.57)

From (3.51), (3.56) and (3.57) it immediately follows that H,(¢:(2)) is differen-
tiable with respect to t at ¢ = 0 and, taking into account that ug is normalized,

we get
dH,(¢:(€2)) _ Ngluo]  No[uo] Dpluo]
&t = Doluw  DZu) (3.:58)

= Nyluo] = Hp(€2)Dg[uo]
= /\Vu0|pdivw d:r—p/ (Vo |P2Vug Vi (Vg ) do
0 0

ubdiv ub
~i,@) [ B dn (@) [ S Valon, vlds
Q Q Q %0

as required. O

Combining Theorems 6 and 7 we can prove a Fréchet differentiability result.
Namely, given a bounded open set {2, we set

Ag = {¢ € C*(QR") : min|det V| > o} (3.59)

We then have
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Theorem 8 Let Q be a bounded domain in R™ of class C* and p €]|1,00[. Then
the set

Ho = {¢> e Aq: H,(6(Q) < (%)p} (3.60)

is open in the space C%(SY;R™), and the map H from Hq to R which takes any
¢ € Hq to Hy(p(Q)) is Fréchet differentiable. Moreover, the Fréchet differential
of H at a point ¢ € Hq is given by the formula

dHy(0)[¥] = /45(9) {IVolPdiv( 0 o) = p|VoP2VuV (g 0 V) (Vo) }dy

+Hp(¢(9))/ ;}p (PValg, ¢] — div(p o o)) dy,  (3.61)
o) Do)

for all ¢ € C?(Q;R™), where v is a positive minimizer for H,(¢(S)) normalized

by the condition ||v||Lp(¢(Q)7d;(pm) =1.

Proof. Since H,(¢(f2)) depends continuously on ¢ € C?(Q;R"), it easily follows
that Hq is an open set in C?(; R™). Now let ¢ € Hq be fixed. Applying Theo-
rem 7 to the open set ¢(£2) we obtain that the map H is Gateaux differentiable at
¢ and that the Gateaux differential is provided by formula (3.61). By Theorem 6
and formula (3.61) we deduce that the Gateaux differential depends continuously
on ¢. Asis well known, this implies that the map H is also Fréchet differentiable.
O

Remark 9 It would be natural to simplify (3.61) and write a formula involving
surface integrals. In the case of classical eigenvalue problems this is usually done
by integrating repeatedly by parts. For example, if we denote by A\,(¢) the usual
first eigenvalue of the p-Laplacian with Dirichlet boundary conditions on ¢(2)
then one obtains the well-known Hadamard-type formula

ow

o

dp(@) ] = (1 _P)/ W ndo,

(%)

where w is the first normalized eigenfunction, @i is the unit outer normal to 0¢(2)
and p = o ¢V (cf. [15, 20]). By applying the same method to (3.61) and
making formal computations one would obtain the meaningless formulas

AH,(0)[0] = ~pHy () | Ve - (w0 ) dy
P(Q) Ay

"\ v v P
* VolPp- it —p| Vol 1 (7); — Hy(6(Q do
/a¢<m' P i = IV 2 L)~ Hylo(0)

i.j=1 3()
ol VP .
—(-p) [ ol e = @) [ it
ap(Q) | OT 06(02) Qo)
Up
_pHp(¢(Q))/ —1 Vg * (110 Ta@)) dy. (3.62)
o() d¢(9)
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It is clear that the integrals in (3.62) are not well-defined, see (2.2). In order
to bypass this problem one may think of interpreting the above integrals as ‘prin-
cipal value integrals’ associated with an invading sequence of open sets relatively
compact in ¢(Y). However, we prefer not to insist on this.

4 Stability estimates via volume

Let © be a bounded domain in R™. We recall that 7(x) denotes the boundary
point nearest to x € €, so that |x — 7q(z)| = do(x); we note that 7o(z) is well
defined for almost all x € 2. We denote by T the nonlinear operator given
formally by

Tw(z) :/0 w(z + t(ro(z) — 2))|dt (4.1)

Equivalently,

Tw(zx) = dg(x)_l/ lw|ds , (4.2)

where L, denotes the line segment with endpoints x and 7q(z).

