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OPERATORS UNDER L?-PERTURBATION OF THE
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Introduction

Let © be a bounded domain of RY with Lipschitz boundary and H a second-
order uniformly elliptic operator on L?() with measurable coefficients satisfying
Dirichlet boundary conditions. In [1] we established the stability of the resolvent
of H in trace norms as the coefficients vary in LP-spaces.

This paper further develops and improves the ideas used in [1], thus making
possible the extension of the above results in different directions. First, we extend
the range of possible applications by working on Riemannian manifolds instead of
Euclidean domains. Second, we work with weighted operators and, third, we deal
with more general boundary conditions. In order to prove our main result, we also
prove a regularity theorem which generalizes the main theorem of [7] and, partly,
of [6]. There is a straight-forward physical interpretation of our results; given a
curved surface, Theorems 8 and 16 provide estimates on the effect on the heat flow
produced by narrowly localised irregularities. We refer to [1] for details in the
Euclidean case.

We work on a compact Riemannian manifold (M, G), which may have a bound-
ary. For a positive measurable weight o2 on M, we consider weighted Laplace—
Beltrami operators of the form

Hg of = —07*Vg - (0°Vaf) +f

satisfying mixed Dirichlet—-Neumann boundary conditions (we shall use the term
Laplace—Beltrami operators, despite it being usually used only for the operator
—A, without the extra constant). In our main result we obtain explicit bounds
on|w'H Ezlya%w - H5.1,02 || for various operator norms in terms of appropriate LP-
norms of G; — G2 and of o) — o2. The operator w is the natural isometry between
the (different) weighted L2-spaces where the two operators are self-adjoint and is
also needed in order to obtain eigenvalue stability as a corollary.

* Work partially supported by the ‘Alexander S. Onassis Public Benefit Foundation’.
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254 G. BARBATIS

The paper is organised as follows: We make the initial assumption that M has no
boundary and in Section 1 we prove that the resolvent H~! maps I continuously
into W' if p is close enough to 2. This generalizes the main theorem of [7] and,
partly, of [6].

Using this, we prove in Section 2 our main result; quantitative estimates for the
stability of the resolvent in trace norms as G and o vary in LP. Such estimates are
immediate for p = +o00. The case p < +oo is harder and is the one relevant for
applications.

We work with measurable metrics and weights, and this enables us in Section 3
to generalize our theorem to the case of manifolds with boundary satisfying mixed
boundary conditions. The method used is to replace the manifold with boundary
by its double and then to deduce the required results from those of Section 2. As a
by-product, we further extend the main theorem of [7] to this context.

Acknowledgments: 1 wish to thank E.B. Davies for suggesting the problem and
for all his valuable help during the preparation of this work. I also wish to thank
the referee for several useful suggestions.

Technical setting and notation

In the first two sections of this paper M will be an N-dimensional smooth compact
manifold without boundary. We shall be considering Riemannian metrics on M
that belong to a class R(M) defined as follows: a measurable metric G lies in R(M)
if and only if there exists a smooth metric G on M such that

AG < G < uG

for some positive constants A and . We shall also denote by W(M) the class of all
measurable weights ¢ on M such that

A <o* < ,u&z

for some positive smooth weight 52. By compactness, if such a 2 exists then we
may as well choose 52 = 1. We do not make this particular choice since the actual
values of the constants A and p will turn out to be important.

We shall use the same notation, G, for both the metric and its representation
G = {g;j} as a matrix with respect to a given local coordinate system (x;) on M:

ds2 = Zg,-jdxidxj.

We also set g = det(G). Similarly, if ¢ = {£,} is a vector field on M, we shall also
denote by ¢ the vector field (¢;) in RY whose components for each x € M are the
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components of ¢, relative to a basis of the tangent space T, induced by a given
local coordinate system (x;):

1s]
£=§:£,-~37i.

It will be clear from the context which meaning is intended. Finally, we shall
denote by V the ‘Euclidean’ gradient V = (8/8x,...,0/0xy) relative to some
local coordinates, while a dot will denote the Euclidean inner product, except in
the symbol V-, which will stand for the divergence operator induced by G. The
inner product in Ty, x € M shall be denoted by (, ), or simply (, ); this last
symbol shall also be used to denote the inner product on various L?-spaces.

