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Abstract

We consider general second order uniformly elliptic operators subject to homoge-
neous boundary conditions on open sets ¢(€2) parametrized by Lipschitz homeomor-
phisms ¢ defined on a fixed reference domain €. Given two open sets $¢(2), ¢(Q) we
estimate the variation of resolvents, eigenvalues and eigenfunctions via the Sobolev
norm ||¢ — ¢|lyw1.(q) for finite values of p, under natural summability conditions on
eigenfunctions and their gradients. We prove that such conditions are satisfied for a
wide class of operators and open sets, including open sets with Lipschitz continuous
boundaries. We apply these estimates to control the variation of the eigenvalues and
eigenfunctions via the measure of the symmetric difference of the open sets. We also
discuss an application to the stability of solutions to the Poisson problem.
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1 Introduction

This paper is devoted to the proof of stability estimates for the non-negative self-adjoint
operator
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subject to homogeneous boundary conditions, upon variation of the open set  in RY.
Here A;; are fixed bounded measurable real-valued functions defined in R satisfying
A;; = Aj; and a uniform ellipticity condition.

The focus is on explicit quantitative estimates for the variation of the resolvents,
eigenvalues and eigenfunctions of L on a class of open sets diffeomorphic to €.

In the first part of the paper we consider two diffeomorphisms ¢, ¢ of Q onto »(Q),
&(Q) respectively, and we compare the resolvents, eigenvalues and eigenfunctions of L
on the open set ¢(Q) with those of L on ¢(€). The main aim is to provide stability
estimates via [|¢ — Bllw.p(q) for finite values of p. These estimates are applied in the last



part of the paper where we take ¢ = Id and, given a deformation Q of Q, we construct
a special diffeomorphism ¢ representing (2 in the form Q = »(2) and obtain stability
estimates in terms of the Lebesgue measure |2 A Q| of the symmetric difference of 2 and
Q.

Our method allows us to treat the general case of the mixed homogeneous Dirichlet-
Neumann boundary conditions

N
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where I' C 0€2. To our knowledge, our results are new also for Dirichlet, and for Neumann
boundary conditions.

There is a vast literature concerning domain perturbation problems, see for instance
the extensive monograph by Henry [14]. The problem of finding explicit quantitative
estimates for the variation of the eigenvalues of elliptic operators has been considered
in Burenkov and Davies [3], Burenkov and Lamberti [4, 5, 6], Burenkov and Lanza de
Cristoroforis [8], Davies [9, 10], Lamberti and Lanza de Cristoforis [16, 17], and Pang [22];
see Burenkov, Lamberti and Lanza de Cristoforis [7] for a survey on the results of these
papers. However, less attention has been devoted to the problem of finding explicit
estimates for the variation of the eigenfunctions. With regard to this, we mention the
estimate in [22] concerning the first eigenfunction of the Dirichlet Laplacian and the
estimates in [16, 17] concerning the variation of the eigenprojectors of the Dirichlet
and Neumann Laplacian. In particular, in [16, 17] the variation of the eigenvalues and
eigenprojectors of the Laplace operator was estimated via || V(]E—V(b” L>o(©) under minimal
assumptions on the regularity of Q, ¢ and ¢.

In all cited papers and in this paper perturbations of domains may be considred
as in some sense regular pertubations. There is also vast literature concerning a wide
range of perturbation problems of different type which may be characterised as singular
perturbations (which are out of scope of this paper). Typically, formulations of such
problems involve a small parameter € and the problem degenerates in that sense or
other as ¢ — 0. Say, the domain may contain small holes, or boundaries which may
include blunted angles, cones and edges, narrow slipts, thin bridges etc, or the limit
region may consist of subsets of different dimension, or it could be a homogenization
problem. V. G. Maz’ya and his co-authors V. A. Kozlov, A. B. Movchan, S. A. Nazarov,
B. A. Plamenevskii and others developed the powerful asymptotic theory which allowed
to find asymptotic expansions of solutions for all aforementioned problems and can be
applied in many other cases. See e.g., monographs [15, 18, 19].

In this paper, we consider the same class of transformations gb,gg as in [16, 17] ((ﬁ,q;
are bi-Lipschitz homeomorphisms) and by making stronger regularity assumptions on
(), qB(Q) we estimate the variation of the resolvents, eigenvalues, eigenprojectors and
eigenfunctions of L via the measure of vicinity

Sp(6,8) =V — Vol 1oy + |A0d— Ao @l Lo (1.3)

for any p €]po, oo], where A = (A;j); j=1,..~n is the matrix of the coefficients.
Here pg > 2 is a constant depending on the regularity assumptions. The best pqg
that we obtain is pp = N which corresponds to the highest degree of regularity (see



Remark 10), whilst the case pg = oo corresponds to the lowest degree of regularity in
which case only the exponent p = oo can be considered. The regularity assumptions are
expressed in terms of summability properties of the eigenfunctions and their gradients,
see Definition 4. Observe that if the coefficients A;; of the operator L are Lipschitz
continuous, then §,(¢, QZN)) does not exceed a constant independent of ¢, ¢ multiplied by
the Sobolev norm ||¢ — qSHWLP(Q). Moreover if the coefficients A;; are constant then the
second summand in the right-hand side of (1.3) vanishes.

More precisely, we prove stability estimates for the resolvents in the Schatten classes
(Theorem 8), stability estimates for eigenvalues (Theorem 13), eigenprojectors (Theo-
rem 16), and eigenfunctions (Theorem 20). In the Appendix we also consider an ap-
plication to the Poisson problem (we refer to Savaré and Schimperna [24] for stability
estimates for the solutions to the Poisson problem in the case of Dirichlet boundary con-
ditions obtained by a different approach). To prove the resolvent stability estimates in
the Schatten classes we follow the method developed in Barbatis [1, 2].

In Section 7 we apply our general results and, for a given deformation Q of Q, we
prove stability estimates in terms of |2 A (~2| This is done in two cases: the case in which
Q is obtained by a localized deformation of the boundary of Q and the case in which
Q is a deformation of Q along its normals. We also require that the deformation I' of
' is induced by the deformation of 2 (see conditions (7.3) and (7.14)). In these cases,
similarly to [5], we can construct special bi-Lipschitz transformations 6 : Q — Q such
that ¢(I') =T and ) .

IV — Il oy < |2 & Q7. (1.4)

Observe that using finite values of p is essential, since in the case p = oo the exponent
in the right-hand side of (1.4) vanishes.

Let us describe these results in the regular case in which Q, Q are of class C*! and
I, T are connected components of the corresponding boundaries. In Theorems 29, 32 we
prove that for any r > N there exists a constant ¢; > 0 such that
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(Z A+l X, +1

n=1
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if [ A Q < ¢, Here Ay, A, are the eigenvalues of the operators (1.1) corresponding
to the domains Q, Q and the associated portions of the boundaries T, T respectively.
Moreover, for a fixed Q and for any r > N there exists co > 0 such that if A\, =

. = Antm-1 is an eigenvalue of multiplicity m then for any choice of orthonormal

eigenfunctions ¥y, . . . , Yn4+m—1 corresponding to A, .. ., Ap4m—1, there exist orthonormal
eigenfunctions ¢y, ..., ¥pym—1 corresponding to A, ..., Aptm—1 such that!
~ =1
[ wk”L2(Quﬂ) < 2l 0 Qf7, (1.6)

for all k =n,...,n+m—1, provided that |Q A Q| < ¢; . Here it is understood that the
eigenfunctions are extended by zero outside their domains of definition.

!Note that, for a fixed 2 and variable €2, one first chooses eigenfunctions in € and then finds eigen-
functions in €2, while the opposite is clearly not possible.



In the general case of open sets (2, Q with Lipschitz continuous boundaries and T', r
with Lipschitz continuous boundaries in 89, Q our statements still hold for a possibly
worse range of exponents (see Theorems 29, 32).

We emphasize that, in the spirit of [16, 17], in this paper we never assume that the
transformation ¢ belongs to a family of transformations ¢; depending analytically on
one scalar parameter ¢, as often done in the literature (see e.g., [14] for references). In
that case, one can use proper methods of bifurcation theory in order to prove existence
of branches of eigenvalues and eigenfunctions depending analytically on ¢. In this paper
¢~) is an arbitrary perturbation of ¢ and this requires a totally different approach.

The paper is organized as follows: in Section 2 we describe the general setting; in
Section 3 we describe our perturbation problem; in Section 4 we prove stability estimates
for the resolvents and the eigenvalues; in Section 5 we prove stability estimates for the
eigenprojectors and eigenfunctions; in Section 6 we give sufficient conditions providing
the required regularity of the eigenfunctions; in Section 7 we prove stability estimates
via the Lebesgue measure of the symmetric difference of sets; in the Appendix we briefly
discuss the Poisson problem.

2 General setting

Let Q be a domain, i.e. an open connected set, in RY of finite measure. We consider a
family of open sets ¢ (€2) in RY parametrized by bi-Lipschitz homeomorphisms ¢ of
onto ¢(2). Namely, following [16], we consider the family of transformations

P(Q) := {qﬁ € (Ll’OO(Q))N : the continuous representative of ¢

is injective, ess igf | det V| > 0} , (2.1)

where L>(Q) denotes the space of the functions in Lj . (€2) which have weak derivatives
of first order in L™ (£2). Observe that if ¢ € ®() then ¢ is Lipschitz continuous with
respect to the geodesic distance in €.

