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1. Introduction

Let £2 be a bounded domain in R", dg (x) = dist(x, 952), x € £2,and p €]1, ool. If there exists ¢ > 0 such that

p
/ |VulPdx > c/ %dx, forallu € C°(£2), (1.1)
2 2 dQ

we then say that the [’ Hardy inequality holds in §2. The best constant ¢ for inequality (1.1) is called the [P Hardy constant
of £2 and we shall denote it by H,(£2). It is well-known that if §2 is regular enough then the L? Hardy inequality is valid for
all p €]1, oo[; moreover if £2 is convex, and more generally if it is weakly mean convex, i.e. if Adg < 0 in the distributional
sense in £2, then H,(£2) = ((p — 1)/p)P.

The study of inequality (1.1) has a long history which goes back to Hardy himself, see [1]. In the last twenty years there
has been a growing interest in the study of Hardy inequalities, the existence and behavior of minimizers [2,3], improved
inequalities [4,5], higher order analogues and other related problems.

The precise evaluation of H,(£2) for domains £2 that are not weakly mean convex is a difficult problem. There are only
few examples of such domains for which H,(£2) is known and these are only for the case p = 2 and for very special domains
£2. Even the problem of estimating from below H,(£2) is difficult and most results again are for p = 2. One such result is
the well known theorem by A. Ancona which states that H,(£2) > 1/16 for all simply connected planar domains. We refer
to [6,2,5,7-10] for more information on the Hardy constant.
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In this paper we study the variation of H,(£2) upon variation of the domain §2. This problem can be considered as a

spectral perturbation problem. Indeed, if there exists a minimizer u € W(}’p (£2) for the Hardy quotient associated with (1.1)
then u is a solution to the equation
|ulP~?u
dg,

where Ayu = div(|Vu|P~2Vu) is the p-Laplacian. Domain perturbation problems have been extensively studied in the
case of the Dirichlet Laplacian as well as for more general elliptic operators, such as operators satisfying other boundary
conditions, higher order operators and operators with variable coefficients. We refer to the monographs [11,12] for an
introduction to this topic. When studying such problems, there are broadly speaking two types of results: qualitative and
quantitative. The former provide information such as continuity or analyticity, while the second involve stability properties,
possibly together with related estimates. The relevant literature is vast, and we refer to [13-17] and references therein for
more information; in particular, for the p-Laplacian we refer to [18-20].

In this paper we obtain both qualitative and quantitative results on the domain dependence of H,(£2). In Theorem 8, we
assume that 2 is of class C? with H,(£2) < ((p — 1)/p)? and we establish the Fréchet differentiability of H,(¢(2)) with
respect to the C? diffeomorphism ¢. In particular we provide a Hadamard-type formula for the Fréchet differential. For our
proof we make an essential use of certain results of [2], where it was shown in particular that if H,(£2) < ((p — 1)/p)® then
the Hardy quotient admits a positive minimizer u which behaves like d$, near 952 for a suitable & > 0. In fact, in Theorem 6

we also prove the stability of the minimizer u in Wol’p(Q); this is of independent interest but is also used in the proof of
Theorem 8.

We subsequently consider stability estimates for H,(£2). In Theorem 11 we prove under certain assumptions that the
Hardy constant H,(£2) of a C? domain £ is upper semicontinuous with respect to bi-Lipschitz transformations ¢. In
Theorem 12 we consider the stability of the Hardy constant when §2 is subject to a localized perturbation which transforms
it to a domain £2. Assuming that both £2 and £ are of class C* we obtain stability estimates for the L? Hardy constant in
terms of the Lebesgue measure of the symmetric difference £2 A$2. Estimates of this type have been recently obtained for
eigenvalues of various classes of operators; we refer to [21,14,13] and references therein for more information.

We finally note that our results are new also for the linear case p = 2.

The paper is organized as follows. In Section 2 we introduce our notation and prove a general Lipschitz continuity result.
Section 3 is devoted to the proof of differentiability results, the Hadamard formula and the stability of minimizers. In
Section 4 we prove stability estimates in terms of the Lebesgue measure of the symmetric difference of the domains.

— Apt = Hp(R2) (1.2)

2. Preliminaries

Let £2 be a bounded domain (i.e. a bounded connected open set) in R". Given p €]1, +oo[ we denote by Wol’p(.Q) the
closure in the standard Sobolev space W1P(£2) of the set of all smooth functions with compact support in £2.
Ifue Wol’p(.Q), u # 0, we then denote by Rg, [u] the Rayleigh quotient

Vu|Pdx
S-dx
2 dl;)
and we set
Hy(£2) = inf Ro plul. (2.1)

ueWy P (2),u0
If H,(£2) > 0 we then say that the [P Hardy inequality is valid on £2.
It is well known that if £2 has a Lipschitz continuous boundary then 0 < H,(§2) < ((p — 1)/p)? and it has been proved

in [2,3] that if £2 is of class C? then there exists a minimizer u in (2.1) if and only if H,(£2) < ((p — 1)/p)P; moreover, such
minimizer is unique up to a multiplicative constant, can be chosen to be positive and there exists ¢ > 0 such that

cldo(0)* Su(x) < cde(®)®, x€ R, (2.2)
where o > (p — 1)/p is the largest solution to the equation
(0 — D’ '(1 —a) = Hy(£2). (2.3)

Given a Lipschitz map ¢ : 2 — ¢(§2) we define Lip(¢) = [|V@|lio(e). For L > 0 we define the uniform class of
bi-Lipschitz maps
bLip, (22) = {¢ : 2 — ¢(2) : ¢, ¢~V are Lipschitz continuous and Lip(¢), Lip(¢"P) < L}.
In the sequel we shall often use the fact that H,(¢(£2)) depends continuously on ¢. In fact, we can prove the following
Lipschitz continuity result.

