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Apant seic

1. (a) Ektel¸ntac stoiqei¸deic metasqhmatismoÔc gramm¸n, me th gnwst  diadikasÐa,
brÐskoume ìti mia klimakwt  morf  tou A eÐnai o pÐnakac

A′ =


1 1 1 −3
0 1 0 −1
0 0 1 −1
0 0 0 0

 .

'Opwc gnwrÐzoume, h t�xh tou A eÐnai Ðsh me to pl joc twn mh mhdenik¸n gramm¸n
opoiasd pote tètoiac morf c, opìte rank(A) = 3.

(b) Apì to apìtèlesma sto (a) prokÔptei ìti o pÐnakac A den eÐnai antistrèyimoc.
Sunep¸c det(A) = 0 kai det(A4) = (det(A))4 = 0.

(g) Me th gnwst  diadikasÐa (  ajroÐzontac tic treic pr¸tec exis¸seic sthn teleu-
taÐa) prokÔptei ìti to sÔsthma eÐnai adÔnato.

(d) Me th gnwst  diadikasÐa prokÔptei ìti oi lÔseic eÐnai oi x1 = x3 = 1/2 + λ,
x2 = x4 = λ, gia aujaÐreth tim  tou λ.

(e) AfoÔ o A den eÐnai antistrèyimoc, to omogenèc grammikì sÔsthma Ax = O èqei
mh mhdenik  lÔsh ξ ∈ R4×1 (sugkekrimèna, mia tètoia eÐnai h ξ = (1 1 1 1)t). An
loipìn to Ax = b eÐqe toul�qiston mÐa lÔsh, èstw th x = ξ0 ∈ R4×1, tìte ja eÐqe
kai th x = ξ + ξ0, afoÔ A(ξ + ξ0) = Aξ + Aξ0 = O + b = b. Sunep¸c to Ax = b ja
eÐqe toul�qiston dÔo (kai m�lista �peirec) lÔseic. SumperaÐnoume ìti to Ax = b den
mporeÐ na èqei akrib¸c mÐa lÔsh.

2. (a) Elègqontac ìti to W eÐnai kleistì wc proc thn prìsjesh pin�kwn kai wc proc
to bajmwtì pollaplasiasmì, brÐskoume ìti autì eÐnai upìqwroc tou V . Parathr¸ntac
ìti oi pÐnakec (

1 0
0 −1

)
,

(
0 1
0 −1

)
,

(
0 0
1 −1

)
apoteloÔn ta stoiqeÐa miac b�sh tou W (giatÐ?) sumperaÐnoume ìti dim(W ) = 3.

(b) Me th gnwst  diadikasÐa brÐskoume ìti to dosmèno uposÔnolo tou W eÐnai
grammik¸c anex�rthto. AfoÔ èqei trÐa stoiqeÐa kai dim(W ) = 3, to sÔnolo apoteleÐ
b�sh tou W .

(g) 'Enac tètoioc upìqwroc èqei di�stash 1 kai par�getai apì opoiod pote stoiqeÐo
tou V pou den an kei sto W . 'Ena tètoio stoiqeÐo eÐnai p.q. o pÐnakac E11, opìte
mporoÔme na jèsoume

U =

{(
λ 0
0 0

)
: λ ∈ R

}
.

(d) AfoÔ dim(W ) = 3, opoiod pote uposÔnolo tou W me tèssera stoiqeÐa eÐnai
grammik¸c exarthmèno kai sunep¸c isqÔei to zhtoÔmeno.



3. (a) Qrhsimopoi¸ntac tic basikèc idiìthtec thc prìsjeshc kai tou bajmwtoÔ pol-
laplasiasmoÔ pin�kwn brÐskoume ìti

T (λ1X1 + λ2X2) = A(λ1X1 + λ2X2)B = λ1AX1B + λ2AX2B

= λ1T (X1) + λ2T (X2)

gia λ1, λ2 ∈ R kai X1, X2 ∈ V kai sumperaÐnoume ìti h T eÐnai grammikìc endomorfismìc
tou dianusmatikoÔ q¸rou V .

