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INTRODUCTION

Let H be a second order elliptic operator acting on a domain Q = R”.
There has been a lot of work on the stability of the spectrum and the
resolvent of H under various sorts of perturbations. Perturbations of the
Oth-order term are well studied. See for example [ 7]. There are also several
results on perturbations of the higher-order terms. Classical perturbation
theory can be applied in the case of uniform or asymptotic perturbations
(see [5]). P. Deift [4] has obtained results for measurable perturbations
in the context of scattering theory. More recent results ([3]) deal with
boundary perturbations. In this paper we study L”-perturbations of the
second-order terms.

We work on a bounded Euclidean domain Q < RV which we assume
initially to have a C' boundary. The operators involved are uniformly
elliptic with real measurable coefficients and satisfy Dirichlet boundary
conditions. We first prove eigenvalue stability, but our main aim is the
stability of the resolvent in trace classes.

If one is only interested in the fact of convergence rather than controlling
the rate, then a simple approach based upon the monotone or dominated
convergence theorem exists. However, quantitative control by such
methods is not possible.

We emphasize the fact that we deal with operators with measurable coef-
ficients. If one restricts attention to the smooth coefficient case, then
standard methods of perturbation theory involve assuming uniform bounds
on the first derivatives of the coefficients. Such bounds are not needed in
our approach and are not always available in applications: apart from
being more general, the measurable coefficients hypothesis is necessary for
the study of the heat transport in a body with randomly distributed
impurities. In particular we study the asymptotic form of the heat diffusion
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in a uniform medium containing a large number of impurities each of small
volume; see Proposition 16.

We make use of a formula of Deift [4] that was used in the late seven-
ties in scattering theory. Our main result is Theorem 9, where we establish
Lipschitz continuity of the resolvent in trace ideals as the coefficients vary
in L? spaces. It turns out that the proof depends heavily on L” bounds on
the gradients of the eigenfunctions of the operators involved. Such bounds
are available from [ 6] and that is where boundary regularity is needed. We
show that the C' condition on the boundary can be weakened to a
Lipschitz condition. In the last part of the paper we apply our main results
to examine how the heat transport in a body is affected by small impurities.
Finally, we identify the limit operators that describe the heat diffusion
when the conductivity of the impurities becomes infinite or zero and we
study the latter.

In a paper that will appear soon, we shall generalize these results in three
directions: we shall be working on Riemannian manifolds, with weighted
Laplace-Beltrami operators and Neumann and mixed boundary conditions.

THE TECHNICAL SETTING

Let Q cRY be bounded with a C' boundary. For a positive definite
matrix a = {a;(x)} dependlng measurably upon x € 2 we denote by H, the
self-adjoint operator on L*() given formally by

= =T g {5

subject to Dirichlet boundary conditions.
We assume from now on that H, is uniformly elliptic, so that defining

d Wi Q) - eNa LXQ), df=V]f,

we have
H,=d*ad. (1)

Equivalently, fe Dom(H,) if and only if fe Wy*(Q) and there exists
he L*(Q) such that

f an-v¢dx=j hpdx  all §e WEHQ) (or CH(Q))

in which case we define H, f=h.



304 G. BARBATIS

It is well known that such an operator has a discrete spectrum 0 < 4, , <
J2.a<23,< --- and that there exists a complete orthonormal set of eigen-
functions {¢, .}, Ho¢no=72naPna-

We also set R,=(H,+ 1) ~'. Finally, for any symmetric matrix w defined
on 2 and bounded away from — oo and + oo we denote by Q,, the quad-
ratic form

0.(f. 8)=| wVf-Vg dx

with Dom(Q,,) = W% Q) so that, in particular, Q,, is the quadratic form
associated to H,,.

We quote from [6] the following regularity result, which will turn out
to be crucial for our results. See also [8, p 90] for a proof of the fact that
the C' condition is sufficient.

