Research Article

Received 13 June 2013 Published online 5 August 2013 in Wiley Online Library

(wileyonlinelibrary.com) DOI: 10.1002/mma.2948
MOS subject classification: 35J25 (35A35; 35B20)

Stability estimates in H, for solutions of
elliptic equations in varying domains

José M. Arrieta® and Gerassimos Barbatis®*'

Communicated by I. Stratis

We consider second-order uniformly elliptic operators subject to Dirichlet boundary conditions. Such operators are
considered on a bounded domain 2 and on the domain ¢(2) resulting from 2 by means of a bi-Lipschitz map ¢. We
consider the solutions u and 0 of the corresponding elliptic equations with the same right-hand side f € [2(Q U ¢(Q)).
Under certain assumptions, we estimate the difference || Vi — Vu|;2(quq4(5)) in terms of certain measure of vicinity of ¢
to the identity map. For domains within a certain class, this provides estimates in terms of the Lebesgue measure of the
symmetric difference of ¢ (2) and 2, that s, | (2) AQ2|. We provide an example that shows that the estimates obtained are
in a certain sense sharp. Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction

Let Q be a bounded domain in R and let A = {A(x)} be a measurable positive-definite symmetric matrix-valued function on RN
bounded away from zero and infinity. Let

N

d (i . du
Lu=— — AT ) —¢, Q,
u ,»; o { x) 8)(,-} on

subject to Dirichlet boundary conditions. Let ¢ : 2 — ¢(£2) be a bi-Lipschitz map and let L be the analogous operator on L2(¢(£2)). We
fix f € L2(Q U ¢(R2)) and consider the functions u € H}(Q2) and & € H}(¢(2)) defined by

Lu=f, inQ, Li=f, ing(Q).

Our aim in this article is to estimate || Vi — Vu(l2(qug(g)) in terms of a certain measure of vicinity of ¢ to the identity map.

Domain perturbation problems are an important branch of the theory of PDEs. Within spectral theory, one is typically interested on
the stability of the eigenvalues or eigenfunctions of differential operators. There are several recent results on this type of problems; we
refer to the article [1] and references therein for more on recent progress on domain perturbation problems in spectral theory.

The problem we are interested in involves the stability of the solution u of the equation Lu = f under perturbation of the domain .
In the article [2], Savaré and Schimperna obtain very detailed sharp estimates on the variation in Hﬂ) of u for operators with Lipschitz
continuous coefficients. In [3], estimates are obtained on the variation of u in L for operators with measurable coefficients. See also the
articles [4-6] where relevant results were obtained.

In the present article, we consider uniformly elliptic operators with measurable coefficients and we prove stability estimates in Hg) for
the solution u of Lu = f. While Theorems 3.1 and 3.2 are set in the framework of well-known results involving Mosco convergence (see
[71for a recent survey), they are, to our knowledge, the first results of this type for operators with L coefficients where actual estimates
are provided. A simple example shows that the estimates are in a certain sense sharp. Our theorem has essentially two assumptions:
the first is that 2 is perturbed by a global bi-Lipschitz map ¢ and the second is an apriori estimate on || Vu||;a , for some g > 2, for the
solution of both problems, perturbed and unperturbed. We note that if f € L9 and © has Lipschitz boundary in the sense that there
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exists a bi-Lipschitz transformation that maps  onto a domain with C' boundary, then Vu € L9 by a well-known result of Meyers [8],
so our results are applicable. The proof relies on the so-called pull-back method. The operator L that acts on ¢(2) induces naturally an
operatoron €2, and it is that operator that is then compared with H. Hence, in the first section, we prove a stability estimate for operators
acting on the same space under variation of the coefficients. Some additional results are established there, which are of independent
interest.

The method of proof easily generalizes to other kinds of differential operators, such as higher-order operators, operators subject
to Neumann boundary conditions or operators acting on Riemannan manifolds. For the sake of simplicity and brevity, we restrict our
attention to second-order Dirichlet operators on bounded Euclidean domains.