Note that in the proof of the following proposition as well as in the proofs of other statements in the sequel, by c, c; etc.
we shall denote constants, the value of which may change from line to line.
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Proposition 1. Let 2 be a bounded domain in R", p €]1, oo[ and L > 0. There exists ¢ > 0 depending only on n, p, L such that
IHp(¢(82)) — Hp(£2)| < cHp(2)[IV — 1o (02), (24)
forall ¢ € bLip;(£2) such that |V — I||o(2) < ¢!

Proof. Let u € W,"(£2) be normalized by [, [ul?/d% dx = 1.Then v := u o ¢~ belongs to W, (¢(s2)). Changing
variables we have

Jo IVVPdy [ [(Vu)(V9) P | det Vpldx

(2.5)

[v|P [ulP

Joo Zo® dy [, T owy | det Voldx
SO

f¢(9) |VU|pdy f |Vu|de

[v|P \Hlp
f¢(9) dz(m(y) dy 2 dl, (x)

_ [ulP| det V|
f_Q(l(Vu)(Vd)) 1P| det V| — |Vu|P)dx — [, IVulPdx (fg e 1) -

[ulP
[ z (¢(X))|detV¢|dx

Using the relation | | det V¢ | — 1| < c|V¢ — I|, valid since |V¢| < ¢y, we obtain after some simple computations that

'I(Vu)(Vd))_l PPldetVe| — [VulP| <c|Vp —1I]-|Vul’. (2.7)

Note that ¢ admits a unique Lipschitz continuous extension on £2. Moreover, if x, y € R" are such that the “open” line
segment |x, y[ is contained in £2, then

165) = 601 = Iy — 21| = V6 — i)y = Xl (28)

Choosing y to be a nearest boundary point to x yields

dg(2) (@) < de()(1+ IV — Ill1o(2))- (2.9)
Hence, using also the normalization, we have
|ulP
/Wmawmz 1—¢|Ve — Il (2.10)
Combining (2.6), (2.7), (2.10) and the normalization we conclude that
Ryy[v] < (1 + ¢V — 1|0 (2))Re[u], (2.11)

provided [|[V¢ — I||1(g) is sufficiently small. Hence H,(¢(£2)) < Hp(£2)(1 4 c||[V$ — I||1o(2)). Replacing £2 by ¢(§2) and
@ by ¢~V we obtain H,(£2) < Hy(¢(£2))(1 + c[|(V$) ™! — I|[10(2)). Inequality (2.4) then follows. O

3. Differentiability of the Hardy constant

Let £2 be a bounded domain in R" and ¥ a Lipschitz continuous map from 2 to R". In the sequel by ¢; we shall denote
the map from £2 to R" defined by

¢t:I+tW7

where t € R and [ is the identity map. Clearly, there exists T > 0 such that for any t €] — T, T[ the map ¢, is a bi-Lipschitz
homeomorphism from £2 onto ¢;(£2), and ¢ (082) = 3¢, (£2).
Given a homeomorphism ¢ from £2 onto ¢(£2), we set

Valg. v10) = dyloy (Vdg) @) - (¥ 09" ®) — ¥ 0 9P (1h2)) » (3.1)

forall y € ¢(£2) such that dy ) is differentiable at y. Here and in the sequel, by t4x we denote the nearest point of dA to x,
which is unique for almost all x.
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Lemma 2. Let £2 be a bounded domain in R", p € [1, oo[ and  a Lipschitz continuous map from R toR™ Let T > 0 be such
that ¢ = I + t is a bi-Lipschitz homeomorphism from $2 onto ¢,($2) forallt €] — T, T[.
Let ty €] — T, T[ be fixed. The following statements hold:

(i) There exist ¢, sp > 0 such that
1) s Prors@) = d ()P ] < cdf ()65 (1] (32)

forallx € 2 and s €] — sg, Sol.
(ii) If x € 2 and d%(m is differentiable at ¢y, (x) then the map t — dsst(sz)‘ibt (x) is differentiable at ty and

d

1 BP0 = P By (VL 1 0. (33)

Proof. It suffices to give a detailed proof only for the case p = 2, since the proofs of (3.2) and (3.3) for p # 2 can be
immediately deduced from the case p = 2 combined with inequality (3.9) below.
Letx € £2 and b € 92 be such that d¢t0(m¢>t0(?€) = [Py, (X) — ¢y (b)|. Forany s €] — T — to, T — to[ we have

B2 Pro+s(X) = N [y 1500) — iy 15(@) |
[Py+s(X) — ¢t0+s(b)|2
= |y (X) — o (b) + (¥ (x) — Y (b))
=}, (2P0 + S 1Y) — YD) + 2560, (%) — o (D)) - (Y (x) — Y (b)). (34)
Note that there exists ¢ > 0 such that
W@ — Y b)] = [Y @y " (%) — ¥ (b V(9 (b))

IA

=< C|¢l‘0(x) - ¢I‘0(b)| = Cd¢[0(.(2)¢to (x) (3'5)
for all x € £2. Let b; € 952 be such that
gy 15(2)Pro+s(X) = [Prg+s(X) — Proys(bs)|. (3.6)

Then we have
dit0+s(g)¢to+s(?<) = Ity () — iy (bs) + s(¥ (X) — ¥ (b)) ?
> @2 ()P0 (%) + 2561, (0 — iy (b)) - (W () — W (b)) + 5 1Y(x) — Y (o). (3.7)
Note that there exist sg, ¢ > 0 such that

W X) — Y b = 1Y (D2 (ProrsX))) — Y (D2 (Pross (b))
C|¢t0+$(x) - ¢[0+S(b5)|
= Cd¢t0+s(9)¢tg+s(x) (3.8)

forall x € £2 and s €] — s, So[. Moreover, possibly replacing s, by a smaller value, there exists ¢ > 0 such that

IA

¢ gy @Bty (%) < gy @) Pro4s(X) < Cy (@)t (X), (3.9)

forallx € £2 and s €] — sg, So[. Indeed, the second inequality in (3.9) easily follows by applying (2.9) with £2 replaced by
&1, (£2) and ¢ replaced by ¢4 o ¢[(0_ V. the first one follows similarly from (2.9).