Lemma 10 Let Q be a bounded domain of class C? and let § > 0 be such that
dq is C? in Qgs. Then for any r € [1,00[ there exists ¢ > 0 depending only on n,
0 and Inr(S2) such that for all w € L"(Q) with w = 0 outside Q3s5/2 we have

/|Tw|rdx < c/log(lnr(Q)/dQ)|w|T dx.
Q Q

Proof. Given a continuous function w with suppw C {235/ we have

) = / /|wx+t(m( ) a)ldt) de

| Tw

< // w(z + tra(z) — 2))["dt da
= /dg(x)_ |w|"ds dzx.
Q LI
We define the map
U 00x]0, Inr(Q2)[— R™, U(z,t) =z —ti(x) ,

where 7i(Z) denotes the unit outer normal at & € 9. Let
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By the Area Formula [14, Section 3.3.2] we have

/dg(l’)_l lw|"dsdx < / Z g(z,t)dx
Q W(90x]0,Inr(Q)])

La (z,0)eV—1(z)

Inr(Q2)
_ / / 9(Z, 1)| det VU(z, 1)|dt dS(z)
o J0

Inr(Q2)
< ¢ / / o(7, )t dS(7)
o0 JO
Inr(Q)l t
_ c/ / -/ (7 — s7i(z))|"ds dt dS(z)
o0 Jo tJo

Inr(Q2)
~ . / / log(Int(Q) /s)|w(z — s7(z))[" ds dS(z)
o0

0

35/2
= c/ / log(Inr(€2)/s)|w(z — s7i(z))|" ds dS(x)
o9

0

IN

c log(Inr(Q2) /dg)|w|" dx,

Q35/2

where ¢ is a positive constant depending only on n, § and Inr(Q2) (see [16, §14.6] for
details concerning uniform upper and lower bounds for | det VW|). This completes
the proof.

We recall (cfr. (2.2)) that if  is a bounded domain of class C? with H,()
((p — 1)/p)P, then the L? Hardy quotient has a positive minimizer u € Wy ()
and there exists a constant K = K,(£2) > 0 such that

O
<

u(r) < Kd(z)*, ze€Q; (4.3)

here a > (p — 1)/p denotes the largest solution of equation (2.3).

Given a bi-Lipschitz map ¢ : Q — ¢(Q2) we define for 1 < r < oo the following
measure of vicinity of ¢ to the identity map:

1/r
5u0(6) = [ osltnn(@) /o) (V6 — 17 + V6~ 11")ae) (1.0

Moreover, for any v < 1 we set

1
L(Q) = / dex. (4.5)

o g
Theorem 11 Let Q be a bounded domain in R"™ of class C*. Let § > 0 be
such that dg is of class C* on Qas. Assume that Hy(Q) < ((p — 1)/p)? and let
a > (p—1)/p denote the largest solution of (2.8). Then for anyr > 1/(ap—p+1)
there exists ¢ > 0 depending only onn, §, p, v, L, H,(2), K,(2), Ipra—a)/-1)(2)

and Inr(§2) such that

H,(6(0) < Hy(Q) + cb,,(6). (16)

for all ¢ € bLip, () satisfying ¢ =1 on Q \ Q5.
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Proof. Let u € Wy™(Q) be a positive minimizer for H,(Q). We assume that
Jou?/dbdz =1 and set v =uo ¢~V. We then have (cf. (2.6))

Ry [v] — Ralu] (4.7)
fQ (I(V0)(V6) 7| det V| — [Vul)de + Ji, [Vl (1 J, %dx)
- v det Vold
Jo g oy @t 4ot VAN
By (2.9) we have that
v d d -1 :
/ng)(m(¢(x))| et Voldr > ¢ (4.8)
We also note that for any z € (2 we have
dgyd(x) < do(z) + Fy(z)da(z), (4.9)
where
Fy(x) = da(z)"'[(¢ — I)(ra(2)) — (¢ — I)()].
Hence
1 | det Vo < 1 (1_ |detV¢|)
diy(x)  digy(x) ~ d(x) (14 Fy)P

<

1 (1_1—C|V¢—I|

dg(x) (14 E,)» > =% (F¢+FP+IV¢ 1)) (4.10)

provided c is large enough. From (4.7), (4.8) and (4.10) we conclude that
H,(6(9)) — H,(©)
< c/Q Vo — 1| [VulPdz + ch(Q)/ 7 (Fot FL+ 196 = I
=: Alul. (4.11)

Now let » > 1/(ap—p+1) be fixed. By (3.25) and (3.26) we have u/dq, Vu €
L/r=1(Q)), hence

/ V6~ 1] |VulPdz < [ — I [Vl s

(@)

and similarly,

uP
196 = 15 do < V6 = Ilu/dol?
Q Q

L1 ()

Let ¢, k € N, be an approximating sequence of smooth maps obtained by stan-
dard mollification of ¢. Then ¢y converges to ¢ pointwise and in L?(§2) for any
1 < ¢ < oo. Since ¢y, is smooth, we easily see that |Fy, | < T|V¢, — I| where
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T is the operator defined in (4.1). Hence using Fatou’s Lemma, Lemma 10 and
observing that supp |V — I| C €352 provided k is sufficiently large, we obtain