THEOREM 1. Let Q < RY be bounded with a C' boundary and let H, be
uniformly elliptic on L*(Q). There exists a Q, 2 < Q < o, depending only on
the ellipticity constants of H, such that for any 2 <q< Q the equation

Hu=f
with fe LNYN*9 has a unique solution ue Wy ¢ and

el wro < €| f I g+ 0)- (2)

In fact, O depends only on the ratio of the ellipticity constants of H,,.
When the ratio is very large Q is close to 2, while for a ratio very close to
one Q is close to + oo.

EIGENVALUE STABILITY

In this section we show how a simple application of the min-max prin-
ciple yields stability estimates for the eigenvalues of a uniformly elliptic
operator when the coefficients vary in L” spaces. We shall need the
following

LemMmaA 2. Let H be a positive self-adjoint operator with compact
resolvent and let Q be the corresponding quadratic form. If 2, <, <Ay < ---
are the eigenvalues of H, then for any ke N

k k

Y Aa=inf 3 O(f,) (3)
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where the infimum is taken over all orthonormal sets {f\,.., fi}<
Dom(H'?).

Proof. 1Tt is clear that the left-hand side in (3) is larger than the right-
hand side. Let {¢,} 7, be a complete orthonormal system of eigenfunc-
tions of H with Hp,=1,¢,. Let {f,}%_, be an orthonormal subset of
Dom(H'?) and write

fn: amn¢m5 n= 1’ (] k'

1

T s

Then

k X

Y 0= X lawml® i,

n=1m=1
and the result follows since the orthonormality of { f,} implies

k

Z | nm|2 . I

n=1

Let H,, H, be uniformly elliptic. By ¢, we shall denote any constant that
depends only on the ellipticity constants of H,. More generally, if w is any
scalar- or matrix-valued function on 2, a subindex w shall indicate
dependence only on ||w||,, and ||w !

We have the following

THEOREM 3. There exists a number P=P,,, 2 <P < + oo, such that for
all p> P and all ke N we have

k
Z ln,b - )”n,a

n=1

gCp,{/,b ‘|b_a‘|pkl+2/N+l/l" (4)

Proof. From the lemma we have

Z(: Qa(¢n,a)=i /‘Ln,ug Z Qa(¢n,h)’

n=1 n

S Ouldns) = 2 nsz (o).

n=1 =1
Subtracting we get
k

Z thu(¢n,b)< Z ;Ln,b_ n, Z Qh a ¢na (5)

n=1 n=1
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and hence

k
Z in,b - )"n,a

n=1

Z Qh u na

n=1

Z Qb a nb)

n=1

< max{

|

< 2 Q) +105 b0} (6)

n=1

Denoting by ¢, either ¢, , or ¢, , we have for any 1 <p <0

|Qb7u(¢n)|: o (b_a) V¢n'v¢n dx

< Hb—Cal Hv¢n H%p’ (7)
where p' =p/(p—1).

If the constants Q,, Q, are as in Theorem 1 and we set Q,=
min{Q,, 0,}, then (2) implies

Hd¢)1 Hqgcqin H¢}1HNq/(N+q)a all q< QO' (8)

Now, it is a standard ultracontractivity result (see [ 2, p. 63]) that for any
2 <5< oo the semigroup e~ maps L? into L*® and in fact

=ttt £l < et No=DA il felL?, (9)
In particular

1,11, < ceroig s =25
so that optimising over ¢ >0 we conclude that
I, Nl < eAye=2 2<s< 0.
It follows from (8) that

ldg,, ||, < c AN +27200Rall g < Q (10)
and so
Hd¢nH2p'gcpii1l/2)+(lv/4p), au p>P (11)

where P is such that 2P' = Q,,.
Since 4, <c¢, ,n*™, (11) implies

(1/N)+(1/2P)
b

Hd(pn H2p’ < cp,a,bn all p> P.
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It follows that

k
<C[J,a,be_aHp z n(Z/N)+(1/p), all nEN

n=1

k
Z ;“n,h - j'n,a

n=1

which proves the theorem since

k
Z n(z/N)+(1/P)~k1+(2/N)+(1/l7) as k— oo. I

n=1

Here and below, the symbol ~ indicates that either the ratio of two
quantities converges to one, or that it is bounded away from zero and
infinity. The meaning intended will be clear from the context.

