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0. Introduction

In this paper, we investigate two problems concerning a class of higher order
uniformly elliptic operators with measurable coefficients. In our first result, we prove
a stability estimate for the resolvent of such an operator under perturbation of its
principal coefficients in L? spaces. Our second result is a regularity theorem
concerning the smoothing properties of the resolvent, and it provides a sufficient
condition under which the first result can be applied.

More precisely, we work on a bounded domain of R", and consider operators of
the form

Hf= ) (= D" D*a,Df}

o <m
|fl<m

which are uniformly elliptic and have measurable coefficients. Our first main result,
Theorem 5, has as a corollary the statement that, for two such operators H,, H, with
corresponding coefficient matrices «,, a,, we have

I(Hy+ D) = H + D7, < cllay—ay],

for r and p in a certain range. Here, the first norm is the Schatten norm of index r,
and the second norm is the usual L? norm. See Corollary 12 for the details. This
generalises [3, Theorem 9], where the second order problem is treated. The proof of
the above estimate depends heavily on a regularity property of the corresponding
resolvent operator. In our second theorem, Theorem 10, we prove that (H+1)"! has
the L? smoothing property

(H+ 1)Ly — W

for p sufficiently close to 2. This is the higher order version of a result of Meyers [9]
that was used in [3].

We chose as a setting for our results an abstract axiomatic one, where we consider
general operators on L2-spaces. The reason for this is not only the natural desire for
generality, which may also allow for other applications, but also the fact that such an
exposition allows one to see more clearly the features that are really important for the
theory to work.

The paper consists essentially of two parts. In the first, we prove our stability
estimate in an abstract axiomatic setting which is subject to two hypotheses,
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Hypothesis 1 and Hypothesis 2, of which Hypothesis 2 is the more difficult to verify.
In the second part, we prove our main regularity estimate, thus establishing a general
condition under which Hypothesis 2 is valid.

0.1. The setting

Let Q be a locally compact, second countable, Hausdorff topological space, and
let dx be a finite Borel measure on Q. Let (7,,{,»,) be a measurable field of r-
dimensional Hilbert spaces on Q (see [7] for a precise definition).

We denote by L?(€2) the Banach space of measurable p-integrable vector fields &
equipped with the natural norm

1/p
1€l = U Iérlde> l<p<+a
Q

Il = esssupl&,|-

reQ
Let
D: 7 — LXQ)

be a closed densely defined operator on L*(Q) with domain 2. Let S = {S,} be a self-
adjoint measurable operator field on Q such that
ASS, <u xeQ €))

in the sense of the Hilbert space (7, <{,»,), where A and u are positive constants
independent of xeQ.
Define the closed densely defined operator H on L*(Q) as

H = D*SD.

Equivalently, H is the self-adjoint operator associated to the closed quadratic form
0 given by Dom(Q) = 2 and

o) = f (SDf.Df>dx for all feZ.

We introduce the following two hypotheses on H.

HypoTHESIS 1. H has discrete spectrum {/,} and 1, ~ n"/* as n tends to + o, for
some o > 0.

HypotHEsIs 2. Let ¢, be a normalised eigenfunction for 4,. There exists a
¢, > 2 such that, for all ¢ with 2 < ¢ < ¢,, D¢, € LY(Q) and

| D, ll, < c, 2  for some y(¢g) and all n.

q’n

1. Stability estimates

Let H,= D*S,D, i = 1,2, on L*Q) be as above, satisfying Hypothesis 1 and
Hypothesis 2. We define the operators F, = S}2DD*S}'?, i = 1,2. Thus F is a non-
negative self-adjoint operator on L2(Q), and it is a standard result that Sp(F) U {0} =
Sp(H,) U {0} and that, for u # 0, we have dim Ker(F —u) = dim Ker(H, — 1).

