Improved Rellich Inequalities for the
Polyharmonic Operator

G. BARBATIS

ABSTRACT. We prove two improved versions of the Hardy-
Rellich inequality for the polyharmonic operator (—=A)™ involv-
ing the distance to the boundary. The first involves an infinite
series improvement using logarithmic functions, while the sec-
ond contains L? norms and involves as a coefficient the volume
of the domain. We find explicit constants for these inequalities,
and we prove their optimality in the first case.

1. INTRODUCTION

Let Q be a convex domain in RN and let d (x) = dist(x, 0Q). The classical Hardy’s
inequality asserts that

(1.1) J | Vu|? dx_4J —dx ueCrQ).

There has recently been an increased interest in so-called improved Hardy’s in-
equalities, where additional non-negative terms appear in the right-hand side of
(1.1). Such inequalities were first established by Maz'ya [11] in the case where
Q is a half-space. Renewed interest in such inequalities followed the work of
Brezis and Marcus [4] where (1.1) was improved in two ways. More precisely, let
X1(s) = (1 -logs)~!, s € (0,11, a function that vanishes at logarithmic speed at
s = 0. It is shown in [4] that if Q is bounded with diameter D, then there holds

(1.2) J |V |? dx_4j —d +i EXz(al/D)dx, ueCl(Q),
and also
2
(1.3) J V2 olx_4 %d +ﬁj u?dx, ueCeQ).
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Inequalities (1.2) and (1.3) subsequently led to additional improvements and gen-
eralizations, which broadly can be termed logarithmic and non-logarithmic re-
spectively.

Let us define recursively X;(s) = X1 (X;-1(s)), i = 2, s € (0,1]. Hence the
Xi’s are iterated logarithmic functions that vanish at an increasingly slow rate at
s = 0 and satisfy X;(1) = 1. In was proved in [1] that for any p > 1 there exists
D = supg, d(x) such that

P
p p-1 J [u|P
(1.4) L)IVuI dxz( ’ ) 5 dlﬂ dx

1(p-1 lul?
+2<p) ZJ X}d/D) - X2(d/D) dx,

forall u € CX(Q). Each new term in this series is optimal, with respect to both
the exponent two of X; and the constant %((p - 1)/p)P~ 1. An analogous result
for the bilaplacian is obtained in [3] where it is shown that

tax s 2 [ Wan 35 [ ¥ e X2
(1.5) L}(Au) dx > = JQ T c1x+8i=ZIJQ =5 X{(d/D) - - - X}(d/D) dx,

which is, again, sharp.

Concerning non-logarithmic inequalities and answering a question of [4],
Hoffmann-Ostenhof et al. [8] proved that diam(Q)~2 in (1.3) can be replaced
by ¢|Q|2/N, where |Q| stands for the volume of Q; more precisely, they showed
that

(1.6) J IVuIde>— d <|Q|) Z/NJ u?dx
) T4 d2 4 an Q ’

where, here and below, ay stands for the volume of the unit ball in RN, This was
generalized to p # 2 by Tidblom [13] who obtained

14
) pt1)' [ b
(1.7) L}IVuI dxz( ; T dx

o (p=1Y VEIN+p)/2) (an PV (O
o D( p ) F((p+1)/2)r(N/2)<|Q|> ngul dx.

Such inequalities, where the volume of Q appears in the right-hand side, have also
been called geometric, and we follow this terminology. In the case of geometric
improvements the identification of best constants is significantly more complex,
since the problem has a global character as opposed to local in the logarithmic
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case. Results in this direction where obtained in [2] in the linear case and when
Q is the unit ball B; in particular, the best constant was identified in dimension
N = 3. The constants appearing in (1.6) and (1.7) are not sharp. A different type
of non-logarithmic L” improvements, rather in the spirit of [11], is obtained in
[14]. See also [6,7] for recent results on improved L? Hardy-Sobolev inequalities,
where an L7 norm, q > p, is added to the right-hand side of Hardy’s inequality.

The Hardy-Rellich inequalities have various applications in the study of el-
liptic and parabolic PDE’s. Improved Rellich inequalities are useful if critical po-
tentials are additionally present and they also serve to identify such potentials. As
the simplest example, one obtains information on the existence of solution and
asymptotic behavior for the equation u; = A+ V (or uy = —A? + V) for crit-
ical potentials V. We refer to [3-5, 10, 12] and references therein for more on
applications.