From inequalities (3.4)-(3.9) we easily deduce the validity of (3.2) for p = 2.

We now assume that d%(g) is differentiable at ¢, (x) (hence Ty, @)%t (%) is uniquely defined) and prove statement (ii).
By (3.2) it follows that

lim dg,) (@) Bro+s (%) = gy (2Bt (%) (3.10)
We claim that

lim be = gy (T, ()10 (0). (3.11)
In order to prove (3.11) it suffices to prove that

M Gy 5(bs) = 1M sty (T 21800 () (3.12)
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1im ey 5(05) = Ty )91 (9- (3.13)

Assume by contradiction that (3.13) does not hold. Then there exists a € 0¢,(§2) such that, possibly passing to a
subsequence,

im @y 4s(be) = @ and [y (x) — al > iy )1y (0 + 3. (3.14)
where § > 0. In particular

1M [Geg-+5(bs) — G (X = 10 — ey )] > doy (@) () + 8. (3.15)
We also have

|Gty +5(Ds) = by (01> = ey s(bs) — i) + s ()2

ditoﬂ(mcbtoﬂ (X) + 25(beg5(bs) — ros(0) - Y (®) + 7Y X, (3.16)

By (3.10) and (3.16) we deduce that

1im [ +5(55) — 1y (9] = dgy 21915 (0

which contradicts (3.15). Thus (3.11) holds.
By (3.4),(3.7) and (3.11), by observing that b = ¢[((:]) (r% (@)%, (X)) and noting that

Bro (X) — Tey (2)Pro (%)
Ay (2)Prg (X)

(Vg 2)) (P (%) =
we immediately deduce the validity of (3.3)forp = 2. O

Lemma 3. Let 2 be a bounded domain in R", p € [1, oo[ and y a Lipschitz continuous map from £2 to R". Let T > 0 be such

that ¢, = I + tyr is a bi-Lipschitz homeomorphism from 2 onto ¢.(2) forallt €] —T, T[. Let u € WOL”(.Q), p € L*°(82). Then
the function G :] — T, T[— R defined by

_ [ulPp

Gt) = | ———dx, (3.17)
d¢t(9)¢t(x)

forallt €] — T, T|, is differentiable and

/|U|pPV.o (&, ](¢t(X))
¢[(9)¢[(X)

G(t) = X, (3.18)

forallt €] —T, T|.

Proof. We divide the proof into two steps.
Step 1. We prove that G is differentiable at t = 0 and that formula (3.18) holds for t = 0. Obviously, we have

M _ _/ |u|”p(d2t<9)¢t(x) - d?zx) (319)
2

t tdy, )P (X)dEx
By (3.2) we have that there exists ¢ > 0 and Ty €]0, T[ such that
uPpldy o be(x) — dx| _ e
|tld}, )P )dpx T dox

forallt €] — Ty, To[ and x € £2. Since the function |u|”,o/d’}z belongs to L' (£2) and does not depend on t €] — Ty, To[, we
can apply the Dominated Convergence Theorem and pass to the limit under the integral sign in (3.19) as t — 0. By applying
formula (3.3) with to = 0 we immediately get that G is differentiable at t = 0 and that formula (3.18) holds for t = 0.

Step 2. Let ty €] — T, T[ be fixed. By changing variables in the integral, we have

ul? D) det Vgl
G(t):/ ([ulPp) o ¢y | D | d (320)
bty (2)

P oty ")
prodls V(@) 0
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We set t = tp + s and note that

B0ty W) = W)+ (to+ )Y@ ") =y + sy 1)), (321)
forally € ¢, (£2). By setting 2 = ¢ (2), 11 = U0¢f(;1), p=p o¢[((;1)| detV¢§;1)|, 1/} =y o¢t([;1),q~bs =1 +51Z,we have
ulPp
Glto +5) = / dp”if)
2 &S(Q)@O’)
By Step 1, it follows that G is differentiable at to and
~ p~V~ ~ ~ ~
Gt — —p / B Valdo, VG0 i
B2y Po)

dy.

(3.22)

It is easily seen that

Vs ldo, V1) = Valdy, ¥10). (323)
By changing variables on the right-hand side of (3.22) and using (3.23) we get formula (3.18) fort = t;. O

In order to prove that the Hardy constant H,(¢;(£2)) is differentiable with respect to t in the case Hy(¢:(£2)) <
((p — 1)/p)?, we need to prove a result concerning the continuous dependence on t of the corresponding minimizers. To
do so, we need the following theorem which provides estimates for the minimizers and their gradients. As we have already
mentioned before, estimate (3.25) is proved in [2,3]. Here we indicate the dependence of the constant C in (3.25) on the
data, and we prove estimate (3.26) which is also of independent interest.

For § > 0 we define

s ={xeR2:dokx) <8}

By Inr(£2) we denote the inradius of £2, namely Inr(§2) = sup, d. Moreover, by ||v||;»(,,) We denote the weighted norm
(f,, IvIP pdx)'/? of a function v defined on £2.