The following is a more abstract version of a formula that has been extensively
used in scattering theory [6].
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LEMMA 3. Let g(t) = tY2/(t+1). There exist partial isometries U,, U,: L* — L?
such that
(Hy+ D)7 —(H, + 1) = UFg(F)S;*(S, — Sy)S1*g(FH) U,
Proof. Writing the identity
(T*T+ D) '+ THTT*+ 1) 'T=1
for T= S}?D and T = S}?D and then subtracting, we have

(Hy+ 1) = (H, + 1)
= — D*SYXE,+1)"'S12D+ D*S*(F +1)'S¥2D
= —D*[(DD* + S;l)—l —(DD* + S;l)—l]D
= D*(DD*+53)(S;' = S;) (DD* +57) 1D
= D*SYAE+1)'SY(S; = S)SIA(E +1)'51D
= D*SYHE+1)71S;V%(S, — S)S TR +1) 'S}

Using polar decomposition, we write S;2D = |D*S}?|U, = F*U,, i = 1,2, and the
result follows.

The following arguments, together with Lemma 4, are valid for both H, and H,,
and we therefore omit the indices and consider a single operator H.

Let {4,} be the eigenvalues of H, Hp, = 1,¢,. Let p, =2q,/(q,—2), and let
p > p, be a parameter. We make Sp(F) into a measure space as follows. Each eigen-
value 4, # 0 with multiplicity m(4,) carries a weight

— —14+2y(2p/(p—2))
M}n.p - m(;”n)/ln, rEpe

where 7 is the function that appears in Hypothesis 2. To 0, which may or may not be
an eigenvalue, we assign the weight w, = +o0. For 1 < s <oo, we then have the
induced weighted /* spaces

(Sp(F),w, ,) = {GlG(O) =0 and Z G2 )I'w, , <+ oo} I<s<ow

n=1

I*(Sp(F)) = {Gsup|G(2,)] <0}

which are Banach spaces when equipped with the natural norm. Finally, for
1 <r <+ o0, we denote by | A4],r or simply |A4],, the Schatten norm of index r
of an operator 4
|All, = (trl 4]y,
We have Lemma 4.

Lemma 4. Let p > p,. Let V be a measurable operator-valued map on Q, and let
G be a complex valued function on Sp(F). For any 1 <r<oo, Vel (Q) and
Gel*(Sp(F),w, ,) imply that VG(F)e€*(L*Q)) and

VG o, < eV, I1G - @

n,p

Here, the L’-norm of the operator field V' is defined in the natural way by
VI, =11Vl where |V], is the norm of the operator V, acting on the Hilbert
space T,.
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Proof. For r =00, expression (2) is obvious. We shall prove it for r =1, the
general case then following by interpolation. As mentioned above, 0 may or may not
belong in Sp(F). If it does, we can assume that G(0) = 0, since otherwise the right-
hand side of (2) is infinite. Setting

w, = A 2SV2Dg
we observe that {y,} is a complete orthonormal system of Ker (F)* and Fy, = 1, v,,.

Hence we can estimate the Hilbert—Schmidt norm of VG(F):

IVGE)s = LIVGEWw, |3

n

= LIGEIE 1V, 13

N

H VH?) Z |G(j'n)|2 H l//anp/(p—Z)

N

CH VH?) Z |G(/1n)|2 A’::}HDQZSHng/(p*Z)

N

VI3 NG, 4, ew e
n

CH VH?)H G HI,22(Sp(1<'),u:nvp)
as required.
The main theorem of this section is Theorem 5.

THEOREM 5. Let H, = D*S,D and H,= D*S,D satisfy Hypothesis 1 and

Hypothesis 2, and set q, = min{q, o,q, o}, Py = 24,/(4y—2), and y(q) = max{y,(q),
vo(q)}. If p and r satisfy the following two conditions:

(1) p > py;
(@) r>a+2y2p/(p—2)—1;

then
[(Hy+ 1) = (H, + D7, < e[Sy =Sl - (3)

Proof.  Without any loss of generality, we can assume that S,—.S, > 0. If we let
D > p,, then it follows from Lemma 3 and Lemma 4 that

I(Hy+ D)7 = (Hy + D7, < ell(Sy =S gD, (S, = S g (),
< Sy =S)M215 gHIZT(Sp(Fl),wnm) [ g“zz’(sm@),wnm)

where, we recall, g(r) = t'/2/(t+ 1). In particular, g(0) = 0, and therefore || g||,, <o
for r sufficiently large, depending on p > P. In fact, using Hypothesis 1, we see that

2
lgl, <oo<r> oc+2y(pr2)—l.

