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1 Introduction

In the article Davies and Hinz [7] proved higher-order L? Rellich inequalities of the
form

| A™ulP [ulP
/ 7 deA(Zm,V)/WTmpdx’ )]
RN RN
and |V A" u|P |ul?
u u
dezA(szrl,y)/WdX, )
RN RV

forallu e C° (RN'\ {0}) with the sharp value for the constants A(2m, y) and A(2m +1,
y). Their approach uses some integral inequalities involving A|x| together with iter-
ation, and is set initially in a Riemannian manifold context. One of the aims of the
present paper is to improve inequalities (1) and (2) by adding a sharp non-negative
term at the respective right-hand sides. In fact, this comes as a special — and most
important — case of a more general theorem where instead of |x| we have a distance
function d(x) = dist(x, K). Under a simple geometric assumption we establish an
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878 G. Barbatis

improved Rellich inequality of the form

m/2
/'AdiywpdeA(m,y)/ g4 Bom, y)Z/V|u|de 3)

dy+2mp
i=1 Q

for all u € CZ°(Q2 \ K), where at each step we have an optimal function V;(x) and a
sharp constant B(m, y); see Theorem 2 for the precise statement. Here and below we
interpret |A"/%u| as |V A"~ D/2y| when m is odd.

Improved versions of Hardy or Rellich inequlities have attracted considerable
attention recently and especially for Hardy inequalities there is a substantial litera-
ture; see, e.g., [1,4,6,9,12] and references therein. The corresponding literature for
Rellich inequalities is more restricted; see [3,5,8,9,11,12].

As was the case in [7], our results are formulated in a Riemannian manifold context,
but we note that they are also new in the Euclidean case. We consider a Riemannian
manifold M of dimension N > 2, a domain Q2 C M, a closed, piecewise smooth surface
K of codimension k, 1 < k < N, and the distance function d(x) := dist(x, K) which
we assume to be bounded in Q. We note that this last assumption is only needed for
the improved inequality and not for the plain inequality where only the first term
appears in the right-hand side of (3); to our knoweldge this is also new except in the
case M = RV, K = {0}, studied in [7].

We define recursively

X =(1—-logn™, te(0,1], A
Xi(t) = X1(X;i—1(0), i=2,3,..., te(0,1]. ( )

These are iterated logarithmic functions that vanish at an increasingly slow rate at
t = 0 and satisfy X;(1) = 1.
Given m € N and y > 0 we also define

[(m-1)/2]

’ k — Yy — (m - 2l)p P
A b = b
(m,y) g ( p )
: " bk —k 4y + (m —2)pyp
Ay =T ( )
j=1 b
A(m,y) = A'(m,y)A"(m,y), (5)
[(m=1)/2] .
1 k—y —(m—2ip\—2
Bom,y) = 2~ Am, y)[ >
2p par ( p )
m/2]

2
j=1

pk—k+y 4+ (m—2j)p\-2
( ; )}

Concerning the above definitions, we adopt the convention that empty sums are equal
to zero and empty products are equal to one; this of course refers to the sum or prod-
uct over j when m = 1. To state our first theorem we introduce the following technical
hypothesis:

2
y # kg 2kttp %{;,;kﬁp if m is even 13 + /105
3pk—8p>—2k+6p - . or p=> 4 (%).
y+p7é4177_2, if misodd,m >3
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‘We then have

Theorem 1 (Improved Rellich inequality) Let m € N and assume that d(-) is bounded
in Q. Let y > 0 be such that k — y — mp > 0 and suppose that (x) is satisfied. Assume
moreover that

dAd—k+1>0, inQ\K (6)

in the distributional sense. Then there exists a Dy > sup,.q d(x) such that for any
D > Dy there holds

/d*V|Am/2u|1’dx > A(m,y)/d*V*mpw’dx (7)
Q Q

o
+B(m.y) > / d7Y P XEXS - XPulPdx,
i=1 g
forallu e C*(Q\ K), where X; = X;(d(x)/D).

We present some examples where the geometric condition (6) is satisfied:

Example 1 Suppose that M = RY and that K is affine. Then (6) is satisfied as an
equality (this includes the case where K consists of a single point).

Example 2 Suppose that M is a Cartan—-Hadamard manifold, that is, a simply con-
nected geodesically complete non-compact manifold with non-positive sectional cur-
vature. If K = {xg} (some point in M) then (6) is satisfied; see [10].

Example 3 Suppose M = M| x M where M is a Cartan-Hadamard manifold of
dimension k. If K = {xg} x M, for some xg € Mj, then, in an obvious notation,
dx, y)(Ad)(x,y) = d(x,y)(Ad1)(x) > di(x)(Ady)(x) > k—1,s0 (6) is satisfied for any
QCM.