Standard perturbation theory arguments can also be used to estimate the
differences 4, , —4 and one can prove that there exists Pzpa’b such
that

n,as

1At = Zomal S Cpoap |0 —al|, n &N+, all p>P.

p.a,b
This, of course, implies (4) with P replaced by P.

This theorem says a lot about the stability of eigenvalues, but there are
further questions that one can pose. In our main theorem we establish
stability of the resolvents in trace classes. Such a result not only implies
eigenvalue stability, it also yields stability of the spectral projections and,
hence, of eigenspaces and eigenfunctions.

PRELIMINARY RESULTS

In order to compare the resolvents of two operators we shall need the
following well known result, a proof of which can be found in [4].

PROPOSITION 4. Let T: # |, — H, be closed and densely defined. Let
H=T*T, F=TT*. Then Sp(H)u {0} =Sp(F)u {0} and if u¢Sp(H),
u#0, then

(1) pH+p) "+ T*F+p) 'T=1

(ii) (F+u) 'T=T(H+pu) !
and dually

(i) WF+p) "+ T(H+up) " 'T*=1

(ii)’ (H+u) "\ T*=T*(F+pu)~".
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Moreover, u#0 is an eigenvalue of H if and only if it is an eigenvalue of F
and if so the two multiplicities coincide.

Note that not only we may have 0 € Sp(F) while 0 ¢ Sp(H), it may also
be the case that Ker(F) is infinite dimensional. This will turn out to be an
important feature of this problem.

Equation (12) below is an analogue of the resolvent formula

(A4 V) "= (=A44Vy) "= —(—A4+ V) " (Vi=V)(—A4+V,) !
which is useful for the study of Oth-order perturbations. We set
r,=a?d: LA(Q) > @ LA (Q),
so that H,=r}*r, by (1), and define

F,=r,rf: @LA(Q) > DLAQ).

LEMMA 5. There exist partial isometries U,, U,: L*(Q) - @ L*(Q) such
that

R,—R,=U¥G(F,)b"*(b="—a"")a'?G(F,) U, (12)
where G(t)=t"?/(t+1).
Proof. From Proposition 4 and we have
R,—R,= —r}F,+1)"'ry+r¥(F,+1)""r,
—d*[(dd* +b~") "' —(dd*+a"")"']d
=d*dd*+b") "' (b'—a " ")Wdd*+a")"'d
=r}F,+ 1) "0 —a Y d"A(F,+ 1) r,.

Using polar decomposition we can write r,=|r¥|U, and observe that
lr¥=F,"2 1
a .

a

As we shall see later, the fact that G(0) =0 is crucial, in view of the fact
that the kernels of F, and F, are infinite dimensional.
For 1 <r< oo let ¥ denote the trace ideal

¢ ={AeB(L Q)| tr |A|"< w0}
normed by

Al = (tr 4]
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or, equivalently,

4]l = {z ﬂn(A)r}l/r (13)

where {x,(A)} are the singular values of 4.
Lemma 5 yields at once the following

COROLLARY 6. For any r > N/2 there exists a constant c,,, such that

HRh_RaH%"‘SCr,a,be_aHoo' (14)
Proof. Using Holder’s inequality for trace ideals, we have for any
I1<r<oo,

IR, = R\, < NG(FW) o, 16207 —a™ a2, | G(F,)]

Since G(0) =0, Proposition 4 and (13) imply that

IG(F ), = <ZG >/

where {1, ,} are the eigenvalues of H,. Since A, ,~n*" as n— oo, we
conclude that ||G(F,)||, < oo if and only if r > N, and the same holds for
|G(Fp)l, - (14) follows if we note that

1626 —a"")a' 2|, <cpllb—al... 1

What we are interested in is to obtain estimates of this type but with the
L” norm being replaced by some other L” norm, with p being as small
as possible. See Proposition 16 for a physical interpretation of this
requirement.

A NEGATIVE RESULT

Before continuing, let us see why a certain approach which seems,
probably, more natural and efficient does not actually work in the problem
we are interested in.

