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1. Introduction

For a convex domain  C R" the Hardy inequality

— p P
|VulPdz > p-1 &da@, d(z) = dist(z,0Q) uwe W, P(Q) (1.1)
Q p o dp

is valid. The constant (%)P is optimal as was shown by Matskewich and
Sobolevskii [11], Marcus, Mizel and Pinchover [10]. Brezis and Marcus [2] have
established an improved version of (1.1) when p = 2: they showed that for bounded
and convex (2 there holds

1
/|Vu| dx > = /d2 4d1am( )/QuQClac, u€ HEH Q). (1.2)

The question was asked in that paper as to whether it is possible to replace
diam™2(2) by ¢|Q|72/N where |Q| denotes the volume of Q. A positive answer
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was given by M. and T. Hoffmann—Ostenhof and Laptev [9], who showed that

1 u? a ®
/Q|Vu|2dx > 1 /Q ﬁdx—k ko (ﬁ) /QUQdm, u€ HH ), (1.3)

where ap is the volume of the unit ball and ko = N/4.

In connection with this let us notice that when we take as d(x) the distance
from a point of €2, say the origin, the following improved Hardy inequality was
established by Brezis and Vazquez [3]

2 N -2\? u? 2 1
Q|Vu| dx > —5 dem—i—,ug |Q| Qu de, we Hy(Q); (1.4)

here po ~ 5.783 is the first eigenvalue of the Dirichlet Laplacian for the unit disk in
R2. This constant is optimal when  is a ball centered at the origin, independently
of the dimension N > 2, cf. [3], whereas for general () this constant is not optimal,
cf. [8, Proposition 5.1].

An LP -version of (1.3) was recently obtained by Tidblom [12] who showed that
for convex € there holds

/Q|Vu|pdm2 (p;1> /'Zfd + <|Q|> /|u| de, weWrr(Q) (1.5)

with

2

_ p—1\" Val(552)
kp—(p—1)< , ) PR (1.6)

2

For p = 2 this reduces to (1.3); in particular ko = N/4.
In addition to (1.3) it was shown in [9, Theorem 3.4] that if

Xi(t)=(1—1logt)™*, te(0,1), (1.7)

the following more refined improvement of (1.3) is true: for any D > diam(2)/2
there holds

1 u? 1
/Q|Vu|2dx2 Z/Qﬁdl‘%-z dle(d/D)

+k2(1—Xl(diam(sz)/(w))?mr?m/Qu%zg; (1.8)

for all u € HE (). Note that if we let D — oo in (1.8) we regain (1.3).

Improved Hardy inequalities have recently been used in many contexts and in
particular in the study of the existence and asymptotic behavior of solutions of
the heat equation with singular potential. See for instance the work of Cabré and
Martel [4] as well as Vazquez and Zuazua [13]. Moreover, Davies in [5] showed that
the Hardy inequality implies stability of the eigenvalues of the Dirichlet Laplacian
under perturbation of the boundary; the precise rate of convergence was shown to
depend on the coefficient of u?/d? (which, in general, is not 1/4 if Q is not convex).
This is useful in the numerical computation of eigenvalues.
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In this work we derive more refined improved Hardy inequalities. Before stating
our results we introduce some notation. With X (¢) as in (1.7) we define recursively

Xp(t) = X1 (Xp_1(t)), k=2,3,...,t€(0,1). (1.9)

These are iterated logarithmic functions that vanish at an increasingly low rate at
t=0. Let us fix k > 1 and set

0, if 1<p<2,

L0 S0, if p>2,
3p-1) i

and

k
= ZXl(t)"'Xi(t)7
=1

whereas for k = 0 we set n = 0. For D > diam(Q)/2 we also set

77D=77<diaQLD<m>-

Theorem 1.1. Assume that 2 is conver and bounded. Let k > 0 be a fized integer.
Then, there exists Dy = Dg(k,p,diam(Q))) > diam(2)/2 such that for D > Dy
there holds

/|Vu|pdsc
Q
k
p—lp/|u|P 1 7 /|u| 2
> —— —d - — Xi(d/D)---X7(d/D)d
(1) [ e g (2= 2(d/D)-- X2(d/D)da

+kp(1 —np — an})?® = <|Q|> /|u|pdsc (1.11)

for allu € Wol’p(Q). When p = 2 we can take as Dq the unique solution of np, = 1.