2. A general stability theorem

In this section, we prove an auxiliary result, which we believe is of independent interest. Let €2 be a bounded domain in RN and for
€>0letAc = (AZ) be a family of real, symmetric, matrix-valued measurable functions on 2 satisfying

‘I .
E|g|2§ZAZ(x)g,-gjgc|g|2, €>0, xeQ, £cR". @.1)
ij

For € > 0, we define the self-adjoint operator

_ i ij i 2
He = Z 7 (Ae(x) 8x,-) , onL%(R),

ij

subject to Dirichlet boundary conditions on 9. We now fix f € L%(£2), and we denote by u, the solution of Heue = f, ¢ > 0. Using a
standard argument, we obtain from (2.1) that ||u¢ || 1 () < ¢ for all € > 0; hence, up to a subsequence, (u¢) converges weakly in HJ) (2).

We now assume that [|Ae — Ao ||1p () = supj; {||AZ — Ag”Lp(Q)} — 0 for some (equivalently, for all) 1 < p < co. We then easily deduce

that the weak H'-limit of (u¢) is precisely ug. This implies in particular that the full sequence (u¢) converges to ug weakly in Hﬂ)(Q). Itis
a natural question to seek conditions under which the convergence u¢ — ug is strong in Hg)(Q). To our knowledge, this problem has
not been studied. In the next theorem, we provide four conditions, each one of which guarantees strong convergence in HJ)(Q). The
first of these conditions also provides an estimate for the rate of convergence u¢ — ug in Hg)(Q) and is the one that will be used for the
domain perturbation problem in the next section.

Given a real symmetric matrix A, the matrix A is defined by means of the spectral theorem: if A = Y A,(en ® ep) is the spectral
representation of A, then At := > (An)+(en ® en).

Theorem 2.1
Assume that any one of the following four conditions is satisfied:

(1) Vug € L9(Q2) for some g > 2.
(2)  The eigenfunctions {¢n} of Ho satisfy | Vén |l a(q) < cAl forsomeg>2,y >0andallneN.
(3)  There exists a compact set K C  such that Ac — Ag in L°(Q \ K).

@) (Ao —Ad)+ — 0in L®(RQ).

Then ue — ug in H(‘)(.Q) as € — 0. Moreover, in case (1), we have the estimate

[Vue = Vuoll2() = cllVuollia@)llAe — Aol 20/~ (g » €>0. (2.2)

Proof of Theorem 2.1.
Part (1). Using the standard notation of repeated indices, we have

i ou ou ou

Al % ((Te 970 g :/ f(ue — ug) dx,
/Q Eax,' (BX/' ox; X o (ue — uo) dx

iodug [ Jdue dug

A”—~———d:/f — ug) dx.
/Q 09 (8)(]_ ij) X o (ue — ug) dx
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i {0u dug au dug dug [ due  dug
A= -22) (= -2 d:/ Al Al = 20 ) dx, 23
/Q ¢ ( ox; ax,) ( o ax ) Q( ) e o \ox;  ax ) (23)

hence, by (2.1) and Hélder’s inequality, we obtain

Subtracting yields

[Vue = Vuoll2() = clVuollia(e) lAe — Aol 20/ -2 ()

Part (2). Let us denote by V the gradient operator, from Hg)(Q) to L2(Q). By
[9, Lemma 3], we have

Ue—Up =V A‘/2< AV2yvrall? ) 12 (Ag—A )A_1/2( APvv*all? 4 1)_1 A2V,

therefore,

Ve — Vool < 14 21 1AY299*AL2 (A299%al2 1)

14272 (R — A0 A5 (AW A2 1) AY2VI ey
=cll (ho— A0 Ay 2 (Ay Vv Ay + 1)_1 A2V,
where non-indexed norms are operator norms on L2(£2). By [9, Lemma 4], we conclude that
Vue — Vuo||Lz(Q) <cllAe = Aollir(q), allr > 612% (g + 2y — 1) , (2.4)

and the result follows.

