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Apant seic

1. (a) Me th sun jh diadikasÐa brÐskoume ìti h anhgmènh klimakwt  morf  tou A
eÐnai h

A′ =


1 0 −1 0
0 1 0 0
0 0 0 1
0 0 0 0

 .

(b) GnwrÐzoume ìti to sÔnolo twn lÔsewn tou omogenoÔc grammikoÔ sust matoc
Ax = O tautÐzetai me ekeÐno tou A′x = O. To teleutaÐo èqei lÔseic x = (x1 x2 x3 x4)

t ∈
R4×1 me x2 = x4 = 0 kai x1 = x3 = λ ∈ R.

(g) UpenjumÐzoume ìti h di�stash tou q¸rou twn sthl¸n (dhlad  h t�xh) enìc
pÐnaka A eÐnai Ðsh me th di�stash tou q¸rou twn gramm¸n tou A (dhlad  me thn t�-
xh tou At) kai ìti o q¸roc twn gramm¸n (�ra kai h di�stash autoÔ) enìc pÐnaka de
metab�lletai ektel¸ntac stoiqei¸deic metasqhmatismoÔc gramm¸n. Epomènwc, h zh-
toÔmenh di�stash eÐnai Ðsh me aut  tou q¸rou twn gramm¸n thc anhgmènhc klimakwt c
morf c A′ tou A, dhlad  me to pl joc twn mh mhdenik¸n gramm¸n tou A′. Sthn
perÐptws  mac, to pl joc autì eÐnai Ðso me 3.

(d) Pr¸toc trìpoc. Sto (g) upologÐsame ìti rank(A) = 3 < 4, opìte det(A) = 0.
'Ara isqÔei det(AB) = det(A) det(B) = 0 gia k�je pÐnaka B ∈ R4×4 kai sunep¸c to
sÔsthma (AB)x = O èqei mh tetrimmènh lÔsh.

DeÔteroc trìpoc. Br kame sto (b) ìti to sÔsthma Ax = O èqei th mh tetrimmènh
lÔsh ξ = (1 0 1 0)t. DiakrÐnoume dÔo peript¸seic. An o B eÐnai antistrèyimoc, tìte to
sÔsthma (AB)x = O èqei th mh tetrimmènh lÔsh x = B−1ξ, afoÔ gia x = B−1ξ èqoume
Bx = ξ kai sunep¸c (AB)x = A(Bx) = Aξ = O. An o B den eÐnai antistrèyimoc, tìte
to Bx = O èqei mh tetrimmènh lÔsh h opoÐa profan¸c eÐnai lÔsh kai tou (AB)x = O.

2. (a) O pÐnakac met�bashc apì th b�sh u sth v eÐnai o

P =

 1 1 0
1 0 1
1 1 −1

 .

Me th gnwst  diadikasÐa brÐskoume ìti

P−1 =

 −1 1 1
2 −1 −1
1 0 −1

 .



'Estw B = (T : u,u) o pÐnakac thc T wc proc th b�sh u. SÔmfwna me ton tÔpo
allag c b�shc, èqoume

B = P (T : v,v) P−1 =

 1 1 0
1 0 1
1 1 −1

  4 2 2
−2 0 −3
−2 −1 −1

  −1 1 1
2 −1 −1
1 0 −1


=

 1 0 1
1 1 0
2 1 1

 .

(b) 'Estw

A = (S : u,u) =

 1 1 0
0 −1 1
1 0 1

 .

Oi grammikèc apeikonÐseic S, T : V → V èqoun pÐnakec A, B wc proc th b�sh u tou
V , antÐstoiqa. 'Ara, o pÐnakac thc S + T : V → V wc proc th u eÐnai o

A + B =

 2 1 1
1 0 1
3 1 2

 .

AfoÔ oi q¸roi ker(S + T ) kai ker(A + B) eÐnai isìmorfoi, arkeÐ na upologÐsoume th
di�stash tou deÔterou. LÔnontac to sÔsthma (A + B)x = O me th gnwst  mèjodo
brÐskoume ìti o q¸roc ker(A + B) èqei di�stash 1 kai ìti par�getai apì ton pÐnaka-
st lh (1 − 1 − 1)t.