Our aim in this article is the study of analogous problems for the polyhar-
monic operator (—A)™. The Hardy-Rellich inequality for (—A)™ was established
by Owen [12] who showed that if Q is convex, then

(1.8) J (A™Pu)? dx = A(m)J o 4, U ECT(Q),

where
2.32.,...-2m—-1)2

4m

A(m) = L

is sharp. Here and below we abuse the notation and write J(Am/ 2u)? dx to stand

for JIVA(’“’”/ZLLI2 dx when m is odd. In the main theorems of this paper we

obtain two improvements of (1.8), a logarithmic and a geometric improvement.
To state our results, let us define the constants

'M§

I
—_

B(m) = 4im 1_[ (2k - 1)2,

i =1,

- N(N ) (N +2m —2) ( 1 2) amIN
I(m) = m—1) i:zlz’””zE(Zk 1?)ay™™.
Our first theorem yields a logarithmic series improvement:

Theorem 1.1. Let Q) be convex and such that d(x) is bounded in Q. Then there
exists D = sup, d(x) such that

J (A™2y)? dx > A(m)J dz—mdx

o0 2
+B(m) Y JQ S XPA/D) - - X}(d/D) ax,
i=1
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Jor all functions w € CZ(Q).
In the direction of geometric improvement we have the following result.

Theorem 1.2. Let Q be bounded and convex. Then there holds
J (A™2)? dx = A(m)J ——dx +T'(m)|Q] 2””/NJ u?dx,

Jor all functions u € CX(Q).

For m = 2 Theorem 1.1 recovers inequality (1.5), while for m = 1 Theorem
1.2 recovers (1.6). The constant B(m) of Theorem 1.1 is sharp; this is contained
in the next theorem: we set

2
Iy[ul = JQ(Am/Zu)Z dx — A(m) JQ o dx

r 2
~B(m) Y JQ S XPA/D) - - X}(d/D) dx.
i=1

Theorem 1.3. Letv = 1 and suppose that for some constants C > 0, 0 € R and
D = sup, d(x) the following inequality holds true,

(1.9) I - 1[u]>CJ dz—mxz(d/D) - X2_(d/D)XZ(d/D) dx.

forallu € CX(Q). Then

(1) 6=2.
(ii) If0 =2, then C < B(m).

We point out that the value of D does not affect the optimality of Theorem
1.2 in the sense that for any Dy, D, = sup, d(x) there holds

Xi(d /D)

lim X:(d/Dy) =1 asx — 0Q.

Our proofs of Theorems 1.1 and 1.2 are surprisingly simple once some one-
dimensional inequalities are available. These inequalities are obtained in Section
2. With these in hand the proof is completed using the mean-distance function
introduced by Davies [5], as adapted by Owen in [12]; this is carried out in Section
3. What is significantly more involved is the proof of the optimality of the constant
B(m) in Theorem 1.3. This is established in Section 4.



Improved Rellich Inequalities for the Polyharmonic Operator 1405

2. ONE DIMENSIONAL ESTIMATES

For y > —1 we define the constants

(y+1D2(y+3)?% - (y+2m—1)2
4m ’

A(m,y) =

B(m,y) = imz ]_[ y+2k—1)2,
i=1 k=1,

. NWN+2)---(N+2m-2) (< 2m/N
Fmy) = Gy +3) - (y+2m—1)<22m“n(y+2k 1))

Note that when y = 0 these reduce to the constants A(m), B(m) and I'(m)
defined in the introduction. In relation to the case m = 1 of this definition,
throughout the paper we adopt the convention that empty sums equal zero and
empty products equal one.

To simplify the notation we define

(2.1) C(s) = > X{(s)---X}s), se(0,1).

i=1

We claim that that the series converges for all s € (0, 1). Indeed, let us define the
functions

Yi(s) =(2 —logs)’l, Yi(s) = Yi(Yio1(s)), i=2,s5s€(0,1).

Let s* be the unique fixed point of Y; in (0, 1), that is, s* € (0,1) satisfies
2s* —s*logs* =1, and let s € (0, e) be given. Then a simple argument shows
that Y;(s) is monotone convergent (increasing, decreasing or constant, according
to whether s is smaller, larger or equal to s*, respectively) and its limit is precisely
s*. Hence it follows from the ratio test that the series i YZ(s) - - - Y/(s) con-
verges for all s € (0,e). Since Yi(es) = Xi(s), we conclude that the series (2.1)
converges for all s € (0, 1), as claimed.