Part (3). Going back to (2.3), applying (2.1) to the left-hand side and decomposing the integral in the right-hand side by integrating
in Kand in © \ K, we obtain by Holder inequality for any g > 2,

1
E||Vue - VUol|fz(Q) = CllAe — Aoll oo (k) I Vue — Vol 2(@) + CllAe — Aoll 20/ a2 iy IV bo lla iy | Ve — Vol 2 ()
which implies,
IVue — Vuoll2¢g) < C (”Ae —Aollzee(@\k) + 1A — Aol 20/ -2 () ||VU0||L<1(K))

But interior estimates for the limit problem imply, see [8, Theorem 2], that there exists a ¢ > 2 such that || Vuol|;a(x) < C. Hence, we
obtain the stated result.
Part (4). Let us start noticing that in general, because ue — ug weakly in H' () and in particular in L2(2), we obtain

due U, dug dug
Al ZZe T2 fi fug= | ATZ2Z20 2.
/ Bx, Bx] / e = / o= / 0 9x; ox; 0x; (2:5)

jj OUe 8ue 8u€ E)ue 8u€ 8ue

—>/ A M%d ase —0
0 3x; 0x;

Hence, we have

where we have used the hypothesis and (2.5). Hence,

. ij QUe U, dug dug
| A== 2)d </ Al 2
'Tj‘ép/gz(oax; 8Xj+|ue| X= ) oaxlaj+|o|

Let us now consider the space H'(2) with the Hilbert norm

du du
il = [ (455 + ) a.

We have thus proved that lim sup ||u¢||| < ||uo|||- Moreover, the weak convergence in Hg)(Q) with respect to the standard norm implies
the weak convergence with respect to the equivalent norm |||-|||; hence, lim inf ||ue]l| = ||uo|||- We thus conclude that |||ue || — |l|uoll|, and
therefore, u¢ — ug strongly in Hg) (R2), as required. O
_______________________________________________________________________________________________|
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Remark 1
If Q has a Lipschitz boundary, in the sense that there exists a bi-Lipschitz transformation that maps  onto a domain with C' boundary,
then condition (2) is satisfied. This follows easily from [8, Theorem 1].

Remark 2

It is an interesting problem to prove or disprove that u¢ — up in Hé(Q) without any assumptions other than those stated before
Theorem 2.1.

We now present an example that shows that estimate (2.2) is sharp. We note that the same family of domains was used in [1]in order
to prove the sharpness of certain stability estimates of the eigenvalues. Analogous domains have also been used in [10] in dimension
N> 3.

We fix an angle = < B < 27 and denote by Q24 the circular sector of radius one and angle f,

Qg=1{(r0):0<r<1, 0<6<B;}.

Let ug be the solution of the problem,

_ — 27 G0 (20
Aug = B2 sm( ), in Qﬁ, 2.6)
up =0, on 895.
(The factor (4/32 — nz) /B2 is introduced to simplify subsequent calculations.) Simple computations give
z 5\ . (7
uo(x):<rﬁ—r)sm ? , O0<r<1, 0<6<§B. (2.7)

This implies in particular that Vug € L9(Q2g) if and only if g < 28/(B — 7). We now fix @ > 0, and for 0 < e < 1, we set

() = a, 0<|x|<e,
YT, e< X <.

We note that ac — 1in Lp(Qﬂ), 1 < p < oo, but notin L*°(2g). Let us denote by u, the solution of the perturbed boundary-value
problem