Note that if ¢ € ®(£2) then ¢(12) is open, ¢ is a homeomorphism of 2 onto ¢(2) and
the inverse vector-function ¢~ of ¢ belongs to ® (4()). Moreover, any transformation
¢ € ®(Q) allows changing variables in integrals. Accordingly, the operator Cy from
L?(¢(Q)) to L?(Q) defined by

Cylv] :=vogp, wve L2(¢(Q)),

is a linear homeomorphism which restricts to a linear homeomorphism of the space
WL2(4(€2)) onto W2(Q), and of Wy*(4(Q)) onto Wy*(Q), where W2(2) denotes
the standard Sobolev space and W&’Q(Q) denotes the closure of C2°(Q) in W1H2(Q).
Furthermore, V(v o ¢) = Vu(¢)Ve¢ for all v € W2 (¢ (). Observe that if ¢ € ®(Q)
then the measure of ¢(Q) is finite. See [16] for details.



Let A = (Aij)i j=1,..,~ be areal symmetric matrix-valued measurable function defined
on RY such that for some 6 > 0

07l < Z Aij(@)&&j < 0I¢[%, (2.2)
,5=1
for all z,& € RY. Note that (2.2) implies that A;; € L*°(RY) for all 4,j =1,..., N.
Let ¢ € () and let W be a closed subspace of W2(¢(f2)) containing W(}’Q(gb(Q)).
We consider the non-negative self-adjoint operator L on L?(¢(£2)) canonically associated
with the sesquilinear form )7 given by

N Ov1 0va

i'ii ) ) . 2.
I B 8yjdy vy, v €W (2.3)

Dom(Qr) =W, Qr(uv1,v2) = /¢ N

i,j=1

Recall that v € Dom(L) if and only if v € W and there exists f € L%(¢(f2)) such that

Qr(v,v) = {f,¥) 12 (4(02))> (2.4)

for all » € W, in which case Lv = f (see e.g., Davies [11]). The choice of the space
W determines the boundary conditions. For example if W = W, 2((€)) (respectively,
W = WhH2(4(Q))) then the operator L satisfies homogeneous Dirichlet (respectively,
homogeneous Neumann) boundary conditions.

We also consider the operator H on L?(f2) obtained by pulling-back L to L?(f2) as
follows. Let v € W12(4()) be given and let u = v o ¢. Observe that

/ Wdy:/ 2| det V| dx
5(©) o

Moreover a simple computation shows that

ov 81} ou 8u
/ Z Ajj— 0 ay] / Z @ij 5 — ]det Vo|dx ,

zg 1
where a = (a;j)i j=1,..n is the symmetric matrix-valued function defined on €2 by

N 8¢Z(_1) aqs(fl)
a; = Y (4n S o )oo

r,s=1
= (Vo) A(#) (Vo) ")ij - (2.5)

The operator H is defined as the non-negative self-adjoint operator on the Hilbert space
L?(2,| det V| dx) associated with the sesquilinear form Qpy given by

N
Ouy Ou
Dom(Qn) = Cy[W], Qp(u1,uz) / Z aij 5 “ u2|det Voldz, ui,us € Cy[W).

7]_

Formally,

N
1 0 ou
U= v ”221 ou; (aijaxi|detV¢!> .



Alternatively, the operator H can be defined as

In particular H and L are unitarily equivalent and the operator H has compact resolvent
if and only if L has compact resolvent. (Observe that the embedding W C L?(¢(1)) is
compact if and only if the embedding Cys[W] C L?*(Q) is compact.)

We set g(z) := [det V(z)[, z € €2, and we denote by (-,-), the inner product in
L?(Q, gdz) and also in (L?(Q, g dz))V.

Let T : L?(Q, gdz) — (L?(2, gdx))" be the operator defined by

Dom(T) = Cy[W],  Tu=a?*Vu, ue CyW).

It is then easily seen that
H=T"T,

where the adjoint 7* of T is understood with respect to the inner products of L?(, g dx)
and (L*(Q, gdx))V.

3  Perturbation of ¢

In this paper we study the variation of the operator L defined by (2.3) upon variation of
¢. Our estimates depend on essinfq |det V@| and ||V|| (o). Thus in order to obtain
uniform estimates it is convenient to consider the families of transformations

o.(Q) = {qb ed(): 771 <ess igf |det Vo[ and ||V || (o) < 7'} ,

for all 7 > 0, as in [16]. Here and below for a matrix-valued function B(x), z € Q, we
set || Bl zr() = || 1B | zr () where |B(z)| denotes the operator norm of the matrix B(z).

Let ¢, ¢ € ®,(Q). Let W and W be closed subspaces of W12(¢(Q)), W12($(Q)) re-
spectively, containing VVO1 ’z(gb(Q)), I/VO1 2(d~>(Q)) respectively. We use tildes to distinguish
objects induced by é, W from those induced by ¢, W. We consider the operators L and
L defined on L?(¢()), L*(¢(9)) respectively, as in Section 2.

In order to compare L and L we shall make a ‘compatibility’ assumption on the
respective boundary conditions; namely, we shall assume that

Co[W] = C5 V). (3.1)

This means that Dom(Qy) = Dom(Q ), a property which is important in what fol-
lows. Clearly (3.1) holds if either L and L both satisfy homogeneous Dirichlet boundary
conditions or they both satisfy homogeneous Neumann boundary conditions.

We shall always assume that the spaces W, W are compactly embedded in L2(¢(2)),

L%(¢(9)) respectively, or equivalently that the space V := Cy[W] = C 3WV] is compactly
embedded in L%(Q).



Moreover, we require that the non-zero eigenvalues A, of the Laplace operator as-
sociated in L?(2) with the quadratic form [, |Vul*dz, u € V, defined on V), satisfy the
condition

= Z A, ¢ < oo, (3.2)
An£0

for some fixed a > 0. (This is in fact a very weak condition on the regularity of the set
2 and the associated boundary conditions.)

For brevity, we shall refer to assumption (A) as the following set of conditions which
summarize the setting described above:

.0 € 2-(Q),
(A): V= Cy[W] = CJ)[W] is compactly embedded in L?(2),
condition (3.2) holds.

Remark 1 We note that if Q is a domain of class C%, i.e., Q is locally a subgraph of
Lipschitz continuous functions, then inequality (3.2) holds for any o > N/2 (see e.g., [3],
Netrusov and Safarov [21] and also Remark 26 below). We also note that by the Min-Maz
Principle [11, p. 5] and by comparing with the Dirichlet Laplacian on a ball contained in
Q, condition (3.2) does not hold for oo < N/2 (no matter whether Q) is reqular or not).

In order to compare L and L, we shall compare the respective pull-backs H and H.
Since these act on different Hilbert spaces — L?(2, gdz) and L?(€, jdx) — we shall use
the canonical unitary operator,

w: L?(Q, gdz) — L3(Q, §dzx) | U — wu,

defined as the multiplication by the function w := ¢'/2G=Y/2. We also introduce the
multiplication operator S on (L?())"V by the symmetric matrix

w2aY?aa""? (3.3)
where the matrix a is defined by (2.5) and the matrix a is defined in the same way with
¢ replacing ¢. If there is no ambiguity we shall denote the matrix (3.3) also by S.

As it will be clear in the sequel, in order to compare H and H we shall need an
auxiliary operator. Namely we shall consider the operator T*ST, which is the non-
negative self-adjoint operator in L?({), g dz) canonically associated with the sesquilinear
form

/(ELVul -Vug)gdx , wuj,ug €V.
Q
It is easily seen that the operator T*ST is the pull-back to € via gz; of the operator

. §o =1 .
L := %L
go (=1
defined on LQ(QNS(Q)) Thus in the sequel we shall deal with the operators L, L and L and

the respective pull-backs H, H and T*ST. We shall repeatedly use the fact that these
are pairwise unitarily equivalent.

(3.4)



We denote by A\,[E], n € N, the eigenvalues of a non-negative self-adjoint operator
FE with compact resolvent, arranged in non-decreasing order and repeated according to
multiplicity, and by ¢, [E], n € N, a corresponding orthonormal sequence of eigenfunc-
tions.

Lemma 2 Let (A) be satisfied. Then the operators L, L, L, H, H and T*ST have
compact resolvents and the corresponding non-zero eigenvalues satisfy the inequality

> BT < e (3.5)

An|E]#0
for E=L,L, L, H,H,T*ST, where ¢ depends only on N, T,0.

Proof. We prove inequality (3.5) only for E = T*ST, the other cases being similar.
Observe that the Rayleigh quotient corresponding to T*ST is given by

<T*STU7U>9 B <STu,Tu>g B fQ(&Vu . Vﬁ)gdaf

(u,u), - {u, u), N Jo lul?gdz €V
Then inequality (3.5) easily follows by observing that
avVu - Vi > 07 (Vo) Vul|? > 071772 Vul?,
det V| < N1|Vo|Y (3.6)
and using the Min-Max Principle [11, p. 5]. O

4 Stability estimates for the resolvent and the eigenvalues

The following lemma is based on the well-known commutation formula (4.3) (see De-
ift [12]). By o(FE) we denote the spectrum of an operator E.