Throughout this section we fix an open interval (0,2b) and let p(t) be the
distance of t to the boundary of [0,2b]: p(t) = min{t,2b — t}. We have the
following result.

Proposition 2.1. Lerm = 1 be fixed. Then there exists D > b such that for any
y > =1 and A = 0 there holds

(u(m)?

V(D) dt

2b
(m)ju+mwm>

>mej a+mmw+mmyM" C(p/D)dt,

y+2m y+2m
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forallu € C2(0,2b).

Proof. We use induction. For m = 1 the result is contained in [3, Theorem
1]; crucially, the constant D does 7ot depend on y. We assume that (2.2) is valid
for m — 1 (for the same D and for any y > —1) and writing for simplicity T for
C(p(t)/D), we have

J:h(l + D) (”Z;”)Z dt
> A(m-1,y) Jjb pyfz;)nz_z dt + [B(m—1, y) + AA(m~-1, y)] Jjb p;lfz;),f_szt
s [ e o B o) )
> A(m—1, y){A(l, y+2m-2) f;b p;‘% dt
+ [B(I, y+2m-2) + [2\ + %]A(L y+2m—2)] J:b pyuémCdt}
- A(m—1, y)A(l, y+2m—2) J:b p;’im at

n {[A(m—l, Y)B(1, y+2m=2) + B(m—-1, y)A(1, y+2m-2)]

u2

2b
+AA(m-1, )AL, y+2m-2)} JO Sviam &t

Now, simple calculations together with the relations A(1,y) = (y + 1)2/4 and
B(l,y) = % show that

Alm,y) = A(m—1, y)A(l, y+2m-2),
B(m,y) =A(m-1, y)B(1, y+2m-2) + B(m—1, y)A(l, y+2m-2).

This concludes the proof. O

Lemma 2.2. Lety > —1 be fixed. Then

(2.3) u?dt,

2b 2 2 2b 2 2 2b
J (u') dtZ(erl) J u dH(;/Jrl) 1 J
0 py 4 0 py+2 4 by+2 0

for all functions u € CZ(0,2b).
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Proof- Let u € CZ(0,2b) be given and let g be a differentiable function on
(0, b]. There holds
b b
| g wnuac = gwne ) 2| gpnuuar

(u')?
py

b b
< g()ud(b) + JO Fp(t)p uldt + L dt,

that s,

b (u/)z
0o pY

b
at= [ (/o) - g*(p(t)p")u? dt - g ) ).

Similarly,

JZb ('l/L’ )2

2b
dt > j (@' (p(1) — G*(p(t)p ) u dt — g(B)u>(b).
p pY b

Adding up we obtain

2b (u/)z 2b
j dt zj (@' (p()) — G*(p () p?)u dt — 29 (B)u> (D).
o pY 0

Replacing g(-) by g() — g(b), we conclude that

2b 72 2b
Q4 |7 e [Ce) - latem) - g Penutar.
Choosing
g(s) = —yTHS‘Y“,

yields after some simple calculations

2b 2
(u')
2.5 J dt >
es) |
2 2b 4,2 2 r2b 2 2 2b ,yq,2
L+ J u ot uw oo+ pIU 4
4 0 py+2 2 0 by+1p 4 0 b2y+2
2 r2b 2 2 r2b 2
Z(3/+1)J u dt+(y+1) u a.
4 0o pYt? 4 0o by+2

as required. m
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For y > —1 we define

m

Em,y) =Y 5o l_[(y+2k— 2.

i=1

Proposition 2.3. For any y > —1 there holds

2b (4, (m))2 12
2.6 L (up ) at > A(m, y)J Syom dt + E(m,y) ——— bWzm J

u?dt,
Jor all functions uw € CZ(0,2b).

Proof. For m =1 this has been proved in the last lemma. Assuming (2.6) to
be true for m — 1 we compute

2b (m)y2
J (u'™) dr
0 pY

2b 2 2b "2
(u) (u")
ZA(m—l, )/) ,[0 mdt-f—E(?’l’L-l, y)J W

dt

_ 2 r2b 2
> A(m-1, y)ZMm=14Y) J LT
0

4 py+2m

2m-1+y)? 1Em-1,y)\ 1 (? ,
+ <A(m—1, Y) 4 + > 2 by +am L u“dt.