Then our main result reads:

Note that if we let D — 400 in (1.11) we recover (1.5). Also, for p = 2 and
k = 1 we recover (1.8). Moreover, the terms in the series are sharp: it was shown
in [1, Theorem A] that for each k > 1 the relation

1 lc 1
po. (P11 |ul? 1 - |“|p Cv2
/Q|Vu| dx <—p ) / o ——dr + - A - XZdx

|u|p 2 ol
Q

is not valid for v < 2; In addition, the best constant ¢ in (1.12) when v = 2 is equal
to %(%)p_l, for any k=1,2,....
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A natural question is whether the constants appearing in (1.5) or (1.11) are
optimal. Working towards this we consider the simplest case (1.3) (corresponding
top =2,k =0). Let Q = B, be the unit ball in R", and denote by C the best
constant of (1.3), that is

'lL2
Cy— inf [ |VulPde — 1 [, Y da
wEHL(B) Jp utdx

(1.13)

We then show that in this case the constant ko = % appearing in (1.3) is far from
being optimal. In particular we have:

Theorem 1.2. For N = 3, Cs = us, whereas for any N > 3 there holds:
(N = DN —3)

1 )
where po =~ 5.783 is the best constant of inequality (1.4).

It is remarkable that when Q is a ball and N = 3 inequalities (1.3) and (1.4)
have the same best constant. For any N > 3 the lower bound (1.14) on C'y improves
the estimate Cn > ko = %.

To prove Theorem 1.1 we combine a vector field approach (cf. [1]) along with
ideas of [9] or [12]. It is worth noting that the “mean distance” method of Davies
(cf. [5, 6]) plays an essential role. For Theorem 1.2 after restricting to radial func-
tions we use a suitable change of variables.

Cn > p2+ (1.14)

2. Preliminary Inequalities

In this section we will prove some auxiliary one-dimensional inequalities. Through-

out this section b < di%(m is a fixed positive constant. We have the following

Lemma 2.1. Let p(t) = min{t,2b—t}. For any function g € C*((0,b]) there holds

2b 2b »
(i)/o ' (8)|Pdt > ; {g'(p(1)) = (p = Dlg(p() |7~ Hu(t)Pdt — 2g(b)|u(b)[,

2 2 .
(i) /O u'(£)Pdt > ; {g'(p(t)) = (p — D)lg(p(t)) — g(b)| 7= Hu(t)|"dt (2.1)
for all uw € C°(0,20b).

Proof. We first prove (i). For u € C2°(0, 2b) we have
b

b
/ g ) |u(t)Pdt = g(b)|u(b)? —p/ g(t)|ulP v udt
0 0

b b pp
<g<b>|u<b>?+p< / |u’|Pdt> ( / |g|;;1|u|pdt>

b b
< gt + [ wpdes p-1) [ lglpupar,
0 0

1

B =
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hence
b b ,
/ IU’(t)I”dtZ/ {g'®t) = (p = DIg®)[7=7 Hu(t)[Pdt — g(b)|u(b)[".
0 0

A similar argument on (b, 2b) gives
2 2b )
/ ' (t)[dt > i {g'(2b =) = (p — 1)]g(2b — )| 77 HulPdt — g(b)|u(b)|”
b

and (i) follows by adding up the last two inequalities.
Part (ii) follows immediately from (i) by using the function g(z) — g(b) in the
place of g(z). m|

In order to apply the above lemma we fix a positive integer & and define the
functions

k
() = Xi(t)-- Xi(t),
i=1

k
B(t) =) Xi(t)---X(t), te(0,1),

i=1
where the X;’s are given by (1.9). It is easy to check that both  and B are increasing
functions of ¢ with n(07) = B(0™) = 0 and n(17) = B(17) = k. We also note that