A theorem of Birman and Solomjak [1] asserts that the eigenvalues
{1} of H, satisfy

—2/N
zn~cN{jQ(deta‘)'/2} N as n— o (15)



310 G. BARBATIS

so that, in particular,
}w?l < CNH471 HN/2 n*".

Hence, for any ¢ > N/2,

ol - P 1/q
IH g={X 4,

1/q
<oy Hail HN/Z <Z nzq/N>
n

:CN,q”a_lHN/2' (16)

If the map @ '+ H_'=(d*ad) ' were linear, which seems as though it
could be in view of What the formula

(Hy+p) ' = (H,+p) " '=d*(dd* +ub~") "' (b~ —a ')(dd* +pa~")""d
looks like as i — 0, then we would conclude that
IH, ' —Hy y<c b~ —a iy all g>NJ2,

a much better result than Theorem 9 in that the range of the parameters
is better and no regularity of the boundary is needed. However, we have
the following

LeMMA 7. The map a '+ H,; ' is not linear.
Proof. For u>0 we have
(Hy+p) ' = (H,+p) ' =UFG,(F,) b'"* (b~ —a"")a'*G(F,)U,

where G (1) =1"?/(1 + p).
Defining P,: @L*— @ L* by

if feKerF,
P
of = {"”f if feKer(F,—A,)

we can easily check that
HG,u(Fu)_PuH_)O as ,u_>0
and conclude that

Hy'—H'=T¥b'—a )T, (17)
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where T,=a'?P,U,. Replacing by kb, ke N, and observing that 7, =T,
we have

Hy —H'=Th(k D' —a )T

a

:kilTh*bilTa_Tb*ailT

a

and letting k — o0
H '=Tpa 'T,=Ta 'T

a

where T'=: T,. Now, suppose that 7', does not depend on «. Then

T,TF is independent of a
=a'?P2a'"? is independent of a
=P2=qa""?Qa" ">, some Q

=a" "2 Qa"'?*f=0, all feKer F,
= Qg=0, all g such that d*ag=0

which is a contradiction. |

RESOLVENT STABILITY

To prove our main result, Theorem 9, we need some trace estimates for
operators of the form VG(F,) acting on @ L*(Q).

Let 2 <p < oo be a parameter. We think of Sp(F,) as a measure space
with each eigenvalue 7, , carrying a weight 1277 xm(4,, ,), where m stands
for the multiplicity of the eigenvalue, while to 0 we asign weight + oo
reflecting the fact that Ker(F,) is infinite dimensional. Associated to this
discrete measure space are the corresponding /¢ spaces, 1 < ¢ < oo, defined
by

n, a

‘n,a

1= {GsSp(F) <RI G0)=0. TG4, ) i <ox [ 1<q<0c

and

17 ={G: Sp(F,) > R |sup|G(4,.,)| <o}

n

We shall denote the corresponding norm simply by || - ||, although it also
depends on « and p.
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LEMMA 8. Let V¥V be a measurable matrix-valued map and
G: Sp(F,) —» R. There exists P,< oo such that for p>P, and 1 <r< oo,
VelL!(Q) and Gel*(Sp(F,), )f:'/”) imply VG(F,) e 6¥(LX(RQ)) and

IVG(F )2 < Cpal Pl G20

Proof. 1Tt is enough to prove the result for r=1, co since we can then
use interpolation. The case r = oo is trivial.

