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SPECTRAL STABILITY ESTIMATES FOR ELLIPTIC
OPERATORS SUBJECT TO DOMAIN
TRANSFORMATIONS WITH NON-UNIFORMLY
BOUNDED GRADIENTS

GERASSIMOS BARBATIS AND PIER DOMENICO LAMBERTI

Abstract. 'We consider uniformly elliptic operators with Dirichlet or Neumann
homogeneous boundary conditions on a domain  in RY. We consider deformations
¢ (2) of Q obtained by means of a locally Lipschitz homeomorphism ¢ and we
estimate the variation of the eigenfunctions and eigenvalues upon variation of ¢.
We prove general stability estimates without assuming uniform upper bounds for
the gradients of the maps ¢. As an application, we obtain estimates on the rate of
convergence for eigenvalues and eigenfunctions when a domain with an outward
cusp is approximated by a sequence of Lipschitz domains.

§1. Introduction. Let 2 be a bounded domain (i.e., a bounded connected
open set) in RY and ¢ a locally Lipschitz homeomorphism between Q and
another bounded domain ¢ (2) in RY. For fixed real coefficients A; ; defined
in the whole of RV with Ajj=Aj; and satisfying the uniform ellipticity
condition (2.2), we consider in ¢ (€2) the operator L defined formally by

Lu= 0 A () M 1.1
== ,,(x)a), (1)

i,j=1 0t

and subject to the Dirichlet boundary condition # = 0 on d¢ (£2) or the Neumann
boundary condition

N ou

E A,‘j—l)iZO on 8(]5(9),
e~ 0x;
i,j=1

where v = (v, ..., vy) denotes the outer unit normal to d¢(£2). Following
the approach developed in [1], we prove estimates for the deviation of the
eigenvalues and eigenfunctions corresponding to the domain ¢ (€2) from those
corresponding to a perturbation H(Q2) of ¢(). In particular, we improve
the results of [1] in two respects: we provide estimates which allow dealing
with possibly singular maps ¢ and we improve the exponents appearing in the
appropriate measures of vicinity of ¢ (£2) and ().
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The regular case of globally Lipschitz homeomorphisms ¢ was investigated
in [1] where estimates for the variation of the resolvents, eigenfunctions and
eigenvalues were proved under the assumption that the gradients of the maps
¢ and their inverses have a uniform upper bound. Those estimates can be
applied for example to the case of uniform families of domains with Lipschitz
continuous boundaries. However, if ¢ (£2) has boundary degenerations stronger
than those of €2 (for example, €2 has a Lipschitz continuous boundary while ¢ (£2)
has a cusp at the boundary) one cannot assume that ¢ has a bounded gradient.
This problem might be overcome by approximating ¢ (£2) by means of suitable
domains ¢, (£2), € > 0, where ¢, are globally Lipschitz continuous maps: one
would find estimates depending on € and eventually would pass to the limit as
€ — 0. However, the gradients of the maps ¢. would not necessarily have a
uniform upper bound, and hence the results of [1] could not be used in this
limiting procedure. Thus, it is desirable to prove stability estimates independent
of ||[Vé| L= (g). In this paper, we prove general stability estimates without using
any uniform upper bound for ||V¢|lp~(q). These estimates are expressed in
terms of a certain measure of vicinity 4 (¢, ¢~>) of ¢ and ¢ which reduces to
the Sobolev norm |¢ — <}3||W1,q(m in regular cases; see (3.7) for the precise
definition and Remark 4.

Similarly to [1] the estimates for the variation of eigenvalues and
eigenfunctions are deduced from corresponding estimates for the variation of
resolvent operators in the Hilbert—-Schmidt class C>. Note that the resolvent
(L + 1)_1 of the operator L belongs to the Schatten class C", 1 <r < oo, if
and only if the eigenvalues A, of L satisfy

ad 1

Z — < 0,

2 G+ 1
and, in the case of smooth domains, this holds provided r > N /2. Condition r >
N /2 isused in [1] and turns out to spoil the exponents in the stability estimates. If
one is interested only in eigenvalues and eigenfunctions (and not in the solutions
to the Poisson problem Lu = f), it is convenient to replace the resolvent
(L + 1)~! by suitable powers of it. Indeed, the operator (L + 1)~* belongs to
any fixed Schatten class C" provided k € N is large enough. The power k plays
no essential role in the estimates for eigenvalues and eigenfunctions: this simple
but crucial observation enables us to improve the estimates of [1].

In the case of transformations ¢ with uniformly bounded gradients
considered in [1], the new estimate for eigenvalues reads

o 12 N
( [Gon + D75 = O + 1)—"12) < 820 /(q0-2) (@, @), (1.2)
n=1

where A,, A, denote the eigenvalues in ¢ (£2) and ¢~>(Q) respectively; see
Theorem 6. Here gp € ]2, oo] is a suitable parameter related to a summability
assumption (property (P)) on the eigenfunctions and their gradients; see
Definition 2. It turns out that in the case of sufficiently smooth domains (say, of
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class C''1) and sufficiently smooth coefficients A;; (say, Lipschitz continuous),
one can take go = oo, and hence the estimate (1.2) is expressed in terms of
82(¢p, ). (Note that in [1] the best measure of vicinity appearing in the estimates
1S SN +e (0, (5), for any € > 0, and it is much worse than &, (¢, q;) if N > 2.) Inthe
general case of possibly singular transformations ¢, the term 824 /(¢,—2) (¢, ®)
in (1.2) has to be replaced by (1 + §;(¢, &))52%/(%_2)@, @) for a suitable
s > 1, where the extra summand appears only for technical reasons and is not
important for applications.

Estimate (1.2) is first applied to uniform families of domains with Lipschitz
continuous boundaries as in [1]. In this case, the construction of appropriate
transformations ¢ leads to the estimate

00 1/2
( [n[21]+ D78 — G221 + 1)—"12) <clQp A Q7N (1.3)
n=1

provided €21 and 2> belong to the same Lipschitz class and the Lebesgue
measure |2] A Q3| of the symmetric difference of €2; and €2, is small enough;
see Theorem 11. Analogous estimates for the variation of the eigenfunctions are
proved in Theorems 8 and 11.

We then apply our general stability estimates to the case of the Dirichlet
Laplacian on a domain 2 with an exterior power-type cusp of exponent o
sufficiently close to 1 (the case o =1 is clearly the regular Lipschitz case).
We approximate 2 by a sequence 25, § >0, of domains with Lipschitz
continuous boundaries and estimate the rate of convergence of the eigenvalues
and eigenfunctions in terms of IQ\leb @ where 0 < b(a) < 1 is an explicit
exponent depending only on N and « (with b(1) = 1/2 as expected from (1.3)).
To do so, we establish the validity of property (P) in the domains €25 by means
of an a priori estimate of Maz’ya and Plamenevskii [14, p. 4] and a bootstrap
argument; see Theorems 12 and 14. According to the strategy explained above,
we then construct suitable maps ¢, : 25 — €2 and obtain estimates in terms of
192:\825 2@, By letting € — 0 we obtain the desired estimate.