This completes the proof of the theorem.
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REMARK 6. Theorem 5 immediately yields eigenvalue stability. Let {x,(K)} be
the singular values of a compact operator K. Using the formula

1/r
(Z Iﬂn(B)—ﬂn(A)l’) < [|1B—A], “4)

which is valid for any compact operators 4 and B (see [14]), we obtain

os) 1/r
(Z Mn,l_ln.zr n—2r/zx> < CHaz_aalr/z
n=1
for any p and r satisfying conditions (1) and (2) of Theorem 5.

ExamPLE 7. Let U < Q, and suppose that S, and S, coincide outside U. Then (3)
implies that
I(Hy+ 1) = (H + D7, < U

Now, in applications, Q is typically a compact Riemannian manifold, and D*SD
is a partial differential operator related to some physical phenomenon, the operator
S containing information about relevant properties of the underlying manifold such
as conductivity, elasticity, etc. Hence, by taking |U| to be small, we can estimate the
effect of narrowly localised irregularities on the solution of the evolution equation

u
— = —Hu.
ot
For example, and subject to the verification of Hypothesis 2, for m = 1, we can
estimate the effect on the heat flow produced by localised impurities of different
conductivity, while, for m = 2, we can estimate the effect on the vibrations of an
elastic shell produced by small regions with different elasticity properties.

For such applications, Hypothesis 2 is typically the one that is most difficult to
verify. The most common method for proving such estimates depends upon
appropriate smoothing properties being proved for the corresponding resolvent
operator. In the next section, we prove such a property under quite general conditions
in the case in which H is a higher order elliptic operator with measurable coefficients
acting on a bounded Euclidean domain. In the case of a second order uniformly
elliptic operator, where D =V and

Y0 0
= 1?.;‘2::1 (F}xz: {aij(X) axj}’
there are a number of known results, which we now quote. The second and third
results were proved for Q = RY, but they are also true for bounded domains under
suitable regularity assumptions.
(1) (See [8,9].) If Q is a bounded Euclidean domain with C' boundary, & =
WiA(Q) and D =V, then Hypothesis 1 is satisfied with o = N/2, and Hypothesis 2 is

also satisfied with
1 2N
0 =4 (v+2-2).
q
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We then regain the main theorem of [3].

(2) (See [10].) If Va, e L™, then (H+1)": L* - W*?2.

(3) (See[11].)If the coefficients a;; are continuous, then (H+1)"": L? - W' ?forall
1 <p<oo.

For a result of this type concerning non-self-adjoint operators, see [1, Proposition
3.1]. See also [12] for similar results in the case of unbounded coefficients. Finally, see
[4] for similar estimates for Laplace—Beltrami operators on compact Riemannian
manifolds satisfying mixed Dirichlet-Neumann boundary conditions.

2. Regularity estimates

We prove a theorem that provides a general condition under which Hypothesis 2
is valid.
Let ©Q and the spaces L?(Q) be as above, and define the ‘mixed’ Banach spaces

LP(Q)=L"(Q)DLI(Q) 1<p<+w
equipped with the norm
ICfoo DI, = LA+ IEIH .

Let .% be a function space on  contained in ﬂ »>1L7(Q) and dense in each L?(Q),
1 <p < 4 o0. Let D be a map with domain &, such that the following are true.
(1) Dfe(),..L> forall fe¥.
(2) For each 1 < p < + 00, D is closable as an operator from & < L?(Q) into
LP(Q).

We denote by D, the corresponding closure, and set W? =Dom(D,). In
particular, W7 is the completion of . with respect to the norm

L/ s = LS5+ DSR2

For the sake of simplicity, we usually write Df rather than D f, even when f¢.%.
Now let S be a measurable operator field on Q satisfying (1). For ue W? and
peW?, we set

Ou, ) = f (up+ <{SDu, Dp})dx.
Q
We also denote by W™ the Banach space dual of W?. We have Lemma 8.