The result follows if we note that

_ 2
A(m,y) = A(m—1, y)W,
E(m,y) = A(m,y) + %E(m—l, y).

Remark. We could use the intermediate inequality in (2.5), hence obtaining

b=Y~1p~linstead of Y2 in (2.3). This would lead to a better constant E (m, y)
defined inductively by

. 2

£y = X

R (y+ 12 ., .

E(m,y) = T[E(m—l, y+2)+E(m-1,1) + A(m—-1, 1)].
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3. HIGHER DIMENSIONS

Let Q be a convex domain in RN. We introduce some additional notation (see
[5,8]). For w € S¥~! and x € Q we define the following functions with values
in (0, +o0]:

(3.1a) To(x) =inf{s >0 | x +sw ¢ Q},
(3.1b) P (Xx) = min{Tey (X), T_w(x)},
(3.10) b (x) = 3 (Tw(X) + T (X)).

We can now prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let u € CX(Q) be given. Let us fix a direction w €
SN=1 and let Qy be the orthogonal projection of Q on the hyperplane perpen-
dicular to w. For each z € Q we apply Proposition 2.1 (with y = 0) on the
segment defined by z and w. By continuity and compactness, D can be chosen to
be independent of w. We then integrate over z € Q, and using the convexity of
Q we conclude that

J (@Mu)?dx = A(m)J —-dx + B(m)J o C(pw(x)/D)dx.

Since T is an increasing function, this implies

(3.2) J (@Mu)?dx = A(m) J —5 dx + B(m) J —-C(d(x)/D) dx.

We now integrate over w € SN~1. It is shown in [12] that

(3.3) J J (0Mu)?dx dS(w) = C(m,N)J (A™2u)? dx,
sN-1)q Q

where
1-3---2m-1)
N(N+2)---(N+2m-2)°

C(m,N) =

In the same article it was shown that the convexity of Q implies

(3.4)

JS dS(w) > COm,N)

1
N-1 pZTn( ) dZm(x)

Combining (3.2), (3.3) and (3.4) we obtain the stated inequality. O
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Proof of Theorem 1.2. Let u € CZ(Q) be given. Arguing as before, but using
now Proposition 2.3 instead of Proposition 2.1, we have

J (@Mu)?dx = A(m)J —5dx +E(m)J I dx, w e SN,

Integrating over w € S¥~! and using (3.3) and (3.4) yields
(3.5) J (A™2u)?dx > A(m)J o dX
E(m)
C(m N) J JSN 1 h2m dS(w) dx.

But [13, Lemma 2.1] the convexity of Q implies that

(3.6) L 1 45w = (%)_M/N.

N-1 by (x)2M
Combining (3.5) and (3.6) and observing that

E(m) omN

M) = m, Ny N

concludes the proof of the theorem. O

4. OPTIMALITY OF THE CONSTANTS

This section is more technical than the previous ones. Our main purpose will be
the computation of I,_;[u] for an appropriate test function u. Throughout the
section we shall repeatedly use the differentiation rule

(4.1) %Xﬁ(t) éXl(t)xz(t)---Xi_l(t)Xi“”(t), i=1,2,....,BER,

which is easily proved by induction.
Let m € N. We recall our convention about empty sums or products and
define the functions

o™ (x)=x(x—1)---(x —m+1),

o™ x) = > [lex-k+1)

i=1 k=i

a™ix)= > []x-k+.

1<i<j<r k=i,j
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Lemma 4.1. Let s, S1, ..., Sy € Randu(t) = tSUXfl s X3 Let
Yij=X{ - XiXio1--Xj, O0<i<j=<v,

with the conventions Yoo = 1, Yi; = X - - -Xl-z, Yoj = X1 -+ - Xj. Then there holds

(4.2) u'™(t)
=X S MY + O (XX XS,
0<i<j<r
where:
C(()O m) — (m)(50)1
™ = s;0™ (s0) > 1
oj ~ ~iY1 0/, J =1
™ = si(si+ Doy™ (s0), 1=<i=<r,
cl(J = (2si + sjo (m)(so) l<i<j<v.