We note that in the case of suitable uniform families of domains with
Lipschitz continuous boundaries it was proved in [5, 6] that

2n[21] — A [Q22]] < cn |1 AQ | 7290, (1.4)

where g is as above. Moreover, in [8] it is proved that the exponent 1 — 2/¢g
is sharp; see also [12]. Clearly, in estimate (1.3) we do not obtain the sharp
exponent. The fact that our exponent is exactly half the sharp one seems to
indicate that a variation of our method could lead to the optimal exponent.
However, we note that our method has the advantage of providing stability
estimates also for eigenfunctions and large enough powers of the resolvents.
Such estimates cannot be obtained by the methods of [4] and [5, 6] which make
use of the variational characterization of the eigenvalues. We note that while
stability estimates for eigenvalues have been extensively studied in recent years,
the corresponding problem for eigenfunctions is much less investigated. In this
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respect we mention the article of Pang [15] where probabilistic methods are used
to obtain a stability estimate for the ground state of the Dirichlet Laplacian on a
simply connected planar domain.

We note that estimates of the type (1.4) have been recently obtained by
Lemenant and Milakis [13] for the first eigenvalue of the Dirichlet Laplacian in
Reifenberg flat domains. We also note that stability estimates for the eigenvalues
of uniformly elliptic operators with Dirichlet or Neumann boundary conditions
on domains with continuous boundaries were proved in Burenkov and Davies [4]
and in [7, 8] where the vicinity of the domains is expressed in terms of a variant
of the Hausdorff distance. For more references on this subject we refer to [1]
and to the survey paper [9].

This paper is organized as follows. In §2 we set the problem. In §3 we
prove stability estimates for resolvents, eigenvalues and eigenfunctions in terms
of §,4(¢, $). In §4 we discuss some applications to domains with Lipschitz
continuous boundaries as well as to domains with power-type cusps at the
boundary, and we prove estimates in terms of the Lebesgue measure.

§2. Elliptic operators and singular domain transformations. Let 2 be an
arbitrary bounded domain in RY. We consider a family of domains ¢ (2) in RY
parametrized by locally Lipschitz homeomorphisms ¢ of €2 onto ¢ (£2). More
precisely, we consider the family of transformations

P(Q) :={p € (Wl})’coo(Q) N LOO(Q))N : the continuous representative of ¢
is injective and =D € (W, (p(2)"), 2.1)

where Wli)’coo(Q) denotes the Sobolev space of the functions in L} (€2) which
have weak derivatives of first order in Li’OOC(Q). Observe that if ¢ € ®(2) then
¢ is locally Lipschitz continuous. Note also that if ¢ € ©(£2) then ¢ (2) is also
a bounded domain. Moreover, any transformation ¢ € ®(2) allows changing
variables in integrals in the standard way.

Let A = (A;j);, j=1,..,n be areal symmetric matrix-valued function defined

on RY such that A;; € L°(R") foralli, j=1,..., N and

N
07NERP < D Aij(0EE <OIEP, 22)

i,j=1

forall x, £ € RN and some # > 1. This matrix will be fixed throughout the paper.

Let ¢ € d(R2) and let W denote either Wy* (¢ () or W'2(¢()). Here
Wl'z(qb(Q)) denotes the standard Sobolev space of functions in L2(¢(Q))
with first order weak derivatives in L?(¢(2)) endowed with its usual norm,
and W, (¢ (2)) denotes the closure in W'2(¢()) of the C*-functions with
compact support in 2. We consider a non-negative self-adjoint operator L on
L?(¢(R)) given formally by (1.1) and satisfying Dirichlet or Neumann boundary
conditions on d¢ (£2). More precisely, L is defined as the self-adjoint operator
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on L%(¢(2)) canonically associated with the quadratic form Q; given by

ov 0v
Dom(Qr) =W,  Qr(v)= /¢ o Z A ”—”dy, 23)

i,j=1

for all v € W. We now consider the operator H on L?(2) obtained by pulling
back L to €2 as follows. Let Cy be the operator from L2(¢(Q)) to L2(S2) defined
by Cogv=vo¢ forall ve L2(¢(S2)). Let ve Wh2(¢(Q)) be given and let
u = Cyv. Observe that

/ |v|2dy=/ lu|?|det Ve (x)| dx.
$(Q) Q

Moreover a simple computation shows that

Jv Jv ou
SO dy = / iy O e Vo d
/qm)”l 10355 Z i i

i,j=1

where a = (a;});, j=1,...,n is the matrix-valued function defined on £2 by

.....

N (G (=1
0¢: ¢
R A l J
aijj § < rs 3y, I ) o¢

r,s=1

= (V) ' A(P) (Vo) )i

Here (V¢) ™" denotes the transpose of the inverse of the matrix V¢. The operator
H is defined as the non-negative self-adjoint operator on the Hilbert space
L?(Q2, |det Vo (x)| dx) associated with the closure of the quadratic form Qg
with Dom(Qg) = C4[W] and

QH(u)zf Z a,, |detV¢(x)|dx u € Dom(Qp).
i,j=1

We note that H is not necessarily uniformly elliptic. We also note that,
equivalently, H can be defined as

H = C¢LC¢(71) .

In particular H and L are unitarily equivalent and the operator H has compact
resolvent if and only if L has compact resolvent. We set

g(x) :=|det Vo (x)],

forall x € €2, and we denote by (-, -), the inner product in L?*(R2, g dx) and also
in (L%(Q, g dx))N.
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§3. Stability estimates. In this section we shall consider maps ¢ with the
properties described in Section 2, and we make the additional assumption that ¢
and its inverse ¢~ ! are Lipschitz continuous. We note that in this case

ColW'2(p (@)1= W'2(Q) and  Cy[W, 2 (¢(2)] = Wy ().

In this context we give an additional definition. We define T : L?(R2, g dx) —
(L3(2, g dx))" to be the operator with domain Dom(7) = Cy[W] and Tu =
a'’?Vu. We then have

H=T%sT. (3.1)

Here the adjoint 7™s of T is understood with respect to the inner product
of L?(R2, g dx) and this has been emphasized in the notation. Subsequently,
however, we shall simply write T7* instead of 7*)s, unless it is necessary to
distinguish two different scalar products.

Let ¢ and ¢ be two such maps on € and let L and L be the corresponding
operators on ¢(2) and ¢>(Q) defined as in §2. We assume that either L
and L both satisfy Dirichlet boundary conditions or L and L both satisfy
Neumann boundary conditions. We shall use a tilde to distinguish the objects
corresponding to L from those corresponding to L. Our aim is to compare L
and L and to do this we shall compare the respective pull-backs H and H. Since
H and H act on different Hilbert spaces—Lz(Q, gdx) and L%(Q, g dx)—we
shall use the canonical unitary operator,

w: L*(Q, gdx) — L*(Q, g dx), U wu,

defined as the multiplication by the function w := g'/2g~1/2. We shall retain

the same symbol w to stand for multiplication operator by the function w from
L%(2, p1 dx) to L%(2, po dx) for other weights p; and pp. These weights
will always be bounded away from zero and infinity, so the actual action of the
operator will always be the same. We also define the matrix-valued function

S:=w a1 2qq"1/? (3.2)

and use the symbol § to stand for the associated multiplication operator between
various spaces (L%(S2, p dx))" with weights p that will be again bounded away
from zero and infinity.