Concerning the important case M = RV, K = 3, condition (6) is satisfied if 2 is
the complement of a convex domain. This however is excluded from our theorem due
to the assumptions k — y —mp > 0,y > 0 ;' on the other hand, these conditions are
not needed for Theorem 2 below. It should be noted that Rellich inequalities involving
dist(x, 92) present surprising difficulties when p # 2. In particular, it is not known
whether the inequality [, |AuPdx > {(p —1)(2p — 1)/p*P Jo lulPd—2Pdx is valid when
 is bounded and convex with a smooth boundary; see also [12, Chapter 2] for results
in this direction.

In our second theorem we prove the optimality of the constants and exponents
of Theorem 1. This is quite technical and shall be established only in the case where
M = RY and K is affine (or,indeed, has an affine part, since the argument is local); we
believe that extra effort should yield the result in the general case, but we have not pur-
sued this. This would require in particular estimates on the behavior of higher-order
derivatives of d(x) near K; see [2, Theorem 3.2].

1 We note here that the condition y > 0 of Theorem 1 can be weakened to pk — k +y > 0. We have
not persued this since our main goal is to obtain inequalities whose left-hand sides do not involve any
weight (and this only requires ¥ > 0; see the proof of Theorem 1 below). We note however that if
negative y were allowed, then condition (x) would need to be strengthened; see the comments in the
beginning of the proof of Theorem 1.
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880 G. Barbatis

Theorem 2 (Optimality) Ler @ C RN and let K be an affine hypersurface of
codimension k € {1,...,N} such that K N Q # (. Assume that for some y € R,
D > sup d(x), r > 1 and some 6 € R, C > 0 there holds

/d*ymm/zm"dx > |A<m,y)|/d*V*””’|u|”dx
Q Q

r—1
+IBm,y)| D / AP XX - X ulPdx + C / A7 XXG - X2 X ulPdx,
forallu e CZ°(RQ), where X; = Xj(d(x)/D). Then

i 0=2
(i) if6 =2then C < |B(m,y)|.

We note that X;(d(x)/D1)/X;(d(x)/D2) — 1 as d(x) — 0, for any D{,D; > supgd
and in this sense the precise value of D¢ in Theorem 1 does not affect the optimality
of the theorem. We also note that by a standard argument, if k — y —mp > 0 then the
validity of (7) for all u € C2°(Q \ K) implies its validity for all u € C2°(Q).

The proof of Theorem 1 is given in Sect. 2 and uses some of the ideas of [3] and, in
particular, induction on m. However, it is more technical due to p # 2 and the extra
parameter k; moreover, the proof in [3] uses one-dimensional arguments and depends
on the Euclidean structure. The proof of Theorem 2 is given in Sect. 3 and uses an
appropriately chosen minimising sequence.

2 The Rellich inequality

Throughout the paper we shall repeatedly use the differentiation rule

%Xﬁ(r) = §X1<t>Xz<t) X 0XPT @, i=1,2,..., BER, (8)

which is easily proved by induction on i € N. Let us define the functions

oo o0
N =Y X1 Xy X, ()= X{X;5--X,

i=1 i=1

oo i
3 3y2 2
9(:):22){1...)(],)(”1...)(“
i=1 j=1

(see [3] for a detailed discussion of the convergence of these series). It follows from
(8) that
2
/ n°(® + @ / 20(0)
n=—75—": {O=——, 1€ 0, D). )
t t

Note. In the sequel we shall use the symbol X; for X;(¢), t € (0,1], for X;(d(x)/D),
x € Q, D > supg d, and also for X;(¢/D), t € (0,supg d), D > supg, d. It will always be
made explicit which meaning is intended. The same also holds for the functions 7, ¢
and 6.
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For the sake of simplicity we work with real-valued functions, noting that with
minor modifications the proofs also work in the complex case. As in [7], the proof of
Theorem 1 uses iteration and for this we shall need to consider first the case m = 2.
The following proposition has been obtained in [5] for y = u = 0. We set

_ (k—y —=2p)pk—k+vy)

0 ;
2

Proposition 3 Let v, > 0 be given and assume that k — y — 2p > 0. Suppose that
dAd—k+1>0, inQ\K (10)

in the distributional sense and assume also that (4p — 2)y # 3pk — 8p? — 2k + 6p or
p > (13 + +/105)/4. Then there exists Do > supg d(x) such that for all D > D and all
i > 0 there holds

/ 47 (1 + o) Aup de > QP / 472 upPdx
Q Q

N (pz;lQp[(k —v - ZP)*ZJF(M)’Z]+qu)/d—V—ZP¢|u|de, (1)
Q

p p
forallu e C(2\ K); here ¢ = ¢(d(x)/D).

