
JEWRIA GALOIS

Earinì Ex�mhno 2011
Ask seic #1

Gia tic Ask seic 3 kai 4 mporeÐte na qrhsimopoi sete thn epìmenh prìtash (Pìri-
sma 2.2.13 sto biblÐo tou Andread�kh).

Prìtash 1 'Estw f(x) ∈ Z[x]. To polu¸numo f(x) eÐnai an�gwgo sto daktÔlio Z[x]
e�n kai mìno an to f(x) eÐnai an�gwgo sto daktÔlio Q[x].

1. 'Estw s¸ma F . BreÐte ìla ta toiqeÐa a ∈ F gia ta opoÐa isqÔei a = a−1.

2. 'Estw α h pragmatik  trÐth rÐza tou 2. DeÐxte ìti o
√

α2 + 1 eÐnai algebrikìc
arijmìc epÐ tou Q.

3. DÐnetai to polu¸numo f(x) = x4 + 1 ∈ Q[x].

(a) DeÐxte ìti to f(x) eÐnai an�gwgo sto daktÔlio Q[x].

(b) Sun�gete ìti to an�gwgo polu¸numo tou α = 1√
2
(1 + i) ∈ C epÐ tou Q eÐnai to

f(x).

4. 'Estw α =
√

2 +
√

3 ∈ C. UpologÐste (me apìdeixh) to an�gwgo polu¸numo tou α
epÐ twn swm�twn:

(a) Q (b) Q(
√

3).

5. 'Estw α mia migadik  rÐza tou an�gwgou poluwnÔmou f(x) = x3 + x + 1 epÐ tou Q.
UpologÐste to antÐstrofo tou β = 1+α sto s¸ma Q(α) sth morf  β−1 = r+sα+tα2

me r, s, t ∈ Q.

6. 'Estw α h pragmatik  trÐth rÐza tou 2, ζ = e2πi/3 kai β = ζα. DeÐxte ìti to −1 den
mporeÐ na grafeÐ wc �jroisma peperasmènou pl jouc tetrag¸nwn sto s¸ma Q(β).

'Ewc Deutèra, 14 MartÐou
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Gia tic Ask seic 7 kai 9 mporeÐte na qrhsimopoi sete thn epìmenh prìtash (Je¸rhma
2.2.15 sto biblÐo tou Andread�kh), gnwst  wc krit rio tou Eisenstein.

Prìtash 2 DÐnetai polu¸numo f(x) = anx
n + an−1x

n−1 + · · ·+ a0 ∈ Z[x] kai pr¸toc
arijmìc p. An o p de diaireÐ ton an all� diaireÐ touc suntelestèc an−1, . . . , a0 tou f(x)
kai o p2 den diaireÐ ton a0, tìte to f(x) eÐnai an�gwgo stouc daktulÐouc Z[x] kai Q[x].

7. 'Estw f(x) = x6 + x3 + 1.
(a) DeÐxte ìti to polu¸numo g(x) ∈ Q[x] me g(x) = f(x + 1) eÐnai an�gwgo sto

daktÔlio Q[x].

(b) Sun�gete ìti to f(x) eÐnai an�gwgo sto daktÔlio Q[x].

8. 'Estw α ∈ C algebrikìc arijmìc epÐ tou Q. Na exet�sete an i ∈ Q(α) stic ex c
peript¸seic:

(a) α2 − 2α + 2 = 0, (b) α3 + α + 1 = 0.

9. BreÐte to bajmì thc epèktashc F ⊆ K stic parak�tw peript¸seic kai perigr�yte
mia b�sh tou F -dianusmatikoÔ q¸rou K:

(a) Q ⊆ Q(2 +
√

5), (b) Q ⊆ Q(
√

1 +
√

3).

10. 'Estw F ⊆ K epèktash swm�twn kai stoiqeÐo α ∈ K me [F (α) : F ] = 5. DeÐxte
ìti F (α2) = F (α).

11. 'Estw F ⊆ K epèktash swm�twn kai α, β ∈ K. An ta α+β kai αβ eÐnai algebrik�
stoiqeÐa epÐ tou F , deÐxte ìti ta α kai β eÐnai epÐshc algebrik� stoiqeÐa epÐ tou F .