As will subsequently be clear, in order to compare H and H we shall also
need the auxiliary operator T*ST. Since

ISP Tul s g0y = [ @V VDG, e ColNL
’ Q

T*ST is the non-negative self-adjoint operator in L?($2, g dx) canonically
associated with the closure of the quadratic form

/ (aVu-Viu)gdx, ueCy[WI.
Q
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Hence H and T*ST have the same quadratic form, but they act on different
Hilbert spaces: L%($2, g dx) and L*(Q, g dx) respectively. It is easily seen that
the operator T*ST is the pull-back to 2 via ¢ of the operator

N 50D _
L .= %L.
go D

Thus we shall deal with the operators L, L and L and the respective pull-backs
H, H and T*ST. We shall repeatedly use the fact that these operators are
pairwise unitarily equivalent.

Throughout this section we assume that these operators have compact
resolvent and that their non-zero eigenvalues A, satisfy the estimate

(3.3)

An = Cin'l®, (3.4
for some positive constants « and Cj.

Remark 1. We recall that if Q is a bounded domain with Lipschitz
continuous boundary then (3.4) is satisfied with & = N /2 (no restrictions on the
boundary are required in the case of Dirichlet boundary conditions); see [1] for
references.

Subsequently we shall denote by A,[E], n € N, the eigenvalues of a non-
negative self-adjoint operator E with compact resolvent, arranged in non-
decreasing order and repeated according to multiplicity, and by ¥,[E], n € N,
a corresponding orthonormal sequence of eigenfunctions.

We introduce the following property which will be important in what follows.

Definition 2. Let U be an open set in RV and p > 0 be a measurable
function on U, and let E be a non-negative self-adjoint operator on L2(U, p dx)
with compact resolvent and Dom(E) C WIL’CI(U ). Let goe€]2,00], y,Cs €
10, co[. We say that E satisfies property (P1) with the parameters g9, y and
Cy if

I ETll 0w, p axy < C2AlEV, (P1)
for all n € N such that A,[E] # 0. We say that E satisfies property (P2) with the
parameters qg, y and C» if

IVYALEN 0w p dxy < C2An[E1?TY, neN. (P2)

Finally, we say that E satisfies property (P) with the parameters qg, y and C; if
it satisfies both (P1) and (P2) with these parameters.

The next lemma involves the Schatten norms | - ||cr, 1 <r <oo0. For
a compact operator E on a Hilbert space they are defined by |E|c =
Q, ua(E)HYV7Tif r < 00, and ||E||ce = || E||, where i, (E) are the singular
values of E, i.e., the non-zero eigenvalues of (E *E)l/ 2; the Schatten space C,
defined as the space of those compact operators for which the Schatten norm
Il - llcr is finite, is a Banach space; see Reed and Simon [16] or Simon [17] for

details.
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Let F:=TT* Fs:=S'2TT*SY2. 1t is well known that o (F)\{0} =
o (H)\{0} and similarly o (Fs)\{0} = (T*ST)\{0}; see [10, Theorem 2].
Moreover, we note that

H=(@"*Vv)™ig2v = w2@"?*vy*w=2a'?v = wwT*STw)w™"', (3.5)

and therefore the eigenvalues of the operator wT*STw coincide with the
eigenvalues of H.

LEMMA 3. (i) Let E be a non-negative self-adjoint operator on
L%(2, p dx) whose eigenvalues satisfy inequality (3.4) for some a, C1 > 0.
Assume that E satisfies property (P1) for some qo, v and Cy. Then for large
enough k € N, depending only on a and y, there exists ¢ > 0 such that for all
measurable functions R on €,

IRCE + 1) lle2 < el R 200/00-2 00 p av)-
The constant ¢ depends only on k, o, y, C1, Cy and, if L\{[E]=0 and has
multiplicity m, also on |V [E]llpeo@.pdx), t =1, ..., m.

(ii) Assume that H (respectively T*ST ) satisfies property (P2) for some qo, vy
and C,. Then for large enough k € N, depending only on o and y, there exists
¢ > 0 such that for all measurable matrix-valued functions R on €2,

IR(F + D)7 F2 2 < clRa"? | 2ap/a0-2 (g ay-

. - 1/2
(respectively  [|R(Fs + 1) F¢'llc2 < ¢ RS20 || g 0020 g a))-

The constant ¢ depends only on k, o, y, C1 and C».

Proof. We first prove statement (i). Assume for simplicity that A1[E] # 0.
We have

o0

IRE + D7 IG = D IRE + D™ YnlEll 725, 4y
=1
o0

2k 2
= Z:l(/\n[E] T D TIRYRlEN 2 ax)

00
2 —2k 2
< ”R”LZqO/(qO—Z)(Q!de) Zl()»n[E] +1) ||Wn[E]||qu(Q,p dx)
n—=

00
2 —2k 2
< C“R”Lz‘m/("U’Z)(Q‘pdx) E (An[E1+ D) A[E)Y
n=1

2
< c”R”LZqo/(qO*Z)(Q,pdx)’ (3.6)
provided k is large enough. In the case A{[E] = 0 and has multiplicity m, one
has simply to take into account the first m summands in (3.6).
We now prove statement (ii). We only consider F, the operator Fg is
treated similarly. We note that (A,[H 17Y2T,[H)) is an orthonormal basis
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of Ker(F)™. Hence

o0
IRCF + DT F'Pller = 3 Ml ET M IRGF + D F P TYul BN 20 4 gy

n=1
o0

= OulE1+ D IRTYulEN 2 g 4 gy
n=1

1/2),2
< ||Ra ||L2q0/(610*2)(9,g dx)

o0
x Y OalE1+ D™ IVYLEN 00 (. av)

n=1

1722
< C”Ra ||L2q0/(4072)(9’g dx)

X Y OalEl+ D™, [EPYH

n=1
1/2)2
< ellRa 1 202 g ey’
provided £ is large enough. This completes the proof. U
Our stability estimates are expressed in terms of the following measure of
vicinity of ¢ and ¢ (we recall that w := g'/2g~1/2):
84(¢. ) =38 (. $) + 67 (¢. b). (3.7)

where

5;1)@% @) = llw — 1 a@.gax) + lw™" — 1l La(@.g dx)s
5P (@, $) =11(5"* = S7)a' P Lo g ax) + 1S = Da' || Lo ax)-
Remark 4. Note that if we consider maps ¢ ¢ belonging to a family of
transformations ¢ satisfying the uniform estimate

c ! <essinf |detVe|, |V~ <c

for a fixed ¢ > 0, and the coefficients A;; are Lipschitz continuous, then

8q(®, ) <Cllp — llywraq)-

THEOREM 5 (Stability of resolvents). Assume that the operators H and
T*ST satisfy properties (P1) and (P2) and that w ' Hw satisfies property
(P1), for the same parameters qo, v and Co. Then for all large enough k € N
depending only on o and y and for any s > qo(o + 2y)/(qo — 2), there exists
¢ > 0 such that

lw ™ Hw + D)7 — (H 4+ 1) o2 < el 4 85, $)18240/(q0-2) (@ @) (3.8)

The constant ¢ depends only on a, k, y, s, C1, C2 and, in the case of Neumann
boundary conditions, also on ||g| 190 ()-
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Note. The factor 1 + §,(¢, é) appears for technical reasons and is not of
importance for applications.