Proof Let u € C°(2\ K) be fixed. For a positive, locally bounded function ¢ with
Vo € L1 (\ K) we have

loc

—~ / AdlulPdx = p / Vo - (JulP ~2uvu)dx
Q Q

= —p/¢|u|"*2uAudx -pp—-1 / olulP 2| Vu|*dx
Q Q

p—1 v 1 p
<o (5 [aas o e
Q

1
+f/dfy<1 + MC)IAuII’dX) —-pp— 1>/¢>|u|"*2|w|2dx,
P Q Q
from which follows that

/d"”(l + ud)|AulPdx > Ty + Ty + T3, (12)
Q
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where

Ty =pp-— 1>/¢|u|f’*2|w|2dx,
Q

T, = —/A¢|u|1’dx,

Q

T == =) [ a1+ 0 76 s,
Q

We next choose ¢ = Ad~?~*2(1 4+ an + Bn*) where A > 0 and o, 8 € R are to
be determined and n = n(d(x)/D) with D > supg d also yet to be determined. To
estimate 7 we set v = |u|?/? and apply [5, Theorem 1] obtaining

T) = L; DA /d*H”*z(l +an + )| Vv[Pdx
Q

_ o 2 o 2

- 4(p — DA / d,y,zp[(k v=2p)°  (k—y—2p) o,
p 4 4

Q

o, e, 2
+((k J/4 2p)oz+(k J/4 2p) ,B)nz

To estimate 7> we define f(¢) = AMTYTE2(] 4+ an(t/D) + ﬂnz(t/D)), t € (0,supq d),
so that ¢ (x) = f(d(x)). We then have
F1© =27 oy = 2p+2) + (=7 =20+ D+ [5 + (=7 ~ 20 + 2B

+5¢+ B’ + g | (14)
and

'@ = M‘V‘Z”[(V +2p-Dy+2p -2+ +2p — Dy +2p — D)y

Qy +4p — 3
+- 2

Qy +4p —3)a
o[- e

+ 0 +2p = D +2p — DB (15)

Je +[% - @ +4p— 58]0 +n0) +a0]

(where the argument of 7, ¢ and 0 in (14) and (15) is ¢/ D). Since f'(¢) < 0 for large D,
we have from (10)

k—1
—Ap = —f"(d) ~ [ @Ad = ~"(d) - ——[' (), (16)
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in the distributional sense in € \ K. Combining (14), (15) and (16) we conclude that

p) zA/d’y’z”‘(k—y—2p)(y+2p—2)+(k—y—2p)(y +2p —2)an
Q

2 4p — k-2

+(V+P—
2

2y +4p —k -2

+(%

a+(k—y—=2p)(y +2p—2)ﬁ) n’
a)é'—l— (@ +4p—k-2p-73) (17)

x (7 +n¢) — b + 0(n4)]dx.
As for T3, we use Taylor’s theorem to obtain after some simple calculations

1 p
1+ pg) rigrt
P _ (+2p-2p po pB pa2 2

= Ar-1d -1 1
’ ’ [ +p—1n+(p—1+2(p—1)2 1
2 pef  plp—2)?\ 3 pap
- ¢+ 2 3 - 2
p—1 -1 6(p—-1) -1

¢ + 0<n4)],

and thus conclude that

e[ po pB pa? M
T3 =—@p—Dbart [ a1 —
3=--Dbw / [+p 1"+(p—1+2<p—1>2)” p-1°

+( pap _p(p—Z)a3) 3 pap
P-1> 6(p—-1)3 r-D

0t + 0<n4>]dx. (1)
Using (13), (17) and (18) we arrive at

/d‘y(1+u§)|Au|de > /d_V_ZPV|u|pdx (19)
Q Q

where the function V has the form

V= ro+rn+rn® + B+ +rng + 150 + 0(n*).
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We compute the coefficients r;, r}, r/ by adding the respective coefficients from (13),
(17) and (18). We find

) - v
ro = (k—vy p)p(pk k-l—J/))L_(p_l)Mfl’
) - v
r = (k—y p)p(pk k—i—J/)M_pApi’la’
2p =2k +2 -y =2 -
py= PRE2 =2k 2y Koy =) k=—k+y) 5,
2p p
pB P’ \,
—(p— 20
- D(LE 5 2 ) (20)
-1 k—2k 2p+2 v
r’zz(p +p tept ya)k+ukp€1,
p 2p