1
E%(t) < B(t) <n*(t), te(0,1). (2.2)
For 0 < b < 420 < D we define the following functions of s € (0, b):

2

p—1
o)== (P22) oD /D) - e/ D)

p p—1\" _ 1/p—1 p_l_
A = (6) = (0= Dlate) sl — (22 ) 5= 5 (I22) T snts/).
(2.3)
Recall that a is defined in (1.10). We then have the following

Lemma 2.2. There exists Dy = Dq(k,p,diam(Q2)) > di%m% such that for all
D > Dg there holds:

(i) 1-n (diaQLD(Q)> —an’ (diaQLD(Q)> >0,

@ o) - (1) - (E) SPB(s/D) > (p — 1lg(s)| 7T,

p 2\ »p
(iii) A(s) is a decreasing function of s € (0,b).



874 G. Barbatis, S. Filippas & A. Tertikas

For p = 2, (ii) becomes equality. Also, for p = 2, we can take as Dy the unique

solution of 1 = n(cﬁZLDgﬂ))

Proof. A straightforward calculation shows that

S 28
%n(s/D)zé B(Z/D)+”(2/D) . (2.4)

Setting I'(t) = tB'(t) we also have

%B(S/D) = %F(s/D) >0; (2.5)
the positivity follows from the fact that B(t) is an increasing function of ¢.

Since 7(t) is an increasing function of ¢ with n(0) = 0, (i) is immediate.

We shall henceforth omit the argument s/D from n, B, T' in the subsequent
formulas. We next prove (ii). For p = 2 an easy calculation shows that (ii) becomes
equality. For p # 2 the left hand side of (ii) is equal to

o (52 (5

- (1%1>p(p_ Da™ [1 - pp—nl " (2(17]'i 2 p€?1) "

ap 3 ap
+
-0 T -1

+ snB| . (2.6)

On the other hand, taking the Taylor expansion of (1 — t)# about ¢t = 0, we see
that the right hand side of (ii) is written as (for n small)

(pTTIY (p—1)sP(1—n—an’)er

p—1\" _ P ap n? pan®
_ (£ - 1 Pl1— _
( p ) = l p—1 p-1" T2p-17 T po12

p(p B 2)773 + 0(774)

- 6(p—1)3

(2.7)

Comparing (2.6) and (2.7) we see that the corresponding right-hand sides agree to
order O(n?). Recalling (2.2) and the choice of a (cf. (1.10)) we see that the cubic
term in (2.6) is larger than the cubic term of (2.7). Hence (ii) is true provided 7 is
small enough, which amounts to Dy being large enough.

We now prove (iii). Note that (ii) implies that ¢’ is positive in (0,b) if Dq is
large enough. Hence for s € (0, ) we have
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A5 =)+ 2la0) ~ g7 6+ () -

1 /p—1\"! 1/p—1
o (== psP7'B— = D=2 ) srip
2 p 2 p

< ")+ ol e+ (P0) s

1L (p—1\""' . 1(p-1\ _,_,
(R B— - (== )srIr. 2.8
+2< P ) be 2\"p )° 28)

P
—p;ls—l o 1 . a p—2 s
B {1 p—1" L}_1+2(p_1)2}77
(p—2)a (p—2)(3—2p)
_[(p—l)f 6(p—1)° }””0(774)}- (2.9)

From (2.4), (2.5), (2.8) and (2.9) we obtain

) e (P11 pilsfpfl p(p—2) 5  ap s
A < 02 () (P02~ BB+ 001} - (210)

From this and the fact that

1
EUQSBSUQ7 56(07b)

we end up with

As)<p (%)pl iy {6(7;‘_21) -+ O(n)} . (2.11)

To conclude the proof we distinguish various cases:

(a) 1 < p < 2. Then a = 0 and it follows from (2.11) that A’(s) < 0 in (0,b),
provided Dy is chosen large enough.

(b) p = 2. Again a = 0. A straightforward calculation shows that the right hand
side of (2.8) is identically equal to zero. The only restriction here comes from
(i), whence the choice of Dy.

(¢) p> 2. Now a = 5)125_2)1’; and the result follows again from (2.11).