(g) Oi grammikèc apeikonÐseic S, T : V → V èqoun pÐnakec A, B wc proc th b�sh
u tou V , antÐstoiqa. 'Ara, o pÐnakac thc S ◦ T : V → V wc proc th u eÐnai o AB
kai ekeÐnoc thc T ◦ S : V → V wc proc th u eÐnai o BA. Ektel¸ntac tic pr�xeic
brÐskoume ìti AB = BA kai sumperaÐnoume ìti S ◦ T = T ◦ S, dhlad  ìti isqÔei
S(T (x)) = T (S(x)) gia k�je x ∈ V .

3. (a) Swstì. Apì th dosmènh sqèsh prokÔptei ìti A(A + In) = (A + In)A = 3In

kai sunep¸c ìti o pÐnakac A + In eÐnai antistrèyimoc, me antÐstrofo ton (1/3) · A.
(b) L�joc. Gia touc pÐnakec

A = I2 =

(
1 0
0 1

)
, B =

(
0 1

−1 0

)
isqÔei A2 + B2 = O, all� det(AB) = det(B) = 1.

(g) L�joc. O upìqwroc tou R3×3 pou apoteleÐtai apì touc 3× 3 �nw trigwnikoÔc
pÐnakec èqei di�stash 6 (giatÐ?) kai sunep¸c den perièqei grammik¸c anex�rthto upo-
sÔnolo me ept� stoiqeÐa.

(d) L�joc. An up rqan tètoioi upìqwroi U kai V , tìte ja eÐqame dim(U + V ) =
dim(V ) + dim(U)− dim(U ∩ V ) = 3 + 2− 0 = 5. 'Omwc o U + V eÐnai upìqwroc tou
R4 kai sunep¸c dim(U + V ) ≤ 4.



(e) Swstì. AfoÔ ker(T ) ⊆ Im(T ), èqoume dim ker(T ) ≤ dim Im(T ). Epomènwc,
qrhsimopoi¸ntac th jemeli¸dh exÐswsh thc di�stashc, brÐskoume ìti 2 dim ker(T ) ≤
dim ker(T ) + dim Im(T ) = dim Rn = n, opìte dim ker(T ) ≤ n/2.

4. (a) Gia ton egkleismì ker(T ) ⊆ ker(R) prèpei na deÐxoume ìti gia k�je x ∈ ker(T )
isqÔei x ∈ ker(R). Pr�gmati, èstw x ∈ ker(T ). Tìte x ∈ U kai T (x) = 0, opìte
R(x) = S(T (x)) = S(0) = 0. 'Epetai ìti x ∈ ker(R). OmoÐwc, gia ton egkleismì
Im(R) ⊆ Im(S) jewroÔme tuqaÐo stoiqeÐo z ∈ Im(R) kai deÐqnoume ìti z ∈ Im(S) wc
ex c. AfoÔ z ∈ Im(R), up�rqei x ∈ U tètoio ¸ste z = R(x) = S(T (x)). Jètontac
y = T (x) èqoume y ∈ V kai z = S(y), opìte z ∈ Im(S).

(b) AfoÔ h R : U → W eÐnai isomorfismìc dianusmatik¸n q¸rwn èqoume dim(U) =
dim(W ), �ra dim(U) = dim(V ) = dim(W ). 'Eqoume epÐshc ìti h R eÐnai 1�1 kai epÐ,
opìte ker(R) = {0} kai Im(R) = W . Apì tic sqèseic autèc kai to apotèlesma tou
(a) prokÔptei ìti ker(T ) = {0} kai Im(S) = W , dhlad  ìti h T eÐnai 1�1 kai ìti h
S eÐnai epÐ. 'Omwc, mia grammik  apeikìnish metaxÔ dianusmatik¸n q¸rwn thc Ðdiac
peperasmèshc di�stashc eÐnai 1�1 an kai mìno an h apeikìnish aut  eÐnai epÐ (giatÐ?).
Apì ta prohgoÔmena prokÔptei ìti h T eÐnai epÐshc epÐ kai ìti h S eÐnai epÐshc 1�1 kai
epomènwc ìti oi S kai T eÐnai isomorfismoÐ dianusmatik¸n q¸rwn.