L]( pap _p(p—2)a3),

o
r3=,\(_§+(2y+4p—k—2)/3) (2 -1 6(p—1)3
pao

Ml

== 5+Cy+ap—k-2p) + L

r3 = —ha.
We now proceed to specify A, « and 8. We choose A so as to optimize ry, which yields
r=0" r=0"
Then r; = 0 irrespective of the choice of & and 8. We subsequently choose
_ =Dk —2k+2p+2y)
(k—y =2p)pk —k+y) "’

which yields » = 0 and ¥, = B(2,y) + 1A (2, y). Hence it remains to show that 8 can
be chosen so that for large enough D there holds

rn +rne + 750 +0(n*) =0 in Q. (21)
This is done in the following lemma and this is where condition (x) is needed. o

Lemma4 Ify # (3pk — 8p> — 2k + 6p)/(4p — 2) or p > (13 + +/105)/4 then there
exists B € R such that for large enough D there holds

r3n’ +rine + 750+ 0(n*) =0 inQ (22)
(here n = n(d(x)/D), and similarly for ¢ and 0).
Proof We claim that it is enough to find 8 € R such that for large enough D we have
r+r5+r5>0. (23)
Indeed, the fact that

U O T 10514 () N (O I
im = lim = lim
=0+ X3(0) =0+ X(1) -0+ X3(t)

implies that
r3n’ +rsng + 150 + 0(pt) = (”3 +r5(1+0) +r5(1+ 0(1)))173 + 00"

where limo(1) = 0 as D — +o0, uniformly in x € Q; hence (22) follows.
@ Springer



Best constants for higher-order Rellich inequalities in L () 885

To prove (23) we calculate 3,75 and 5; from (20) we obtain

o «Qrh p(p—2)aPQP
;o aQP' puaQP pa QP
r3—(— 3 +p—1)+(_R+p—l)ﬁ’
¥y =—aQl !,

where R = 2(p — 1)(k — y —2p)QP~!/p . We distinguish two cases.

(i)

(if)

y # (3pk —8p? —2k+6p)/(4p —2). We then observe that the coefficient of 4 in
r3 + 15 + r} is non-zero. Hence (23) is satisfied if g is either large and negative
or large and positive.

y = (3pk — 8p? — 2k + 6p)/(4p — 2). We then choose B = 0 and we have

Q_(k—2)2(4p—3) o _2(k=2)(p—1)?
S Aep-1? 7 - p@p-1 7

from which follows that

22p — D QP!

2p* —13p +8).
pEp—3 L7

r4ry+r; =

Since o > 0 in this case, this is positive as (13 4+ +/105)/4 is the largest root of
the polynomial 2p? — 13p + 8. O

Note. Using ¢ = Ad~Y~2P*2(1 + an + Bn? + B1¢) in order to remove () does not
work, as the coefficient of B in r34-r; 475 turns out to be zero when the corresponding
coefficient of B is zero.

Lemma5 Letm € Nandy > 0. Then:

(@)

(ii)

If m is even then

(a) A(m,y)=AQ2,y)A(m -2,y +2p),

(b) B(m,y)=AQ,y)B(m -2,y +2p)+ A(m -2,y +2p)B(2,y).
If m is odd then

(@) A(m,y)=A(,y)A(m—1,y +p),

(b) B(m,y)=A,y)B(m—1,y +p)+Am—1,y +p)B(,y).
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Proof We shall only prove (i)(b), the other cases being simpler or similar. So let us
assume that m = 2r, r € N. Then

_(k—y—Zp)p(pk—k—l—y)Pp—l

2p1 p 2p
XH:H(]( y — I()Zr—Zt)p) (pk k+yl;|—(2r—2])p)

r—2 ! o
X[iz(;(k—y—ézr—zop) 2+]§(pk—k+y;(2r—2])p) 2]
+1—§]1—i<k y—l()2r—21)p) (pk k+y;(2r—2])p)

—1/k—y -2 k—k k—y —2p\— k—k -
| ey
. k- y — Qr—=2p\r/pk—k+vy + Qr—2j)p\r

=l

r—1 . r H

X[ 5 (k— % —;zr—zl)p)—z N (pk—k+ y;— (2r—21)p)—2]
i=0

=A(2}’, )/)’

=1

as claimed. O

Proof of Theorem 1 Before proceeding with the proof, let us make a comment on its
assumptions. The proof essentially uses iteration. For example, if m is even, then we
repeatedly use Proposition 3 obtaining

|Am/2u|1’ |A(m D/2yp |A(’” D2y P

etc. Hence at the (i 4+ 1)th step, 0 < i < (m — 2)/2, we estimate the integral fQ (a; +
b;io)d= 2P | Am=2D/2y P dx. In applying Proposition 3, we verify that (i) k — (y +
2ip) —2p > 0 (this is satisfied since k —y —mp > 0) and (ii) if p < (13++/105)/4, then
Y 4 2ip # (3pk — 8p? — 2k + 6p)/(4p — 2). This is indeed the case by the assumption
of the theorem since y + jp > 3pk — 8p*> — 2k + 6p)/(4p — 2) for any j > 2 (recall that
y = 0).