Theorem 4. Let p €]1, co[ and let 2 be a bounded domain in R" of class C2 such that Hp(£2) < ((p — 1)/p)P. Let § > O be
such that dg, is of class C? on §25. Let C5 > 0 be such that

|Ade| < Cs, on £2s. (3.24)
Then there exists C > 0 which depends only onn, p, §, Cs and Inr(£2) such that if v is a positive minimizer for the Hardy constant
H,(£2) normalized by ||v||Lp(Q,d;2p) =1, then

v <y, on$2, (3.25)
and

Vo] < €%, on g2, (3.26)
where « is the largest solution to the equation (p — )P~ 1(1 — @) = H,(£2).

Proof. The existence of a constant C > 0 such that inequality (3.25) holds, is proved in [2, Lemma 9] and [3, Lemma 5.2].
Moreover, a detailed analysis of the proof in [3] combined with the local estimates in Serrin [22, Theorems 1,2] allows to
deduce that the constant C in (3.25) depends only on n, p, §, Cs and Inr(£2).

We now prove (3.26). Let xo € §2 and R > 0 be such that B(xg, 2R) C 2. Note that v is a solution to Eq. (1.2). Thus by the
general gradient estimate in [23, Theorem 1.1] there exists ¢ > 0 such that

R L
|Vv|dx+cf <7|,u|(8(xo,p))>l’ 1 di (3.27)
0

Vo) < c][ o
p" P

B(xo,R)
where u is the measure with density Hp(.Q)vp‘l /d%,, hence | 14| (B(xo, R)) equals H,(£2) fB(XO.p) vp‘]/dl}zdx. (Note that in our
L (£2) in order to apply [23, Theorem 1.1].) We set R = d, (xo) /3 and we observe that for any

case it suffices to have u € L

X € B(xo, R) we have that
R <do(x) < 4R. (3.28)
We now estimate the first summand on the right-hand side of (3.27). Note that by [22, Theorems 1,2] we have that

c
IVulleBrg,r)y < = IUllr@ixg,2r)- (3.29)
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Thus, by Hélder’s inequality, (3.25), (3.28) and (3.29) we get

1
B(xg,R)| P
B(x0.R)

n
_n_y
lullpBig.2r) < R P~ ldG llp Bixg.28))

n P
< R ! ( / R"‘”dx) < cR*! < cd% N (x0). (3.30)
B(x0,2R)
We now estimate the second summand on the right-hand side of (3.27). By (3.25) and (3.28) it follows that
|1l (Bxo, )] < ¢ / dy? U Pdx < ¢ / RAP=DPdy < cRHPDP ", (331)
B(xg,p) B(xg,p)
for all p €]0, R[. By (3.31) we immediately get
1
R B(xo, =1 d
/ (Iul( gol p))) 90 _ g1 < gt (). (3.32)
0 P P

Inequalities (3.27), (3.30) and (3.32) imply the validity of (3.26). O

By C?(£2; R") we denote the space of functions ¢ from £2 to R" of class C* in £2 such that all derivatives D¢ with
0 < |a| =< 2 have continuous extensions on §2. Moreover, we endow it with its standard norm (¢|lc2z.zny =
maxoi‘a‘sz maXx€§ |D°‘d)(x)|

Corollary 5. Let 2 be a bounded domain in R" of class C* and M > 0. Let ¢ € C*(£2; R") with ||V/||c2(g.pny < M. Let T > 0
be such that ¢; = I + tv is a diffeomorphism from 2 onto ¢ (2) forallt €] —T, T[.
Then there exist To €]0, T[, R, Cg > 0 depending only on £2 and M such that dg,(q) is of class C? on (¢:(£2))g and
|Ady,2)| < Cr, 0 (¢ (82))r, (3.33)

forallt €] — To, To[. Furthermore, if p €]1, oo[ and H,($2) < ((p — 1)/p)P then there exist T, €]0, To[ and C > 0 depending
only on £2, p and M, such that Hy(¢:(£2)) < ((p — 1)/p)? forall t €] — Ty, T1[ and such that if v, is a positive minimizer for

Hy(¢¢($2)) normalized by v: ”Lp(¢t(9),dq;p(9)) = 1then
t
v = Clyig) and Vol < Cdjfig, oo (), (3.39)

forallt €] — Ty, T1[, where « is the largest solution to the equation (p — 1)affl(1 — o) = Hy (¢ (£2)).

Proof. The first part of the statement follows by standard arguments. In particular, we refer to Gilbarg and Trudinger
[24, Appendix 14.6] for the proof of (3.33). Assume now that H,(£2) < ((p — 1)/p)P. By Proposition 1 it follows that
Hy(¢:(£2)) < ((p — 1)/p)P for all t sufficiently small. The proof of (3.34) immediately follows by Theorem 4 and (3.33). O

We are now ready to prove the following.

Theorem 6 (Stability of Minimizers). Let p €]1, oo[ and 2 be a bounded domain in R" of class C? such that Hy,(£2) <
((p — 1)/p)P. Let v € C?>(2;R™) and let T > 0 be such that ¢; = I + tv is a diffeomorphism from 2 onto ¢;(£2) for all
te]-T,TI.

Let Ty €]0, T[ be such that Hy(¢:(£2)) < ((p — 1)/p)? forall t €] — Ty, To[ and let v; be a positive minimizer for H, (¢ (£2))
normalized by | v, y = 1. Then the following statements hold:

||Lﬂ(¢r<9>,d;f(g)
(i) Let uy = vy o ¢y forallt €] — Ty, Ty|. Then

lim [lue — toll 1 ) = 0.
(ii) Assuming that every function v, is extended by zero outside ¢.(£2), we have

lim [lv; — vollwg.p(gumm) =0.
Proof. First, we prove statement (i). By the normalization of v, we have that |V, ||fp(¢t(m) = Hp(¢:(£2)). It follows from