This completes the proof. O
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3. The Hardy Inequality

Throughout the rest of the paper we assume that Q C RY is convex and set
d(z) = dist(z, 09Q).
Following [9], for w € SN~ and z € Q we define the following functions with

values in (0, +o0]:

To(z) = inf{s > 0|z + sw & Q},

pw(z) = min{7,(z), 7—u(x)},

1
bo(z) = 5(7@ () + 7—w ().

We denote by dS(w) the standard measure on S™~! normalized so that the total
measure is one. Let K, > 0 be defined by

/SN—l |v-wPdS(w) = K,|v|P, VYveRN. (3.1)

The constant K, can be computed in terms of k, (cf (1.6)) and is given by K, =
(p— 1)(”771)17]6;1. We have the following

Lemma 3.1. Assume that  is convex. Then for all x € Q there holds
[ @) = Kdi) . (32)
SNfl

Proof. Let y € 0Q be such that |y — 2| = d(z) and let P, be the supporting
hyper-plane through y which is orthogonal to y — . We define the half-sphere

St={we SN w (y—=z)>0}
and for w € S define o, (z) > 0 by requiring that  + o, (z)w € P,, so that

Y-z |ly—a
ly == ou(z)

The convexity of  implies that 7,(x) < o, (x) and hence

1 1
/SN_1 —pw(x)l’ds(w) > 2/S+ )P dS(w)

as required. O

We now give the proof of Theorem 1.1.
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Proof of Theorem 1.1. We fix a direction w € S™V—1 and let ,, be the orthogonal
projection of € on the hyper-plane perpendicular to w. For each z € €, we apply
Lemma 2.1 on the segment defined by z and w and we then integrate over z € €.
We conclude that for any v € C2°(2) there holds

[ vu-wpds = [ {du@) = 0= Dlap(@) - a0u@)|7 fudo.

Integrating over w € SV =1 and recalling definition (3.1) we obtain

[wrar= st [ ] {d )

(0~ Dlg(pu(e)) — g(bu(w))| 77 }dS (@) |ulPde (33)

Now, let us choose g as in (2.3). Since Q2 is bounded, Lemma 2.2 implies the existence
of a Dy > 0 such that for D > Dy, each of the functions

Aua(s) = g'(s) = (p = Dlg(s) — g(bu ()7

I

— defined for s € (0,b,(x)) — is a decreasing function of s € (0, b, (x)). In partic-
ular Ay 2 (pw(2)) > Aw 2 (bo(x)), ie.

0 (po()) — (0 = Dlg(po(x) — glb(a)) |7
P B p—1
() @5 () @) Bu@)/D) + Aua ).

p
Hence (3.3) yields

fivoraez s [ [ { (5 o3 (552)

% po(2) P B(pu(x)/D) + g (bu(x)) — (E) bo(2)?

p

1ip—-1 o -p P
-5(50) w@se <>/D>} Sl (3.4)

We first estimate the first two terms of (3.4). For each 2 € Q and w € SV~ there
holds B(pw(x)/D) > B(d(x)/D), and Lemma 3.1 yields

- { () v s (1) pw(l‘)pB(pw(I)/D)} a5(w)

> (22 v+ (7’;1) () P B(d(2)/D), (35)

b p
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for all x € . The remaining three terms in the right-hand side of (3.4) are estimated
using Lemma 2.2(ii)

g0~ () w2 () s )

> (p —1)|g(bo(2))| 77

> (%) (p—1)(1 —np — anh) 7T b,(z) 7.

Combining this with (3.4) and (3.5) we obtain

p—1\" [ |u 1(p—1\""" [ |up
Py > e+ = — =L B(d/D
/leul m( D ) Q d° $+2 D o dP (¢/D)

K—l p_l P 1 2 %1
+ K, > (=11 =np —anp)?®

1 P
X /Q/SN_l bw(m)PdS(w)M dz . (3.6)

We estimate the last integral using a variation of an argument of [9]. Elementary
analysis shows that min;~o(1 +tV)/(1 4 t)¥ = 2==1 and therefore for z € Q

e [ GO e
SN-—1 (Tw(l‘) + T_w(,r))NP/(N-‘rP)

dS(w)