Proof. We fix k € N large enough so that part (i) of Lemma 3 can be applied
to the operators H, T*ST and w™' Hw and part (ii) of the same lemma can be
applied to the operators H and T*ST. Since w™' Hw = wT*ST w, we can write

w'Hw+ D) *—H+1D)*=A+B,
where
A= WT*STw + D)% —(T*ST + 1)7*,
B=(T*ST + )% —(T*T + )7~
We first estimate A in terms of 8;1)(¢, $). We have

k—1

A=— Z(T*ST + D) I(T*ST + 1)~}
i=0
— (WT*STw + )" NwT*STw + 1)~ *k=1-D, (3.9)

First we estimate the terms in the sum (3.9) corresponding to i < [k/2].
A direct computation shows that

(T*ST + 1)~ — WT*STw+ 1)"' = D; + Dy + D3 + D4 + Ds,

where
D= (w— DHWT*STw + 1)~
Dy = (w—DHWT*STw+ D" 'w —1),
D3 = (wT*STw+1)"'(w—-1),
Dy = (T*ST+ 1) ' (w—w HwT*STw+ D711 — w),
Ds = (T*ST + )" '(w™ ! —w)(wT*STw + 1)~ .
Hence we need to estimate the terms Ay, ..., As defined by
[k/2] , .
Aj= ) (T*ST + )" DjwT*STw + 1)~ *1,
i=0

Applying Lemma 3(i) for E = wT*ST w we obtain that if k is large enough, then
[Atllcz < cllw = 1l 2001002 (@, g ax)- (3.10)
Now, applying [1, Lemma 4.5] with p = go/(qo — 2) we obtain
lw = D@T*STw + D7 <cllw — L. dn,
for any s > qo(o + 2y)/(qo — 2), and hence
[Azllcz < cllw = Tlizs(@.g ax) 1w — Ll L200/00-2 (2 g dx)-

The remaining terms A3z, A4 and As are estimated similarly.
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In order to estimate the terms in the sum (3.9) corresponding to i > [k/2] it
is possible to proceed as above by swapping (T*ST + 1) and (wT*STw + 1)
and using the following decomposition:

(T*ST + 1)~! — (wT*STw + 1)~! = D| + Dy + D} + D}, + DX,
where

D\ =(—w ")T*ST + 1),

D)= (w™ ' —I)(T*ST+ D)~ '1 —w™),

Dy = (T*ST + 1)~'(1 —w™h,

D)= ' = )(T*ST+ D N w™ —w)(wT*STw + )71,
Dy = (T*ST + 1) "(w™ —w)(wT*STw + 1)~

We now consider the term B. We write

k—1
B = Z(T*ST + 1)_i[(T*ST + 1)—1 —(T*T + 1)_1](T*T + 1)—(k—1—i).
i=0

Let B; denote the ith summand. We have (see [1])

(T*ST+ 1)~ —(T*T + 17!
=T*SY2(Fs+ )" (S™V2 = s/ F + )7'T.

It is also known [10] that T(T*T + 1)™ =(TT*+ 1)""T, m € N, with a
similar relation, of course, for S'/2T. Hence

B = (T*ST + 1)~ T*S2(Fg + 1)~}
x (§7V2 =SV F + )TIT (T + 1T

Using polar decomposition for S12T we note that | T*SYV2(Fg + 1)~ =1 < 1.
Using also polar decomposition for 7 and applying Lemma 3 (ii) for F, we
therefore obtain that, for i < [k/2],

IT*SY2(Fs + DTS2 = SV3((F + )~ F2
I(S™12 = SV (F + )= CDF12 0o
el (872 = SY2)a' 2|l agra0-2 g g dvy»

| Bille2 <
<
<

provided k is large enough. For the terms with i > [k/2], we argue similarly (but
now use Fg instead of F') and obtain

1/2
I1Billcz < el (S = Da' || 2ag/a0-2 (g )

This concludes the proof of the theorem. O
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As in [1], from Theorem 5 we immediately deduce the following theorem.

THEOREM 6 (Stability of eigenvalues). Assume that the operators H and
T*ST satisfy properties (P1) and (P2) and that w ' Hw satisfies property
(P1), for the same parameters qo, y and Co. Then for all large enough k € N
depending only on o, y and for any s > qo(a + 2y)/(qo — 2) there exists ¢ > 0
such that

00 _ 1/2
(Z[ML] + D7 = QL] + 1)—k]2)

n=1

< efl + 85(, $)18240/(g0—2) (@ B)- (3.11)

The constant ¢ depends only on a, k, y, s, C1, C2 and, in the case of Neumann
boundary conditions, also on |||l 140 (q).-

In order to estimate the variation of the eigenfunctions, we need the following
lemma.

LEMMA 7. Let A, B be compact self-adjoint and positive operators in a
Hilbert space 'H. Let Ay, pun, n €N, be the eigenvalues of A, B respectively.
Let ¢, ¥y, n €N, be orthonormal sequences of eigenfunctions corresponding
to Ay, |4y, respectively. Let v be an eigenvalue of A, A ={n e N: A, =v} and
d =min{|A; — v|:i € N\A}. Let P, Q be the orthogonal projectors of H onto
span{¢, : n € A} and span{yr, : n € A}, respectively.

If|A — B|| <d/2 then

2(1 + |AD

P — —F—||A = B].
l 0l < 7| |

Proof. Note that by the min—max principle it follows that |A; — u;| < ||A —
B|| for all i € N; thus, if ||A — B|| <d/2 then |u,, —v| <d/2 forall n € A and
|wi —v|>d/2foralli e N\A.

Let u € Ran(P), ||lu|| < 1. Then

IA — B> > |Au — Bu|* = ||vu — Bu|?

o0

vy, Zm DY

i=1

>y =), ¥ >—Z| :

i¢A igA

2

thatis, |(I — Q)ul| < (2/d)||A — B||. Thus

2
I = Q)P < = llA = Bl (3.12)
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Now, let n € A. Then

o0 2
1A = BI> = 1Ay — BYul® = | Y Ai (W, ¢i)bi — tin¥n
i=1
= Z(x — ) [, i)
Z(x, 1) (Y, $0)1
1¢A
— d2 I P 2
>—Z| Y, 00) 2 = 10 = Pyl
i¢A
Hence
B 2|AlllA - B]|
lou = Pli=It - POl <=————— (3.13)
The proof follows by combining (3.12) and (3.13). d

In the following theorer~n it is understood that ;[ L] and wk[i] are extended
by zero outside ¢ (£2) and ¢ (£2) respectively.