We shall also use the same notation, LP(M, G, 02), for the space of various fields
on M that are p-integrable with respect to the volume element o2dgvol: functions,
vector fields or operator fields. One or more of the arguments will often be dropped
when the meaning is clear.

For G € R(M) , 0* € W(M), we shall be considering operators given formally
by

H=—-072V . (6°V) + 1.

By definition, H is the self-adjoint operator on L2(M,G,0?) associated to the
quadratic form Q given by

Dom(Q) = W"*(M),
0(f) = [ (1f P+ 1% P)oavol.
It is well-known that such an operator has a discrete spectrum {),} and that
(1) An ~ n?/N as n — +oo0.

1. Wl4-estimates on solutions of equations

In this section we prove a regularity theorem for operators in the class defined
above. The basic idea is that used in [7], but working on a manifold instead of a
Euclidean domain adds several technical complications.

Let fo,f € L'(M). We say that the function u € W''(M) solves the equation

) Hu=f+V - (o%)
if

(3) Qu,¢) = /M (fod — (f,Ve))odvol, all ¢ € C=(M).
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Here and below, we use the notation Q(u, ¢) for the integral
/ (ud + (V, Vé))o2dvol
M
provided that it exists, without necessarily having u, ¢ € W12,
Let ¢’ denote the conjugate exponent of g. We denote by W—1¢' the dual of
Wha = Wl4(M, G, 0?), where

| fllwem,,o0 = /M(If [+ | Vf |9)Y952dvol.

Using a standard argument one can prove that for T € W~14 there exists g =
(g0,8) € L7 such that

@) (T, ) = / (806 + (7, Vo))o?dvol, all § € W'
and
5) ITl-1q = liglle-

For 1 < g < oo we define the operator
H,: Wb — w14
by
(Hau, ¢) = / (ugp + (Vu,Vg))o2dvol, allpe W4, wue W',

The family {H,}, is self-adjoint in the sense that
(6) Hj=Hy, alll<g<oco.

Finally, for 1 < ¢ < +o0c we set

1

= inf su v, 9) | .
Ky wllig=1 n¢||1‘qp=1 29|

For 1 < g < oo we define the properties:

(P14) H, is invertible with a bounded inverse.

(P2,) Forf = (fo,f) € L4 the equation Hu = fy + V - (¢*f) has a unique
solution u =: Tf € W' and the operator T, : L — W4 is bounded.
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Pz, Ky < +oo.
We have the following

Proposition 1 For 2 < g < +oo, properties (P14), (P2,4), (P3,9), (P1,4) and
(P,,y) are equivalent, and if they are valid, then

IH ' = I1HZ | = 1Toll = I Tg Il = Ky

Proof (P;,) < (P, ). Follows directly from (6).
(P1,q) = (P24), (P1g) = (P2,4). Let p be either g or ¢’ and let f € I?. Define
T € W17 by

(T, ) = / (fob — (F,Ve))oPdvol, all € W'

so that, in particular, ||7'|[-1,, < || fllp-
Setting u = H,"'T we have

O(u, ¢) = / (foo — (f,V¢))o2dvol, all p € W7,

thatis, Hu=fo + V - (azf). This solution is unique in W'» since H,, is 1-1 and if
T, is defined by
Tof =u

it follows that ||T,|| < |H, |-
(P2,y) = (P1 ), (Pay) = (P1y). Letpbeeither gor ¢’ and let T € W12, Let
f € L? be such that

(T,9) = / (fod — (F, Ve))odvol, all § € Wi

and ||T]j-1, = || fllo- Letting u = T,f € W'? we see that Hu = T, so Hp, is onto,
and it is 1-1 since T}, is 1-1. Moreover,

15 Tlsp = Nl < ITp I Al = ITHIT -1,
and so |H;'| < [Tyl

(P3,) = (P2y). Letg € L7. Let (gi) C L? satisfy ||lg — gklly — O and let
u; € W2 be the solution of

Huy = gox+ V- (6%g1), k=1,2,....
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Then

(7) O, 8) = / (8046 — (G, Vé))o2dvol, all § € W'2.