Let {¢, .} be a complete orthonormal system of eigenfunctions of H,,
say Hp,.a=2p.a®no. Then

lpn,az: /Ir:i/2ra¢n’ HEN

is an orthonormal system in @ L*(Q) that satisfies F ¥, , =1, V., and
spans (KerF,)*. Since G(0)=0, we have

IPG(F)I3=3 IVG(F) ¥4l

n

= G A )1 P03
<717 Y16 )P Wil 3pp—2)

< ca” VH; Z |G(/’Ln,a)|2 j'r:ul H d¢n,a ng/(pfz)'

n

Setting P,=20,/(Q,—?2) it follows from (10) that
”dgbn a ”21’/ (p—2) \ ,uj‘}(ft,,)u+ N)/2ﬁ5 all p > Pa
and we conclude that

IVG(F)3<c, VNS 1G(A, 0)| 20

n

pa

as required. ||

Now we can prove the following

THEOREM 9. There exists P, satisfying 2 < P, < oo and depending only
on Q and the ellipticity constants of H, and H, such that if

(1) p>P, (18)
and

(i1) r>—+g, (19)
p
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then
”Rb_RaHrgcp,r,a,b”b_aupr/Z' (20)

Proof. We may assume that W=:b—a>0 and hence write W= V>,
since otherwise we can write W=W_—W_ and use the fact that
RIS

For any 1 <r< oo we then have from Lemma 5

IR, — R, <IG(F,) b~ "2V, [ Va=*G(F,)|
so that if p > P,=: max{P, P,}, then

HRI) - Ra“r g Cp,a,b“ V”2 HG(Fb)”Zr ”G(Fu)HZV

pr

by Lemma 8. We have G(0) =0 and, in fact,

HGH2r< o0 <:>Z |G(A‘n,a)|2r Al;;\//p <

©Z ;V’:;'-*—(N/p)< 0

n

o Y pNErE W) < o

n

1+l<r
- e
2 p N

which proves the theorem. |

Remark. 1f the boundary 092 and the matrices a and b are sufficiently
smooth, then the constant Q in Theorem | can be taken to be equal to
+ oo. This implies that the index P, in the Theorem can be taken to be
equal to 2 in that case.

Remark. 1f we do not make any regularity assumptions on 0€2, then a
variation of Theorem 1 exists (Theorem 2 of [ 6]) that involves local rather
than global Sobolev estimates. Hence the conclusion of Lemma 8, and
hence of Theorem 9, is still valid under the additional assumption that the
difference b — a has compact support in €.

Our theorem establishes the Lipschitz continuity of the map

L"?sa+— R, 4"

when p and r satisfy (i) and (ii) and the L® norms of the matrices ¢ and
a~' are bounded away from infinity. It is possible however to improve the
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range of both parameters p and r at the cost of replacing Lipschitz
continuity by Hdélder continuity.

COROLLARY 10. If p, r, s and y satisfy

N N N r(2s—N)
> P,, >—+—, —<s<r, <— 21
P 0 : 2+p 2 S=r 4 s(2r—N) 21
then there exists a constant ¢, , ., ., < 0 such that
HR/) - Ru”s < Cp,r,x,y,u,h Hb - a“ ?l‘"//["‘ (22)
Jor all 1 <t<pr/2.
Proof. From (17) we have
IRy, =R, <Chuns all ¢g> N/2. (23)
Interpolation between (20) and (23) yields
HRZ7_RuHS<Cp,r,S,y,a, b ”b_aH[/;r/Z (24)

and the result follows if we apply the formula
laall , < Nall 2= ] 77

which is valid for all 1 <t<p. ||

From the above estimate we can immediately obtain stability estimates
for the eigenvalues: let {4,,}, {4,,} be the eigenvalues of H, and H,
respectively.

COROLLARY 11. Ifp,r, s, y and t are as in Corollary 10 then

1/s
<Z |)‘n,b_)"n,a|sn43/N> <cp,r,s,a,b Hb_aH%l;'/pr. (25)
n

Proof. This follows from the fact that if 4, B are any two compact
operators acting on a Hilbert space #, then

1/s
<2 |un<A)—un<B)|~*) <IA=Bl )

where {u,(A4)}, {u,(B)} are the singular values of the operators. See
[9, p.20] for a proof. |
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A comparison of Theorem 3 with Theorem 9 is natural. First, we note
that the constant P of Theorem 3 is equal to P,/2, where P, is as in