Lemma 3 Let (A) be satisfied. Then for all{ € C\ (¢c(H)Uo(H)Uo(T*ST)),
(W Hw =& ™' = (H =& ™' = A1 + Ao + A3 + B, (4.1)
where

Ay = (1—w)(wl*STw — €)1,
Ay = wwT*STw — &)1 (1 —w),
Ay = —£(T*ST — &) Hw—w H)(wT*STw — &)L,
B = T*SI/Q(SI/QTT*SI/2 o g)_lsl/Q(S_l o I)(TT* o g)_lT.
Proof. Tt suffices to prove (4.1) for & # 0, since the case £ = 0 ¢ o(H) U o(H) U
o(T*ST) is then obtained by letting £ — 0.
Recall that T*T = H. Similarly T*T = H, where we have emphasized the dependence
of the adjoint operation on the specific inner-product used. In this respect we note that



the two adjoints of an operator E are related by the conjugation relation E* = w?FE*w 2.
This will allow us to use only * and not .
Observe that

H = (a'?V)*a'?v = w?(@'/*V)*w2a'/?V = w?T*ST . (4.2)
Therefore, by simple computations, we obtain
(w™ Hw = &)~ = (H - €)™
= wl(H-§ w—(H-¢"
= w(WT*ST — &) tw — (T*T — &) !
= w ' (wT*ST — &) 'w — (T*ST — éw %) tw™!
HT*ST — éw )L™ — (T*ST — gw™?)7!
HT*ST — ew )"t —(T*ST — €)™
H(T*ST — &) — (T*T — &)~
= A+ A+ A3+ ((T*ST — &) —(T*'T —&)71).
To compute the last term we use the commutation formula
—E(E*E— &) Y+ EY(EE* - &) 'E=1 (4.3)

which holds for any closed and densely defined operator E, see [12]. We write (4.3) first
for E = T, then for E = SY2T, and then we subtract the two relations. After some
simple calculations we obtain (T*ST — &)~ — (T*T — ¢)~! = B, as required. O

We now introduce a regularity property which will be important for our estimates.
Sufficient conditions for its validity will be given in Section 6.

Definition 4 Let U be an open set in RN and let E be a non-negative self-adjoint
operator on L?(U) with compact resolvent and Dom(E) C W'2(U). We say that E
satisfies property (P) if there exist qo > 2,v > 0,C > 0 such that the eigenfunctions
Un|E] of E satisfy the following conditions:

|Vn Bl Lao () < CAn]E]Y (P1)
and

IV¢nlE]l oo (1) < CAa[E]H2 (P2)
for all n € N such that \,[E] # 0.

Remark 5 [t is known that if 2, A; j and I' are sufficiently smooth then for the operator
L in (1.1), subject to the boundary conditions (1.2), property (P) is satisfied with gy = oo
and v = N/4; see Theorem 24 and the proof of Theorem 29.

By interpolation it follows that if conditions (P1) and (P2) are satisfied then

q9(g—2) ag(a—2)y ag(a—2) 1, 90(a—2)v
“alap—2). 2t

q90\9—<) Q qa0\9—<)
[Vl Elll Loy < C10=D A [E] 102 {|Vpy [E]|| oy < Co02 Ay [E]2 7 ala0=2)
(4.4)



for all ¢ € [2, qo].

In the sequel we require that property (P) is satisfied by the operators H, H and
T*ST which, according to the follovzing lemma, is equivalent to requiring that property
(P) is satisfied by the operators L, L and L respectively.

Lemma 6 Let (A) be satisfied. Then the operators H, H and T*ST respectively, sat-
isfy property (P) for some qo > 2 and v > 0 if and only if the operators L, L and L
respectively, satisfy property (P) for the same qo and 7.

Let E be a non-negative self-adjoint operator on a Hilbert space the spectrum of
which consists of isolated positive eigenvalues of finite multiplicity and may also contain
zero as an eigenvalue of possibly infinite multiplicity. Let s > 0. Given a function
g:0(FE) — C we define

0= (3 loalEDPMER) " 1< p < oo,
An[E]#£0

‘Q(E)’oo,s: sup |g(An[E])],
An|E]#0

where, as usual, each positive eigenvalue is repeated according to its multiplicity.

The next lemma involves the Schatten norms || - ||cr, 1 < r < oo. For a compact
operator E on a Hilbert space they are defined by ||Ellcr = (32, tn(E)")Y", if 7 < 00, and
|E]|cee = || E||, where u,(E) are the singular values of E, i.e., the non-zero eigenvalues
of (E*E)l/ 2. recall that the Schatten space C", defined as the space of those compact
operators for which the Schatten norm || - |- is finite, is a Banach space; see Reed and
Simon [23] or Simon [25] for details.

Let F := TT*. Recall that o(F) \ {0} = o(H) \ {0}, see [12]. In the next lemma,
g(H) and g(F') are operators defined in the standard way by functional calculus. The
following lemma is a variant of Lemma 8 of [2].

Lemma 7 Let qo > 2,7 >0, p> qo/(q0 —2), 2 <7 < 00 and s = 2qov/[p(qo0 — 2)].
Then the following statements hold:

(i) If the eigenfunctions of H satisfy (P1) then for any measurable function R : Q2 — C
and any function g : o(H) — C we have

_1 __299 _
|Rg(H)ller < |1Bll (o) (19177 19(0)] + 70D |g(H)|p,s) . (4.5)

(ii) If the eigenfunctions of H satisfy (P2) then for any measurable matriz-valued func-
tion R on Q and any function g : o(F) — C such that if 0 € o(F) then g(0) =0,

we have ,

q0 1
0 lal| o ) 1Bl o9 (F s (4.6)

[1Bg(E)ler < vt
Proof. We only prove statement (7i) since the proof of (i) is simpler. It is enough to

consider the case where R is bounded and g has finite support: the general case will
then follow by approximating R in || - ||z»r(q) by a sequence R,, n € N, of bounded

10



matrix-valued functions and ¢ in | - |, s by a sequence gy, n € N, of functions with finite
support, and observing that by (4.6) the sequence R, g,(F'), n € N, is then a Cauchy
sequence in C".

Since R is bounded and g has finite support Rg(F') is compact, hence inequality (4.6)
is trivial for 7 = oo. Thus it is enough to prove (4.6) for r = 2 since the general case will
then follow by interpolation (cf. [25]). It is easily seen that z, := T, [H]/||T¢n[H]| =
Ao H] V2T, [H], for all n € N such that \,[H] # 0, are orthonormal eigenfunctions of
F, Fz, = \y[H]zp, n € N, and span{z,} = Ker(F)*. Hence, since g(0) = 0,

IRg(F)IZ = iuRg<F>znuiz(m (4.7
- Z\g H)2I Ren 220
- ZA 1= g (A [H) 2| a2V 45, [H]| 2
< a2 e o | Rl ZA I g O HD P IV 1220100
< TR 0 e g R ey 3 [0 OhnlH) A H]TRT
n=1

where for the last inequality we have used (4.4). This proves (4.6) for r = 2, thus com-
pleting the proof of the lemma. O

Recall that 6,(¢,¢), 1 < p < oo, is defined in (1.3).

Theorem 8 (stability of resolvents) Let (A) be satisfied. Let & € C\ (o(H) U {0}).
Then the following statements hold:

(i) There exists ¢ > 0 depending only on N,T,0,a,c* and § such that if do(, qg)
<l then € ¢ o(H) and

[(w™ Hw — &)™ = (H = &) lea < c1000(0, D). (4.8)

(ii) Let in addition (P) be satisfied by the operators H, H and T*ST for the same qo, 7y

and C. Letp > qo/(qo — 2) and r > max{2,a + ?1'(1)072)} Then there exists co > O

depending only on N,7,0,c,c*,r,p,q,C,7,|Q| and § such that if 5p(¢, P) < 02 ,
then £ ¢ o(H) and

I(w™ Hw = &)~" = (H = &) ler < cadpr(0,9). (4.9)

Remark 9 Let s = [q0/(q0 — 2)] max{2 o+ 2v}. It follows by Theorem 8 (ii) (choosing
= qo/(q0 —2)) that if 5s(¢p, P) <y, then € ¢ o(H) and

I(w™ Hw — &)™ = (H = &)1 < c2d5(¢,9)- (4.10)

11



Remark 10 As we shall see in Section 7, the best range for s in (4.10) used in our
applications is s > N; this corresponds to the case in which qo = 0o, v = N/4 and
a > N/2. See Remarks 1, 5.

Proof of Theorem 8. In this proof we denote by ¢ a positive constant depending only
on N,7,0,a and ¢* the value of which may change along the proof; when dealing with
statement (i7) constant ¢ may depend also on 7, p, qo, C,~,|2|. We divide the proof into
two steps.

Step 1. We assume first that £ & o(H) U o(T*ST) and we set

dy (&) = dist(€,o(H) U o (H) Uo(T*ST)).