Taking absolute values of both sides and then supremum over all ¢ € W2 such
that ||¢]|1,4 < 1, (P3,) implies

1
(8) Elluklll,q' < llgelly-

Hence (1) is Cauchy in Wh4'. If u € W' is its limit, letting k — +oc0 in (7) and
(8) yields
Hu=go+V-(°§)

and ||y o < Kgllglly. The solution u is unique in w4 since, by (P3,4), the only
solution in W14' of the equation Hv = 0 is the trivial solution.
(P1,q) = (P3,¢), (P1,4) = (P34). Let p be either g or ¢’. Then

1
\Hpull-1,, > EH——ln”“”l"” allu e W'»
P

and hence )
sup | Q(u,4) |2 ———llullip, allue W'
lly =1 Hp i
from which (P /) follows. m]

Let G € R(M),0? € W(M) and let H be the corresponding weighted Laplace—

Beltrami operator
H=—-0"2V - (6’V) +1.

There exist G, 52 smooth such that

(9) AIGSGSNIGa

(10) M52 < 0% < 1pd?,
for some positive constants A;, y;, i = 1,2.
The weighted W!4-norms || - |1, and || - [; , induced by G,o? and G, 52 are

equivalent. In fact, defining

A=A, p=d P
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and
Mg =min{l,u;*IA/4 and vy, = max{1,A;/*}u!/e
we easily check that

(11) Tl flg SHflg < v2qll flli g allf € WH.

It is clear that the \;, p; can be chosen arbitrarily as long as the ratios

Hi
==, i=1,2
Pi Y
remain fixed. We set
N2
pP=p P2

and make the particular choice

po1+1
12 A =LA
(12) Tl )
—-N/2
(13) A= 2 (”Pl+‘> ,
p+1\pip+1)

which will be justified later.
We define the measurable operator field S = S(x), x € M, on the tangent bundle
TM by
(14) $=G"'G.
One checks easily that this is coordinate-independent.
Lemma 2 S(x) is self-adjoint on the Hilbert space (T:M,G) and satisfies
(15) prl < S <At
in the sense of (T;M, G). Moreover, for f,g € W'2 we have

(16) (Vf’ Vg>G = (Wf’ 68)&

pointwise a.e. on M.
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Proof For £,n € T,M we have in local coordinates

(S¢,m) = GSE -1
G

Inequality (15) is equivalent to the inequality
p'G<GS<AT'G

in the sense of (R", -), and so follows directly from (9). Finally, forf,g € W' we

have L o
(SVf,Vg)e = GSG™'Vf -G~ 'Vg

=GG~'Vf -G~ Vg
=G~ 'Vf-Vg
= (Vf,Vg)e. m
Let H be the self-adjoint operator on L*(G,5?) induced by G and 2 and let Q

be the associated form.
We shall need the following estimate on the difference of the quadratic forms Q

and Q:
Lemma 3 For ¢ € W9, y € W9 we have

7 ppr — 1, - -
(17) | (¥, ¢) — Q(¥,9) |< pyre 1¥1l1,g 118111 ,-

Proof Define the function a on M by
a=c2g2)525\ 2.
This is coordinate-independent and we have
(18) o?dgvol = a&zdavol.
It follows from (16) and (18) that
o, ¢) = / (¥ + (SV, Vo) &)as?dgvol
so that

0(4,¢) - 0,0) = [ (we(1 @)+ (1 - aS)9%, 92)) #*dvol
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and hence
(19) | Q(¥,8) ~ O, ¢) |< max {[|1 — allso, 11 = aSlloo} 191, o 611 4

where ||1 —aS|| is the L>-norm of the operator field {1 —aS(x)}, acting pointwise
on (T;M,G) or, equivalently, the operator norm of the operator 1 — aS acting on

L3(G,5?).
Setting
A= =
(9) and (10) imply that
(20) A<a<ly
and so

1 - alloe <max{| 1 -A[,|1-pl}

Similarly, the inequality
prtA <aS < Al

implies
11 — @S|l < max{] 1 — g7 'A|, | 1= A7}

Combining the last two inequalities with (19) yields

| Q(%, ) — O, 8) |< Kll9lfy 4 I8l 4

where
K=max{|1=X|, [ 1—p|, | 1=p "M}, [1=2"p ]}

The choice of A, and A, in (12) and (13) yields

pp1— 1
K=———-: ]
pp1 +1

Now we can prove the main theorem of this section. It is a regularity theorem
for H = —072V - (62V) + 1 and generalises Theorem 1 of [7].