12. 'Estw ζ = cos(2π
9

) + i sin(2π
9

), opìte ζ9 = 1, kai f(x) = x6 + x3 + 1.
(a) DeÐxte ìti to ζ eÐnai rÐza tou f(x).

(b) Sumper�nete apì to (a) kai thn 'Askhsh 7 ìti to kanonikì enni�gwno den mporeÐ
na kataskeuasteÐ me kanìna kai diab th.

'Ewc Deutèra, 28 MartÐou
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13. DÐnontai ta s¸mata K = Q(
√

2,
√

3) kai F = Q(
√

6) ⊆ K. UpologÐste to bajmì
thc epèktashc F ⊆ K kai perigr�yte mia b�sh tou F -dianusmatikoÔ q¸rou K.

14. DÐnetai isìpleuro trÐgwno T me pleur� m kouc 1. Na exet�sete an mporeÐ na
kataskeuasteÐ me kanìna kai diab th tetr�gwno me embadì Ðso me to embadì tou T .

15. DÐnontai oi migadikoÐ arijmoÐ ζ = cos(2π
3

) + i sin(2π
3

), η = cos(2π
5

) + i sin(2π
5

) kai
θ = cos(2π

7
) + i sin(2π

7
). Na exet�sete an:

(a) η ∈ Q(θ), (b) θ ∈ Q(ζ, η).

16. BreÐte ikan  kai anagkaÐa sunj kh gia to s¸ma F kai ton pr¸to arijmì p, ètsi
¸ste to polu¸numo xp − x ∈ F [x] na èqei (mÐa toul�qiston) pollapl  rÐza sto F .

17. 'Estw K peperasmèno s¸ma me q stoiqeÐa. DeÐxte ìti to ginìmeno twn mh mhdenik¸n
stoiqeÐwn tou K eÐnai Ðso me −1.

18. AnalÔste se ginìmeno an�gwgwn poluwnÔmwn to polu¸numo x9 − x sto F3[x].
DeÐxte ìti oi par�gontec pou br kate eÐnai pr�gmati an�gwga polu¸numa sto F3[x].

'Ewc Deutèra, 11 AprilÐou
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19. 'Estw s¸ma F qarakthristik c mhdèn kai mh stajer� polu¸numa f(x), g(x) ∈
F [x]. An to g(x) eÐnai an�gwgo sto F [x] kai diaireÐ to f(x) kai thn par�gwgo f ′(x),
deÐxte ìti to (g(x))2 diaireÐ to f(x).

20. 'Estw α1, α2, . . . , αn oi rÐzec enìc poluwnÔmou f(x) ∈ F [x] bajmoÔ n se mia
epèktash K tou s¸matoc F . BreÐte to el�qisto �nw fragma pou mporeÐte gia to
bajmì

[F (α1, α2, . . . , αn) : F ]

wc sun�rthsh tou jetikoÔ akeraÐou n.

21. BreÐte ìlec tic 17ec rÐzec tou 5 sto s¸ma F17, dhlad  ìla ta stoiqeÐa a ∈ F17 me
a17 = 5.

22. 'Estw p pr¸toc arijmìc. Qrhsimopoi¸ntac ta basik� jewr mata gia peperasmèna
s¸mata   �llo trìpo, deÐxte ìti up�rqoun akrib¸c(

p

2

)
=

p(p− 1)

2

monik� an�gwga polu¸numa deutèrou bajmoÔ sto Fp[x].

23. 'Ena stoiqeÐo α s¸matoc F legètai tèleio tetr�gwno an α = β2 gia k�poio β ∈ F .

(a) An o q eÐnai �rtioc jetikìc akèraioc, deÐxte ìti k�je stoiqeÐo tou s¸matoc Fq

eÐnai tèleio tetr�gwno.

(b) An o q eÐnai perittìc, deÐxte ìti ta mis� akrib¸c mh mhdenik� stoiqeÐa tou Fq

eÐnai tèleia tetr�gwna kai ìti an ta α, β ∈ Fq den eÐnai tèleia tetr�gwna, tìte
to ginìmenì touc αβ eÐnai tèleio tetr�gwno.