In this first step we shall prove (4.8) and (4.9) without any smallness assumptions on

S0}, D), Opr (¢, @) Tespectively.
We first prove (4.8). We shall use Lemma 3 and to do so we first estimate the terms

A1, Ag, Az in identity (4.1). Clearly we have that

Al €
A€ (1 d(»s,a(ﬁ))) | (41

Since the eigenvalues of the operator wT™*STw coincide with the eigenvalues of H (see
(4.2)), it follows that

> 1
|(wT*STw — &) 1g = .
nZ::l [ An[H] =&
1 € ) o
< Ly (1+~ S A
1 i )a
= —+4c|l4+—"—) . 4.12
€l < d(&,0(H)) 1
By (3.6) and by observing that
- - _ yN-1
|det Ve — det V| < NIN [V — V4| max{ Vel , |Vl } (4.13)
it follows that 3
11— wl|,|w—w™| <V — V. (4.14)
Combining inequalities (4.12) and (4.14) we obtain that
sl Waller < ¢ (14 15+ 255 ) 196 - Vil
€l do(§)
Ll P ) .
A a S & + V - V oo . 4.15
ol < ¢ (S + 555 ) 190 - Pdleio (4.15

We now estimate the term B in (4.1). We recall that FF = TT* and we set Fg =
SY27T*SY2 Then, by polar decomposition, there exist partial isometries Y,Ys :

12



1/2

L2(Q, gdx) — (L*(,gdx))N such that T = FY2Y and SY/2T = Ys. We then

have
B =YiFY?(Fs— &) '\SY2(57 = I)(F — &) 'F'/?Y .

Hence, by Holder’s inequality for the Schatten norms (see [23, p. 41]) it follows that
1/2 - - _
|Bliea < [1Fg"*(Fs = &) leaalISY2(S7! = Dl e @I(F = &) ' FY 2. (4.16)

Since o(F) \ {0} = o(H) \ {0}, we may argue as before and obtain

2c
I(F - &) PP < c(1+d(§f‘<H>)) ,

€] 2
c <1 - d(g,a(T*ST))> . (4.17)

IN

I(Fs — €)' F¥?) 2%,

Now, one easily sees that
|(w2 o 1)a1/2a—1a1/2| + |a1/2(d_1 o a—l)a1/2|
o(|Vop— V| +|Aog—Aod|). (4.18)

IS7t—1] <
<

Combining (4.16), (4.17) and (4.18) we conclude that

€]
dq (£)

By Lemma 3 and estimates (4.15) and (4.19), we deduce that

2
||B||CasC(1+ ) 5r0l6, ). (4.19)

AFw— " — (H — ) Mpa < ¢ 1 1 €I
o it =97 = (1= er <1 (14 g+ s+ 2B Y b,

We now prove (4.9). In order to estimate Ay, Ay, A3 we use estimate (4.5) and we
get

1 -
il el < ¢ (14 55+ 25 ) 196 - Vlimay.
1+ (¢ €2 -
ol < ¢ (L5 + ELY 196 - 9o (421

We now estimate B. We shall assume without loss of generality that S~1 — I >
0. Thus, in order to estimate the C" norm of B, we shall estimate the C?" norms of
FY2(Fg — &)~18Y/2(S1 = N)1/2 and (S~! — I)V/2(F — ¢)~'F'/2. By Lemma 7 it follows
that

(S~ = DYV2(F - &)1 FY2)%,

2r 2997

<l (87 = DYy D Wi R An[H] 0= "
n=1""
2r
< IS = I <1+d’€(\§)> , (4.22)
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The same estimate holds also for the operator Fsl/Q (Fg —&)~18Y2(S~1 — I)'/2. Thus by
Holder inequality for the Schatten norms it follows that

€]
dq (€)

By Lemma 3 and combining estimates and (4.18), (4.21) and (4.23) we deduce that

2
IBler < ¢ (1+ 755 157 = Tl (4.23)

» B B I €1
[(w ™ Hw — &)™ = (H =& Yer <1 (1 TR G REEGE

Step 2. We prove statement (i). First of all we prove that there exists ¢ > 0 such

) 5r(6,6).  (4:24)

that if d(¢. o ()
Joo(}, @) < AT P 1 dE. o)) (4.25)
then € ¢ o(H) U o(T*ST) and
d(, o(H)), (&, o(T*ST)) > W (4.26)

We begin with 7*ST. By recalling that B = (T*ST — &)~! — (T*T — £)~! (see the
proof of Lemma 3), by estimate (4.19) with £ = —1 and by inequality (4.35) it follows
that there exists C7; > 0 such that for all n € N

1 1
M[T*ST)+1 M [H] +1

Assume that n € N is such that A\, [T*ST] < |¢] + d(§,0(H)); by (4.27) it follows

< C1doo(0, P). (4.27)

that if
Co(1+ I+ d(6, o ()))0n(0,) < 5 AT
then
M €] +d(&, o () + Cu[L + [€] + d(€, o (H))|boo (@, )
I 1= C1[1 + [€] + d(&, 0 (H)))oss (¢, 9)
< 2(|¢] + d(€, o(H))), (4.28)

(the elementary inequality (A+#)(1—#)"1 < 24if0 <t < A(2A+1)"! was used). Thus
by (4.27) and (4.28) it follows that if

! )
Oocl:0) < oG Ty Tl T (&, o (L + 2(€] + (€, o (H)))]
then
€~ A[T°5T)
> (€~ Ma[H]| — [alH] — \[T*ST)| ~
> d(g o (H)) — Call + €] + d(€, o (H)][1 -+ 2((€] + d(E, o (H)))]oo(6, D)
> d(g’UQ(H)), (4.29)

14



for all n € N such that A\, [T*ST] < [£| + d(&,0(H)). Thus inequality (4.26) for
d(&,0(T*ST)) follows by (4.29) and by observing that if n € N is such that A, [T*ST] >
€| +d(€, 0(H)) then [€ =M\, [T*ST]| > d(&,0(H)). Inequality (4.26) for d(&, o(H)) can be
proved in the same way. Indeed it suffices to observe that by Step 1 there exists Cy > 0

such that .

MH] +1  M[H]+1

we then proceed exactly as above.
By (4.20) and (4.26) it follows that there exists ¢ > 0 such that if

7 d(&,0(H))

< Cobo0(0,9); (4.30)

(00 S TR + (e o)) .
then € ¢ o(H) U o(T*ST) and
Vw— )Y — (H— &) e < ¢ 1 1 €I o
(™ Hw =& = (H =& le= < (”|5r*d(g,aw))*d(@a(H»z)&O@@;)

This completes the proof of statement (7).
The argument above works word by word also for the proof of statement (i7), provided
that 0o (¢, @) is replaced by 0, (¢, @). O

Remark 11 The proof of Theorem 8 gives some information about the dependence of
the constants c1,co on & which will be useful in the sequel. For instance, in the case of
statement (i), in fact it was proved that there exists ¢ depending only on N, 1,0, «, c* such
that if (4.31) holds then (4.32) holds. Ezactly the same holds for statement (ii) where
¢ depends also on r,p,qo, C,~, |Q|. Moreover, for such ¢, b, if 0 & o(H) then 0 & o(H)
and the summand 1/|¢|+1/d(&,0(2)) can be removed from the right-hand side of (4.32);
furthermore, in this case statements (i) and (ii) also hold for £ = 0. This can be easily
seen by looking closely at the proofs of (4.15) and (4.21).

Remark 12 By the proof of Theorem 8 it also follows that for a fized § € C\ [0, 00[ no
smallness conditions on doo (P, @), dpr(@, @) are required for the validity of (4.8), (4.9)
respectively.

Theorem 13 (stability of eigenvalues) Let (A) be satisfied. Then the following state-
ments hold:

(i) There ezists c; > 0 depending only on N, 7,0, and c* such that if o0 (o, q~5) < cfl,

th(in
(Z
n=1

(i) Let in addition (P) be satisfied by the operators L, L and L for the same qo > 2,

v >0and C > 0. Let p > qo/(q0 — 2) and r > max{2,«a + p(i?jz)}' Then

1
A[L]+1  AnlL] +1

o\ Ve
> < 1000 (0, 9).- (4.33)
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there exists co > 0 depending only on N, 7,0, a,c*,r,p,qo,C,y and |Q| such that if
Spr(0,9) < ¢3!, then

>

n=1

1 B 1
M[L]+1  AlL]+1

~\ /7
) < c3bpe(6.9). (434)

Proof. The theorem follows by Theorem 8 and by applying the inequality

>

n=1

1 1

)\n[Eﬂ +1 /\n[EQ] +1

. 1/r
) < B+ 1) = (Ba+ 1) e, (4.35)

with By = w™'Hw, Ey = H (see [25, p. 20]). O

Remark 14 We note that in the case of Dirichlet boundary conditions, i.e., V =
Wol’z(Q), inequality (4.33) directly follows by [5, Lemma 6.1] the proof of which is based
on the Min-Maz Principle.

5 Stability estimates for eigenfunctions

Definition 15 Let E be a non-negative self-adoint operator with compact resolvent on
a Hilbert space H. Given a finite subset G of N we denote by Pg(FE) the orthogonal
projector from H onto the linear space generated by all the eigenfunctions corresponding
to the eigenvalues A\p[E] with k € G.

Observe that the dimension of the range of Pg(FE) coincides with the number of
elements of G if and only if no eigenvalue with index in G coincides with an eigenvalue
with index in N\ G; this will always be the case in what follows.

In the following statements it is understood that whenever n = 1 the term A,_1 has
to be dropped.