Proof. We use induction. When m = 1 (4.2) follows directly from (4.1). Let

us assume
umD () = prommElx L XS Z (m Y Ylj(t)
O<i<j<r

+ MO (XX L X,

We differentiate and agam use (4 1). The t%~ m“O(XSﬁaX XY will give a
term 57O (X Sl+3X -+ X37). After some simple calculations we obtain mod-
ulo O (X" X5% - - - Xﬁ’),

u(m)(t)ztSOmel---Xif{ > e so-m+ 1Yy

O<i<j<r

v v v v v
S st Y S ar g e Y Y e el
j=i

j=1 k=1 j=1 k=j+1

= tSomxT .. -Xi*{(so—rm—l)céo Yoo—i—Z[(So m+1)c(m b +SJC00 1)]YOJ
j=1

.
+ > [so—m+ e+ (s + Ve Vv
i=1

+ > [(so-m+ l)c(m Dy (s + l)c(m Dy sieim=v ]Yij}.
l<i<j<r
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The proof is concluded by observing that the constants ¢\¥, 0 < i < j < 7, satisfy

the induction relations Y
s = (so—m+ e Y,
céJ = (sp—m+ l)c(m Dy SJC(()gl D l<j<v,
c™ = (sp—m+ De™ V4 (5 + DY, 1<is<v,
cf}” (so—m+1)c(m D +(sl+1)c(m Disied™ Y, 1<i<j=<r. o

In the sequel we shall denote the constants Cl(J ™ simply by c;j, since only the

mth order derivative of u will appear. Similarly, we shall write 07 (x) instead of
(Ti(m)(X), i=0,1,2. Letsp > 2m —1)/2, 51, ..., S € R be fixed. For

0 <i<j<7 wedefine

1
Lij = Jo S GEERED G (I

1
— 2851+2 25i+2 v28i41+1 25i4+1 285
:J 250 2mX151 L XSSiTE xSt T X,J“...X%&fdt_

0 1 i+1 J Jj+1
Lemma 4.2. Letu(t) = t*X;' - - - X;". There holds
1
(4.3) Lalul= > ailj+ J £2072mO (XX - XS dt,
0<i<j<r 0
where
(4.4a) ag = Coo A(m),
(4.4b) aoj = 2C00Coj, l<j<r,
(4.4¢) aii = ¢§; +2co0cii —B(m), 1<i=<r-1,
(4.4d) Arr = C§y + 2C00Crr,
(4.46) aij = ZCO()Cij + 2C01'C()j, 1<i< J <7T.
Proof. From Lemma 4.1 we have modulo J t250-2mO (XX - LX) dt,

1 1 2

O<i<j<r
We expand the square and hence obtain a linear combination of terms of the form

1
J t2$0_2mX125' .- -X%SrYinkg dt,where0 <i<j<7,0<k<¥<7r. Now we
0

observe that Y;;Yp = O(X 13) unless
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(1) i=j=0,o0r
2 k=¥¢=0,o0r
3) i=k=0.

Hence, denoting by S the last parenthesis above, we have

v
S = C(%O +2 Z CooCiJ'Yij + Z CojCogYono,g + O(X?)
O<i<j<r, (i,j)#(0,0) j, =1

2
=Cpo T+ 2 Z C()()C()J'Yoj +2 Z COOCinij
j=1 1<i<j<r

+ z YE+2 D coicoiYoiYoj + O(X7).

1<i<j=<r

Using the fact that Yy;Yyj = Yij, i < j, we thus conclude that

v v
2 2
S = Coo T+ 2 Z C()()COJ'YOJ' + Z (COi + 2cooCii) Yii +2 Z (C()()Cij + 2C0iC0j)Yij.

j=1 i=1 I<i<j<r

The proof is complete if we recall that

J tz—mdt—ro() and J t2m --Xizdt=rii, l<i<r-1. O

Up to this point the parameters S, 51, ..., 5y where arbitrary, subject only to
So > (2m — 1)/2. We now make a more specific choice, taking

2m -1+ ¢& -1+ &j .
So=f, Sj:T’ l<j<v,
where &, ..., & are small parameters. We consider the functional I, _;[u] as a

function of these parameters and intend to take successively the limits g ~ 0, ...,
& N 0. In taking these limits we shall ignore terms that are bounded uniformly

in the &;’s. In order to distinguish such terms we shall make use of the following
fact: we have [1, (3.8)]:

1
(4.5) J prlrex It L X1 qt < oo
0

& >0,
or & = 0and & > 0,
e loreg=¢6;,=0and & >0,

orsg=& =---=&_1=0and & > 0.
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For the terms that diverge as the &;’s tend to zero, we shall need some quan-
titative information on the rate of divergence. This is contained in the following
lemma.

