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Apant seic

1. (a) EkteloÔme stoiqei¸deic metasqhmatismoÔc gramm¸n ston epauxhmèno pÐnaka
(A | I4) me skopì na katal xoume se pÐnaka thc morf c (I4 | B). Gia par�deigma,
prosjètontac sth deÔterh gramm  thn pr¸th kai sthn trÐth thn tètarth, prokÔptei o
pÐnakac 

1 −1 0 0 | 1 0 0 0
0 0 −1 0 | 1 1 0 0
0 −1 0 0 | 0 0 1 1
0 0 −1 1 | 0 0 0 1

 .

Antall�ssontac th deÔterh me thn trÐth gramm  kai pollaplasi�zontac tic grammèc
autèc me −1, prokÔptei o pÐnakac

1 −1 0 0 | 1 0 0 0
0 1 0 0 | 0 0 −1 −1
0 0 1 0 | −1 −1 0 0
0 0 −1 1 | 0 0 0 1

 .

Tèloc, prosjètontac sthn pr¸th gramm  tou prohgoÔmenou pÐnaka th deÔterh kai
sthn tètarth thn trÐth, prokÔptei o pÐnakac (I4 | B) me

B =


1 0 −1 −1
0 0 −1 −1

−1 −1 0 0
−1 −1 0 1

 .

Sunep¸c o pÐnakac A eÐnai antistrèyimoc me antÐstrofo ton B.
(b) Apì thn prohgoÔmenh diadikasÐa prokÔptei ìti det(A) = 1. Sunep¸c, gia k�je

pÐnaka B ∈ R4×4 èqoume det(ABA) = det(A) det(B) det(A) = det(B).

2. (a) Jètontac

X =

(
x y
z w

)
brÐskoume ìti

X ∈ U ⇔ AX = O ⇔
(

1 1
1 1

) (
x y
z w

)
= O ⇔

(
x + z y + w
x + z y + w

)
= O

⇔ x + z = y + w = 0,



opìte

U =

{(
x y

−x −y

)
: x, y ∈ R

}
.

Apì thn isìthta aut  prokÔptei eÔkola ìti to sÔnolo{(
1 0

−1 0

)
,

(
0 1
0 −1

)}
eÐnai b�sh tou U kai sunep¸c ìti dim(U) = 2. OmoÐwc brÐskoume ìti

XB = O ⇔ x− y = z − w = 0, AXB = O ⇔ x− y + z − w = 0,

opìte

V =

{(
x x
z z

)
: x, z ∈ R

}
, W =

{(
x y
z x− y + z

)
: x, y, z ∈ R

}
.

Apì tic isìthtec autèc prokÔptei ìti ta sÔnola{(
1 1
0 0

)
,

(
0 0
1 1

)}
,

{(
1 0
0 1

)
,

(
0 1
0 −1

)
,

(
0 0
1 1

)}
eÐnai b�seic twn V kai W , antÐstoiqa, kai sunep¸c dim(V ) = 2, dim(W ) = 3.

(b) Profan¸c èqoume U ⊆ W kai V ⊆ W , opìte U + V ⊆ W . Epomènwc, arkeÐ
na deÐxoume ìti dim(U + V ) = dim(W ), dhlad  ìti dim(U + V ) = 3. Pr�gmati, apì
touc upologismoÔc sthn ap�nthsh tou erwt matoc (a) prokÔptei ìti

U ∩ V =

{(
x x

−x −x

)
: x ∈ R

}
.

'Ara dim(U ∩ V ) = 1 kai

dim(U + V ) = dim(U) + dim(V )− dim(U ∩ V ) = 2 + 2− 1 = 3.

3. (a) O pÐnakac thc T wc proc thn kanonik  b�sh tou R1×3 eÐnai o

A =

 1 2 −1
−3 0 2
−1 4 0


kai sunep¸c h di�stash thc eikìnac thc T eÐnai Ðsh me thn t�xh tou pÐnaka autoÔ. Me
th gnwst  diadikasÐa brÐskoume ìti ènac grammöisodÔnamoc tou A klimakwtìc pÐnakac
eÐnai o

A′ =

 1 2 −1
0 1 −1/6
0 0 0

 .



'Ara h t�xh tou A eÐnai Ðsh me 2, ìsec eÐnai oi mh mhdenikèc grammèc tou A′. 'Epetai
ìti h di�stash thc eikìnac thc T eÐnai epÐshc Ðsh me 2.

(b) Ja deÐxoume ìti h ap�nthsh eÐnai arnhtik . 'Estw ìti up�rqei tètoia b�sh kai
èstw T (v1) = T (v2) = T (v3) = w. GnwrÐzoume ìti k�je di�nusma v ∈ V gr�fetai (me
monadikì trìpo) sth morf  v = λ1v1+λ2v2+λ3v3, me λ1, λ2, λ3 ∈ R. Qrhsimopoi¸ntac
th grammikìthta thc T , brÐskoume ìti

T (v) = T (λ1v1 + λ2v2 + λ3v3) = λ1T (v1) + λ2T (v2) + λ3T (v3)

= (λ1 + λ2 + λ3)w ∈ 〈w〉.

OdhgoÔmaste sto sumpèrasma ìti h eikìna thc T eÐnai Ðsh me to q¸ro 〈w〉 = {λw :
λ ∈ R} kai sunep¸c ìti h di�stash thc eikìnac aut c eÐnai mikrìterh   Ðsh tou 1, se
antÐjesh ma thn ap�nthsh tou erwt matoc (a). Apì aut  thn antÐfash prokÔptei to
zhtoÔmeno.

4. (a) Profan¸c oi pÐnakec A kai B eÐnai antistrèyimoi kai sunep¸c èqoun t�xh Ðsh
me 2. AfoÔ oi A kai B èqoun Ðsec t�xeic, oi pÐnakec autoÐ eÐnai isodÔnamoi.

(b) Ja deÐxoume ìti oi A kai B den eÐnai ìmoioi pÐnakec. Pr�gmati, ac upojèsoume
to antÐjeto. Tìte up�rqei antistrèyimoc pÐnakac P ∈ R2×2 tètoioc ¸ste A = P−1BP ,
opìte PA = BP . Jètontac

P =

(
x y
z w

)
brÐskoume ìti

PA = BP ⇔
(

x y
z w

) (
1 1
1 0

)
=

(
1 1
0 1

) (
x y
z w

)
⇔

(
x + y x
z + w z

)
=

(
x + z y + w

z w

)
.

H teleutaÐa isìthta isqÔei mìno an x + y = x + z, x = y + w, z + w = z kai z = w,
sqèseic apì tic opoÐec prokÔptei ìti x = y = z = w = 0. Sunep¸c P = O, se
antÐjesh me thn upìjes  mac ìti o P eÐnai antistrèyimoc. Apì thn antÐfash aut 
sumperaÐnoume ìti oi A kai B den eÐnai ìmoioi pÐnakec.