We now come to the details of the proof. We shall use induction on [(m + 1)/2].
If [(m 4+ 1)/2] = 1, thatis m = 1 or m = 2, then (7) follows from [5, Theorem 1]
or Proposition 3 respectively. We assume that the statement of the theorem is valid
for [m + 1)/2] € {1,2,...,r — 1} and consider the case [(m + 1)/2] = r. For this we
distinguish two cases, depending on whether m is even or odd.

(i) m even. We first use Proposition 3 and then the induction hypothesis (and for
this we note that the assumption kK — y — mp > 0 implies both k — y —2p > 0 and
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Best constants for higher-order Rellich inequalities in L () 887

k—(y +2p)— (m —2)p > 0). We have

/ 477 (1 + u)| A ulPdx
Q

> AQy) / 4P| A" P uPdx + [B2.y) + A2y )ul / 4P| A" P d
Q Q
> AQ, y)[A(m ~ 2,y +2p) / 47" P dx +Bm — 2,y + 2p) / d—V—’"P;de]
Q Q
+[BQ2,y) + AQ,y)ulA(m — 2,y + 2p) / d VP |ulPdx
Q
=AQ,y)A(m -2,y +2p) / d7V TPy |Pdx +
Q

+‘ [A(z, VB — 2,y +2p) + A(m — 2,y +2p)B(2, y)]

+AQ,y)Am -2,y + 2P)M] /d_"_’"”{lul"dx,

and the proof is complete if we recall Lemma 5.
(i1) m odd. The proof is similar, the only difference being that we use [5, Theorem 1]
instead of Proposition 3. We omit the details. O

Remark 6 We point out that in the proofs of Proposition 3 and Theorem 1 we did
not use at any point the assumption that & is the codimension of the set K. Indeed, a
careful look at the two proofs shows that K can be any closed set such that dist(x, K)
is bounded in 2 and for which the inequality dAd — k + 1 > O is satisfied in  \ K the
proof does not even require k to be an integer. Of course, the natural realization of
this assumption is that K is smooth and k = codim(K).

Let us define the inradius of Q2 relative to K by Inr(2; K) = supg d(x). Looking at
the proof of Theorem 1 we see that when D is chosen large enough, the actual require-
ment is that d(x)/D is small uniformly in x € . This, combined with the fact that
7Y=mP X% X7 (1) has a positive minimum in (0,1), leads to the following corollary
of Theorem 1:

Corollary 7 Under the conditions of Theorem 1 for any r > 0 there exists a constant
¢ =c(m,p,k,r) > 0 such that

/d*ymmﬂuv’dx > A(m,y)/dﬁ*ml’w’dx (24)
Q Q

,
+B(m,y) Z/d*V*mPXfXZZ o X ulPdx + clnr(Q;K)*V*'"P/ lulPdx,
i=1 g o
forallu e CF(Q\ K).
We end this section with a proposition about the case where condition (x) is not
satisfied.
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888 G. Barbatis

Proposition 8 Suppose that all conditions of Theorem 1 except (x) are satisfied. Then

[ariamzupar = amoyp) [armrupasse, [arrrars @)
Q Q Q
forany e > 0andallu € C* (2 \ K).

Proof We only give a sketch of the proof. Suppose first that m = 2. We use (12), but
this time with ¢ = Ad~? ~2P*2(1 + ud°); here w is to be determined and A = QL.
Arguing as in the proof of Proposition 3 we obtain

/d_V|Am/2u|pdx zA(m,y)/d_y_mp|ulpdx+/Vd_y_2p|u|pdx, (26)
Q Q Q

where

~ A
Vix) = ?M(p—l)(k—y—2p+e)2d€+ku(k—y—2p+e)(y +2p —2—e)d

+(p— DAFT — (p— DAFT(1 4 pd) 7T

here we have added and subtracted (p — 1))\F‘%1 in order to create the first term in the
right-hand side of (26). Using Taylor’s theorem we obtain

V(x) = (ciipe + O(2)d* + O d*),

where ¢y = (pk — 2k + 2y + 2p)/p. The fact that (x) is violated implies that ¢; # 0,
and choosing p so that c;u > 0 completes the proof when m = 2. Iteration yields
the result in the general case when m is even. The case where m is odd is treated
similarly. O

3 Optimality of the constants

In this section we present the proof of Theorem 2. Hence we assume throughout that
Q is domain in RN and K is an affine hypersurface of codimension k € {1,2,...,N}.

For the sake of simplicity we shall only consider the special case y = 0, the proof
in the general case presenting no difference whatsoever other than the additional
dependence of some constants on y. Also, for the sake of bravity we shall prove the
theorem only for m even, the proof when m is odd being similar.