Lemma 4.3. For any B < 1 there exists cg > 0 such that

! 1

(0 jo e xBar < cpeg' P,
! 1+g; 1

(ii) J EIXy - X XEXE dt < cpel P, 1<i<r -1
0

Proof.
(i) S}fttit}gs =&, X1 (t) we have t = exp(1 — &y's™!), ds = &5 't~ X7 dt, and
therefore

1 1/g
J t1reoxPar = efoegHBJ e 1/ss2 B g5
0 0

[ee}
1+ s -
< efg, BJ e Mss=2B gs.
0

(i) Similarly, we set s = Ei_lXiH(t). Then
Xi(t) =exp(l —&'s7™h), ds=¢g't7'X; - X; X7, dt.

Hence (4.1) gives

1 I+ei 4B C1ep (VA
J;) t—IXI XX +E'Xi+1dt = eEiEi JO e 1/sg—2+8B ds,

i

yielding the stated estimate. O

We shall also need the following result.

Lemma 4.4.
(1) There holds

r
531"00—250 Z (1 _fj)roj
j=it1

(gi—Hlii— > (1—¢&)(1=2&)L; +0(1),

1 1<i<j=<r

M-

1

where the O (1) is uniform in &, ..., &r.
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(i) Leri= 0 and (ifi = 1) assume that gy = - - - = €i—1 = 0. Then

.
glii = >, (1-¢)lij +0(1),

j=i+1

where the O (1) is uniform in &, ..., &.

Proof. The two parts of the lemma have been proved in [1, p.184] and [1,
p-181] respectively. O

Remark. We are now in a position to prove Theorem 1.3, but before pro-
ceeding some comments are necessary. The proof of the theorem is local: we fix a
point xo € 0Q and work entirely in a small ball B(x¢, §) using a cut-off function
@. The sequence of functions that is used is then given by

u(x) = @x) d(x) MR (d(x) /D) TR X (d(x) /D) T,
(&0, .y & > 0)

and, as already mentioned, we take the successive limits &g ~ 0, ..., & ~ 0;
in taking this limits, we work modulo terms that are bounded uniformly in the
remaining &;’s. Such are any terms that contain derivatives of @; such are also
any terms that contain derivatives of d(x) of order higher than one since such
derivatives are bounded near 0Q; see, e.g. [9, Section 1.3]. These considerations
are to a large extent the justification of the fact that, for the proof of Theorem 1.3
we can, without any loss of generality, restrict ourselves to the one-dimensional
case. We shall thus take Q = (0, 1), and consider the sequence

u(t) — t(—1+2m+80)/2X1(t)(—1+€1)/2 . Xr(t)(—1+€y)/2’

discussed earlier; multiplication by an appropriate cut-off function shows that u
lies in the appropriate Sobolev space. Note that u does not vanish at t = 1, but
the cut-off function @ would take care of that. For a complete picture of what the
full proof would look like, we refer to [3] where the case m = 2 has been carried
out in every detail.

Proof of Theorem 1.3. (see also the remark above) We define
(4.6) lt(t) _ t(—l+2n4+e@/2}(1(t)(—1+en/2_ __)(T(t)(—1+syﬂz,

where &, ..., & are small positive parameters. For the reader’s convenience we
recall from Lemma 4.2 that

(4.7) Lalul= > ailij +0(1),

O<i<j<r
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where the O(1) is uniform in &, ..., & (by (4.5)) and the constants a;; are given
by

(4.8a) ag = Coy — A(m),

(4.8b) aoj = 2¢ooCoy, l<j<vr,

(4.80) aij = cg; + 2coocii —B(m), l1<i<r-—1,

(4.8d) Arr = Co + 2C00Crrs

(4.8¢) aij = 2cooCij + 2¢oiCoj, l<i<j<v.