Theorem 16 Let (A) be satisfied. Let A\ be a non-zero eigenvalue of H of multiplicity
m, let n € N be such that A = M\y[H] = ... = Mpym—1[H], and let G ={n,n+1,...,n+
m — 1}. Then the following statements hold:

(i) There exists ¢y > 0 depending only on N, T,0,a,c*, Ay—1[H], \, Anym[H] such that
if doo(0, P) < cfl, then dim RanPg(w™'Hw) = m and

1P (H) — Po(w™ " Hu)|| < ¢160(6,9)- (5.1)

(i) Let in addition (P) be satisfied by the operators H, H and T*ST for the same qo,
v and C. Let s = [qo/(qo — 2)| max{2, a + 2v}. Then there exists ca > 0 depending
only on N, 7,0, a,c*,qo,C,7,|Q An—1[H]|, N\, Mtm[H] such that if ds(¢, $) < 02_1
then dim RanPg(w™'Hw) = m and

1P6(H) — Po(w™ Hw)|| < c285(¢, 9)- (5.2)
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Proof. We set p = 3dist(), (o(H) U {0}) \ {A\}) and A* = X if X is the first non-zero
eigenvalue of H, and \* = \,,_1[H] otherwise.
By Theorem 13 (i) it follows that

IA[H] = Me[H]| < eM\k[H] + 1) (Ae[H] + 1)050(¢, 9) - (5.3)

This implies that there exists ¢ > 0 such that if 0o (¢, #) < ¢ " Ne[H]/(Me[H] + 1)2, then
Me[H] < 2\;[H]. This together with (5.3) implies the existence of ¢ > 0 such that if
e, ) < ¢ min{p, M[H]}/(\[H] + 1)2 then [\e[H]) — MelH)| < p/2. Applying this
inequality for Kk =n —1,...,n + m, we deduce that if

~ min{p, A\*}
on00) < B

then

Me[H] = A <p/2,VEEG

[Ae[H] — A >3p/2 , VEeN\G. (5.4)
Hence dim RanPg(w~'Hw) = m and by the well-known Riesz formula we have that

PolH] = 5 (11— ¢ ae. (5.5)

Pglw *Hw) = L (w Hw — &)~ tde, (5.6)

2w Jr
where T'(0) = A + pe?®, 0 < 0 < 27. Hence
1P6[H] — Palw™' Hul|| < pIup l(w™ Hw —&)~" = (H = €)', (5.7)
€

Let ¢; be as in Theorem 8 (). By Theorem 8 (i) and Remark 11 and by observing that
A—p << A+pand 1/[f <1/pforall £ €T, it follows that if

7 P
0o (P, P) <
e 7 ey
then
—1 73 —1 —1 1 Az ~

[(w™ Hw =& = (H =&)< Lo+ Goc (¢, @) (5.8)
The proof of statement (i) then follows by combining (5.7) and (5.8). The proof of
statement (i7) is similar. O

Remark 17 The proof of Theorem 16 gives some information about the dependence
of the constants c1,ca on Ap—1[H|, A\, Ay [H]| which will be useful in the sequel. For
instance in the case of statement (i) in fact we have proved that there exists ¢ > 0
depending only on N, 7,0, «,c* such that if

7 min{p, )‘*}

5OO(¢7 ¢) S C(l + p2 + )\n+m[H]2)
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then ) 2 ]
IPa(i) - Potu )l < ¢ (14 0+ 5 )0l (5.9)

Ezactly the same is true for statement (ii) where ¢ depends also on qo,C,~,|Q|.

We are going to apply the stability estimates of Theorem 16 to obtain stability
estimates for eigenfunctions. For this we shall need the following lemma.

Lemma 18 (selection lemma) Let U and V be finite dimensional subspaces of a

Hilbert space H, dimU = dimV = m, and let uy,...,u, be an orthonormal basis of
U. Then there exists an orthonormal basis vy, ...,vy of V' such that
lug — vill < 5" Py = Pyll, k=1,...,m, (5.10)

where Py, Py are the orthogonal projectors onto U, V' respectively.

Proof. Step 1. Clearly |Py — Pyl < 2. If 1 < ||Py — Py|| < 2 then estimate (5.10)
obviously holds for any choice of an orthonormal basis vy, ..., v, of V so we assume that
|Py — Py|| < 1. Let w € U, |lu|| = 1. Then

|Pvull = llu+ (Py — Pu)ull > 1— [Py — Pyl > 0. (5.11)

Letting z = Pyu/||Pyul|| we have ||z|| = 1 and

(u, Piu)
(u,2) = ~——"—= = || Pvu,
| Pyul
hence
2 2 2 o |lu— ZHQ
1Py = Pyl 2 l[(Pr = Pr)ull® = flull® = |Prul® 2 =,
and therefore
lu = 2| < V2|[Py = Pyl|. (5.12)
Step 2. Assume that ||Py — Py|| < 1/6, and
Pv’LLk 1
k=75, k=1L...,m.
| Py |
We shall prove that
|(zk, z1)| < 3||Pv — Pv|, k,il=1,....,m, k#I. (5.13)
Indeed, we have for k # 1
(Pvug, Pvu)| = |[(Pyvug — ug, Prug) + (ug, w) + (ug, Prug — ug)|
= [((Pv — Py)uk, Prug) + (uk, (Pv — Pu)u)|
< 2|Py — Pyl

and the claim is proved by recalling (5.11).
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Step 3. One can easily see that since || Py —Py || < 1, the vectors z1, . . ., z, are linearly
independent. Thus we can apply the Gram-Schmidt orthogonalization procedure, i.e.,

define -
2k — - 2k, V1)UL
V1 =21, V= Zl_l< ’ > k:2,...,m.

2k — S0 Gy vl

Note that for £k =2,...,m,

1 1,
Vg — 2k = (H — 1> 2k — Zl_l <Zk vl>vl
2k —

S e o (B S e e

and
k—1 k—1
1> sz -3 (Zk,’Ul>’UlH >1-> |(zk,01)] -
1=1 =1
Hence if
k-1
(2, v)| < 1 (5.14)
=1
then 1
o §k—
e e (5.15)
= 21 [z v
Also for s=k,...,m,
k-1
|<Zsavk>| < |<ZS7Z’€>| +]€_le:1 |<Zkavl>|. (516)
1- Zl:l |<Zk,’U[>|
Step 4. We shall prove that for all k =2,...,m
o = zill < 3- 57| Py — Py, (5.17)
(ze, )| <3-5* Y Py — Py, s=k+1,...,m, (5.18)
provided that
2
| Py — Py < 55*’“+1 : (5.19)

We prove this by induction. If & = 2 then by (5.13) and (5.19) |[(z2,v1)| = [{(22, 21)] <
3||Py — Py|| < 2, hence by (5.15),

— 57
6Py — Pyl
— < < 15||Py — P
||’U2 22” =1_ 3||PU — PVH = ” U VH
and by (5.16) and (5.13) for s = 3,...,m also
6| Py — Pyl
< < 15||Py — Py||-
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Let 2 < k < m — 1. Assume that inequalities (5.17) and (5.18) under assumption
(5.19) are satisfied for all 2 < j < k. By assuming the validity of (5.19) for k + 1, by
(5.15) we obtain

k i
635 57 1) Py — Py
1= 3( k51| Py — Py

|vk41 — 2kt <

Since S5, 571 < 5% /4, by (5.19) with k replaced by k+1, 335, 51| Py — Py| <
1/2 hence |jvpi1 — zry1ll < 3 - 5%||Py — Py|. Similarly, by (5.16) and (5.13) for all
s=k+2,...m
31Py — Pyl +3(C5 5Py — Py

1= 3(Z5 5Py - Pv

(25, Vk41)| < <3.5"|Py — Pyl

Step 5. To complete the proof, we note that by (5.12) we have |u; — v1| <
V2||Py — Py||. For k > 2 we have that if (5.19) holds then

lur = vkl < llug = z&ll + [z — oxll < (V24 3-5""1)||Py = Py,
while if (5.19) does not hold then ||Py — Py|| > 10/(3 - 5*) and therefore
lur — vkl <2 <3-5"Y| Py — Pyl.

This completes the proof of the lemma. O

Lemma 19 Let (A) be satisfied. Let A be a non-zero eigenvalue of H of multiplicity m
and let n € N be such that A = A\, [H| = ... = Apym—1[H]|. Then the following statements
hold:

(i) There exists ¢y > 0 depending only on N, T,0,a,c*, Ap—1[H], \, Anym[H] such that
the following is true: if doo (¢, ¢) < crt and o [H), . . ., nym—1[H] are orthonormal
eigenfunctions of H in L?(Q,gdx), then there exist orthonormal eigenfunctions

Un[H], - Ynem—1[H] of H in L*(S), gdx) such that

1ok [H] = Yu[H] | L2() < ¢1000(6, 0), (5.20)
forallk=n,....n+m—1.

