
Grammik  'Algebra I
Exet�seic FebrouarÐou 2015

Apant seic

1. (a) UpologÐzoume ìti

AAt =

(
3 0 1
1 −1 2

)  3 1
0 −1
1 2

 =

(
10 5
5 6

)
,

opìte det(AAt) = 10 · 6− 5 · 5 = 35, o pÐnakac AAt eÐnai antistrèyimoc kai

(AAt)−1 =
1

35

(
6 −5

−5 10

)
=

(
6/35 −1/7
−1/7 2/7

)
.

(b) GnwrÐzoume ìti o AtA eÐnai 3 × 3 pÐnakac kai ìti rank(AtA) ≤ rank(A) = 2.
Epomènwc, det(AtA) = 0 kai o AtA den eÐnai antistrèyimoc.

(g) ParathroÔme ìti AB = O an kai mìno an oi st lec tou pÐnaka B eÐnai lÔseic
tou omogenoÔc grammikoÔ sust matoc Ax = 0. LÔnontac to sÔsthma autì brÐskoume
th mh mhdenik  lÔsh x = (−1 5 3)t kai sumperaÐnoume ìti gia ton pÐnaka

B =

 −1 −1 −1
5 5 5
3 3 3


isqÔei AB = O.

2. (a) O epauxhmènoc pÐnakac tou sust matoc eÐnai o
1 1 1 −1 3
1 2 3 −1 3
3 5 7 −2 8
2 3 4 −3 7

 .

Ektel¸ntac stoiqei¸deic metasqhmatismoÔc gramm¸n sÔmfwna me th gnwst  diadikasÐ-
a, brÐskoume to grammöisodÔnamo anhgmèno klimakwtì pÐnaka

1 0 −1 0 2
0 1 2 0 0
0 0 0 1 −1
0 0 0 0 0


o opoÐoc antistoiqeÐ sto sÔsthma grammik¸n exis¸sewn

x1 − x3 = 2
x2 + 2x3 = 0

x4 = −1.



Oi lÔseic prokÔptoun dÐnontac aujaÐreth tim  x3 = λ ∈ R stic metablht  x3 kai
lÔnontac tic exis¸seic wc proc tic �llec dÔo wc x1 = 2 + λ, x2 = −2λ kai x4 = −1.

(b) 'Opwc br kame sto (a), oi lÔseic tou sust matoc dÐnontai apì ton tÔpo

x =


2 + λ
−2λ
λ
−1

 =


2
0
0

−1

 +


λ

−2λ
λ
0

 = ξ + λu

gia λ ∈ R, ìpou

ξ =


2
0
0

−1

 , u =


1

−2
1
0

 .

Sunep¸c, ta

ξ =


2
0
0

−1

 , ξ + u =


3

−2
1

−1


eÐnai dÔo grammik¸c anex�rthta stoiqeÐa tou R4×1 ta opoÐa eÐnai lÔseic tou sust -
matoc.

(g) Den up�rqoun tètoia stoiqeÐa tou R4×1. Pr�gmati, èstw treic tuqaÐec lÔseic
tou sust matoc x, y, z ∈ R4×1. Ja deÐxoume ìti ta x, y, z eÐnai grammik¸c exarthmèna
stoiqeÐa tou R4×1. Apì to apotèlesma tou (a) èqoume x = ξ + λu, y = ξ + µu,
z = ξ + νu gia k�poia λ, µ, ν ∈ R, ìpou ta ξ kai u eÐnai ìpwc sth lÔsh tou (b). Tìte,
ta x−y kai y−z eÐnai pollapl�sia tou u kai sunep¸c grammik¸c exarthmèna stoiqeÐa
tou R4×1. 'Ara, up�rqei α ∈ R tètoio ¸ste x−y = α(y−z),   y−z = α(x−y). Sthn
pr¸th perÐptwsh èqoume x− (α+1)y +αz = 0 kai sth deÔterh αx− (α+1)y + z = 0.
Se k�je perÐptwsh ta x, y, z eÐnai grammik¸c exarthmèna stoiqeÐa tou R4×1.

3. (a) LÔnontac to omogenèc grammikì sÔsthma T (x) = 0, brÐskoume ìti

ker(T ) = {


x1

x2

x3

x4

 ∈ R4×1 : x1 = −x2 = x3 = −x4} = {


λ

−λ
λ

−λ

 : λ ∈ R}

= 〈


1

−1
1

−1

〉

kai sumperaÐnoume ìti dim ker(T ) = 1. Apì th jemeli¸dh exÐswsh thc di�stashc
prokÔptei epÐshc ìti dim im(T ) = dim(R4×1)− dim ker(T ) = 4− 1 = 3.