THEOREM § (Stability of eigenfunctions). Assume that the operators H and
T*ST satisfy properties (P1) and (P2) and that w™! Hw satisfies property (P1),
for the same parameters qq, v and Cy. Let A be an eigenvalue of L (respectively
Z) of multiplicity m and let n € N be such that A=Xx, ="+ = dptm—1.
Then for any s > qo(o +2y)/(go — 2) there exists ¢ > 0 depending only on
o, q0, V> C1, C2, Ay—1, A, Ay and, in case 0fNeumann~b0undary conditl;ons,
llgll Lo (@) such that the following is true: if [1 + 85(¢p, $)16240/(q0—2) (@, ) <

Vand Yu[Ll, ..., Yurm-1[L] (respectively Yu[L, ..., Yuim-1[L]) are
orthonormal eigenfunctions of L in L>(¢(RQ)) (respectively L in L*(¢(2))),
then there exist orthonormal ezgenfunctlons VUnlLl, ..o, Ynpm—1[L] of L in

L2(¢(Q)) (respectively Yn[L1, . .., Ynim—1[L) ofL in L2(¢(sz))) such that

IalL] = Vil L1 2020
< c([1+ 85(. §)182g0/(g0-2) (¢ D)
+ 18" *ynlLl o ¢ — &' *YnlL1 0 Pl 12
+ 18" ynlLl o ¢ — §'*YnlL] 0 Bl 12 () (3.14)
foralll=n,...,n+m—1.

Proof. Let k € N be large enough so that estimate (3.8) holds. Let A =
Ay =+-+=Au+m—1 be an eigenvalue of L of multiplicity m. By applying
Lemma 7 with H = L%(Q2, gdx), A=(H+ 1) *, B=w 'Hw+ 1)~* and
v=(QA+ 1):", it follows that~ there exists ¢ > 0 as in the statement such that if
[1 4 85(, $)182g9/(q0—2) (@, ) <! then

P — QI <cll+85(d, §)1240/(q0—2) (&> D), (3.15)

where P, Q are the orthonormal projectors in L2(2, g dx) as in Lemma 7.
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Now, given eigenfunctions 1//1[L] as in the statement, we set wl[H 1=
w[[L] o q& and we note that w_lllf[[H ] are eigenfunctions of w 1Huw.
Proceeding as in [1, the proof of Theorem 5.6], using the selection Lemma [1,
Lemma 5.4] and estimate (3.15), we have that, possibly by enlarging c, if
[1+85(o, (]3)]32%/(40_2) (o, (f&) < ¢! there exist eigenfunctions ,[H],
Yn+m—11H] such that

lilH] = w™ 'Yl Hl 12(.g dry < €Il + 85(¢. $)182g0/(q0-2) (@ @), (3.16)

for all I=n,...,n+m—1. We set Y[L]=1y;[H]opD for all [ =
n,...,n+m—1. By changing variables in the left-hand side of (3.16) we
obtain

IilL] — w0 ¢ Vyn[HT 0 TVl 12040
< ell + 85, $)182g0/(g0—2) (B B).

Hence

IWiLL] = Yl L]l L2 () < €l1 + 85(b. $)18240/(g0-2) (@ D)
+ IWlL] = w0 ¢ Y[HT 0 ¢Vl 12500

and similarly

||1//1[L] wl[L]”LZ@(Q)) C[l +8 (d) ¢)]62q0/(q0 2)(¢ ¢)
+ IYalL] = w 0 ¢ Yl H1 0 6Vl 250

for all /=n,...,n+m—1. Estimate (3.14) follows by combining the
previous two inequalities and changing variables in integrals again. If A is an
eigenvalue of L we work similarly. O

§4. Applications. 1In this section we apply Theorems 6 and 8 in order to
obtain explicit stability estimates in terms of Lebesgue measure. This will
be carried out by showing that condition (P) is satisfied in suitable classes of
domains and by constructing appropriate transformations ¢.

4.1. Spectral stability for smooth and Lipschitz domains.  In this subsection
we consider bounded domains € in RY of class C"™! form = 0, 1, 1.e., bounded
domains which are locally subgraphs of C”! functions. In this context, domains
of class C!! represent the smooth case.

THEOREM 9. The following statements hold.

(i) Let Q be a bounded domain in RN of class C"' and let A, j be Lipschitz
functions defined on Q2 satisfying (2.2). Then the operator (1.1) subject
either to Dirichlet or Neumann boundary conditions on 2 satisfies property
(P) with gy = oo and y = N /4.
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(i) Let Q be a bounded domain in RN of class C 0.1 and let A; i be measurable
functions defined on 2 satisfying (2.2). Then the operator (1.1) subject
either to Dirichlet or Neumann boundary conditions on 2 satisfies property
(P) with some qo > 2 and y = N(qo — 2)/(4qo).

(iii)) The Laplace operator subject to Dirichlet boundary conditions on a
bounded domain in RN of class C%! satisfies property (P) with some
qo >4 if N =2 and some gy > 3 if N > 3

Statement (i) is well known; see [1] for references. For a proof of statement
(i1) we refer, e.g., to [1, Remark 6.5]. Statement (iii) is a consequence of the
work of Jerison and Kenig [11].

Definition 10. Let V be a bounded open cylinder; i.e., there exists a rotation
R such that R(V) = W xl]a, b[, where W is a bounded convex open set in
RV~ Let M, p>0. We say that a bounded domain € C R" belongs to
C,’;’I(V, R, p) if € is of class C"™! and there exists a function g € C"™ (W)
such thata + p < g < b, |8lm,1:= X o< jaj<ms1 1D*gllLoew) < M, and

ROQNV)={@&, xn): ¥ e W, a<xy<g@) 4.1

In the following theorem we denote by A,[L], A, [Z] the eigenvalues of the
operator (1.1) subject to Dirichlet or Neumann boundary conditions on €2 and
Q respectively. Similarly, the eigenfunctions are denoted by ,,[L] and ValL].
Moreover, by V,, we denote the set {x e V : d(x, dV) > p}.

THEOREM 11. Let A;j, i, j=1,..., N be measurable functions defined
on RN satisfying A; j=Aj; and the ellipticity condition (2.2). Let Q€
C]?,’ll (V, R, p). Then there exists 2 < qo < 00 such that the following statements
hold.

(1) Forall large enough k € N there exists c1 > 0 such that

O . 1/2 y
(Z |Gl L]+ D7F — Q[ L] + 1)—k|2> <e|Qa QY2 V4o,
n=1

(4.2)
forall @ € CYN(V, R, p) such that QN (V,)* = QN (V,)".

(1) Let A[L] be an eigenvalue of multiplicity m and let n €N be
such that A[L]=A,[L]1="- = Xpym-1[L] There exists ¢y >0
such that the following is true: if Q€ C/(l),}l (V, R, p), QN(Vy)=
Qn (V,)S, 1A Q| < cy L then, given orthonormal eigenfunctions
wn[I:], R wner,l[I:] in L2(S~2), there exist corresponding orthonormal
eigenfunctions Yry[L], ..., Ynim—1[L] in LZ(Q) such that

1Yl L] = Yl L1l 12 quay < c2IQ Q12140

If in addition A;; € CO'RN)and 2, Q € C}v}] (V, R, p) then statements (i) and
(i) hold with gy = oo
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Proof. Let Qe Cg,}l(V, R, p). By [1, Lemma 7.4] there exists a bi-Lipschitz
map ® from € onto 2 such that

r_léessigfldetVdﬂ and V| oo < T, (4.3)

where t > 0 depends only on N, V, M, p and such that there exists QcQ
satisfying the following properties:

d(x)=x forallxeQ and |Q\Q<2|Q2 4. (4.4)