Theorem 9.
Hence, while (4) says that

k
Z A‘n,b - ;Ln,a

n=1

<clb—al, k' TP Gl ps Py,

from (25) we have

k
Z |;Ln,h_/1n,a| <C Hb_aHpr/Z k1+(1/N)*(1/")

n=1

whenever p > P, and r > N/2 + N/p. Choosing any p > P, and

N N
r=-+—+¢
2.p

(27) gives

k
Z |}“n,b_ln,a| <c Hb_aH(pN/4)+(N/2)+skl+(1/N)7(ZP/N(2+[,))+S

n=1

while (26) for ¢g=pN/4 + N/2 gives

Je1 +(2/N) + (4/pN +2N)

k
\
z }“n,b - A‘n,a

n=1

<clb—al (pN/4) + (N/2)

Interestingly enough, one observes that

4 2p 2 4
l4—————=14+—+——,
N NQ2+p) N pN+2N

so that, in some sense, the two methods yield equally good results.
However, while (26) has the disadvantage that it involves first summing
and then taking absolute values, it is better in that ¢ can be smaller than
pr/2 in (27) and in that it does not produce the factor ke that (27) gives.

LipscHITZ DOMAINS

One of the assumptions of Theorem 9 was that the boundary 9Q is C.
At the cost of a larger P, it is possible to replace that hypothesis by a

weaker one.
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DerNITION.  Let D <R”™ be bounded. We say that Q has the global
Lipschitz property if there exists m: D— R”™ bi-Lipschitz such that
n(D)=: D has a C' boundary.

Suppose that Q is globally Lipschitz. There are two ways to proceed.
One is to establish W' ? bounds on the eigenfunctions of the operators
using Lemma 12 below and then proceed as before to prove Theorem 14,
The second, which we follow, is to make use of Theorem 9. In both cases
the proof is based on the fact that uniform ellipticity is preserved under
globally Lipschitz transformations.

Let M,, M, be the two Lipschitz constants of Q:

1
o7 ISl —m()| <M Iy =yl all xpe
2

For xe Q set ¥=n(x) and for a function (or a matrix) f'e L, () define f
on 2 by

AX)=f(x), all xeQ.
Let Jr, Jr ~! be the Jacobian matrices of m and 7 ~! respectively, so that

[zl <My, |z =, <M, (28)
and

Idet (Jr) ||, <eM{Y,  |det(Ja =" )|, <eMY. (29)

Using (28), (29) and the chain rule one can easily check that for
I<p<o
fe W (Q) < Je W' (@)

and

MM, 1A, < Iflh,<eM M7|fl,,. (30)

The following lemma describes the operator on L*(Q) induced by H,,.
Set 6, = |det (Jrr)| ~ L

LemMmA 12.  Define the matrix a, on 2 by

a,=9,(Jn)* a(Jr).
and set 4=d,. Then
feDom(H,) < fe Dom(H,)
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and if fe Dom(H ) then

H,f=(6.H.,f). (31)
Proof. First we note that H, is uniformly elliptic and in fact
lall . <107l 12112 lall. (32)

la=" o < U0 oo 12112 la ™" (33)

It is enough to prove the one implication since the statement is sym-
metric. So, let fe Dom(H,), H,f=h. Then

j an-v¢dx=j he dx, all $eC(Q)
c»j a,(Jn) "' Vf- (Jn) "' Ve |det(Jn)|dx=J hpdx, all peC(Q)

©j~alvf- Vq?dx:j~ 5 T ds, all $eCH(Q)

and the result follows since ¢ € C*(Q) implies ¢ e W' *(2)c WL Q). |
If for g € L¥(Q) we define ¢ =5 ,g e L*(Q), it follows from Lemma 12 that

(R,g)~ =R;8,  all gel*Q) (34)

LemMA 13. For any 1 <r< oo we have
HRh - Ra” r < CM{V/ZMSN/Z HRl;i R&Hr'
Proof. For any ge L*(Q) we have
I(R,—R,) gl <cM?|{(R,—R,) g} ~ |
=cM3P|I(Rs—R,) &l

and so

H(Rb - Ra) gH < CMIN/2M23N/2”(RE _ARﬁ) gH )

I gl €1

Since g ¢ is invertible, for any subspace L of L*(Q) we have
dim L=dim {g|geL}

and so the lemma follows from (35) using the min-max theorem. ||
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THEOREM 14. There exists Py <o, P=P,, ;., such that if

(i) p> P,
and
(i) A
il F>—4—
2
then

HRb - Ra H r < Cr,p,u,h,Jn Hb - a“pr/Z'

Proof. This follows directly from Lemmasl2 and 13 and
Theorem 9. |

COROLLARY 15. Corollaries 10 and 11 are also valid if Q is globally
Lipschitz.