Theorem 4 There exists qo, 2 < qo < oo such that properties (P; ;) are valid
Sor all g, < g < qo.
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Proof By standard regularity theorems for elliptic differential operators with
smooth coefficients (see, for example, Theorem 4.6 of [8]) H satisfies properties
(Pig) forall 1 < g < oo and so

(21) Sup | (¢, %) |> 7 ||¢||1q, all € Whe'

Lg

for some K, < +oo. From Proposition 1 it follows that log K, is a convex function
of 1/g € (1,400) and satisfies K, = K. Hence, K, has a minimum at g = 2 and
one easily sees that K, = 1. Moreover, assuming that we do not have K, = 1 for
all 1 < p < +oo (in which case everything works much better), convexity implies
that Kq converges to +oo as g tends to 1 or +o0.

For ¢ € W14' we have

sup | Q(¢,¢) | =73, Sup | (%, ¢) |

I9ll1.0=1 =1

m{,j( sup | Q(#,9) | - sup | O(v,4) - O(,%) |)
llpll1,q=T lelf, ;=1

2 qu ( “Id)lll’q £P1 + 1 ”"ﬁ”l,q )

and so

1 1 1 1 pp—1
2 L ol L./ S
(22) K, = h, 2aN2q (Kq ppl+l)

From the comments we made on I~(q it follows that there exists a unique go,
2 < gp < +o0, such that

& pp1 + 1
K, =
© " ppr—1
and thus
1 -
1 _pm 1 >
K, pm+1

for all g such that g; < g < qo. Hence H satisfies property (P3 ,) of Proposition 1
for all such g, as required. i

Note : It is clear from this proof that gy depends only on G, 52 and the ‘ellipticity
ratios’ p;,i = 1,2. Moreover, for fixed G, 52, the dependence on p;,i = 1,2 is such
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that
go — +oo asp-—1,

go — 2 asp— +oo.

Corollary 5 Let H be as in Theorem 4 and let ¢, be a normalized eigenfuction
of H corresponding to the nth eigenvalue )\,. There exists 2 < qo < +0c such that
for any q < go we have

(23) [V¢nlly < Xy

provided

N N q0—q
24 Sy=14+——--—- B9
(24 vz 4729 4qlg-2)

Proof From the theorem, there exists 2 < go < +oo such that

”V¢n“q < C’\nl|¢n”tla all g < qo.

Now, it is a well known result (see [3, p. 22]) that the eigenfunctions of H lie in L?
for all 2 < g < 400 and in fact

6nllg < Xy @2/%

for some constant ¢ independent of n € N. Hence

(25) ||V¢n||q < C)\711+N/4_N/2q, all g < qo.
This is not a good estimate for g close to 2. Interpolation between (25) and
IVénll2 = 2>

yields the result. m]
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2. Perturbation of the metric and weight

Perturbation of the metric
Let G € R(M) and 0> € W(M). Let § = S(x) be a positive measurable operator
field bounded away from zero and infinity and set

F=VV*, Fg=S8/2vv*s'/?

The following lemma is the Riemannian manifold version of a well known result
that has been useful in problems such as spectral asymptotics [2, Lemma 8.1] and
scattering theory [4].

Lemma 6 There exist partial isometries U,V : Lé o2 Lé 2 Such that

(V*SV+ 1)~ —(v*V +1)7]

(26)
= V*FY*(Fs+1)7'8712(1 = S)F2(F + 1)~'U.

Proof Itisnotdifficultto see thatif T : Hy — H is closed and densely defined,
then (7*T+1)~1+T*(TT*+1)~!T = 1 as an operator equality on Dom(T’). Hence

(V'V+ 1) 4+ vV + 1)V =1,
(V*SV)~! + VS 2(§12vvest/2 4+ )7 1Sy = 1,
and therefore

(VSV+ 1) —(VvV+ 1) ==V [(VV* + ST - (Vv + 1)1V
=V (VV* +SH (ST - 1) (VV + 1)V
= V*SV2(Fs+ 1)"18Y2(§ —1)(F + 1)"!V.