Proposition 1 that ||v; ||W(;l,p(¢t(g)) and ||ug|| WP (@) are uniformly bounded for ¢ sufficiently small. Thus, possibly passing to a

subsequence, there exists iiy € WOL"(Q) such that u; — iy weakly in WJ"’(Q) and strongly in IP(£2) as t — 0.
We claim that

tollp .47 = 1- (3.35)
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In order to prove this, we recall first that
uf (x)| det Vb, (x
/ 01 det Vo) g
2 d¢[(g)¢t (X)

forall t €] — T, T[. By the continuous dependence of Hy, () on t proved in Proposition 1, and by Corollary 5, there exist
C>0and« > (p — 1)/p independent of t such that

U (x) < Cdg (o)t (%) (3.37)

for all x € £2 and t sufficiently small. By (3.2) we have that d;[(9)¢[ (x) — d5,(x) ast — 0. Thus by (3.2), (3.37) and the
Dominated Convergence Theorem we can pass to the limit inside the integral sign in (3.36) and prove the claim above.
By the elementary inequality |a|? > |b|P + p|b|P~2b - (a — b) valid for all vectors a, b in R, we have

(3.36)

Hy(¢:(£2)) =/QIVUI(V@)_]I”IdetV¢r(X)|dXZ/QIVﬁolpldetWﬁr(X)ldX

+p/ |Vilo[P~* Vil - (Vi (V) ™' — Vilg)| det Ve, (x)|dx. (3.38)
2
By passing to the limit in the previous inequality and using Proposition 1, we get
Hp(2) > f |Vl
2

This, combined with the normalization of iy and its positivity, allows to conclude that iy = ug. Since

Hp(¢[(9))_/ IVuflde=/{IVut(Vtﬁr)_llpldetVti)z(X)I— |Vue["}dx, (3.39)
2 2

we have that

}i_r)r(l)(Hp(qbt(Q)) - /g |Vut|pdx> —o0. (3.40)

Thus from (3.40) and Proposition 1 we deduce that
lim | |VuPdx = Hy(2) = / |Vup |Pdx. (3.41)
t—0 Jo Q

By (3.41) and the weak convergence of u; to ug in Wol'p(.Q) we deduce the validity of (i).
We now prove statement (ii). We have

Vv — VvOlllL)p(gU¢t(Q)) = ”VUO”ZJ(Q\(;,[(_Q)) + Vo ”ILJp((pt(Q)\g) + Vv, — va”fp(Qﬂ@(g))- (3.42)

The first summand in (3.42) above clearly tends to zero as t — 0. The fact that the second summand in (3.42) also tends to
zero will follow immediately from the following.
Claim. For all € > 0 there exist 7, § > 0 such that

/letV’dy < e,
A

forallt €] — t, t[ and all measurable subsets A of ¢; (§2) with |A] < &.
To prove the claim we use (3.2) and Corollary 5 to conclude that there exists o, €](p — 1)/p, «[ such that

”VU[HEP(A) = C/dgio(tfqi)])dy = C/ ] dgati])dx < C/ 1 d?z(a*71)dx,
A s o)

for all small enough t; the last integral clearly tends to zero uniformly with respect to t as |A| — O.
To estimate the third summand in (3.42) we take a set U CC §2 and write

p p p
Ve = Vol ong, ) = 1IVVe = Vool wng wy + I1VVe = Voollpo\nng )
p
+ ”vvt - VU0||LP(Qn¢r(Q\U))~ (343)

By the last claim, the last two norms in (3.43) can be made arbitrarily small provided U is a large enough subset of §2. Hence
the proof will be complete if we show that for a fixed U CC 2 there holds

IVve = Voolllp g,y —> 0. ast — 0. (3.44)
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Indeed we have

(V) (Vo)™ To o — Vol wnsw)
< ¢V (Ve = (V20) © Gl s 00

VU TD) T = Vit g1y + €1Vt = Vol 000

FcllVvo = (Vo) 0 @ellp -0 - (3.45)

Vv — Vol wng wy)

A

IA

The first of the last three terms in (3.45) clearly tends to zero ast — 0. The same is true for the second term by statement (i).
The fact that the third term tends to zero is an immediate consequence of the local Holder continuity of Vvg, which follows
by the general results in [25]. This completes the proof. O

Finally, we can prove the following Hadamard-type formula for the [’ Hardy constant. Note that by Corollary 5, the
assumption Hy(£2) < ((p — 1)/p)? guarantees the existence of Ty €]0, T[ such that H,(¢:(£2)) < ((p — 1)/p)? for all
t €] — Ty, Tol.

Theorem 7. Let p €]1, oo[ and 2 be a bounded domain in R" of class C? such that Hy(£2) < (p—1)/p)P.Let ¥ € C2(2; R
and let T > 0 be such that ¢, = I + t is a diffeomorphism from $2 onto ¢.(£2) forallt €] — T, T[. Let Ty €]0, T[ be such that
Hy(¢:(£2)) < ((p — 1)/p)? forallt €] — To, Tol.
Then Hp, (¢, ($2)) is differentiable with respect to t for all t €] — T, To[. Moreover
dHy(¢:(2)) _

/ {(IVuPdiv(y o ¢ ") — pIVu P2Vu V(i 0 ¢ ") (V) My
dt $(2)

p
FH@) [ (pValge w1 - divey 06 ) dy, (346)
¢ (2) Yo (2)

forallt €] — Ty, To[, where v; is a minimizer for H,(¢,($2)) normalized by the condition | v;|| -» =1
P 1P ($e(2).dy i)

Proof. First of all we note that it suffices to prove that the map t — H,(¢:(£2)) is differentiable at t = 0 and that formula
(3.46) holds for t = 0. Indeed, as in the proof of Lemma 3, if t # 0 one can consider ¢, (£2) as a reference domain subject to
the domain transformations ¢ = I + sy o qﬁt(_]), s € R, and apply the formula for s = 0.
Let v, € Wol'p(qbt (£2)) be a positive minimizer for H, (¢, (§2)) normalized as in the statement. We then have (cf. (2.5)),
Hy(¢:($2)) = mli,fl Re[u], (3.47)
ueMI/g;O(Q)

where R;[u] = N¢[u]/D;[u] and

Nefu] = / Vu(Veo) ' Pldet Ve |dx, (3.48)
2
vy d
D = ——|detV . 3.49
e [u] /dzt(g)d’t(x)'e o ldx (3.49)