1Fsll2r) < 1i]£nmf 1 Foy |7y < ¢ lim /10g<1nr(ﬂ)/d9)‘v¢k —1I|"dzx
—00 k—o0 0
~ . / log(Int(Q) /do) |V — I dz | (4.12)
Q

and similarly
P2l < ¢ [ tog(tun()/do) V6 — 1p"d (4.13)
Q

From (4.4), (4.12) and (4.13) we obtain
u? »
a Gg

1/r
< of [ toatton(@)/an) (6~ 11+ 1¥6 - 117)de) L/l

p
cbrp0) /ol s,

Combining the above we obtain

p p a—1|p
Alu) < rp(O)(IVUll] 2y ) + 1w/ dall] e ) < cOrp(d)lde I

_p_ )
Q) 1)

which completes the proof. O

We say that an open set Q in R” is of class C%, for some M > 0 if it can
be described locally by the subgraphs of functions of class C%,, i.e., the standard
C?-norms of such functions are bounded by M. Then we introduce an additional
definition.

Definition. Let V be a bounded open cylinder, i.e., a set which in some
coordinate system (¥, y,) has the form V' = W x]a, b, for some bounded convex
open set W C R" 1. Let M,p > 0. We say that a bounded domain Q C R"
belongs to C2,(V, p) if Q is of class C2, and there exists a function g € C*(W)
such that a +p < g <, [|gl|c2gr) < M, and

OOV ={(@yn) : YEW , a<ya <g(¥)}- (4.14)

Theorem 12 Let Q be a bounded domain in R™ of class C3,(V,p) such that

H,(2) < ((p—1)/p)? and let o« > (p — 1)/p denote the largest solution of (2.3).

Then for any s €]0,ap — p + 1] there ezists ¢ > 0 depending only on p, M, V, p,
s, Hy(Q), Ipa—a)/(1-s) () and Inr(2) such that

|Hy(©) — Hy(@)] < |20, (4.15)

for all domains Q of class C3,(V, p) such that Q\V = Q\ V and |QAQ| < ¢ .
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Proof. We use a construction of [7]. Let g,g : W — R be the C? functions

describing Q NV and QN V according to the definition above. Let n = Wv%)
We define the function gy = min{g, g} — n|g — g| and the domain
Qo= (Q\V)U{(@,yn) : TEW, a <y <g0(y)}- (4.16)

We note that by the choice of 7 we have gy > a. We next define a map ¢ on 2
as follows: for x € Q\ V we set ¢(x) = x, while for x € Q@ NV we use the local
coordinates (7, y,) to define

9 if (ga yn) € ﬁ0 ) (417)

o Yn),
Qb(yu yn) - { 75}(@) + CL(g)(yn - g(g))) ) if (ga yn) € \ﬁo )

a()_{ a 119(9) < 9(9),
T g = gm).

It can then be seen that ¢(©) = Q and ¢ € bLip, (Q), where L depends only on
M and 7. It is immediate that

5T1,p(¢) < C|QAQ|%7 1<r<r<oo (4.18)

where ¢ depends only on M, 1, p, 1, r and I,—a)/1-s(€).

Since (Q is of class C2, there exists § > 0 depending only on M such that dq is
of class C? in Q5. In order to apply Theorem 11 we need that ¢ = I on Q\ Qj,
and for this it suffices to guarantee that |g — go| < 0. This will be the case if we
establish that ||g — gl is small enough. Since g, g are of class C3;, by the
Gagliardo-Nirenberg interpolation inequality (see [24, p. 125]) the L*> norm of
g — § is estimated from above via its L' norm, which is precisely [QAQ|. Thus if
|QAQ| is small enough then ¢ = I in 2\ s, hence Theorem 11 applies. Using an
intermediate 1 €]1/(ap —p+ 1), 7[ (say the midpoint of the interval) we obtain
that for any r > 1/(ap —p+ 1)

H,(Q) < Hy(Q) + c|QAQ]". (4.19)

In order to prove the reverse inequality we first note that from (4.19) it follows

that H,(Q) < ((p — 1)/p)? provided IQAQ| is small enough. Moreover, if r >
1/(ap — p + 1) and [QAQ] is small enough then r > 1/(ap — p + 1) where

& > (p—1)/p denotes the largest solution of (p — 1)a”~'(1 — &) = H,(Q2). Then
by using €2 as reference domain in the procedure above we obtain that

H,(Q) < Hy(Q) + ¢|QAQ| (4.20)

where ¢ additionally depends on H,(€2), Ira—a)/¢—1)(£2) and Inr(€2). Since these
last quantities can be controlled via the corresponding quantities related to 2
and via M and V, choosing r = 1/s we deduce the validity of (4.15). O
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Remark 13 Note that the bigger is Hy(2), the smaller is the number ap —p+1
which defines the range of admissible exponents s in (4.15), namely ap—p+1 — 0
as Hy(2) — ((p — 1)/p)?. With regard to this, we observe that the proof of
Theorem 12 relies on the existence of a minimizer and we recall that a minimizer
does not exist in the limiting case H,(Q2) = ((p — 1)/p)?.
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