As in [1, Theorem 7.3] we apply Theorems 6 and 8 with ¢ =Id and ¢ = ®. By
Remark 1, condition (3.4) is satisfied for « = N/2. Moreover, by Theorem 9
and [1] the operators L, L and T*ST satisfy property (P) for some gg > 2;
hence also H, H satisfy property (P) and w~ ' Hw satisfies property (P1). Thus
Theorems 6 and 8 apply, and estimates (3.11), (3.14) hold. By (4.3) and (4.4) it
follows that

820/ (qo—2) (@, @) < c|Q A Qa0

which combined with (3.11), (3.14) easily implies the validity of statements (i)
and (ii) (the last two terms in the right-hand side of (3.14) are estimated by means
of the Holder inequality and property (P1)). In the case of open sets of class C!!
it is enough to observe that by Theorem 9 and [1] it is possible to choose gy = 0o
and proceed as above. O

4.2. An abstract regularity theorem. ~ We prove a theorem on the regularity
of eigenfunctions of a general operator H which will be used in the next
subsection. This theorem is a generalization of [6, Theorem 5.1] which was
concerned with domains satisfying a uniform cone condition. The theorem has
two main assumptions: a general multiplicative Sobolev inequality (which is an
assumption on the underlying domain €2 and replaces the standard multiplicative
Sobolev inequality used in [6]) and an a priori estimate on the operator H. More
precisely, we need to consider the following properties.

(A) Sobolev inequality. Letm e N, M > 0. If 1 < p, g < oo and B is a multi-
index of length | 8| < m such that

1 < 1 m—|B|

q_ p M

where, in the case of equality, 1< p <g <oo, then there exists 7=
t(m, B, M, p,q) €10, 1] and C4 = C4(m, B, M, p, q, 2) such that for all u €
WP (),

1DPull Loy < Calluliymp gy lull o fgy - (4.5)

(B) A priori estimate. Letm € N, 1 < pg < oo and H : Dom(H) — LIOC(Q)
where Dom(H) C LP°(£2). For all pg < p < oo there exists A, < 0o such that
if u € Dom(H) and Hu € L?(2) then u € W™ P (2) and

lullwmr) < ApllHullLr)- (4.6)
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Then, following the bootstrap argument used in [6], we prove the following
theorem.

THEOREM 12. Let 1 < pg < oo and let H be an operator with Dom(H) C
LP0(RQ). Assume that the Sobolev inequality (A) and the a priori estimate (B)
are satisfied for some m e N, M > 0 . Assume further that t(m, 0, M, p, q) =
M/m)(1/p —1/q). Then for any eigenfunction ¢ of H, Hop = A, the
following statements hold.

(i) Forany po < p <00, ¢ € W"P(Q) and there exists B, < 00 such that

B llwmnr ) < Byl TM/MA/L0=1/P) g1 5y . 4.7)

(ii) Let B be a multi-index with |B| < m, and define
. M/ 1 1 M
10=1nf T(m’ﬁvMap7oo)+_ T :p>max » PO .
m\po P m — |B|

Then for any n > 0O there exists By, , < 00 such that

IDP @l Loo (@) < By (1 + XD T @l Lro ) (4.8)

Remark 13. It follows immediately that if

_ A+aM/p
T(m, B, M, p, W)—m,

for some A, @ > 0, and |B| < m and pg < M/(m — |B|), then by (4.8) it follows
that
IDP ¢l (@) < By + AW/ MPFEDTN )1 5 ), (4.9)

for any n > 0.
Proof. We set s(q) =Mq/(M —mgq) if 0 <g < M/m, and s(g) = oo if
M/m < g < oo. Since
lim s(-- - (s(q)) - -) = 00,
k— 00— —
k

one can apply the bootstrap argument used in [6, Theorem 5.1] and prove that
¢ € LP(K2) for any po < p < 00; see [6, Remark 5.9]. Applying (4.6) we obtain

ldllwm.r (@) < AplAlll@liLr), po< p <oo. (4.10)

If p = po, then (4.7) is an immediate consequence of (4.10), so we assume
that po < p < oo. Let us define o () = Mt/(M + mt), for all t > 0. Note that
o(t) =s"V () forall r > 0. We define a sequence (pi)i>1 by

pi=p, Pt =max{po, 3(o(p) + p)}-
We note that

1 mpy 1
5(0(pk) +po)=|M+ - (M + mpi)™ pk < vpi,
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where v= (M + mpo/2)(M —I—mpo)’1 < 1; hence py = po from some k
onwards. Let x be the first such k. We then have p=p;>pry>- .- >
P = po. Moreover, pry1>o(pr), k=1,...,k—1. Inverting we then

obtain py < s(pr+1), k=1, ...,k — 1. Applying (4.5) for g = pr, p = pk+1,
B =0 and (4.10) we obtain, with 7z =t(m, 0, M, px+1, pr) and ci(k) =
Cq(m, 0, M, pis1, p)Ap,

Pk+1°

1—1¢

I@lLre) < Catm, 0, M, pist, OIS Em s o 191 otk

1—
C4(m O M pk-‘rl pk)Apk_H|)\'|rk||¢||Ll7k+1(9)||¢||LP1;EJ];1(Q)
= C1 (k)l)\.|rk ||¢||Ll’k+l(g)-

Hence

(DA @l e ()

ol (o) <
<M @AM T2l Les ).

and, by iteration,
I@llLri @) < c2(P) AT T51 G Loe (@),

where c(p) = ]_[fz_ll c1(i). Recalling that py =p, pc=po and 71+ -- -+
Te—1 = (M/m)(1/po — 1/p), this takes the form

IpllLr @y < ca(p)|A|M/MA/Po=1 PN g1 g . 4.11)

Plugging this back into (4.10) we obtain (4.7), with B;, = c2(p)A .

We now prove (ii). Let |B| <m, p > max{M/(m — |B|), po} and 7 =
t(m, B, M, p, 00), C4 = C4(m, B, M, p, 0o, Q). By (4.5), (4.7) and (4.11) we
then have

1D @1l o) < CallBlfymn (e 181 5oy

<
< Ca(Bp AT M/mAP0=1 D) |16 1 pg ()T
x (ca(p)|A| MM ATPo=1P) (1911 g )T

= c3(P)IAP Pl Lro(g)s 4.12)

where c3(p) = C;;B;,cz(p)“r and

M1 1 M1 1 M/ 1 1
=\1+—({———))+d-0)—(——=)=t+—\——-—).
m\po Pp m\po P m \ po p
Optimizing over p we obtain (4.8). O

4.3. Spectral stability for domains with outward cusps. Let 0 <a < 1. Let
Q C RY, N > 2, be a domain the boundary of which is C? apart from a single
outward cusp. More precisely, we assume that

QNl-1, 1N={G, xy) € 1-1, 1[V: xy <1 —|x|%)

and that 32 is C2 outside ]—1, 1[V; here ¥ = (x1, ..., XxNy—1).
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Our aim is to obtain stability estimates for the deviation of the eigenvalues
and eigenfunctions of the Dirichlet Laplacian L on Q from the eigenvalues
and eigenfunctions of the Dirichlet Laplacian L. on the domain €2, defined for
€ €10, 1/2[ by

QN1-1, 1[N={&, xn) € 1-1, 1[V: xy <min{l — e, 1 — [X|*}},
Q\1-1, 1[N =\1-1, 1[V.