The ¢;j’s are given by

Coo = 00(S0),

Coj = $j01(S0), j=1,
cii = Si(si +1)02(S0), l<is<v,
cij = (2s; + 1)sj02(50), l<i<j<v.
where, in turn,
_ 1
LIS R e
and
op(x) =x(x—-1)---(x-m+1),
m
o1x) =2 [[(x-k+1),
i=1 k=i

onx)= >  J]x-k+1.

I<i<jsm k=#i,j

We observe that
04(x) = 01(x), 0((x) =202(x).

We now let &g ~ 0 in (4.7). It follows from (4.5) that all I;;’s with i = 1 have

finite limits. As for the remaining terms Iy;, applying Lemma 4.3 with B = —3

(for j = 0) and with B = —% (for j = 1), we obtain, respectively,
1
(49) Too = JO t—1+50X1—1+€1 . .X;Hey dt

1
< cJ t e x 32 qt
0

< 6655/2
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and
! 1 3 Ej o, 1+Ej41 1
(4.10) T = JO D G 'XjJXj+1 X g
1
<c JO t71+EOX1_1/2 dt
< CE(;?)/Z,
where in both cases ¢ > 0 is independent of &i, ..., &. Now, we think of the

constants ag; and cg; as functions of &y, writing ag; = ao;(&), coj = coj(&o)
and considering &1, ..., & as small positive parameters. Using Taylor’s theorem,
we shall expand the coeflicient agj of Tyj, j = 0 (resp. j = 1) in powers of &, and
relation (4.9) (resp. (4.10)) shows that we can discard powers with exponent > 3
(resp. = 2). We compute the remaining ones. Denoting by Ay ; the coeficient

of 6’5 in ag;, we have:
— Constant term in ag: We have Ag oo = ago(0) = C(%O(O) —A(m) =0.

— Coe_ﬂ‘icient ofE() mn apos We have C()()(E()) = 00((2m -1+ Eo)/2) and
therefore ¢(,(0) = %(Tl((Zm —1)/2). Hence agy(g0) = 2coo(€0)chy(€0) =
oo((2m —1+ &) /2)o1((2m — 1 + &)/2), and the coefficient is

, 2m — 1 2m —1
A1,00=0loo(0)=00< 2 )01( 2 )

We henceforth write o for o ((2m - 1)/2),i=0, 1, 2.

— Coefficient of €} in ago: The coefficient is

1 12 ’ 174 1 1
Azo0 = ano(o) = [Coo(o)]z + €00(0)cyy(0) = Z0'12 + 50'00'2-

— Constant term in aj, j = 1: This is

Apj = ag;(0) = 2¢0(0)co;(0) = —(1 — &) 0907
— Coefficient of €y in aoj: This is

A10j = ag;(0) = 2¢49(0)co;(0) + 2¢o0(0)cy;(0)

1
= —5(1 —&))ot — (1 -¢&j)000,.

Now, we observe that Aggj = —(1 — €j)A1,00. Hence (ii) of Lemma 4.4 implies
that

v
(4.11) A10&0T00 + . Aoy,loj = O(1)

j=1
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uniformly in €, ..., &. Similarly, we observe that A;p; = —2(1 — &;)Az,00-
Hence, by (i) of Lemma 4.4, the remaining ‘bad’ terms when combined give

v
(412) Az‘oofgro() + & Z A]yojr()j
j=1

v
Az 00 (5(2)1"00 —2& > (1 - Ej)FOJ)
j=1

Agoo( D (&= DT = Y (1-g)(1-2)T;) +O(1),

i=1 1<i<j=<r

uniformly in €, ..., &. Note that the right-hand side of (4.12) has a finite limit
as & N 0. Combining (4.8), (4.11) and (4.12) we conclude that, after letting
&0 N 0, we are left with

r

(4.13)  Lilul = D (aii + Aspo(&i — €))Tii

i=1

+ > (ag— Agyoo(1—€5)(1 = 2&))T;; + O(1)

1<i<j<r

.
1> bilig+ > byl +0(1), (g =0),
i-1

1<i<j<r

where the O(1) is uniform in &1, ..., &-.