(i) Let in addition (P) be satisfied by the operators H, H and T*ST for the same qo, 7y
and C. Let s = [qo/(qo—2)] max{2, a+2v}. Then there exists co > 0 depending only
on N, 7,0,a,c*,qo, C,7, |Ql, An—1[H], A, Angm[H] such that the following is true: if

5s(p,0) < et and Yo[H), ..., Ynim—1[H] are orthonormal eigenfunctions of H
in L?(QQ, gdx), then there exist orthonormal eigenfunctions ¥, [H],. .., Ynim—1[H]
of H in L*(, gdz) such that

[vk[H] = rH]| L2() < c205(¢, D), (5.21)

forallk=mn,...,n4+m—1.
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Proof. We shall only prove statement (7i) since the proof of statement (i) is similar. We
first note that ¢y, := w4y, [ﬁ], k=mn,...,n+m — 1, are orthonormal eigenfunctions
in L2(Q, gdz) of w'Hw corresponding to the eigenvalues \,[H], ..., Anym—1[H]. By
Theorem 16 and Lemma 18 there exists ¢ > 0 such that if d5(¢, <Z~>) < ¢! then there exist
eigenfunctions v, [H], ..., ¥nim—1[H] of H corresponding to the eigenvalue A\ such that

1ok [H] = rll2() < (4, 0) - (5.22)

In order to complete the proof it is enough to observe that

llow — rlHl z2() < 11— w0l ps@) [0k H]l| 2s/6-2) (@) < €ll VS = Vo s(@)

a

In the following theorem we estimate the deviation of the eigenfunctions vy [L l

from the eigenfunctions ¢x[L] of L. We adopt the convention that 1y[L] and 1x[L] a
extended by zero outside ¢(2) and ¢(2) respectively.

Theorem 20 (stability of eigenfunctions) Let (A) be satisfied. Let A be a non-
zero eigenvalue of L of multiplicity m and let n € N be such that A = A\, [L] = ... =
Antm—1]L]. Then the following statements hold:

(i) There exists ¢y > 0 depending only on N 7,0, 0, ¢, A1 [L], A, Angem [L] such that
the following is true: if doo(e, ¢) < ¢! and wn[ L,...,Unsm-1]L] are orthonor-

mal eigenfunctions of L in L?(4(Q)), then there exist orthonormal eigenfunctions
UnlL], .. Ynem—1[L] of L in L*(¢(Q)) such that
I81E] = hlE o i) < (0o (6 8)+

[ [L] 0 ¢ — Pp[L] 0 ¢||L2(Q)+||1/Jk[ L] o ¢ — vg[L] 0 ¢l 12(q)).  (5.23)
forallk=mn,...,n+m—1.

(ii) Let in addition (P) be satisfied by the operators L, L and L for the same qo, vy and
C. Let s = [qo/( qo — 2)| max{2, o + 2v}. Then there exists co2 > 0 depending only
on N, 7,0,a,c*,q0,C,7, [Q, Adn—1[L]; A, Anyml[L], such that the following is true: if

5s(p,d) < cl_1 and Yu[L], ..., Ynim-1]L] are orthonormal eigenfunctions of L in
L2(H()), then there exist orthonormal eigenfunctions Pp|L], ..., Ynym-1[L] of L
in L?(¢(Q)) such that

kL) = kL L2 sayudiay) < €(0s(d, &)+
+[Yx[L] 0 ¢ — Yp[L] 0 ¢ ||L2 )+ lUklL] 0 ¢ — Yi[L] 0 Gl r2i))  (5.24)
forallk=n,....n+m—1.

Lt

Remark 21 We note that if in addition the semigroup e™"" is ultracontractive then the

eigenfunctions are bounded hence
[9%[L] 0 ¢ — Yi[L] 0 Bl 20y + I1Wnk[L] 0 & — ¥k[L] 0 8|l L2 () < c(N)|D|Y2,
where D = {x € QO : ¢(z) # ¢(x)}.
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Proof of Theorem 20. We set 3 o
Vr[H] = ¢i[L] 0 ¢,

forall k =n,...,n+m—1, so that ¢, [ﬁ], ce 1/;n+m_1 [ﬁ] are orthonormal eigenfunctions

in L2(Q, gdzx) of the operator H corresponding to the eigenvalues A\, [H], ..., Appm_1[H].

By Lemma 19 (i) it follows that there exists ¢; > 0 such that if doo(, @) < ¢;' then
there exist orthonormal eigenfunctions ¥, [H], ..., ¥nim—1[H] in L*(Q, gdx) of H corre-
sponding to the eigenvalue A such that inequality (5.20) is satisfied. We now set

UrL] = ¥p[H] 0 ¢,

forall k =n,...,n+m—1, so that ¢, [L], ..., ¥ntm—1[L] are orthonormal eigenfunctions
in L?(¢(Q)) of L corresponding to the eigenvalue A. Then by changing variables in
integrals we obtain

s[L] = UrlL L2 gy < I0k[E) 0 6 = k[L] 0 bl L2
< C(HW[L] 0 ¢ — hp[L] 0 ¢l 120 + lok[L] 0 ¢ — ¢[L] 0 <5HL2(Q))
= C(W}c[L] 0 ¢ — i[L] 0 ¢l 20 + |Wk[H] — W[EHB(Q))-

In the same way

lr (L] = ¢n[L]ll 2 (o)) < clvrlL] 0 6 — ¢r[L] 0 @l L2 + 1w H] — vi[H]l L2())-

Hence estimates (5.23), (5.24) follow by (5.20), (5.21) respectively. O

6 On regularity of eigenfunctions

In this section we obtain sufficient conditions for the validity of conditions (P1) and (P2).
We begin by recalling the following known result based on the notion of ultracontractivity
which guarantees the validity of property (P1) under rather general assumptions, namely
under the assumption that a Sobolev-type Embedding Theorem holds for the space V.

Lemma 22 Let Q be a domain in RN of finite measure and V a closed subspace of
W12(Q) containing Wol’z(Q). Assume that there exist p > 2,D > 0 such that

lull zr () < Dllullwrzq), (6.1)
for all uw € V. Then the following statements hold:
(i) Condition (3.2) is satisfied for any o> F.

(ii) The eigenfunctions of the operators H, H and T*ST satisfy (P1) with qy = oo,
v = ﬁ, where C' depends only on p, D, 7,0, c*.

Proof. For the proof of statement (i) we refer to [3, Thm. 7] where the case V = W1H2(Q)

is considered. The proof works word by word also in the slightly more general case con-
sidered here. The proof of statement (i7) is as in [3, Thm. 7] where it is proved that for
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the Neumann Laplacian property (P1) is satisfied if (6.1) holds: this proof can be easily
adapted to the operators H, H and T*ST. O

We now give conditions for the validity of property (P2). We consider first the case
when an a priori estimate holds for the operators L, f/, which is typically the case of
sufficiently smooth open sets and coefficients. Then we consider a more general situation
based on an approach which goes back to Meyers [20].

The regular case
Recall that an open set in R” satisfies the interior cone condition with the parameters

R > 0 and h > 0 if for all x € € there exists a cone K, C  with the point x as vertex
congruent to the cone

N N-1 ) 1/2 RJJN
K = : : '
(R, h) {xeR 0< <Zx> <= <R}

i=1

In this paper the cone condition is used in order to guarantee the validity of the
standard Sobolev embedding.
The next theorem is a simplified version of [6, Theorem 5.1].

Theorem 23 Let R >0, h > 0. Let U be an open set in RN satisfying the interior cone
condition with the parameters R and h, and let E be an operator in L?(U) satisfying the
following a priori estimate:

there exists B > 0 such that if2<p < N +2 andif u € Dom(E) and
Eu e LP(U), then u € W?P(U) and

lullwery < B (1Bull Lowy + lull p2wr)) - (6.2)

Assume that Ev = M\ for some ¢ € Dom(E) and A € C. Then there exists ¢ > 0,
depending only on R, h, N and B, such that for n =0,1,

N
[llwaoe @y < (14 M) 55 20y (6.3)

Theorem 24 Let (A) be satisfied and let $(Q) and ¢() be open sets satisfying the
interior cone condition with the same parameters R, h. If the operators L, L satisfy the
a priori estimate (6.2) with the same B, then the operators H, H, T*ST satisfy property
(P) with gy = 00, v = N/4 and C depending only on 7, R, h,c*,0 and B.

Proof. Recall that H, H and T*ST are the operators obtained by pulling-back to (2
the operators L, L and L respectively. Clearly L also satisfies the a priori estimate (6.2).
Thus, by Theorem 23 the eigenfunctions of the operators L, L, L satisfy condition (6.3)
hence, by pulling such eigenfunctions back to €2 it follows that the eigenfunctions of H,
H, T*ST satisfy (P1) and (P2) with ¢y = o0, ¥ = N/4 and C as in the statement. O

The general case
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Here we shall assume that V = cly1.2(q)Vo where V) is a space of functions defined
on § such that C°(Q2) C Vo € WH(Q). Moreover, for all 1 < ¢ < 0o we set

V;] = Clwl,q(Q)VO.

Let —Ag : V; — (V) be the operator defined by

(—Aqu, ) = /QVu-Viﬁd:L‘,

for all u € Vi, ¥ € V.
The following theorem is a variant of a result of Groger [13]; see also [2].

Theorem 25 Let (A) be satisfied. Assume that there exists g1 > 2 such that the operator
I—Ay:Vy— (Vy) has a bounded inverse for all 2 < q < q1. Then there exist qo > 2
and ¢ > 0, depending only on Vo, 7 and 6 such that if u is an eigenfunction of one of
the operators H, H, T*ST and X is the corresponding eigenvalue then

[Vullg < e(1 4 A)lullg, (6.4)
for all 2 < q < qp.