LEMMA 8. Let Te W*'. There exists an f = (f,,f)e L2 (Q) such that

(T, ¢ =J (fop+<f, Dp>)dx for all pe W?
and | T = [lf1,-

Proof. Let
Rc Ly, ={¢®D,plpeW?}
and define the functional 7 on R by

(T,p@®D, ¢y =T,y forall peW?.
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We readily see ~that |T|l = |T|. By the Hahn—Banach :Fheorem, there exists an
extension 7; of 7"on the whole of L? (Q2) such that || 7;|| = || 7'||. It is then standard that
there exists an fe L2(Q) such that

1,8> = J (fo&o+<E.g0)dx forall g = (g,,8)e L]
Q

and that |73l = || f1l,. Hence

(T, ¢y = f (fop+<£, Dpy)dx for all pe W?

and |T|| = || f1l, as required.

For 1 < ¢ < + o0, we define the operator

H,: W W
by
CHyu, ¢y = Ou,¢p) forallue We,pe W«

and the property (P, ) as H, has a bounded inverse.
Let f=(f,.f) el J,., L}, We say that the function uel J,., W? solves the
equation
Hu = f,+ D*f ®)
if
Ou, ¢) = J (fop+<LE, Dp)dx for all pe&
Q

and we define the property (P, ,) as for fe L{ (Q), equation (5) has a unique solution
u=:1 fe W9, and the operator 7,: L — W is bounded.
Finally, we define the number

1 inf  sup |Q(u, )|

K, ulhye=1iglya=1

and the property (P, ) as K, < + o0.

PROPOSITION 9. For 2 < g < + 0, properties (P, ), (P, ), (P, ), (P, ) and (P, ,)
are equivalent, and, if they are valid, then

IH = I1H M = T =TIl = K,

Proof. (P, )< (P, ,): This follows from the fact that H* = H,,.

q

P, )=®,,). (P, )= (P,,): Let p be either g or ¢’, and let fe L”. Define Te W™"
by

(T, ¢y = J(f6¢)+<f, D¢Y)dx for all e W?

so that, in particular, || T|l,-» < || f1|-
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Setting u = H,' T, we have

O(u, p) = J(fogzﬂ- £, D¢Y)dx for all pe W

that is, Hu = f,+ D*f. This solution is unique in W? since H, is 1-1. Defining the
tor T, b
operator T, by Tf=u

it follows that || T || < [|H,'|.

P, ,)=®, )P, )=(P,,): Let p be either ¢ or ¢, and let Te W?. Let
f=(f,,f)e L2 be such that

m

T, ¢y = J(fogb—i-(f, D¢y)dx for all pe W*

and | T||-» = || f|,- Lettingu = T, fe W?, we have H,u = T, and so H , is onto, and
it is 1-1 since T, is 1-1. Moreover,

VH T lr = lullr < TS, = 17,0 1Ty
and so |H;'| < [T,

(Ps,q) = (P2,{1
the solution of

): Let ge L7, Let (g,) < L* satisfy ||g—g,ll, — 0, and let u, € W be

Hu,=g,,+D*g, k=1.2,..
Then

0wy, p) = J(go,k ¢+ g, Dp))dx for all e W™ (6)

If absolute values are taken of both sides and then supremum over all ¢ € W? such
that ||¢|, < 1, then (P, ) implies that

1
% ltsllg < Ugely- @)

q
Hence (u,) is Cauchy in W<. If ue W¥ is its limit, then, letting k tend to + co in (6)

and (7), we have Hu = g,+ D*g

and ||ull,,« < K,||gll,. The solution u is unique in W' since, by (P, ), the only
solution in W of the equation Hv = 0 is the trivial solution.

P, )=®,,), P, )= (P, ,): Let p be either g or ¢’. Then

1
H, oy 2 R { 1 we
[ H ,uly-» & lully» for all ue
and hence |
sup |Q(”a ¢)| = TIr—-1n HUH wP for all ue W?
Il o -1 [ H |
from which (P, ) follows.