APPLICATIONS AND A LiMIT CASE

A typical application of the above results examines how the heat diffu-
sion on a body is affected by the existence of impurities of different conduc-
tivity. Using Theorem 14 we establish spectral stability as the impurities
become small in volume.

Let Q<R” be bounded with a globally Lipschitz boundary. Let H
denote the Dirichlet Laplacian on £ so that if 2 is homogeneous of con-
ductivity one, then the Dirichlet heat diffusion is discribed by the equation
Ou/0t = — Hu.

Now suppose instead that there are disjoint connected sets S, < Q, k=1,
2, ..., r, of conductivity a, # 1. Then the heat equation becomes

ou
= H 36
a[ llu ( )

where a(x) is the scalar matrix given by

{1 if xeQ\U S,

a(x) = if xeS,.

93

Set S=US, and let |S| denote the Lebesgue measure of S. From
Theorem 14 we immediately deduce the following

ProPOSITION 16. For P, p and r as in Theorem 10, we have

|R— R, <c(max |1 —o ) S| (37)
k
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Note that the fact that p in (16) can be strictly smaller than + oo is
crucial in establishing stability of the resolvent as S shrinks to a set of
measure Zero.

For the sake of simplicity we assume from now on that
G=0,= - =, =:a>1.

ExamPLE 1. Suppose that there are M disjoint balls B(u,, p), k=
1,.., M, with centre u, and the same small radius p. The following
expresses the intuition that the effect of many small randomly distributed
spherical impurities depends upon balancing the number M against the
radius p: if P, is as above and we fix r > N/2, then

IR=R,[,<c|l—alo(l) as p—0

)

provided M =o(p

ExamPLE 2. More detailed information can be obtained if we are only
interested in eigenvalue stability. If {4,}, {4, ,} are the corresponding
eigenvalues, equation (5) and a simple argument yield

Ogﬂ“n,u_}'ngz(a_ 1) ‘[S (|V¢l |2+ EER |V¢;1|2) dx (38)

where {¢,} are the eigenfunctions of H.
This estimate can be improved if additional information is available. If
Q is regular enough so that |[V¢, ||, < oo, 1 <k <n, (38) gives

0<Apa=2n <2 =DV 157+ -+ + [V, [ . *)IS]. (39)

If we assume that S shrinks uniformly in the sense that it is contained in
the ball of fixed centre x, and radius €, then taking the Taylor expansion
of ¢, around x, yields the asymptotic inequality

0< A=A <20 =D on([Vi(x0)[* + - + [V, (x,)[*) ™ + O(e™ )

(40)
as ¢ — 0, where w, denotes the volume of the unit ball.

ExaMmpLE 3. Let @ be the unit ball in R"Y and let
S={xeQ]|x|<e}.

Let H, denote the corresponding operators so that H,= — 4. The bottom
eigenvalue A, of H, as well as the ground state can be calculated explicitly
using separation of variables and one can see that

do=lo+ky(l—a= 1) eV 240>V, as ¢—0. (41)
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The constant k, can be explicitly computed: if
Jy)=y" Y ¢.i»y*,  veR
i=0

denotes the Bessel functions of the first kind of order v, then for N odd we
get

kN_V<fV—3>/2
gn(4o)
where
2 .
_(’V,I_Z(’\’,O(’V,z
,=-—nl Tn0m2
vcv,OC—V,O
and
1/2
Jiwv—2p(0"7)  niape

gn(y)=
N J—(N—z)/z(yl/z)

Ao being the first eigenvalue of H, or, equivalently, the least positive
solution of J_,),,(»'?)=0. The result is also valid for N even with the
only difference that the functions J_, must be replaced by Weber’s Bessel
functions of the second kind N,. The reason why we have an ¢V 2 in (41)
and not an ¢” as (40) suggests is that V¢,(0) =0 in this case.