Moreover, if ) is such that the interior cone condition holds then there exists ¢ > 0
depending only on V, 7 and 6 such that

[Vullg < e(1 4+ N)lull vq (6.5)
N+q
for all2 < q < qp.
Proof. We prove the statement for the operator T*ST, the other cases being similar. We

divide the proof into three steps.
Step 1. We define

Q(u, ) = /Quwgda:—i- /Qqu‘ngdx,

Qo(u, ) = / updx +/ Vu - Vidz,
Q Q
for all u € V,, 1 € V. Since?

|Qo(u, ¥) = BQ(u, ¥)| < max{[|1 = Bgl| Lo (q), 11 = Bagl (o) Hlullwra@) 1¥llyre g

there exist 8 > 0 and 0 < ¢ < 1 depending only on N, 7 and 6 such that
1Qolus ) — AQ(u, )] < cllullwray Wil (6.6)

for all w € WH4(Q) and ¢ € W9 (Q).

2Here we use HfH’;Vl,p(Q) = £ + 1V 175 as the norm in WhP(Q).
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Step 2. Using the fact that ||(I — Ag)!|| =1, that ¢ — ||(I — Ay)7!|| is continuous
and by observing that 2/(c + 1) > 1, it follows that there exists go > 2 such that

I(7 =AMl < P (6.7)

for all 2 < g < go. By (6.6) it then follows that for all 2 < ¢ < gy,

1
in sip QUuy) = - o inf Qo y) - g
lullyyt,go)=1 191,07 )= Bl y,q @=L lully1,q0)= B
1 c
= — I A -1 - —
ﬁll( o) |l 3
1-—
0. 6.8
> 23 £ (6.8)
Step 3. By (6.8) it follows that the operator I + (I™ST')q of Vg to V,, defined by
(L + (T"ST)qu, ¥) = Q(u, ¥) (6.9)
has a bounded inverse such that
(I + (T*ST),) "'l = ( inf sup Q(u,zb)) < — (6.10)
L N I e

Then (6.4) follows by (6.9), (6.10) and by observing that

Q(u, ) = (1+ )\)/Quwg dz, (6.11)

for all ¢ € V.
Now, if 2 satisfies the interior cone condition, then the standard Sobolev embedding

N /
holds. Thus, if ¢ > 2 then ¢’ < 2 < N, hence Vy is continuously embedded into L~ = ().
By (6.11) we have

Jullwra@y < (NI +(TST)) ) | [ wwg s
H1/1||W1 q (Q)_l
20
Z @ Vlgl@lull g w9 s (612)
( )H ”Wl,q/<9):1 LN—q (Q)
and the last supremum is finite due to the Sobolev embedding. O

Remark 26 If Q) satisﬁes the interior cone condition then inequality (6.1) is satisfied
with p = 2N/(N —2) if N > 3 and with any p > 2 if N = 2. Then by Lemma 22 it
follows that condition (3.2) holds for any o > N/2 and the operators H, H,T*ST, L, L, L
satisfy property (P1) with gqo = 0o, v = N/4 if N > 3 and any v > 1/2 if N = 2. In fact,
if N =2 property (P1) is also satisfied for v = 1/2; this follows by [11, Thm. 2.4.4] and

25



[3, Lemma 10]. Thus by the second part of Theorem 25 it follows that both properties
(P1) and (P2) are satisfied for some qo > 2 and v = N(qo — 2)/(4qo) for any N > 2.

If Q is of class C% (i.e., Q is locally a subgraph of C%" functions) with 0 < v < 1,
then inequality (6.1) is satisfied with p = 2(N +v —1)/(N —v —1), for any N > 2 (see
also [3]). Thus Lemma 22 implies that condition (3.2) holds for any a > (N+v—1)/(2v)
and that the operators H, ﬁ,T*ST,L,E,ﬁ satisfy property (P1) with g9 = 0o and v =
(N +v—1)/(4v).

7 Estimates via Lebesgue measure

In this section we consider two examples to which we apply the results of the previous
sections in order to obtain stability estimates via the Lebesge measure.

Let A;j € L>=(RYN) be real-valued functions satisfying Ajj=Ajforalli,j=1,...,N
and condition (2.2). Let 2 be a bounded domain in R¥ of class C%!, and let T be an open
subset of 9Q with a Lipschitz boundary in 02 (see Definition 27 below). We consider
the eigenvalue problem with mixed Dirichlet-Neumann boundary conditions

~ e o (Aig(@) §) = M, inQ,
v=0, on I, (7.1)
Zw lAwaasz—O on OO\ T,

where v denotes the exterior unit normal to 9€2. Observe that our analysis comprehends
the ‘simpler’ cases I' = 99 (Dirichlet boundary conditions) or I' = () (Neumann boundary
conditions), as well as all other cases where I' is a connected component of 9Q (the
boundary of I' in 02 is empty). See [13] for details.

We denote by A, [€2, I'] the sequence of the eigenvalues of problem (7.1) and by 1, [, T']
a corresponding orthonormal system of eigenfunctions in L?(£2). In this section we com-
pare the eigenvalues and the eigenfunctions corresponding to open sets (! and Q and the
associate portions of the boundaries ' € 9Q and T’ € 9. To do so we shall think of
Q) as a fixed reference domain and we shall apply the results of the previous sections to
transformations ¢ and ¢ defined on €, where ¢ = Id and qb is a suitably constructed
bi-Lipschitz homeomorphism such that Q = ¢(2) and T’ = ¢(I").

Before doing so, we recall the weak formulation of problem (7.1) on Q. Given I" C 02
we consider the space W;Q(Q) obtained by taking the closure of C2°(Q2) in W12(Q),
where C2°(Q) denotes the space of the functions in C°°(2) which vanish in a neigh-
borhood of I'. Then the eigenvalues and eigenfunctions of problem (7.1) on  are the
eigenvalues and the eigenfunctions of the operator L associated with the sesquilinear
form @Qr, defined on W := W;z(Q) as in (2.3).

Definition 27 Let Q be a bounded open set in RN of class C%' and let T' be an open
subset of 0. We say that I' has a Lipschitz continuous boundary O in 0 if for all
x € OT there exists an open neighborhood U of x in RY and ¢ € ®(U) such that

pUNQUD)={zeRY: 2] <1, 2y <0}U{z e RY: |z| <1, 2y <0, 21 > 0}.
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7.1 Local perturbations

In this section we consider open sets belonging to the following class.

Definition 28 Let V' be a bounded open cylinder, i.e., there exists a rotation R such
that R(V) = W x]a, b, where W is a bounded convex open set in RN=1. Let M,p > 0.
We say that a bounded open set Q C RYN belongs to Cﬁ’l(Y/, R, p) if Q is of class C™1
(i.e., Q is locally a subgraph of C"™' functions) and there exists a function g € C™ (W)
such that a+p < g < b, |glm1 = > o<ja|<ms1 1PVl Loqwy < M, and

RONV)={(Z,zn) : TeW,a<zy <g(T)}. (7.2)

Let ,Q e CY 1(V R, p) be such that QN (V,)¢ = QN (V,)°. We shall assume that the
corresponding sets I' € 9Q, T C 89, where Dirichlet boundary conditions are imposed,
are such that

TNVe=TNVS and Puiy(TNV) = Puny(TNV), (7.3)

where Pp(—1)y, denotes the orthogonal projector onto REDW. Given T, condition (7.3)
uniquely determines I'.

Theorem 29 Let ) € Cg’;(V, R,p) and let T be an open subset of O with Lipschitz
continuous boundary in 0. Then there exists 2 < qyg < oo such that for any r >
max{2, N(qo —1)/qo} the following statements hold:

(i) There exists ¢y > 0 such that

>

n=1

1 1
MO T]+1 MQT]+1

. 1/r a2
<alQa o, (7.4)

for allNQ € Cg’;(V, R, p) such that QN (V)¢ = QN (V,)% |Q A Q| < ¢, where
I' C 09 is determined by condition (7.3).

(i) Let N\[Q,T'] be an eigenvalue of multiplicity m and let n € N be such that A[Q2,T'] =
M, T = = A\gm—1[Q,T]. There exists ca > 0 such that the followz'ng 1s true:
ifQ e CR/’Il(V, R,p), QN(V,)¢ = QN(V,)%, QA Q| < c; 5 and T C 0K is determined
by (7.3) then, given orthonormal eigenfunctions wn[Q I‘] s Unam— 1[Q F] there
exist corresponding orthonormal eigenfunctions wn[Q,F], vy Ungm—1[Q, T such
that

~ o~ ~ 490=2
a2, T) = ol Pl 2y < el 8 9 0

Moreover, if in addition A;; € COL(RN), 0,0 € C}V’II(V, R,p) and T is a connected
component of 0 then statements (i) and (ii) hold with gy = oo

For the proof we need the following variant of [5, Lemma 4.1].
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Lemma 30 Let W be a bounded convex open set in RN ™1 and M > 0. Let0 < p < b—a
and g1, g2 be Lipschitz continuous functions from W to R such that

a+p<g1(2),92(z) <b, (7.5)

for all # € W, and such that Lipgy, Lipgs < M . Let 6 = g5 and g = min{gi, g2} —
5’91 — gg’ Let
Oy = {(z,zn): TEW, a<ay < gi(2)} (7.6)

for k =1,2,3. Let ® be the map from Oy into Oy defined as follows:

if g2(z) < g1(Z) then

~ B (jj,CCN) if (f,xN) € O3
P ev) = { (2.00) + 5 (ow — 9n(@)) it @ zv) cO\Os, T
while if g2(Z) > ¢1(Z) then
N (Z,zN) if (z,zn) € O3
o) ={ o+ tan e i (homy cONDy, I
Then 0 #0353 C O1N0O,y,
|{x€(’)1 : q)(l‘)#x}’: |01\(93| §2|01 AOQ’, (79)

and ® is a bi-Lipschitz homeomorphism of O1 onto Oy. Moreover ® € ®,(Q) where T
depends only on N, M, 4.