Hence, writing A(2m) and B(2m) for A(2m,0) and B(2m,0) respectively, we intend
to look closely at

ulP

for partlcular test functions u; here and below, X; = Xj(d(x) /D) for some fixed
D > supg, d(x). We begin by defining the polynomial

m—1 m
am@) = [[e-20]]6c+k-2). seR,

which will play an important role in the sequel.
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Lemma 9 There holds

@) 1ACm)| = law |’ , (27)
_2mp—k
P
(i) |B@m)| = 2p 2 Loyl 2 — cmety) o’ (28)
P
Proof Part (i) is easily verified. From the relation
G _ Wi(s -2~ 4 i(s +k—2j)7"
a4 _ ’
i=0 j=1
we obtain
AN m—1
o = ama) = —(Z2) = D (=202 + Z<s+ k—2)72,
%m i=0 j=1
and (ii) follows. O
Letso > 2mp — k)/p and s1,...,s, € R be fixed parameters. For 0 <i <j <rwe
define

yi].:)(lz...Xl.ZXiH‘.‘X}.’
with the natural interpretations Yoo = 1, Yj; = X7 --- X7, Yo; = X; --- Xj. We then

define the integrals

= /d(s"fzm)p)(fs1 -~-X5S'Yijdx

_ (so—2m)p yPS1+2 psi+2 P51+1+1 . psjtl PSj+1 DSy
_/d X2 PP P X X

Q

Lemma 10 Let u(x) = d* X' --- X', where X; = X;i(d(x)/D). Then
IZm,rfl[u] = z ul]Fl] / (50—2m)pr51X552 . ~X5Sr0(Xl3)dx, (29)
()<1<]<r
where

apo = laml? — [AQm)|,

2 , .
aoj = psjlamP " amay,, 1<j<r,

aii = = e (et s+ 1) + (b = Degiss) = 1Bem)l, 1=i<r—1,

S
. p el (amayy (s + D) + (0 = Dags, ). (30)
ajj = 7|am P2 (o s+ D +2p — Dogasi), 1=i<j<r

here and below, o, «,, and a)), stand for a,,(s0), o, (s0) and ), (so), respectively.
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Proof The fact that K is affine implies that Ad = (k — 1)/d and therefore
/! k-1 /
A(f(d) =f(d) + Tf (d), (31)
for any smooth function f on (0, +00). We define the functions g, g by
) =51X] + 92X X2+ +5: X1 X2 X, Vg = %w,

and observe that by (8),
g£n=0X7), gn=0x). (32)

Now (31) and (32) together with a simple induction argument on m imply

//
A= dO XX (am +a,g(d) + & gz(d) + —g(d) + 0(X3))

Using Taylor’s theorem we then obtain
AUl = dSO2mP XY X [ ot l? + pletm P~ cmer, g (d) (33)
+E| p—2( " -1 2,2 p—2 > 0X3
5 | ama,, + (p o, )8+ = |O‘m| ama, g+ Xt
On the other hand we have (cf. (8))

r
/d(sg—zm)prn X gdx = ZSfFOj’

Q J=1
/ do=2mp X P de—Zs rit2 S sty (34)
1<i<j<r
/ do—2m)p Xps1 XPSr dx = Z s;Ti + Z 5Ty
1<i<j<r

The stated relation follows from (33), (34) and the fact that I, ,1[u] = [, [A™u|Pdx—
|A@2m)[Too — |BQm)| i~} Ti. D

Up to this point the exponents so, sy, ...,s, where arbitrary subject only to 5o >
(2mp — k)/p. We now make a more specific choice, taking

2 —k -1 i
so:u7 §i = +6]’ 15]51,’ (35)
p ! P

where ¢, ..., ¢, are small positive parameters. We consider I, ,—1[u] as a function
of these parameters and intend to take the limits g N\, 0,...,€, N\ 0. In taking these
limits we shall ignore terms that are bounded uniformly in the ¢;’s. In order to distin-
guish such terms we shall need the following criterion, which is a simple consequence
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of (8):

e >0
N oreg=0ande >0
/d7k+e()Xl 61...X,1+€'dx< 00 = oreg=¢;=0ande >0

oreg=¢;=---=¢_1=0ande¢ > 0.
(36)
Also, concerning terms that diverge as the ¢;’s tend to zero, we shall need some
quantitive information on the rate of divergence as well as some mutual cancelation
properties. These are collected in the following

Lemma 11 We have
(i) / d*roxPay < epey P, p <1

Q
(ii) /d‘kX1 X Xraxh de<cpe P, <1, 1sis<r—1

Q

r r
(i) ejToo—2e0 D (1—€)loj= > (i—€HTi— . (1—€)(1—2eNT+O(),
j=i+1 i=1 1<i<j<r

where the O(1) is uniform in €, . . . , €

(iv) leti > 0Qand (ifi > 1) assume that g = --- = €;_1 = 0. Then
r
&l = Z (1 -l +0Q),
j=i+1
where the O(1) is uniformin €;,. .. €.

