
Martingales kai kÐnhsh Brown

Telik  Exètash, 23 IounÐou 2010

1. (2 BajmoÐ) 'Estw X, Y tuqaÐec metablhtèc se q¸ro pijanìthtac (Ω,F , P ), ¸ste E(X4) <∞
kai E(X2 |Y ) = Y . Na deiqjeÐ ìti

(a) E(Y 2) <∞.
(b) Cov(X2, Y ) = Var(Y ).

2. (4 BajmoÐ) 'Estw (Xn)n≥0 supermartingale.

(a) Na deiqjeÐ ìti gia A ∈ Fm kai n > m isqÔei∫
A

Xn dP ≤
∫
A

Xm dP.

(b) Upojètontac ìti Xn ≥ 0 gia ìla ta n, na deiqjeÐ ìti gia stajer� m ≥ 0, i ≥ 1 èqoume
ìti

sqedìn pantoÔ sto {Xm = 0} isqÔei Xm+i = 0.

(g) Me thn upìjesh tou (b), na deiqjeÐ ìti gia stajerì m ≥ 0 èqoume ìti

sqedìn pantoÔ sto {Xm = 0} isqÔei Xm+i = 0 gia k�je i ≥ 1.

3. (2 BajmoÐ) 'Estw (Xn)n≥0 supermartingale kai φ : R→ R fjÐnousa kurt  ¸ste E|φ(Xn)| <
∞ gia k�je n ≥ 0. Na deiqjeÐ ìti h (φ(Xn))n≥0 eÐnai submartingale.

4. (2 BajmoÐ) 'Estw a 6= 0 kai B tupik  kÐnhsh Brown. Na deiqjeÐ ìti me pijanìthta 1 to
sÔnolo {s ≥ 0 : Bs = a} eÐnai uperarijm simo.

5. (4 BajmoÐ) To prìblhma exìdou gia thn kÐnhsh Brown me taqÔthta. 'Estw B
tupik  kÐnhsh Brown, µ > 0, kai x ∈ R. JewroÔme thn Xt := x+Bt+µt gia k�je t ≥ 0, dhl. thn
kÐnhsh Brown me taqÔthta µ pou xekin�ei apo to x. Gia r ∈ R, orÐzoume Tr := inf{s ≥ 0 : Xs = r}
kai φ(r) := e−2µr. Na deiqjeÐ ìti:

(a) H Mt := φ(Xt), (t ≥ 0) eÐnai martingale.

(b) Gia a < x < b isqÔei

P (Ta < Tb) =
φ(b)− φ(x)

φ(b)− φ(a)
.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!
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Merikèc lÔseic

1. (a) Apo thn anisìthta Jensen gia thn kurt  (x 7→ x2), èqoume

Y 2 = (E(X2 |Y ))2 ≤ E(X4 |Y ).

T¸ra paÐrnoume mèsh tim  kai èqoume

E(Y 2) ≤ E(E(X4 |Y )) = E(X4) <∞.
(b) ArkeÐ na parathr soume ìti

E(X2) = E(E(X2 |Y )) = E(Y ),

kai
E(X2Y ) = E(E(X2Y |Y )) = E(Y E(X2 |Y )) = E(Y 2).

2. (a) IsqÔei E(Xn | Fm) ≤ Xm. 'Ara gia A ∈ Fm èqoume∫
A

Xn dP =

∫
A

E(Xn | Fm) dP ≤
∫
A

Xm dP.

Sthn pr¸th isìthta qrhsimopoi same ton orismì thc desmeumènhc mèshc tim c.

(b) Efarmìzoume to (a) sto sÔnolo A := {Xm = 0} to opoÐo an kei sto Fm giatÐ h Xm eÐnai
Fm metr simh. 'Epetai ìti

0 ≤
∫
A

Xm+i dP ≤
∫
A

Xm dP = 0

epeid  Xm+i ≥ 0. 'Ara, p�li epeid  1AXm+i ≥ 0, èpeitai ìti 1AXm+i = 0 me pijanìthta 1, dhl.,
P (1AXm+i > 0) = 0. Epomènwc

A \ {Xm+i = 0} ⊂ {1AXm+i > 0} =⇒ P (A \ {Xm+i = 0}) = 0.

H teleutaÐa sqèsh shmaÐnei ìti Xm+i = 0 sqedìn pantoÔ sto A.

(g) 'Estw Ci := A \ {Xm+i = 0} gia k�je i ≥ 1. Apì to (b) èpetai ìti

P (∪∞i=1Ci) = 0

(arijm simh ènwsh sunìlwn mètrou mhdèn). Tèloc, parathroÔme ìti

∪∞i=1Ci = A \ {Xm+i = 0 gia k�je i ≥ 1}.

3. JewrÐa.

4. O Ta := inf{s ≥ 0 : Bs = a} eÐnai qrìnoc st�shc sqedìn pantoÔ peperasmènoc giatÐ gia thn
tupik  kÐnhsh Brown B èqoume limt→∞Bt = −∞ limt→∞Bt =∞. H

B∗t := BTa+t −BTa = BTa+t − a, gia k�je t ≥ 0

eÐnai tupik  kÐnhsh Brown (isqur  idiìthta Markov) kai

{s ≥ 0 : B∗s = 0} = {s ≥ 0 : Bs = a} − Ta.
Apì gnwstì je¸rhma (Par�deigma 4.1, Kef�laio 7 apo ton Durrett, 2h èkdosh), to pr¸to sÔnolo
sthn teleutaÐa isìthta eÐnai uperarijm simo (m�lista eÐnai tèleio kai m  kenì) me pijanìthta 1.

5. (a) Xèroume ìti gia λ ∈ R h

eλBt− 1
2
λ2t, t ≥ 0

eÐnai martingale wc proc thn gnwst  di jhsh. Gia λ := −2µ paÐrnoume to zhtoÔmeno. EpÐshc
qrhsimopoioÔme to ìti gia Yt, t ≥ 0, martingale, kai c ∈ R, h cYt eÐnai martingale.

(b) ApodeiknÔetai ìpwc kai to Je¸rhma 5.3 apo to Kef�laio 7 tou Durrett (2h èkdosh).