T _4p*—n? . (n8 f
div(aeVue) = B sm( B ) in Qg, (2.8)
ue =0, on dQ2g.
From part (2) of Theorem 2.1, it follows that
2 2B
[Vue = Vuoll o) = cllae — aollip(ey) = ce? . allp > —
Now, simple computations give that u¢ (x) = ve(r) sin(w0/8), where
_2r _
G-N(2+EF) 4277
z e el 0<r<e,
Ve(r) = (1—a)ef +(1+a)e 5 “ ( F:4 2)
1—a)e2 + (1 -5 x 1—a)(eB —¢ o
( a)en+( +a)e =8 + = = B —r, e<r<n.
M—a)eB +(1+a)e B M—a)eB +(1+a)e B
Let us denote up(x) = vo(r) sin(6/B) (cf. (2.7)). We then have
2 ¢ / 7\2
|Vue — VUOHLZ(Qﬁ) > C/o (ve —vp) rdr
(1 —a)® 2
:mfﬁ(-l‘f'o(‘l)), ase — 0.
We conclude that the index 2q/(g — 2) in (2.2) cannot be replaced by any smaller index.
3. Stability estimates in H} under domain perturbation
Let Q2 be a bounded domain in RN. We fix M > 0. Let ¢ : 2 — ¢ () =: €2 be a bi-Lipschitz transformation such that
Do) <M, (DP) " llioo(@) <M. (3.1)
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WesetE = {x € Q : ¢(x) # x} and we note that

=2 41 a2
[Fod —Fll2@) = IFllLac) lEl 2, [(DP)=" —IllLa() = clE 2 . (3.2)

Let A = {A¥(x)} be measurable and symmetric on © U  satisfying

67 < Y Alosg < Mg, xequa, gerN

Let L (resp. [) denote the operator — Z,-J dx; {A"fax,.} on L2(2) (resp. L2($2)) subject to Dirichlet boundary conditions. We fix f

[2($2 U Q) and we denote by u (resp. &i) the solution of Lu = f (resp. Lii = f). We extend Vu and Vii to be zero outside their respective
domains. We then have the following.

Theorem 3.1
Assume that there exists g > 2 such that ”f”m(szuﬁ) < M, |Vullie@) < Mand ”va”m(ﬁ) < M. Then there exists a constant ¢
depending only on M such that

Vi — Vu||L2(QUQ) < c|E| Zq . (3.3)

Proof
We set g(x) = | det D¢ (x)|, x € 2. We note that given v € Hg)(fl) and letting u = v o ¢, we have

[ Iv[2dy = / 1u2g dx
Q Q

and
av v N ou du
AT Zdy = al — —gdx,
/ ]2:1 ay; ay, /;2/; 0X; 3x,g

where a = (aif);,,-=1,,,,,N is defined on Q by

N (=1) a1
al = Z ATS d¢; 3¢j
ayr ays

rs=1

o9 = ((0$) Ao PP ™), . (34

This leads to the notion of the pull-back: the pull-back of [ to Q is the self-adjoint operator H on L2(£2, g dx) associated with the
sesquilinear form Q with Dom(Q) = Hg)(Q) and

duq du
Q(u1,uz)—/ Z u;:% dx, ur, Uz € Hy(Q).
ij=1 ! /

So formally, AU = —g~ Z, (ga’/UX) Equivalently, H can be defined as A = C¢LC 1, where Gy : [2() — L2(R,gdx) denotes
composition by ¢ (a unitary operator).
It then follows that H = g~ A, where H is the self-adjoint operator on L2(£2) associated to the form Q defined previously on H(l) ().
Now, let & € L2(2) be defined by Al = f. Using (1) of Theorem 2.1 and also (3.2), we obtain
1V - V| la—Al 8%
u—Vull,2 <clla—A| 2 <c|E| 2 .
L) LqTqZ(sz)

Moreover, we have

Aog)=fog,
Huog)=fogd (3.5)
HG = gf.
Hence, by (3.2),
~ ~ a—2
[V(@o¢)—Vill2q) =clfod —gfl2g) = clE[ 2. (3.6)

. ______________________________________________________________________________________________________|
Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2014, 37 180-186



J. M. ARRIETA AND G. BARBATIS
I ——

Finally by (3.2), we also have
- - a—2
V(o) —Vill2q) <clE| % . (3.7)
q—2

Combining (3.5), (3.6) and (3.7), we obtain that | VU — Vul|;2(q) < c|E| % . We also have