Proof. The proof is as in [5, Lemma 4.1] where the case go < g1 was considered: here
we simply replace g1 — g2 by g1 — ga|- O

Proof of Theorem 29. We shall apply Theorems 13 and 20 with ¢ = Id and gz~5 given
by _
~ { T, xeQ\V,

RDo®oR(x), 2cQnV. (7.10)

Here @ is defined as in Lemma 30 for g1 = g and g2 = g, where g, g are the functions
describing the boundary in V' of €, (2 respectively, as in Definition 28. Then clearly
¢, € ®,(Q2), where 7 depends only on N,V, M, p. Clearly ¢(2) = Q and ¢(Q2) = Q.

Moreover, ¢(I') =T, hence
Cy W ()] = Co[W ().

Moreover, condition (3.2) is satisfied for any oo > N/2, see Remark 1. Hence assumption
(A) is satisfied. Observe that by (7.9) and by the boundedness of the coefficients A;;,

(¢, ) < c (Vo — VP +[Aod— AogP)dz <c|2A Q. (7.11)

/{xeﬂzas(z);éé(x)}
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By [13, Theorem 3] the assumption of Theorem 25 is satisfied for the space Vo = CR°(Q)
for some 2 < ¢ < co. Thus by Remark 26 the operators L, L and L satisfy properties
(P1) and (P2) for some 2 < qp < oo and v = N(qo — 2)/(4qp). Thus statement ()
follows by Theorem 13 (i) with p = go/(go — 2). Moreover, Theorem 20 (i7) provides
the existence of orthonormal eigenfunctions ¢ [Q2, I'] satisfying estimate (5.24) with s =
[q0/(q0 — 2)]max{2, N(go — 1)/qo}. By Lemma 22 the functions ty[Q, '], 1;[Q, T] are
bounded, hence by (7.9)

[4[92,T] 0 ¢ — [, T] 0 Gll72(0, [Uk[Q, T 0 ¢ — [, T 0 G720y < €l 4 Q. (7.12)

Thus statement (ii) follows by estimates (5.24) and (7.12).

Finally, if A;; € COYRY), Q,Q € cy 1(V R,p) and T is a connected component of
99, by Troianiello [26, Thm. 3.17 (ii)] the operators L and L satisfy the a  priori estimate
(6.2) on Q and Q respectively. Thus by Theorem 24 the operators L, L and L satisfy
properties (P1) and (P2) with gy = oo and v = N/4, and the result follows as above. O

7.2 Global normal perturbations

Let © be a bounded domain with C? boundary. By the Tubular Neighborhood Theorem
there exists ¢t > 0 such that for each z € (9Q)! := {x € RV : dist(z,09) < t} there
exists a unique couple (Z,s) € 9Qx] — t,t[ such that = T + sv(Z); moreover, T is the
(unique) nearest to x point of the boundary and s = dist(z, 9§2). One can see that, by
possibly reducing the value of ¢, the map = — (Z, s) is a bi-Lipschitz homeomorphism of
(0Q) onto 9O x| —t,t[. Accordingly, we shall often use the coordinates (Z, s) to represent
the point z € (9Q)*.
In this section we consider deformations Q of Q of the form

= (Q\ () U{(z,s) € (0Q) : s < g(z)} (7.13)
for appropriate functions g on 0f2.

Definition 31 Let 2 and t be as above. Let 0 < p < ¢ and M > 0. We say that the
domain € belongs to the class CA”}[’l(Q,t,p), m =0 or 1, if Q is given by (7.13) for some
C™1 function g on Q) which takes values in] —t + p,t[ and satisfies |glm1 < M.

Given I' C 99 and Q € Cﬂ’l(ﬂ, t,p), the set [ ¢ 9Q where homogeneous Dirichlet
boundary conditions are imposed, will be given by

I ={(z,9(z): TeT}. (7.14)

Theorem 32 Let Q2 be an open set of class C? and t > 0 be as above. Let T' be an open
subset of 02 with Lipschitz continuous boundary in 0S2. Then there exists 2 < qp < ©
such that for any r > max{2, N(qo — 1)/qo} the following statements hold:

(i) There exists c1 > 0 such that

Sl

n=1

1 1

r 1/r . g3
< QA Q| o (7.15)
for all Q € ng(Q,t, p) such that, | A Q| < ¢t where T C Q is given by (7.14).
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(ii) Let N[, T be an eigenvalue of multiplicity m and let n € N be such that A\[Q,T'] =
M T] = = Xam—1[Q T, There exists ca > 0 such that the following is true:
if Q € C?\)Il(Q,t,p), Q2 Q] < cgl, and T C O is given by (7.14) then, given
orthonormal eigenfunctions V[T, ..., Ynym-1[Q T, there exist orthonormal
eigenfunctions ¥n[Q, T, ... Yngpm—1[Q, T such that

0—2

[4n[2, 1] — ¢n[~7f]’\L2(QuQ) < el a o
Moreover, if in addition A;; € CH'(RN), Q € C}V’[l(ﬂ,t,p) and I" is a connected compo-
nent of O then statements (i) and (i) hold with gy = cc.

Proof. The proof is essentially a repetition of the proof of Theorem 29: the transformation
® is defined as in Lemma 30, with 0 replacing W and curvilinear coordinates (Z, s)
replacing the local euclidean coordinates (Z,zy). O

8 Appendix

In this section we briefly discuss how Theorem 8 can be used to obtain stability estimates
for the solutions of the Poisson problem.

Theorem 33 Let (A) be satisfied. Let the operators L,L.L satisfy (P) and Q satisfy
the interior cone condition. Let f € L>(R™) and let v € W, € W be such that

{ (L+1v=f, in¢(Q), 51)

(L+1)o=f, in o).

Let s = [qo/(qo — 2)] max{2,a + 2v}. If N > 3, then there exists ¢ > 0 depending only
on N,7,a,c*, qo,C,7v,Q such that

lo = 2 oy < (DI + 828 DI Lz + 11 0 6 = 0 il

where D = {x € Q: ¢(x) # ¢(x)}. The same is true if N = 2 provided |D|'/N is replaced
by [D|27¢, € > 0.

Proof. Observe that
(8.2)

S

(H+1)(vog)=fog, in,
(H+1)(@0¢)=fop, i,
hence
lvod—0dl2) < lIfod—fodlram+IIH+D = (H+1)|fodll ). (83)
By proceeding as in the proof of Theorem 20 one can easily see that
1o =Bl 2 g @yuae))
<c <HU 0 ¢ —vog|r2ay + 50¢—170dl2q

H|fod = fodlle +I(H+1)" = (H+1)Y|fo <Z3!!L2(Q)-) (8.4)

30



By the Sobolev embedding it follows that if N > 3

[vod—vodlL2y T0d—170d|2q
< /D" (|[ull 2@ + [ Vullz2)) < DIV £l r2@way.

The same is true for N = 2 provided |D|'/V is replaced by \D\%_E, e > 0. Moreover by
Theorem 8 it follows that

I(H +1)7" = (H + )71 0 bll2() < eds(, Il 2wy
Thus, the statement follows by combining the estimates above. O

We now apply the previous theorem in order to estimate ||u — |, (u@y Where u, @

are the solutions to the following mixed boundary valued problems and Q) is either a local
perturbation of € as in Section 7.1 or a global normal perturbation as in Section 7.2:

Y g (@) ge) = £, inQ,
v=0, onT, (8.5)
Z,J lAwaaa?Vz—O on OO\ T,

~EN 2 (A@) ) = £, i
©=0, on T, (8.6)

ij 1A”88£‘1/Z—0 on 0N\ T.

1/2
Ms(s) = sup (/ |f] d:n) .
ACRN

[A|I<s

For any s > 0 we set

The next theorem is a simple corollary of Theorem 33 and inequality (7.11).

Theorem 34 Let Q,Q,T,T be either as in Theorem 29 or as in Theorem 32. Then the
following is true: there exists 2 < qo < oo such that for any v > max{2, N(qo — 1)/qo0}
there exists ¢ > 0 such that if |QAQ| < ¢! then

N ~ 90=2 ~
|W—wp@m3cQﬂamwwmmmm+ﬂwwﬂam0. (8.7)
Moreover, if in addition A;; € COYRN), 0,Q e C and T is a connected component

of 092 then estimate (8.7) holds with qo = 0o
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