Using polar decomposition we can write
V=|V|U=F'/2U and $§/2v=|§/?v|V=F/*V

and (26) then follows. a

We think of Sp(F) as a measure space with each eigenvalue )\, # O carrying
a weight A3 x m(),), where m is the multiplicity of the eigenvalue and s is a
parameter satisfying s > —1 + 2+, < being as in Corollary 5. To the zero eigen-
value we assign measure equal to +oo reflecting the fact that Ker(F) is infinite
dimensional. Associated to this discrete measure space are the corresponding 4
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spaces, | < g < oo, defined by
lqz{g:Sp(F)——>R|g(0)=0, E\g(/\,,)lq)\f,<oo}, 1<g<

and
o = {g Sp(F) — R sup | 40w < oo}.

For any function g on Sp(F) we define the operator g(F) using the spectral
theorem.
Denoting by ||A|,, 1 < r < 400, the C"-norm (Schatten norm) of an operator A,
Al = (A DY,

so that, in particular, ||A|| is the operator norm, we have the following

Lemma 7 Let T be a measurable operator field on M and g : Sp(F) — R.
There exists pg < +oo such that for p > po and 1 < r < +o0, then

(27) IT8(F)ll2r < cliT|prllgllr-

Proof For r = +oo, (27) is trivial. We shall prove it for r = 1, the general
case then being obtained by standard interpolation arguments. We may assume
that g(0) = O since otherwise the RHS of (27) is infinite.

Let {¢,} denote a complete orthonormal system of eigenfunctions of L. Defining

Un = A;l/zvd’m neN

one easily checks that {1} is an orthonormal system of vector fields satisfying
Fi, = Ay, and spanning Ker(F)L. In fact, it is a known theorem (see [4]) that if

A:H — H
is closed and densely defined, then
Sp(A*A) U {0} = Sp(AA*) U {0}.

Hence, since g(0) = 0, we can get an estimate for the Hilbert—-Schmidt norm of
Tg(F):
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IT8(F)3 = > ITe(F)nli3
<7D Le(ra) P AT IVl
where ¢ = 2p/(p — 2). From (23) we have

(28) TP <cTIRY  1g0) PATYY, all v>, p>po

where po = 2q0/(q0 — 2), qo being as in Corollary 5. Since s > —1 + 2y, this
concludes the proof. m]

Note that the result is also valid if we replace F by Fs, since F is of the same
form as F for some metric G € R(M) and weight 62 € W(M).

We can now prove the main theorem of this section. Suppose that we have one
single weight 2 and two different metrics Gy, G, and let

Vi : L2(G,-,02) — L2(G,-,02)
denote the weak gradient induced by G;,i = 1,2, so that
H=v{'v, i=1,2
in an obvious notation. Define the unitary operator
u:L*Gy,o?) — LHGa,0?)
to be multiplication by the function
1/4

8
U==.
1/4
82/

We also define the measurable operator field S = S(x) by

(29) S =u"G;'Gy.

As in Lemma 2, we see that this definition is coordinate independent, that S(x) is
self-adjoint on (T:M, G,) for all x € M and hence that § is a self-adjoint operator

on L%(Gy,0?). Moreover we have

(30) vy, = ?viisy,.
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Theorem 8 There exists pg, 2 < po < +oo, such that if

N+po

{A)p>py and (ii)r>%/+

then

(31) ”u_1R2u _Rlllr < C“S - 1”pr/2'

Proof Denoting by R;,i = 1,2, the two resolvents, R; = H;"!, we have
R, = (®V{isvy + 1)
and so
u 'Ry = u‘l(Vg*)‘Svl +uH
Hence

u'Rou — Ry =u (V' SV + w )t — (VY 1)
=u~H (VSVy +u ) = (VSY) + w2yl
+ (V1S +u ) — (Vs )
+(VPsYy +u )t — (VisY, 4+ 1)7!
+(VPSV+ 1) = (VY 1)
=A; +Az + A3 +B.