We set u; = v; o ¢;. Clearly, u; is a minimizer in (3.47) and Hy (¢ (£2)) = R¢[u¢] = N¢[u;]. By Lemma 3 and standard calculus
it follows that the functions N;[u] and D, [u] are differentiable with respect to t on | — Ty, Ty[. By definition, it follows that

Re[ue] — Rolue] < Hp(¢¢(£2)) — Hp(¢o(£2)) < Re[uo]l — Roluo], (3.50)
hence by the Mean Value Theorem, it follows that there exist real numbers & (t), n(t) with |£(¢t)|, |[n(t)| < |t|, such that
R/g([)[ut]t = Hp(d)t(g)) - Hp(¢o(9)) = R:,([)[uo]t, (3-51)

where by R, we denote the partial derivative of R;[u] with respect to t at the point t = a (the same notation is used below
for the derivatives of N and D). By standard calculus, we have that for any u € Wg P(2),

d —1p —1,p—2 -1 -1 —t t
EIVU(V@) PP = —=plVu(Ve) " " "Vu(Ve) " Vi (Vo) (Vo) (Vu) (3.52)

and

: =1
cwf¢>> oo (353)

d
= | det V| =
de C\ ldet vV
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Thus, by (3.52), (3.53) and Lemma 3 we have that for any u € Wol’p(.Q)

; 0V
=/ [Vu(Ve) ™' |° (W) o ¢y dx
2

|det Vo V|
—p / IVu(Ve) " P2Vu(Ve) " Vi (V) ™ (Vu) |det Ve |dx (3.54)
2
and
, uP div(y o p{ ") / UPVolde, Y1 (%))
D = o ¢y dx — det Vo, |dx. 3.55
= dgt(9)¢t(x)(|detv¢t(_”| I N B 555)

By (3.54) and (3.55) and the Dominated Convergence Theorem, it follows that

gl_r)l’(l) R;(t) [uo] = Ryluol. (3.56)
Similarly, and using also Theorem 6, we have

}Ln‘(l) Ré(t)[ut] = Ryluol. (3.57)

From (3.51), (3.56) and (3.57) it immediately follows that H,(¢;(£2)) is differentiable with respect to t at t = 0 and, taking
into account that ug is normalized, we get
dHy (¢ (£2)) _ Nyluol _ No[uo]1Dg[uo]
dt lt=0  Doluo] Dj[uo]
Noluo]l — Hy(£2)Dg[uo]

=/ |Vu0|Pdivwdx—p/ [VuoP~2Vug Vi (Vi) dx
—H,(£2) /

Combining Theorems 6 and 7 we can prove a Fréchet differentiability result. Namely, given a bounded open set £2, we
set

dx—}—pHp(Q)/ —0Vq[¢o, ¥ldx (3.58)

asrequired. O

Ao = {¢ € C(R:R"): min|det V| > o}. (3.59)
We then have
Theorem 8. Let 2 be a bounded domain in R" of class C2 and p €]1, oo[. Then the set

Ho = {qs € Aa: Hy(9(®)) < (pp%])p} (3.60)

is open in the space C2(2; R"), and the map H from Hg to R which takes any ¢ € Hg to Hy(¢(£2)) is Fréchet differentiable.
Moreover, the Fréchet differential of H at a point ¢ € H, is given by the formula

dH, (@) [¥] = / {IVuPPdiv(y 0 ) — p| VP 2VoV (Y 0 V) (Vo) Jdy
d(2

+ Hy(¢(£2)) / (PVelg. v1—div(y oo ")) dy, (3.61)

$(£2) d¢<9>

forall € C?($2; R™), where v is a positive minimizer for H,(¢(£2)) normalized by the condition || v||U,(¢(m a? )y =
*(2)

Proof. Since H,(¢($2)) depends continuously on ¢ € C*(£2; R"), it easily follows that #, is an open set in C>(£2; R"). Now

let ¢ € Hg, be fixed. Applying Theorem 7 to the open set ¢(£2) we obtain that the map H is Gateaux differentiable at ¢ and

that the Gateaux differential is provided by formula (3.61). By Theorem 6 and formula (3.61) we deduce that the Gateaux

differential depends continuously on ¢. As is well known, this implies that the map H is also Fréchet differentiable. O



108 G. Barbatis, P.D. Lamberti / Nonlinear Analysis 103 (2014) 98-112

Remark 9. It would be natural to simplify (3.61) and write a formula involving surface integrals. In the case of classical
eigenvalue problems this is usually done by integrating repeatedly by parts. For example, if we denote by A,(¢) the usual
first eigenvalue of the p-Laplacian with Dirichlet boundary conditions on ¢ (£2) then one obtains the well-known Hadamard-
type formula

dip(P)Y]=(1—-p) w-ndo,

ap(2) | M

where w is the first normalized eigenfunction, 7 is the unit outer normal to ¢ (£2) and u = ¥ o ¢ (cf. [19,20]). By
applying the same method to (3.61) and making formal computations one would obtain the meaningless formulas

p
dHy(@)[V] = —pHy($(2)) d,,%qu(m (0 Tye)) dy

- o 0V v v n
+ / Vol - it — pl Vo2 Y oo — Hy(@(2)~——— do
3p(2) =1 0yi 0y o)
wlP . p .
—a-p [ |5 wdde - @@ [ o
dg(2) | 0N 29(2) Ay
vP
— PHp(¢(£2)) ﬁv%(ﬂ) (1o Ty()) dy. (3.62)
P(£2) #(2)

It is clear that the integrals in (3.62) are not well-defined, see (2.2). In order to bypass this problem one may think of
interpreting the above integrals as ‘principal value integrals’ associated with an invading sequence of open sets relatively
compact in ¢(£2). However, we prefer not to insist on this.