Proof Parts (i) and (ii) are proved using the coarea formula and [3, Lemma 9]. Parts
(iii) and (iv) are proved by integrating by parts; see [4], pages 181 and 184 respectively
for the detailed proof. O

Remark 12 We are now in position to prove Theorem 2, but before proceeding some
comments are necessary. The proof of the theorem is local: we fix a point xg € Q N K
and work entirely in a small ball B(xg, §) using a cut-off function ¢. The sequence of
functions that is used is then given by

p—k+eq —1+4€

u(x) = ¢(X)d(X)2m 7 X1 d@)/D) 7 ---Xr(d(x)/D)%, (€0, .., > 0)

and, as already mentioned, we take the successive limits eg \ 0, ..., €, N\ 0; in taking
this limits, we work modulo terms that are bounded uniformly in the remaining ¢;’s.
Such terms are any terms that contain derivatives of ¢. Hence, for the sake of simplic-
ity and bravity, we shall completely drop ¢ from the ensuing coomputations; see also
the remark in [7, p 521] or the proof of [5, Theorem 4].

Proof of Theorem 2 We consider the function

dmp—kteg 1€l —lter

u =d 7 X, " X, T, (37)
@Springer




892 G. Barbatis

where €, ..., €, are small and positive. A standard argument shows that u lies in the
appropriate Sobolev space. We have seen that
D y—1lu] = Z a;Ty + O(1), (38)
O<i<j=r

where the coefficients a;; are given by (30) and the s;’s are related to the ¢;’s by (35).

We let eg N\, 0in (29). It follows from (36) that all I';;’s with i > 1 have finite limits.
As for the remaining terms, applying Lemma 11 with 8 = —3/2 (for j = 0) and with
B = —1/2 (for j > 1) we obtain respectively

_3 _3
oo <cey ®, Toj <ce?, (39)

where in both cases ¢ > 01is independent of all the ¢;’s. Now, we think of the quantities
ap; of Lemma 10 as functions of ¢y and consider €1, . . ., €, as small positive parameters.
Using Taylor’s theorem we shall expand the coefficient ag; of T'g;, j = 0 (resp.j > 1) in
powers of €y and (39) shows that we can discard powers with exponent >3 (resp. >2).
We shall compute the remaining ones and for this we define

aoj(€o) = apj(so) = agj((2mp — k + €0)/p)
and denote by Ay o the coefficient of e(’J‘ in doj(ep). We then have from Lemma 10:

— Constant term in agg: We have

aoo(€0) = legm(s0) P — |A(2m)| (40)
p
_ rﬁ((Zm—Zi)p — k+60) ﬁ ((Zm—Zj)p +kp—k + eo) ACm)|
i=0 p j=1 p

and therefore, using (27), Ao,00 = a00(0) = |otm (so)lp' 0" |[A2m)| = 0.

€)=

—  Coefficient of eg in ago: Differentiating (40) we obtain -
gy (eo) = %aao(sm = lam (50)1P~>am(s0)ap, (50) (41)
and therefore the coefficient is
Avo = o ©) = lan(s0) P an () s0)| .
—  Coefficient of eg in ago: We have from (41)

_ %’0 (50)

Az 00 >

1 /
= p—2 /
oo = 35 (lam GO Zantsoral, o)) |

Concerning ag;, j > 1, we have agj(€0) = psjlom (s0) IP~2am (s0)e, (s0) and therefore
/
[16j(60) = sj(|am(so)|p_201m(30)05;n(50)) .

Hence:
—  Constant term in ag;, j > 1: This is

Aoy = i(0) = psjlem (0)2atm(s0)ar 50)|
-
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- Coefficient of € in ag;: This is

/
Avgy = () = 5i(JemGOP Pamtsoap o) | -

Now, we observe that Agg; = psjAi00 = (¢j — 1)A1 0. Hence (iv) of Lemma 11
implies that

,
Apo€oloo + Y AT = O(1) (42)
j=1

uniformly in €y, . . ., €. Similarly, we observe that Ay o; = 2psjA200 = 2(—1 + €) A2,00.
Hence, by (iii) of Lemma 11, the remaining ‘bad’ terms when combined give

,
2
Az 0065T00 + €0 D A1T0)
=1

.
= A200 (ESFUO —2¢ Z(l - éj)FOj) (43)
=1

= A0 D= D= > (=) =2e)Ty) + O(D),

i=1 1<i<j<r

uniformly in €g, . .., €. Note that the right-hand side of (43) has a finite limit as €y ~\ 0.
From (38), (42) and (43) we conclude that, after letting g N\ 0, we are left with

r

Dy r—1lu] = Z (aii + Ao o(e; — Giz)) Ly

i=1

+ > (aij — Az00(1 —€¢)(1 — 261-)) Iy +0()

1<i<j<r
p
= > bili+ Y bilj+0M),  (e=0), (44)
i=1 1<i<j<r
where the O(1) is uniform in €1, ..., €.