Let go(f) = #1/2/(t + 1). From Lemmas 6 and 7 it follows that there exists po,
2 < po < 400, such that

IBll» < [1(S = 1)'2go(F)li2-IS™"/(S — 1) 2go(Fs)ll2r

< llgollZ- (S = D)2 lprlIS~1/2(S ~ 1)/ pr
< cllgoli3 IS = llpr/2

forallp >ppand 1 <r < +o0.
We need to know the range of r for which go € /#". Recalling (1) we have

lgoll2r < 400 = YA < +oo
n
= Zn%("“) < o0
n

— s<r—§
5
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So, recalling from (28) that s = —1 + 2, we need 7 to satisfy

b

and, since v must also satisfy (24), we conclude that p and r must be such that

N N qo—q 1 N
1+ — =~ — <2(r+1—5)
where g = 2p/(p — 2). This is equivalent to (ii).

The terms A1, A; and A3 are much easier to estimate. For example, we have

A=W = 1)H;'u
and hence for any 1 < r < 400
(32) ALllr < cll(u — 1)g1(H2)]|-

where g,(t) = ¢t~ L.

This can be estimated in terms of some ZP-norm of « — 1 using a similar argument
to that in Lemma 7. In fact, everything works much better. The operator involved
is now of the form V*V (in L?(G, 0?)) rather than VV*, so what we need is L?-
estimates for some g > 2 on the eigenfunctions of the Laplace~Beltrami operator
rather than on the gradient of the eigenfunctions. Moreover, the function g, (¢) that
appears in (32) decays at infinity faster than the function go(¢). Hence, for p and r
as in the statement of the Theorem we certainly have

”Al”r < c||u - 1”pr/2-

Note that the fact that g;(¢) diverges near ¢t = 0 is not a problem since O ¢ Sp(H).
The same argument can be used in order to estimate ||A;||,, while for ||As]l, we
write
Az = (VSY + w2 (1 — w2y (Vs + 1)
and then proceed in the same way. The result follows if we note that for any two
N x N matrices E and F we have

| detE — detF |< c||[E ~ F|,

where the constant ¢ depends on ||E|| and ||F]| . a
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Perturbation of the weight

Suppose now that we have one single metric G € R(M) and two different
weights 01,00 € W(M). Let H;,i = 1,2, denote the corresponding Laplace—
Beltrami operators so that

H; = Vg

in an obvious notation.
Defining the unitary operator

v:L*(G,0?) — L*(G,03)

to be multiplication by the function

V= 0102'1

one sees easily that
V2 = 20,2,

Hence, setting R, = H;'1, i = 1,2, we have

v IRy — Ry =(WWH 20y 4 1)~ — (VO 4 1))
=y~ (T 2y 4 2y ly-t (VY 4 1)1
+ (V129 4y 2)=1y=1 _(9ny=2g 4,2y
+ (V®p2y 4 v=2)=l — (Vy2y 4 1)-!
F(VO2Y 4 )7 - (VO v 4 )
=Al + A, + Ay +B.

This expression can be handled in exactly the same way as the corresponding
one in Theorem 8 and we conclude that

Corollary 9 Ifp and r are as in Theorem 8, then

(33) ”V_1R2V Ry, < Cv,P,r”U% - afupr/}

Remark 10 It follows from (31) and a simple interpolation argument that for
any g > N/2 there exists large enough ¢ such that

llu™'Rou = Rullg < S - 1
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forany s > 1.

Remark 11 Note that if the metrics G; and the weights o;, i = 1,2, are smooth,
then the corresponding Laplace—Beltrami operators satisfy property (P, ,) for any
1 < g < +oo by standard elliptic regularity theorems, and hence the constant pg in
Theorem 8 and Corollary 9 can be taken to be equal to 2.

3. Manifolds with boundary

In this section we extend our main result to cover the case of manifolds with
boundary and of operators satisfying mixed Dirichlet-Neumann boundary condi-
tions. The technique that we use, involving the double of a manifold, is quite well
known and has been used for quite different purposes. See for example [6] and
[3]. However, we do include proofs for the sake of completeness.

Let X be an N-dimensional compact smooth manifold with smooth boundary 6X.
Let A be an open, possibly disconnected submanifold of 8X with smooth boundary
OA (we do not exclude the case A = 8X). We define M’ to be the manifold

M =Xx{-1,1}

and M the smooth manifold resulting from M’ by glueing A x {—1} with A x {+1}.
So, M is a smooth manifold with a smooth boundary OM that degenerates to the
empty set when A = 8X, in which case M is the double X of X.
Let
Xt =X x {1}

so that
M=XYux".