4. Stability estimates via volume

Let §£2 be a bounded domain in R". We recall that 7, (x) denotes the boundary point nearest to x € §2, so that
|x — 1o (x)] = dgo(x); we note that T (x) is well defined for almost all x € §2. We denote by T the nonlinear operator
given formally by

1
Tw(x) =/ |lw(x + t(to (x) — x))|dt. 4.1)
0
Equivalently,
Tw®) =do®) ™ | |w|ds, (4.2)
Lx

where L, denotes the line segment with endpoints x and g, (x).

Lemma 10. Let $2 be a bounded domain of class C? and let § > 0 be such that dg is C? in §2,5. Then for any r € [1, oo[ there
exists ¢ > 0 depending only on n, § and Inr(§2) such that for all w € L"(£2) with w = 0 outside §235,, we have

/ |[Tw| dx < c/ log(Inr(£2)/dg)|w|" dx.
o) 2
Proof. Given a continuous function w with supp w C 235/, we have
1 r
ITwl} ) = f ( / W+ £t () — 0)de ) dx
2 No
1
< [ [ ot e - 0praeas
2 Jo

=/d9(x)’] |w|"ds dx.
2 Ly

We define the map
¥ : 902 x]0, Inr(2)[— R", w(x, t) =x —tnx),

where 7i(x) denotes the unit outer normal at X € 942. Let

_ 1 .
g, t) = - |w|"ds.
t JRa—ti®)]
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By the Area Formula [26, Section 3.3.2] we have

/dg(X)"/ lerdsdxs/ Y g®ndx
2 Lx P @2X10,I01(D)D (5 g1 y)

Inr(£2)
= / f g(x, t)|det VW (x, t)|dt dS(x)
a2 Jo

Inr(£2)
c / / g(X, t)dt dS(X)
a2 Jo
Inr(£2) 1 t
= c/ / f/ |w(X — sii(X))|"ds dt dS (%)
a2 Jo t Jo

Inr(£2)
c / / log(Inr(£2) /s)|w(x — sn(X))|" ds dS(X)
02 JO

IA

38/2
= c/ / log(Inr(£2)/s)|w(x — sn(x))|" ds dS(X)
a2 Jo

IA

c/ log(Inr($2) /dg) |w|" dx,
2352

where c is a positive constant depending only on n, § and Inr(£2) (see [24, Section 14.6] for details concerning uniform upper
and lower bounds for | det V¥ |). This completes the proof. O

We recall (cf. (2.2)) that if £2 is a bounded domain of class C? with H,(£2) < ((p— 1)/p)?, then the [P Hardy quotient has
a positive minimizer u € Wol‘p(_Q) and there exists a constant K = K,(£2) > 0 such that
u(x) < Kdx)“, xe £2; (4.3)

here @ > (p — 1)/p denotes the largest solution of Eq. (2.3).
Given a bi-Lipschitz map ¢ : 2 — ¢(£2) we define for 1 < r < oo the following measure of vicinity of ¢ to the identity
map:

1/r
Srp(@) = (/ log(Inr(£2)/de)(IVg — 1" + |V — Il’”)dX> . (4.4)
2
Moreover, for any y < 1 we set
I,(2) = / iydx. (4.5)
2 d_Q

Theorem 11. Let 2 be a bounded domain in R" of class C2. Let § > 0 be such that dg is of class C? on $£2,5. Assume that
Hy(£2) < ((p—1)/p)P and let « > (p — 1)/p denote the largest solution of (2.3). Then forany r > 1/(ap — p + 1) there exists
¢ > Odepending onlyonn, 8, p,r, L, Hy(82), Ky (£2), Ipr(1—a)/—1) (£2) and Inr(£2) such that

Hy(¢($2)) < Hp(£2) + ¢8r (). (4.6)
forall ¢ € bLip,($2) satisfying ¢ =1on §2 \ $2;.

Proof. Letu € WOL”(.Q) be a positive minimizer for H,(£2). We assume that [, uP/df,dx = 1and setv = uo ¢V, We
then have (cf. (2.6))

f9(|(Vu)(V¢)’1|p| det Vo — |Vu|p)dx+ [, IVulPdx ( oy ;p"‘de(tj(g') )
(£2)

Ry)[v] — Relu]l = (4.7)
fo 7[11, G | det Vp|dx
By (2.9) we have that
/ W et Voldx > ¢! (438)
& o) (@) - '

We also note that for any x € £2 we have

dp2)P(x) < dox) + Fp(x)deo (%), (4.9)
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where
Fp(x) = do®) "¢ — D(te(®) — (¢ — D®)|.