(b) Apì th jewrÐa gnwrÐzoume ìti

im(T ) = 〈T (e1), T (e2), T (e3), T (e4)〉 = 〈


1
0
0
1

 ,


1
1
0
0

 ,


0
1
1
0

 ,


0
0
1
1

〉.

Parathr¸ntac ìti T (e1) + T (e3) = T (e2) + T (e4), sumperaÐnoume ìti opoiod pote
apì ta T (e1), T (e2), T (e3), T (e4) eÐnai grammikìc sunduasmìc twn upoloÐpwn. 'Ara,
opoiad pote trÐa apì ta dianÔsmata T (e1), T (e2), T (e3), T (e4) par�goun thn eikìna
im(T ) kai sunep¸c (afoÔ dim im(T ) = 3) apoteloÔn b�sh aut c.

Gia b = (2 3 5 4)t brÐskoume ìti to grammikì sÔsthma T (x) = b èqei lÔsh, p.q.
th x = (4 − 2 5 0), kai sumperaÐnoume ìti b ∈ im(T ).

(g) Profan¸c

im(T ◦ T ) = {T (T (x)) : x ∈ R4×1} ⊆ {T (x) : x ∈ R4×1} = im(T )

kai sunep¸c arkeÐ na deÐxoume ìti oi upìqwroi im(T ) kai im(T ◦ T ) tou R4×1 èqoun
Ðsec diast�seic, dhlad  ìti h eikìna im(T ◦T ) èqei di�stash 3. Pr�gmati, gnwrÐzoume
ìti h di�stash thc im(T ◦T ) eÐnai Ðsh me thn t�xh tou pÐnaka thc T ◦T wc proc tuqaÐa
b�sh tou R4×1. UpologÐzontac ìti

T (T (x)) = T


x1 + x2

x2 + x3

x3 + x4

x1 + x4

 =


x1 + 2x2 + x3

x2 + 2x3 + x4

x1 + x3 + 2x4

2x1 + x2 + x4


gia x = (x1 x2 x3 x4)

t ∈ R4×1, brÐskoume ìti o pÐnakac thc T ◦T wc proc thn kanonik 
b�sh tou R4×1 eÐnai o

B =


1 2 1 0
0 1 2 1
1 0 1 2
2 1 0 1

 .

Me th gnwst  diadikasÐa brÐskoume ìti o pÐnakac autìc èqei t�xh 3 kai sumperaÐnoume
ìti dim im(T ◦ T ) = rank(B) = 3.

4. (a) O pÐnakac met�bashc apì th b�sh u sth v eÐnai o

P =

 1 1 1
0 1 1
0 0 1

 ,

me antÐstrofo ton

P−1 =

 1 −1 0
0 1 −1
0 0 1

 .



Sunep¸c, o zhtoÔmenoc pÐnakac eÐnai o 1 −1 0
0 1 −1
0 0 1

  −1 1 1
2 0 −1
1 1 0

  1 1 1
0 1 1
0 0 1

 =

 −3 −2 0
1 0 −1
1 2 2

 .

EpÐshc, afoÔ  −3 −2 0
1 0 −1
1 2 2

  1
−3
2

 =

 3
−1
−1

 ,

èqoume S(v1 − 3v2 + 2v3) = 3v1 − v2 − v3.
(b) Me th gnwst  diadikasÐa brÐskoume ìti oi dÔo dosmènoi pÐnakec èqoun t�xeic 2

kai 3, antÐstoiqa, kai sumperaÐnoume ìti den eÐnai isodÔnamoi.
(g) AfoÔ o pÐnakac tou T wc proc th b�sh v èqei t�xh 3 (�ra eÐnai antistrèyimoc),

èqoume ker(T ) = {0} kai sunep¸c ker(S) + ker(T ) = ker(S). O pur nac ker(S) èqei
di�stash 3 − rank(S) = 3 − 2 = 1. LÔnontac to omogenèc grammikì sÔsthma pou
antistoiqeÐ sto dosmèno pÐnaka (S : u,u) brÐskoume ìti ker(S) = 〈u1 − u2 + 2u3〉,
opìte to monosÔnolo {u1 − u2 + 2u3} apoteleÐ b�sh tou ker(S).

(d) Sto (b) br kame ìti o pÐnakac tou metasqhmatismoÔ T wc proc th b�sh v eÐnai
antistrèyimoc. Autì shmaÐnai ìti o T , �ra kai o T 100, eÐnai isomorfismìc kai sunep¸c
rank(S ◦ T 100) = rank(S) = 2.