We are now in the position to prove the regularity theorem for the operator H =
D*SD+1. It depends on a regularity assumption of the same type on the operator
H =:D*D+1. The proof is similar to that in [9]. We recall that A and u are such

h
that A< S, <p forall xeQ.
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THEOREM 10.  Assume that there exists a G,, 2 < §, < + o0, such that the operator
H = D*D+1 satisfies properties (B.,) for all gy < q < §,. Then there exists a q, with
2 < g, < G, depending only on D and the constants A, u, such that H satisfies properties
(B.,) for all gy < q < q,.

Hence, if we have some L’estimates for ¢ > 2 on the eigenfunctions {¢,} of H =
D*SD, Hypothesis 2 is valid.

Proof. Without any loss of generality, we assume that g = 1. It is standard that
the norm \|I:I;1H is a logarithmically convex function of 1/qe(1/4,, 1/4;), and, since
it is symmetric with respect to g« ¢’, it has a minimum at ¢ = 2. This minimum is
equal to 1; to see this, let fe L? and u = T, fe W?*. Then

O(u, p) = J(fogzﬁ-i- £, DpY)dx for all ue W?

and, taking the supremum over all ¢ W? such that | ¢|,,: < 1, we have | H;'| < 1
Moreover, choosing fe L2, of the form f'= (y, Dy) for we W?, we have |H; f||,,: =
I llwe = I/l Hence |H3'| = 1.

Now let O be the form associated with the operator H. For any e W¢, we have

sup |Q(u,$)| > sup IQ(M P

Igllya=1 I Bllya=

— sup |O(u, ) — Qu, §)|

lgllya=1

1
> <E_(l —A)) Julyo
and therefore the norm K|, satisfies

1 1
K,” K,
Hence, if 2 < ¢, < §, is chosen so that kou = (1—=/)"", then K is smaller than + co for

all ¢; < g < ¢,, as required.

ExamPLE 11. Let Q be a bounded Euclidean domain in RY with smooth
boundary, 2 = W{3(Q), and 4 be a set of multi-indices « = (a,, ..., &) such that the
constant coefficient operator D*D, where

Df = (Df)yeq =:((0/0x)" ... (O OX\ ) [y >

is uniformly elliptic of order 2m. Let a = {a,4(x)}, 5., be a measurable matrix such that

A< alx) < p

on Q, and let H = D*aD. Thus H is a self-adjoint uniformly elliptic operator of order
2m, and it is given formally by

Hf = ) (=D"D*a, (x)Df}.
a,ffed

Moreover, it satisfies the hypotheses of Theorem 10, since D*D satisfies properties
(P, ) by [13, Theorem 4.6].
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Let 7= I(N,m) be the interval of all ¢ > 2 such that the Sobolev imbedding
WirA(Q) = LYQ) is valid, and set
g, = supiglgel and (P, ) are valid}e (2, c].

For any ¢, 2 < ¢ < ¢q,, we then have

1D, < kgl

cj“n”¢n”m2
c}“nHD¢n”2

3/2
cA

INCINCIN N

and interpolation with || D¢, |, < AY? yields
1Dg, |, < chl,

for all 2 < g < g, and all

1 a(g—2)

P>l

2 q(gy=2)
Since Hypothesis 1 is also satisfied with « = N/2m, for H, and H, as above, we have
Corollary 12 of Theorem 5.

COROLLARY 12. There exists a p,< +oo such that, if p>p, and r>
(N/2m)+2p,/p, then
I(Hy+ D' = (H + D7, < cllay—ayllpp0 ®)

Proof. We only need to take p, = 2¢,/(q,—2), recall that p =2q/(¢—?2), and
observe that Theorem 5(2) becomes

r >N+2(1+q0(q_2))_1

2m 2 q(q,—2)
_N_ 2
2m  p

Note that the conclusion of Theorem 5 is still valid if Hypothesis 2 is weakened
to
1D, < ¢, %, forall 2 <q<qy s> g

Acknowledgements. 1 thank E.B. Davies for many useful discussions. The
material in this paper has been extracted from the author’s Ph.D. thesis [2].
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