Hence

1 |detVg| _ 1 (1 |detV¢|)

do®  dyo (0 T do(x) (14 Fy)P
1 1=V -1\ _ ¢ ) ~
= & (1 (1 +Fp)P ) =& (Fo + F5+1Vo 1) (4.10)

provided c is large enough. From (4.7), (4.8) and (4.10) we conclude that

Hy(¢(£2)) — Hy(£2)

IA

up
c/ |v¢—1|.|Vu|de+ch(sz)/ dT(F¢+F£+|V¢—I|)dx
2 2 Yo
=: Alu]. (4.11)

Now let r > 1/(ap — p + 1) be fixed. By (3.25) and (3.26) we have u/dg,, Vu € L7~V (£2), hence

/|V¢—1|~|Vu|"dxsIIV¢>—I||Lr<:z)IIVu||pl ,
Q Lr=1(2)

and similarly,

up
/ IV — 1| —-dx < IV — Il llu/dell” »
0 dQ LT=1()

Let ¢, k € N, be an approximating sequence of smooth maps obtained by standard mollification of ¢. Then ¢, converges
to ¢ pointwise and in L7(£2) forany 1 < q < oo. Since ¢y is smooth, we easily see that |Fy | < T|V¢y — I| where T is the
operator defined in (4.1). Hence using Fatou’s Lemma, Lemma 10 and observing that supp |V, — I| C 235/, provided k is
sufficiently large, we obtain

IFgllir ) < lilg(i)gflllelir(m < ckllrgO/ log(Inr(£2)/dg) |V — I|"dx
2

= c/ log(Inr(£2)/dg)| Ve — 1| dx, (4.12)
2
and similarly
||F£||[r(m < c/ log(Inr(£2)/do) |V — I|P"dx. (4.13)
Q

From (4.4), (4.12) and (4.13) we obtain

IA

uP 1/r
f — (Fp + Fj)dx c(/ log(Inr(£2)/de)(IVg —II" + |V — 1|Pf)dx> lu/dell”
e dg o LF=T1(82)

Srp(P)llu/de |’ o
LT=1(2)

Combining the above we obtain
Alu] < ¢é; p(@) (IIVUIlpl + lu/dell” ) < @G P
LT=1(2) LT=T1(2) LT=1(2)

which completes the proof. O

We say that an open set £2 in R" is of class C}; for some M > 0 if it can be described locally by the subgraphs of functions
of class C3, i.e., the standard C?-norms of such functions are bounded by M. Then we introduce an additional definition.

Definition. LetV be abounded open cylinder, i.e., a set which in some coordinate system (y, y,) has the formV = W x]a, b,
for some bounded convex open set W C R"~!. Let M, p > 0. We say that a bounded domain £2 C R" belongs to G,%,, v, p)

if §2 is of class Cﬁ, and there exists a functiong € C>(W) suchthata+ p < g < b, lgllczaw < M, and

LAV ={,yn):yeW,a<y, <g®} (4.14)
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Theorem 12. Let 2 be a bounded domain in R" of class G,\z,,(v, p) such that Hy(2) < ((p — 1)/p)® and let ¢ >
(p — 1)/p denote the largest solution of (2.3). Then for any s €]0,ap — p + 1[ there exists ¢ > 0 depending only on
D, M,V, P, S, HP(Q), Ip(l—oz)/(1—5) (Q) and [I'II'(Q) such that

|Hp(2) — Hp(2)| < c|2A82[, (4.15)
for all domains £2 of class C%4(V, p) such that 2 \V = 2\ Vand |2A2] < c .

Proof. We use a construction of [21]. Let g, & : W — R be the C? functions describing £2 N V and £2 N V according to the

definition above. Let n = ﬁ. We define the function go = min{g, g} — n|g — g| and the domain

20=Q\V)U{@.y): YyeW, a<yn<g®)}- (4.16)

We note that by the choice of  we have g; > a. We next define a map ¢ on £2 as follows: forx € 2 \ V we set ¢(x) = x,
while for x € £2 NV we use the local coordinates (y, y,) to define

5oy — |Gy, if (7, yn) € 20,
o0.yn) = {(y,m +aG) (e —gG)). Gy € 2\ R, (4.17)
where
[ 0 <5,
. ifEG) = g,

It can then be seen that ¢(£2) = £ and ¢ € bLip, (£2), where L depends only on M and 7. It is immediate that

8r,p(@) <CIRAR|T, 1<r <T <00 (4.18)

where ¢ depends only on M, n, p, r1, 1 and Ip(1—a)/(1—s) (£2).

Since £2 is of class CAZ,, there exists § > 0 depending only on M such that d, is of class C? in £2,5. In order to apply
Theorem 11 we need that ¢ = I on §2 \ §25, and for this it suffices to guarantee that |g — go| < §. This will be the case if we
establish that ||g — &) is small enough. Since g, § are of class CZ, by the Gagliardo-Nirenberg interpolation inequality
(see [27, p. 125]) the L norm of g — § is estimated from above via its L' norm, which is precisely [£2A£2|. Thus if |2 AR2|
is small enough then ¢ = I in £2 \ £25, hence Theorem 11 applies. Using an intermediate r; €]1/(ap — p + 1), r[ (say the
midpoint of the interval) we obtain that foranyr > 1/(ap —p+ 1)

Hy(22) < Hy(2) + c|2A8]7. (4.19)

In order to prove the reverse inequality we first note that from (4.19) it follows that Hp(fZ) < ((p—1)/p)® provided |2A82]
is small enough. Moreover, ifr > 1/(ap—p-+1) and |2 A2| is small enough thenr > 1/(@p—p—+1)where@ > (p—1)/p

denotes the largest solution of (p — D&’ '(1—a) = Hp(f?). Then by using 2 as areference domain in the procedure above
we obtain that

Hy(82) < Hy(2) + c|2A82|7 (4.20)

where ¢ additionally depends on H, (), Ipr(l_&)/(r_l)(fz) and Inr(£2). Since these last quantities can be controlled via the
corresponding quantities related to £2 and via M and V, choosing r = 1/s we deduce the validity of (4.15). O

Remark 13. Note that the bigger is H,(£2), the smaller is the number ap — p + 1 which defines the range of admissible
exponents s in (4.15), namely ap — p 4+ 1 — 0as H,(£2) — ((p — 1)/p)P. With regard to this, we observe that the proof
of Theorem 12 relies on the existence of a minimizer and we recall that a minimizer does not exist in the limiting case
Hy(£2) = ((p — D/p)*.
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