Any function f € L} (M) shall also be written as

loc

f= [f+7f—]

where
Se=F|x= .

We define the class R(X) (resp. W(X)) to consist of all metrics G ( resp. weights
?) such that the induced metric (resp. weight) on the double X of X lie in R(X)
(resp. W(X)). It is easy to see that this is equivalent to saying that G (resp. o2) is
comparable to another metric G (resp. weight 52) that lies in C>® X).

Finally, let

F={feC®X)|f=00nA}

and let V, be the closure of F in W!4(X) for some (and hence any) G € R(X).
When g = 2 we shall simply write V.
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Elliptic regularity

We shall need the following standard result:

Lemma 12 Letf,g € W4(X). Then [f,g] € WH4(M) ifand only iff —g € V,.
Proof We omit the proof which is quite straight-forward.

Letf = (fo, f ) € L}(X). Extending our earlier definition, we say that the function
u € WH1(X) solves the equation

(34) Hpu=fo+ V- (o%f)

if
Olu, 6) = / (fod — (7, Vé))oPdvol,
X

for all ¢ € C*(X) that vanish in a neighbourhood of A.
Now we can generilize Theorem 4 in this context.

Theorem 13 There exists 2 < qo < +0o such that for any q with g, < q < qo

-

and any f = (fo,f) € L4(X) the equation
(35) Hau=fo+V - (o%)
has a unique solution u € V, and

(36) llullig < cll flig-

Proof Let H” be the induced operator on the double M of M. Let go > 2 be
the constant for H"” whose existance is guaranteed by Theorem 4. Let g < g < qo
and f = (fo,f) € LYX).

Using again signs to distinguish between different copies of the same manifold,
we have the natural identifications

(37) L4(M) = L(M;) & LY(M_)
(38) = LI(X,1) ® LX) © LY(X_1) © LIX__).
Under (38) define

f=0af@0efcLi(X).

So, there exists it € W4(M) such that

H'u=f+V-(c*),
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that is
(39) / (ih + (Viz, V) )o?dvol = / (}od — (£, Vé))a2dvol
M M

for all ¢ € C*°(M), and hence for all $ € W' (M).
We readily see that & is of the form

u=00ue0cdu

for some u € W4 (X) and, additionally, Lemma 12 implies that u € V4. Now, for
any ¢ € W' (X) we have

00000 ¢ W (M)

again by Lemma 12 and for such a ¢ (39) yields
/ (ug + (Vu, Ve))a*dvol = / (fod — (f, Vo))o2dvol.
X X

Hence u € V, solves (35) as required. m]

Remark 14 It is possible to replace the smoothness condition on the boundary
by a weaker one. Let X be a smooth manifold. Let G be a measurable metric on
X and let X be the completion of X with respect to G. Assume that there exists
a quasi-isometry 7 from X to a Riemannian manifold with boundary X’ of the
type we discussed in this section. Then everything we have proved for X’ is also
valid for (X, G), the various constants depending on the induced ones on X’ and
on the quasi-isometry constants of «. This applies mainly to manifolds that have a
Lipschitz boundary, in a sense similar to that of [6] and [1].

Resolvent stability

Lemma 12 is also the main ingredient in order to extend Theorem 8 in the present
context. Let the operator U : L(M) — L?(M) be defined by

(40) Ulfef-1=f-fs)s  allf € LA(M).

U is unitary on L*(M,0?) and satisfies U> = I. Moreover, the spaces C°(M),
WL2(M) and Wé’z(M ) are invariant under the action of U and the operator V, with
domain either W'2(M) or W,'*(M), commutes with U.

Let H be the operator

H=-072V-(c*V)+1
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on M satisfying Neumann boundary conditions. One easily then checks that
Dom(H) is invariant under U and in fact

(41) HU = UH.

Every function on M can be uniquely expressed as a sum of an even and an odd
function. In particular, defining the spaces

LiM) = {[f.f] |f € L/(X)},
L3 M) ={[f,-f] |f € LUX)}

we have the decomposition
(42) LIM)=LIM) oL, ,(M), alll<g<+ox.