First we apply Theorem 12 in the case of the Dirichlet Laplacian on the
domain Q. Let

1
Na=N+(N—1)<——1>,
o
and for a multi-index 8 = (81, . .., Bn), let

Bla=B1+---+ Bn-1+aBN.

THEOREM 14. The Dirichlet Laplacian on 2 satisfies property (P) for
qo =00 and any y > Ny /4.

Proof. We shall apply Theorem 12. By [2, p. 239] the Sobolev inequality
(A) is satisfied with M = N, and
Ny(1/p—1
vn, B, M., p. gy = P TN = 1/0) @13)
|Bla +a(m —|B])
Moreover, by [14, Theorem 9.1], the Dirichlet Laplacian satisfies the a priori
estimate (B) for the parameters m =2 and arbitrary 1 < py < co. Hence the
result follows by applying (4.9) (see Remark 13). O

Now let €g € 10, 1/2[ be fixed and let € € [0, €p]. We define

Qe = (Q\ -1, 1M U{&E, xn) € 1-1, 1[V: xy < he(F))
where he 1 1—1, 1[N~1— ]—1, 1 — €[ is the function implicitly defined by
he(@) =1 —2¢e0 4 [(1 — €9 — he(X))* + max{|x|?, €¥/*}]*/? (4.14)

for all || < ¢,/* and by he(¥) = 1 — |T| for all || > €)/*. Itis easily seen that
the function /. is Lipschitz continuous (see also (4.16) below). Let ¢, be the
map from €, to . defined by

(X, xn) if (X, xy) € Q.
(x, =1 +2€0+ 2xn
—[(1 — €0 — he(¥)*(1 — € — xn)?
+ max{|x|2, €2/*}]%/2) if (X, xn) € Qe \ Q.
(4.15)
We note that ¢ (2) = Q2 and ¢e(x, he (X)) = (X, he(X)), and hence ¢e €
D (L2¢,). Moreover, we note that SAZGO = Q¢, and ¢, = 1d.

Pe (X, xN) =
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LEMMA 15. Assume that % <a<1 and 0<e¢y < ‘l‘. There exists a

constant ¢ > 0 depending only on « such that

j:—zij <ec, (4.16)
forall 0 < €' < e < e
Proof. We first prove that
Cq(ep — max{|x|%, €}) < 1 — €y — he(X) < €9 — max({|x|%, €}, (4.17)

for all 0 < € < €p, where Cy = 1 — 1/22¢~! Indeed, from (4.14) we have

1 —€p — he = €0 — [(1 — €0 — he)* + max{|x|?, €2/%)]*/?

< €0 — max{|x|*, €},
which is the second inequality in (4.17). It then follows that
1 — € — he > €g — [(eo — max{|[*, e})* +max{|x|>, e¥/*}]*/2,
and hence (4.17) will be proved if we show that
€0 — [(eo — )" +y**1* > Caleo — ), (4.18)

for all 0 < y < €. To prove (4.18) it suffices to note that since €g < 1/4

2/a]a/2

€ —[(eo—y)*+y >e0—y — (€0 — ¥)* = Cylen — ).

Hence (4.17) is proved.

We now prove (4.16). We restrict our attention to x € ]—1, 1V 1 with |x| <
eé/a, since ¢ = ¢ when |x| > eol/“. We set for simplicity J =1 — €9 — xp.
A direct computation together with (4.17) gives

det Ve
det Vs
2+ aJ[(1 — e — ho)*J* + max{|x|?, e/ N1 — e — he)?
T 24+ ad[(1 — €y — he)2J? + max{|F)2, €24 @D/2(1 — ¢y — her)?
_5 2+ aJ[(ep — max{|¥|?, €2/%})2J? + max{|%|?, €¥/%}]@2/2(ey — max{|¥|?, €¥/%})?
S TY 2 b ad[(eo — max{|F|2, €2/9})2J2 + max(|¥|2, €2/9}]@=2/2(¢y — max{|X|2, €2/*})2
[(eo — max{|X[%, €¥/*})2J% + max{|%|?, €*/*}]©~2/2 (e — max{|X|?, €7/*})?
[(eo — max{|X[%, €/})2J2 + max{|5 |2, €2/«)]@=2/2(eg — max{|5 |2, €2/))2 }

gc;2{1+

<2072,

where we have used the simple fact that the function f(¢) = (at + b)@=2/2¢,
t > 0 with a, b > 0, is monotone increasing. a

Recall that L, L. denote the Dirichlet Laplacians on €2, 2. respectively, as
defined in the beginning of this section.
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THEOREM 16. Letw €]1 — N/15, 1. Then the following statements hold.
(i) For all sufficiently large k € N and any n > 0 there exists ¢ > 0 depending
only on 2, k and n such that if |2\ Q2| < ¢~ then the eigenvalues Ay[L¢], Ay[L]
satisfy the estimate
2> 172

o0
<Z GalLe + D% = alL1+ D7F
< C|Q\Q€|1/2_5(1_a)/(N_1+a)_n. (419)

n=1

(ii) Let A be an eigenvalue of multiplicity m of L and let n € N be such that
A=A[L]l="" = Apym—1[L]. Forany n > 0O there exists ¢ > 0 depending only
on Q, A, Ay—1[L], Mp+m[L] and 1 such that the following is true: if |Q2\Q2¢| <
¢~ then, given orthonormal eigenfunctions Yy[Lel, ..., Ynam—1[Le] of Le,
there exist corresponding orthonormal eigenfunctions Yn[L], . .., Ynym—1[L]
of L such that

1¥nlLel = YulLll 120y < €] Q\Qe |20/ (N =T+, (4.20)

Proof. Step 1. Let 0 <€’ <e <ey<1/4. We apply Theorem 5 with the
maps ¢ = ¢ : Q¢ — Q¢ and é=¢: Q¢ — Q. The pull-back to Q, of
L via ¢ is denoted by H; similarly, the corresponding matrix S and the
function w defined in §3 are denoted by S. ¢ and w,  respectively, and the
operator (w;?, 0 ¢p"D)L,. defined in (3.3) is denoted by lA,E,e/; the matrix
(Vo) 1 (V)™ is denoted by a and the operator ael/ 2V is denoted by Te.
This notation will be used later in Step 3 also for the limiting case ¢’ = 0.

Note that detV¢. > 1 and for each ¢ € [1, N/(1 — «)[ there exists M > 0
independent of € such that

IVéellLa ey A} (Vo) llLa (2, IdetVeellra,) <M, (4.21)

where Adj(V¢.) denotes the adjugate matrix of V¢. Similar computations
show thatif g + 1 < N/(1 — «) then

IV@ellLa(Qey.50)» 1AtV el La (500 < M. 4.22)

We now verify that the assumptions of Theorem 5 are satisfied. It is well known
that L, and L. satisfy inequality (3.4) with « = N/2 and C; independent of
€0, € and €’. Moreover, it follows from [3, Theorem 3.1] that there exists C;
independent of ¢q, € and ¢’ such that (cf. (3.3))

MlTFSe. o Tl = hnlLe o] = Cin*Y,

ie. TS o Te satisfies (3.4) with the same parameters.
Now, it is standard that L. and L. satisfy property (P1) with gy = oo and
y = N/4 (seee.g., [1]). Since V¥, [Hc] = ¥u[Le] o e, He also satisfies property
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(P1) with go = oo and y = N /4. Moreover, using also (4.21), we have, for gg
with (g0 +2)/2 < N/(1 - a),

-1
IWnlw, ; Howe e Ml Lo g0 = Iwg il Hell Lo, g0
1/2
cAnlHe /]N/“ugé/ 90 (0. 50)

<
< chy [w Howe, /]N/4.