We next let €1 \ 0 in (44). It follows from (36) that all the I';;’s have finite limits,
except those with i = 1 which diverge to 4-oc. For the latter we have

_3 _
FllSC€1 2’ F1j5C61 5 1227

[ [%)

by (ii) of Lemma 11 with 8 = —3/2 and B = —1/2 respectively; in both cases the
constant c is independent of e, .. .,€,. We think of the coefficients by; as functions —
indeed, polynomials — of €; and we expand these in powers of €. The estimates above
on I'y; imply that only the terms 1, ¢; and e% (resp. 1 and €7) give contributions for I'j;
(resp. I'yj, j > 2) that do not vanish as €; ~, 0. We shall compute the coefficients of
these terms. Our starting point are the relations (cf. (44))

bii(er) = a1 (s0) + Azpo(e; — €)

e — 1
= = el (amar, 0 — 1+ ) + (0 = Dier — Dec)
+Az00(e1 — €7) — |BCm)| (45)
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and, forj > 2,

bij(e1) = ayj(s0) — A200(1 — €)(1 — 2¢1)

p—2
= (G- 1)[ ol [omay et +p—2) +2( ~ Derdter — 1]
2p
+A2,00(1 — 2¢1) ] (46)

Hence, denoting by By 1; the coefficient of e{‘ in byj,j > 1, we have:
— Constant term in byq: This is
Boa1 = b11(0)

=a S
11( O)leo

1
= ——lanl (e, (p = 1) = (p = Dajy) = [B2m)|

2p
=0,
by (28).
- Coefficient of €1 in by1: From (45) we obtain
/ |Olm |p—2 4 2
bii(€1) = ———1oma,, 261 +p —2)+ (P — D,y (261 —2) | + Az 00(1 —2€1) (47)

and therefore the coefficient is
ot |p—2
2p

— Coefficient afel2 in byy: From (47),

Bi1 =b1,0) =

{0 =20, =20 = D2} + Az00.

lotm P2
2p

1 !/ /.
Bait = 5b1,(0) = {ama,;, +p— 1)a,,3} — Aggo = 0.

— Constant term in byj, j > 2: This is

B B lotm |p—2 " ”
Bosy = by = (6= D=5 [ (p = 2amar, — 2p — Daf ] + Aoan

— Coefficient of € in byj, j > 2: From (46),

lot P2

Biyj = b,(0) = (¢~ D (@matyy + (p = Dagp) = 24200} = 0.

We obsrerve that By ;; = (¢j — 1)B1,11,j > 2. Hence (iv) of Lemma 11 gives

.
e BiT + ZBO,I/'FI]‘ =0, (48)
=

uniformly in €, . . ., ¢,. Combining (44) and (48) we conclude that after letting €] \( 0
we are left with

Dy p—1[u] = Z by + O, (0 = €1 =0), (49)
2<isj<r
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uniformly in €;,...,€,. Note that we have the same coefficients b;; as in (44), unlike
the case where the limit ¢p \( 0 was taken, where we passed from the coefficients a;;
to the coefficients b;;.

We proceed in this way. At the ith step we denote by By ;; the coefficient of ek in
bjj,j > i, and observe that

Bo,j = (¢j = DBuji, Bii=B1;;=0, j=i+1

Hence (iv) of Lemma iv implies the cancelation (modulo uniformly bounded terms)
of all terms that, separetely, diverge as ¢; \( 0. Eventually, after letting €,_1 \, 0, we
arrive at

IZm,r—l[u] =by 4+ 001), (g=€=-=¢_1=0). (50)

Since

|ul?
/ d2me12 o szdx =Ty
Q

and lime,\o I'» = 400 (cf (11)) we conclude that
. IZm,r—] [v] . by +0@)
inf - < lim ————
CE@K) [ [};7,‘”[,)(12 S X2dx T eNO T

= lim b,,
€r

= lim a,,
- \0

S
= 1im Do (e 50+ 1) + 0 = D)

p—1 2,72
= lotm |p ((x;n - O‘md;;l)

2p
(by (28)) = |B2m)|.

This proves part (ii) of the theorem. Part (i) follows by slightly modifying the above
argument; we omit the details. O
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