It follows from (41) that L2(M) and L2,,(M) are invariant under the action of H,
and so under the decomposition (42) (for g = 2) we can write

(43) H = H, ® Hoaa

where H, (resp. Hoqg) is a self-adjoint operator on L2(M) (resp. L2,,(M)).
Let Hy be the operator on L?(X, o) given formally by

Hy = —0"%V . (0*V) +1

and satisfying Neumann boundary conditions.
We have the following

Proposition 15 Identifying L2(M) and L2 ,,(M) with L*(X) in the natural way,
we have

(44) H. = Hy,

(45) H 44 = Hy.
Proof We shall only prove (45), (44) being proved in a similar way.

Suppose f € Dom(H,44). So [f, —f] € Dom(H) which means [f, —f] € WH2(M)
and there exists # € L?(X) such that

(46) /M (VLf, —f], Vo)o*dvol = /M [h, —hl¢a?dvol, all ¢ € WH2(M).
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The fact that [-f,f] € W'2(M) implies f € V by the lemma. Moreover, for any
¥ € V we have [, -] € W12(M) and hence

/ (Vf, Vip)o?dvol = / hya’dvol
X X

by (46). Hence f € Dom(H,) and Haf = h.
Conversely, let f € Dom(H,). Sof € V and there exists an h € L?(X) such that

/ (Vf,Vo)oldx = / hos?, alloeV.
X X

It follows that [ f, —f] € WH2(M). If ¢ is arbitrary in W'2(M), then ¢, — ¢ € V,
SO

/ (Vf, V(b4 ~ p_))o%dvol = / h(y —w_)o%dvol
X X

and hence

| 915~ Vio%avol = [ {n,~hlyotavol
M M
which implies that f € DomH 4y and Hygqf = h. =)

Suppose now that we have two metrics and two weights G; € R(X), o7 € W(X),
i=1,2and let Hy; i = 1,2, be the corresponding weighted Laplace-Beltrami

operators
Hpi= -0}V - (6}Vi) +1, Dom(H,tlx,/iZ) =V.

Let Ry; = H;,}, i = 1,2 be the two resolvents and S be as in Theorem 8.
Multiplication by the function

w= 018, org)’*

is the natural isometry from Lé] ,2 onto Léz ,2+ From Theorem 8, Corollary 9 and
1 e
Proposition 15 we deduce the following

Theorem 16 There exists po, 2 < pp < +oo such that if

Q) p>po and Gi)r> g 4 Ntpo
then
(47) W Ra2w — Rallr < c (IS ~ Llpr/2 + o2 = a1llpr/2) -

Proof Fori=1,2let
i ( Hp,ir)
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denote the operators induced on M by Hy ; and subject to Neumann (resp. Dirichlet)
boundary conditions. Moreover, let H' be the corresponding operators induced on
the double M of M.

Under the natural identifications

LX(M) ~L*(M,)® L>(M_)

(48) ~ IP(Xyy) © LX) @ LA(M)

we have fori = 1,2

H/ =Hy,;®Hp;
=Hy,;®Hu,®Hp;
and hence
(49) ”W-lRA,ZW - W—IRA,IW”r < |lw'Ryw — Rl
where R/ = (HY)~!,i = 1,2. Since M is a smooth compact manifold with no

boundary, we can apply Theorem 8 and Corollary 9 and the result follows. a

Remark 17 If we make no assumptions about the regularity of the boundary
08X, then there exists a variation of Theorem 13 that involves local rather than global
Sobolev estimates; this is Theorem 2 of [7]. It can be used to prove the estimates of
Theorem 16, but only under the additional assumption that the weights and metrics
coincide near the boundary 8X. In fact, we believe that this assumption is strong
enough to allow one to generalise those estimates in the case where the metrics
and/or the weights are singular or degenerate near the boundary.

Remark 18 Let
AB:-H — H;

be two compact operators and let {u,(A)}, {¢n(B)} be their singular values. It is
known (see [8], p. 20) that forany r, 1 < r < oo,

1/r
(50) (Z | n(B) — pin(A) I') < B - Al

The fact that we estimate the norm of U-!R,U — R, for some unitary operator U
rather than that of R, — Ry means that when we apply (50) the operators A and B
are self-adjoint and positive and hence that their singular values coincide with their
eigenvalues. Hence, our main results also yield eigenvalue stability. Moreover,
resolvent stability implies stability of the corresponding spectral projections and,
hence, eigenspace stability.
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