(b) Gr�fontac X =

(
x y
z w

)
upologÐzoume ìti

T (X) =

(
1 −1

−1 0

) (
x y
z w

) (
0 1
1 1

)
=

(
y − w x + y − z − w
−y −x− y

)
.

Jètontac x = 1 kai y = z = w = 0 brÐskoume ìti

T (E11) =

(
0 1
0 −1

)
= E12 − E22,

opìte h pr¸th st lh tou zhtoÔmenou pÐnaka eÐnai h (0 1 0 − 1)t. Me parìmoio trìpo
brÐskoume ìti

T (E12) = E11 + E12 − E21 − E22

T (E21) = −E12

T (E22) = −E11 − E12

kai sunep¸c ìti o pÐnakac thc T wc proc th diatetagmènh b�sh (E11, E12, E21, E22) tou
V eÐnai o

C =


0 1 0 −1
1 1 −1 −1
0 −1 0 0

−1 −1 0 0

 .

(g) LÔnontac to omogenèc sÔsthma Cx = 0 me tic gnwstèc mejìdouc, brÐskoume
ìti autì èqei mìno th mhdenik  lÔsh. Sunep¸c ker(T ) = {0}, �ra dim ker(T ) = 0 kai
h T : V → V eÐnai isomorfismìc dianusmatik¸n q¸rwn.

4. (a) L�joc. Oi pÐnakec A = I2 kai B = −I2 eÐnai antistrèyimoi all� o A + B eÐnai
o mhdenikìc 2× 2 pÐnakac, o opoÐoc den eÐnai antistrèyimoc.

(b) Swstì. AfoÔ det(A) = det(C) = 1, oi pÐnakec A kai C eÐnai antistrèyimoi.
Sunep¸c, pollaplasi�zontac thn isìthta ABC = O apì arister� me A−1 kai apì
dexi� me C−1 prokÔptei ìti B = O.

(g) Swstì. To sÔnolo U ∩ V eÐnai upìqwroc tou V , wc tom  dÔo upìqwrwn tou
q¸rou autoÔ. 'Estw ìti to U∩V perièqe mh mhdenikì di�nusma. Tìte dim(U∩V ) ≥ 1.
AfoÔ ìmwc U ∩W ⊆ U kai U ∩W ⊆ W kai oi U kai W eÐnai gn sioi upìqwroi enìc
dianusmatikoÔ q¸rou di�stashc 2, èqoume dim(U∩V ) ≤ dim(U) ≤ 1 kai dim(U∩V ) ≤



dim(W ) ≤ 1. Apì ta prohgoÔmena prokÔptei ìti dim(U ∩ V ) = dim(U) = dim(W ).
AfoÔ o U ∩W eÐnai upìqwroc kajenìc apì touc U kai W , autì mporeÐ na sumbaÐnei
mìno ìtan U ∩W = U kai U ∩W = W , opìte U = W , se antÐjesh me thn upìjes 
mac. H antÐfash aut  mac odhgeÐ sto sumpèrasma ìti U ∩ V = {0}.

(d) L�joc. AfoÔ dim(R3×3) = 9, h jemeli¸dhc exÐswsh thc di�stashc dim(R3×3) =
dim ker(T ) + dim Im(T ) dÐnei dim ker(T ) = 9/2, to opoÐo den mporeÐ na isqÔei.

(e) L�joc. O pÐnakac A = −I2 eÐnai isodÔnamoc me to B = I2, afoÔ kai oi dÔo
eÐnai antistrèyimoi. 'Omwc gia k�je pÐnaka C ∈ R2×2 o opoÐoc eÐnai ìmoioc me to B
èqoume C = P−1BP gia k�poion antistrèyimo pÐnaka P kai sunep¸c, sthn perÐptws 
mac, C = P−1I2P = P−1P = I2.