N

= (/SNI(Tiv +7Nw)d5(w)> 7 (/SNl mdsw)) N7

p—pN NL‘”’ 1 NL‘*'P
=2 N+»p (/ deS(w)) (/ —pdS(w)> ,
SN—1 SN—1 bi,

that is
1 N —p/N
d > w d . 7
[ miise = ([ nw¥asw) (3.7
The convexity of Q implies ay [qn -1 7w (2)VdS(w) = [Q|. Hence the proof is con-
cluded by combining (3.6) and (3.7). O

4. On the Best Constant for p = 2

In this section we will prove Theorem 1.2. We recall that C is the best constant
of inequality (1.3), in case 2 is the unit ball, defined by:

’U.2
Oy = w JplVuPde— i)y ds
ueH} (B) [ utda

(4.1)

We first establish
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Lemma 4.1. The infimum in (4.1) remains the same if it is taken over all radially
symmetric functions u = u(r) € H}(B).

Proof. Let us denote by Cn the infimum over radial functions. Clearly Cn > Cy.
Suppose now that u € H(B) and let

o0
u(x) = uo(r) + Y fm(o)um(r), r=lal,
m=1
be its decomposition into spherical harmonics; here u,, are radially symmetric func-
tions in H}(B) and f,, are orthonormal in L2(S™~1) eigenfunctions of the Laplace—

Beltrami operator on {|z| = 1}, with corresponding eigenvalues ¢,,, = m(N —2+m),
m > 1. It is easily seen that

/|Vu|2dx:/ |Vu0|2dx+2/(|Vum|2 + oz ) e, (4.2)
. : 2 |, E

and hence

/(|Vu|2——2)dm—/ {|Vu0|2—u7%2}dm
B 4(1 — |z])
2 _; 2
*Z/{'V“m' (e~ e ) o f
ZéN/ugdm-i-C'NZ/ufndm
B m—1/B
:C'N/ wldz.
B

This implies C > Cx and Lemma 4.1 is proved. O

Proof of Theorem 1.2. By Lemma 4.1 we restrict attention to radially symmetric
functions. Let v = u(r) € C°(B) be a radial function and define v by

u(r) = 7‘7%(1 = r)l/QU(r) , re(0,1).
Then v(0) = v(1) = 0. We compute

1 1
NaN/B|Vu|2dm:/0 (u')?rN " tdr

:/01(1—7‘) (—(N;rl)” - 2(1”_” +v’>2dr.

Using integration by parts for the terms involving vv’ = (v?)’/2 we conclude after
some simple calculations that
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NiN (/B |Vul?dz — i/}gZ—jdx)
= /01(1 —r)(v')dr + W - 1)4(N_3) /01 lr_xzﬂdr
> /01(1—r)(v’)er+—(N_l)4(N_3) /01(1—r)u2dr.

But (cf. [3, Sec. 4])

fol(l —7)(v")%dr ) fol r(v")2dr
n L = inf = = U,
v(0)=v(1)=0 fo (1 —r)v2dr v(0)=v(1)=0 fo rv2dr

and estimate (1.14) of Theorem 1.2 follows.
To prove that C3 = o, let us define

uc(r) =r~Y(1—r)tw( —r), re(0,1),

where € > 0 and w(|z]) is the first eigenfunction of the Dirichlet Laplacian for the
unit disk in R?. Then

1
Wl(r) =~} (1= r) e {% n (5 +e) . +w'}

and hence u, € H}(B) and

1
/ (ul)>rN~tdr
0

- /ol“ - >{w— +(3+ ) T W)

w? 2ww’ (14 2€)ww’
1+2 h =w(l— .
+(1+ e)r(l—r)+ " + T, dr  (where w = w(1 —r))

To handle the terms containing ww’ we integrate by parts: the boundary terms are
equal to zero and making the change of variables s = 1 — r we eventually obtain

[ (o =355 = [ (o - ) .

Now, there holds

1
62/ sTI20%ds — 0, ase—0,
0

hence
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fp(Vud? — gh)de [ () s
lim 5 = lim =—4————
e—0 Jp utdx =0 [Lw2slt2eds
fol (w')?sds
J; 01 w2sds
= H2.

It follows that C's < ug; in view of (1.14) and Lemma 4.1 we conclude that Cs = po.
O
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