A similar formula can be obtained for higher-order eigenvalues in the
same way. The calculations as well as the results will involve additional
parameters related to the angular momentum of the corresponding eigen-
functions.

DEGENERATE OPERATORS. There are further questions that one can pose
concerning the operators H, above. It is natural to ask what happens when
the constant « converges either to zero or to infinity.

We assume from now on that S is an open subset of Q with locally
Lipschitz boundary and that S < Q. We also set U=Q\S.

For 0 <a < o0, let O, be the quadratic form on L*(Q) associated with
the operator H,, so that

Dom(Q,) = Wy(Q).

Q.(f)=| ax)Vf1Pdx, all xew/?.
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Let O, be the limit of the Q,’s as a« — oo. Clearly

Dom(Q..)={fe Wy*(2)|fis constant on each S}

and

0.(f)=] IVfPdx. all feDom(Q.).

This form is closed but not densely defined. It is however densely defined
if considered as acting on the Hilbert space L*(A4, u)c< L*(Q) where
A=:{o,} U --- U{o,} U U is the measure space defined by

iu(o-k)=|Sk|s k=1,...,l’
W(E) = |E|, al EcU

and one easily checks that the Lipschitz condition implies that the space

7=:Dom(Q,,) " C/(Q)

is a core of Q.

The study of the operator H_, on L*(A) associated to the form Q_, and
its dependence on the S,’s and their relative position is a very interesting
problem which is under investigation.

The case a — 0 is much simpler and in fact the Lipschitz condition on S
can be weakened to the condition |0S|=0. Let O, =1lim, _,, O, so that

Dom(Q;,) = Wy*(Q)

and
0,(f)=] IVfdx. all feDom(Q,).
Let V be the closure in W' %(U) of the set
Vo={flv|feCx(Q)}
and define the quadratic form Q, on L*(Q) by

Dom(Q,)={feL*(Q)|fl, eV}
and

0.(f)=] IVfPdx. all feDom(Q,).

The proof of the following proposition is simple and is omitted:
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ProrosiTiON 17. (1)  Q,, is densely defined and closed and (ii) C (L) is
a core of Q,, and (hence) Q,, is the form closure of Q).

Let H, be the self-adjoint operator on L*(Q) associated with the form
Q,. Formally, one can write
0 0
0x; {aO(X) axz}

(x) = 1 if xeU
D=0 i xes.

H,=-Y

where

Let H, be the self-adjoint operator on L*(U) associated with the quadratic
form Q,, where

Dom(Qy) =V

and

Ouf)=] VfPdx. all fev.

H, is the Laplacian on U satisfying Dirichlet boundary conditions on 0Q
and Neumann boundary conditions on 05S.
In accordance with our intuition we have the following

THEOREM 18. The spaces L*(S) and L*(U) are invariant under the action
of H, and writing

L(Q)=L*(S)®L*(U) (42)

we have
(1) Dom(H,) = L*(S) @ Dom(H ) (43)
(ii) H,=0®H,. (44)

Proof. First, we note that whether or not a function in L*() lies in
Dom(Q,) or Dom(H,) depends only on its restriction on U. Now, let
feDom(H,), H,f=g. Then fe Dom(Q,,) and

j Vf-v¢dx=f gpdx, all $eCH(Q).
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It follows that g|¢=0 and
j VIV dx = f gpdx, all peV, (45)
U U

Since fe Dom(Q,,) implies f|, € V, it follows that f|,€ Dom(H ) and

Hy(flv)=glu- (46)

Conversely, let fe L*(Q) be such that f|,=: f,e Dom(H ), H,f, =: g, say.
Then f; € VV and

ij,-Vqsdx:j gpdy, al peV

which clearly implies that fe Dom(H,) and H,f=0Dg. |
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