2\Q] = clp ™1 (R \ Q)| = cle],

—2

hence, | VU — V“”LZ(Q) < c|E| ) by Holder inequality. This concludes the proof. O

Using Theorem 3.1, we can now prove stability estimates in H(1) for localized perturbations in terms of the Lebesgue measure. We
consider the following class of domains (see also [11]):

Definition 1

Let V be a bounded open cylinder; that is, there exists a rotation R such that R(V) = Wx]a, b[, where W is a bounded convex open set
in RN=". Let M, p > 0. We say that a bounded open set 2 C RN belongs to Cy;' (V, R) if  is of class C%” (i.e., €2 is locally a subgraph of
€O functions) and there exists a function h € C%' (W) such thata + (b —a)/10 < h < b, Lip(h) < M and

RQNV)={(Xxy) : X W, a<xy<hX)}. (3.8)

In the following theorem, again, Vu and Vii are extended to be zero outside 2 and €2, respectively.
Theorem 3.2 N y y
Let ©, & be domains of class CJy' (V,R) with Q\V = Q\V. Let f € L2(2 U ) and let u € H}() and & € H}($) solve Lu = f and
L = f, respectively. Assume that there exists g > 2 such that ”f”Lq(QUQ) <M, ||Vulla(@) <Mand ||Va||m(§2) < M. Then there exists a
constant ¢ depending only on M such that

~ q—2
IV <QaQ| @ . (3.9)

- VUHLZ(QUQ)

Proof
It has been proved in [3], following earlier work of Burenkov and Lamberti [11], that if 2 and Q arein Cf\’,f (V,R), then there exists a

bi-Lipschitz diffeomorphism ¢ : @ — Q whose Lipschitz constants are estimated in terms of M only and such that |E| < c|Q A, where
c also depends only on M. Hence, (3.9) follows from Theorem 3.1. |

We now present an example that shows that estimate (2.2) is sharp. We fix 7 < 8 < 27 and 0 < € < 1 and denote by 2, g the planar
domain

Qep=1rd):e<r<1, 0<6<p}.

We denote by ue be the solution of the problem

_ T 44
Aue = 2 sin () inQep, (3.10)

ue =0, ondQ g

The function ug has been computed in (2.7). For € > 0, a direct computation gives that ue¢ (x) = ve(r) sin(w8/8), where
/B2 & 2—e"B _a 5
= B B —
Ve(r) e—”/ﬁ—e”/ﬂr +€_ﬂ/ﬂ_€ﬂ/ﬂr re, e<r<1.
We then easily obtain the asymptotic formula
Ve — Vuoll 2, =A™ P (1+ 0(1)), (3.11)

forsome A > 0.
Let us now see what our theorem gives. We note that the domains are not of some class Cl‘(}f (V,R) uniformly in €, so we cannot
directly apply Theorem 3.2. Instead, let s¢ : (0, 1) — (€, 1),

S+e 0<r<2e

se(r) = r, 2e <r<1.

We define the bi-Lipschitz map ¢¢ : Q0 — Q2¢, given in polar coordinates by

Pe(r,0) = (se(n),0), 0<r<1, 0<6<p.
. ______________________________________________________________________________________________________|
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Using the explicit computation of ug and ue, we easily see that the assumptions of Theorem 3.1 are satisfied for any (fixed) g <
2B/(B — ). Hence, Theorem 3.1 gives

—2 =2 z_g
[Vue — Vuoll2(@ue) = CqlEel 29 =cqe 7 =csgebf 7,

forany § > 0. Because of (3.11), this shows that the exponent of |E| in (3.3) cannot be replaced by a smaller one.

Remark 3

~ a2
It is worth pointing out that the eigenvalue stability estimates obtained in [1, 11] have the term [2 AQ| 7 in the RHS; the exponent
(g —2)/q is twice the one in (3.9) and is also sharp.
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