We next let &1 ~ 0 in (4.13). It follows from (4.5) that all the Ij;’s have a finite
limit, except those with i = 1 which diverge to +c. The latter terms are again
estimated with the aid of Lemma 4.3, this time with i = 1. Part (i) of the lemma

(with B = —%) yields

(4.14) I, = Jol LD CAALD GRSt 1

< cjol D CRD ORLali 1

<ce?,
uniformly in &, ..., &. For j = 2 it also yields (now with f = —%)
(4.15) I = J: t—1X11+51X252 .. .XJE,J'XJ,—:;“EJH co Xt

1
< cj tix] e X, 2at
0

<ce?,
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again, uniformly in &, ..., &. We think of the coeflicients b1; and a,; as func-
tions of €; and we expand these in powers of &;. Estimate (4.14) (resp. (4.15))
implies that only the terms 1, & and & (resp. 1 and &) give contributions for I1;
(resp. I1j, j = 2) that do not vanish as &; ~ 0. We shall compute the coefficients
of these terms; note that coo is now treated simply as a constant. Denoting by
By,1j the coeflicient of E’f inbyj, j = 1, we have:

. 1
— Constant term in b11: For &1 = 0 we have 5; = —5. Hence

Bo,11 = b11(0)
= ¢§1(0) + 2cooc11(0) — B(m)

1, 1
= Zol — 50002 — B(m)

&2k -1 2k -1 2k — 1

(S (0 (2 1)

2k -1

0

This is zero as is seen by expanding the square:

(Z 1—[2k—1> ZH(Zk ) 2Z<1—[2k2—1><1—[2k2—1>.

i=1 k=+i i=1 k=i i<j k=i k+j
— Coefficient of €1 in b11: We have

b, (e1) = aj,(€1) + Azp0 — 2A2,00€1
= 2co1(&1)¢h;(€1) + 2c00€t; (€1) + Azpo(1 — 2¢&7)
&1 —

= 1(72+5(7<7+<1
= 2 1 10002 4

10002) (1-2¢),

012+2

and therefore the coefhicient is

, 1 1
Bl,ll = b]](o) = —Z(le + 50'00'2 = —B(m).

— Coefficient of €2 in by1: The coefficient is

1 124 1 144 1
By = Eb“(O) = E““(O) —Azo0 =

1
4 ~000p — Az,oo = 0.

(712+2
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— Constant term in by, j > 2: We have

by1j(&1) = 2coocrj(€1) + 2c01(€1)Coj(€1) — Az 00(l — &) (1 — 2¢1)

(&1 -D(i -1

2 of — Aypo(1 — &) (1 - 2¢y),

=¢&1(gj — 1)opor +

and therefore the constant term is

2

Bo1j = b1;(0) = (1 — &) (% —Az,oo) = (1-¢&,)B(m).

— Coefficient of €| in b1, j = 2: The coeflicient is

Ej—l

Bl,lj:bij(o) =(Sj—1)0'00'2+ 0'12+2A2’00(1—Sj) =0.

We observe that By 1 = —(1—¢€;)Bi11, j = 2. Hence part (ii) of Lemma 4.4 gives

(4.16) eBiuli + > Boi i = O(1),
j=2
uniformly in &, ..., &. Combining (4.13) and (4.16) we conclude that after

letting £ 0 we are left with

(4.17) Iri[ul = Z bijlij + O(1), (& =& =0),
2<i<j<vr
uniformly in &, ..., &. Note that we have the same coeflicients b;j as in (4.13),

unlike the case where the limit &y ~ 0 was taken, in which case we passed from
the original coeflicients a;; to the coefhicients b;;.

We proceed in this way. At the ith step we denote by By i; the coeflicient of
X in by}, j = i, and observe that (exactly as in the case i = 1) there holds

Boij = —(1—-¢j)Biii, Bii=Bi;j=0, j=zi+l

Hence (ii) of Lemma 4.4 implies the cancelation (modulo uniformly bounded
terms) of all terms that, individually, diverge as &; ~ 0. Eventually, after letting
&1 N 0, we arrive at

(4.18) Iy 1[ul = byy Ly +O(1), (=& =---=&_1=0),

where b, has been defined in (4.13). We observe now that

1u2 5
JO ﬁxl < X2dt =Ty
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Hence, using the fact that I, — +o0 as & ~ 0 (cf (4.5)) we obtain

. I 1 [v] i by Ly + O0(1)
o) [T v2 = L
c , 2 2 r— rr
JO tTXI <o Xy dt

= lim Ayy
& —0+

= limo(cgr + 2C00Cry)
& —

L B

B A A

= B(m).

This proves part (ii) of the theorem. Part (i) follows from (4.18) by slightly varying
the above argument. O
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