Hence the operator w, i, Heowe o satisfies property (P1) for any go < 2(N — 1 +
a)/(1 — ) and y = N /4, uniformly in €, €, €.

By the argument in [14, Theorem 9.1] (which deals with the case of a
cusp) it follows that the operator L. satisfies the a priori estimate (B) with
any po>1, m=2 and A, independent of €. Since the Sobolev inequality
(A) is also valid with M = Ny and t defined by (4.13), and C4 independent
of €, by Theorem 12 it follows that the operator L. satisfies property (P2)
for go = 0o and any y > N, /4, uniformly in € (see also Theorem 14). Since
Vi [He]l = (VY [Le] 0 ¢c) Ve, we have, for any go withgg +1 < N/(1 — @)
(cf. (4.22)) and any n > O,

IVYTHel L0 (@ 00 < CrnlH 2N MV Lo g0

<
< chp[H V2Nl

uniformly in €, €g. Hence H. satisfies property (P2) for any go < (N — 1+
a)/(1 —«) and any y > N, /4.
We finally consider 7S ¢ 7Tc. By Lemma 15, wz o < c and hence the

operator ie,e/ = (wgg, o¢éf1))L€/, which is self-adjoint on LZ(QG/, wf’e/ o

¢(71)) also satisfies the a priori estimate (B), for the same parameters as L/
Since the Sobolev inequality (A) is also valid (cf. Theorem 14), we can apply
Theorem 12 and (4.9) and conclude that any eigenfunction wn[L6 ¢] of L€ ¢
satisfies

IDPYulLe NllLo(@,) < chnlLe, o PV2N20040 1y L il o, . (423)

for all multi-indices 8 with || < 1, all pg > 1 and any 5 > 0, uniformly in
€0, €, €/. Now, for any pg with 1 < pg <2(1 — (1 —a)/N) we have, by the
Holder inequality,

IV¥nlLeellLroe,)
< L (=D -1 (=D
S 1YnlLeel(wee o oy )||L2(Q€/)||w€’€/ o, ”LZ"O/(Z_”O)(QG/)
-1 -1
=llw_l o ¢SVl 2,

1/2 —1
<llgg? 0 85l ansa-mig, )

@—po)/2p0
_ (/ g/ dx)
Q

€0

<ec, (4.24)
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uniformly in e, €, €. Now, we have ¥,[TScT]= xﬁn[ie,é/] 0 Per.
Hence (4.23) implies that TS, /T, satisfies (P1) for go =00 and any y >
NyN/(@4(N — 1+ «)). Moreover, for any pg as in (4.24), any n > 0 and any
qo with go + 1 < N/(1 — «) we have, also using (4.22),

VYl TS Se.e Tell L0 (@ 20 < Crnl T2 Se e Tl HN /2PN V|| Lo g0
<c [Te Se €/T€]1/2+Na/2po+n.

Hence TS, ¢ Te satisfies property (P2) for any go < (N — 1+ «)/(1 — @) and
any y > NgyN/(4(N — 1 + )).

Summing up, Theorem 5 can be applied for any go < (N — 1 + ) /(1 — @)
and any y > Ny N/(4(N — 1 + a)).

Applying the theorem we obtain that for any go < (N — 1 4+ «)/(1 — ) and
k € N sufficiently large there holds

lwg ¢ Howe,or + D7 = (He + D7 212000 ).0) < €8200/t00-2) (e b,
(4.25)

I Since Wey e =

uniformly in €g, €, €, provided 824/(g0—2)(Pe, Pe’) <™
We ¢ Wey,¢» DY unitary equivalence and (4.25) we obtain

”(w;o}e/He/wGO,E/ + 1)_k — (wE_()}e Heweo,e + 1)_k||62(L2(Q€0))
< C82q0/(q072) (Pe» Per), (4.26)

uniformly in €q, €, €’. In particular, for € = €

l(wg o Herwe,er + 175 = (Hey + D7 2120, )) < €8240 /0-2) Bes be)-

4.27)
Step 2. We now estimate the right-hand side of (4.26). We note that
1521 < c| Vel IAdi(Voe)l,
1S 1< el Vel 1A(Tpe),
lal?| < c|Adj(Vee) (4.28)

for some constant ¢ > 0. Note also that ¢ = ¢ on U ={(X, xn) € Q¢ :
|| > €'/®}. Thus, by (4.21), (4.28) and the Holder inequality it follows that
ifl <s<qp/6<qgo<(N—14+a)/(l —a)then

16822 = S2 a0
< IQGO\UGII/S%MO”(SEI’/GZ/ - S;:/z) aglls 200/ @ \U)
< 0|Qe\Ue |/ 740,
and
1Se.er = Dal* |l Ls @4y .50
< 1Qe\Uel "~ (Se.er = D6 pavss o, 01y
< ¢|Qe\Ue|/* 0/,
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for some constant ¢ > 0. One can similarly estimate the other summands in (3.7)
and obtain

85 (e, per) < ¢ Qeg\Ue|'/* =0/, (4.29)
uniformly in €, € and €’, for s and gq as above.

Step 3. Since @ > 1 — N/15, it is possible to choose 14 < gg < (N — 1 +
a)/(1 —a) which guarantees that 2go/(qo — 2) < qo/6; thus choosing s =
2q0/(go — 2) in (4.29) it follows in particular that &s(¢e, ¢/) — 0 as € — 0,
uniformly in €’ € (0, €). This combined with (4.26) implies that the sequence
(w;o’lé Hewe, e + D is Cauchy in € for € — 0. Thus, by passing to the limit
in (4.27) as ¢ — 0 we obtain

lwg, o Howey.o + D7 = (Hey + D7 lle2 120, )) < €8240 /0-2) Pes $0)-
(4.30)
Taking into account that ¢, = Id, using (4.28) and proceeding as in Step 2, we
obtain
85 (egs $0) < €]\ S0+~ (4.31)

forall 1l <s<gqo/4<qgo<(N—-1+a)/(1 A—oz). Since 1 —e€g — hg < €9 —
|X|* (cf. (4.17) with € = 0), we obtain |Q2,\ Q20| < |2\, |. By (4.30), (4.31)
and choosing s = 2qo/(go — 2) it follows that

lwg, o Howey.0 + D75 = (Hey + D7 llea 120,y < €1\ |@07 10720,
(4.32)
In order to finish, it suffices to observe that (qo — 10)/2qo — 1/2 — 5(1 —
a)/(N—-14«a)as go— (N —1+a)/(1 —«) and proceed as in the proof of
Theorems 6 and 8. o
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