24. 'Estw V dianusmatikìc q¸roc di�stashc n p�nw sto peperasmèno s¸ma Fq me
q stoiqeÐa. DeÐxte ìti to pl joc twn dianusmatik¸n upìqwrwn tou V di�stashc èna
eÐnai Ðso me 1 + q + q2 + · · ·+ qn−1.

'Ewc Deutèra, 9 Maðou
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25. 'Estw ζ = e2πi/5 kai K = Q(ζ).

(a) DeÐxte ìti to K eÐnai s¸ma di�spashc gia to polu¸numo x5 − 1 epÐ tou Q kai
upologÐste to bajmì [K : Q].

(b) DeÐxte, qwrÐc qr sh tou antÐstoiqou jewr matoc, ìti to K eÐnai epèktash Galois
tou Q kai upologÐste thn om�da Galois G(K/Q).

26. UpologÐste to bajmì thc epèktashc [K : Q] kai thn om�da Galois G(K/Q) gia
to s¸ma di�spashc K tou poluwnÔmou f(x) epÐ tou Q ìtan:

(a) f(x) = x4 + 1, (b) f(x) = x4 + x3 + 2x2 + 3x + 1.

27. 'Estw α mia mh pragmatik  rÐza tou poluwnÔmou f(x) = x3 + x + 1 kai K èna
s¸ma di�spashc tou f(x) epÐ tou Q.

(a) BreÐte ìlouc touc automorfismoÔc tou s¸matoc Q(α).

(b) An kei to i
√

3 sto s¸ma Q(α)?

(g) An kei to i
√

3 sto s¸ma K?

(d) 'Eqei to polu¸numo g(x) = x3 + 2x + 1 rÐza sto K?

28. 'Estw K = Q(β, ζ), ìpou β = 3
√

2 kai ζ = e2πi/3, kai èstw γ = β + c ζ.

(a) EÐnai to s¸ma K epèktash Galois tou Q?

(b) Gia poiec timèc tou c ∈ Q isqÔei K = Q(γ)?

(g) BreÐte thn troqi� tou β − ζ wc proc th dr�sh thc om�dac Galois G(K/Q).

(d) UpologÐste to an�gwgo polu¸numo tou β − ζ epÐ tou Q.

'Ewc Deutèra, 23 Maðou
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29. 'Estw α = 3
√

2, ζ = e2πi/3 kai β = αζ.

(a) DeÐxte ìti gia k�je c ∈ Q, to γ = α+ cβ eÐnai rÐza enìc poluwnÔmou thc morf c
x6 + ax3 + b, me a, b ∈ Q.

(b) DeÐxte ìti o bajmìc tou α + β epÐ tou Q eÐnai Ðsoc me 3 kai upologÐste to
an�gwgo polu¸numo autoÔ epÐ tou Q.

(g) DeÐxte ìti o bajmìc tou α − β epÐ tou Q eÐnai Ðsoc me 6 kai upologÐste to
an�gwgo polu¸numo autoÔ epÐ tou Q.

30. Ekfr�ste thn par�stash u3
1 + u3

2 + · · · + u3
n wc polu¸numo stic stoiqei¸deic

summetrikèc sunart seic twn u1, u2, . . . , un.

31. ApofanjeÐte an h akìloujh prìtash eÐnai swst    l�joc: An F eÐnai s¸ma
qarakthristik c mhdèn kai L/F kai K/L eÐnai epekt�seic Galois, tìte h K/F eÐnai
epÐshc epèktash Galois.

32. 'Estw K epèktash Galois s¸matoc F qarakthristik c mhdèn thc opoÐac h om�da
Galois G(K/F ) eÐnai h summetrik  om�da S4. Poioi akèraioi emfanÐzontai wc bajmoÐ
stoiqeÐwn tou K epÐ tou F ?

'Ewc Deutèra, 6 IounÐou



UpodeÐxeic � LÔseic

1. 'Eqoume a−1 = a ⇔ a2 = 1 ⇔ a2 − 1 = 0 ⇔ (a − 1)(a + 1) = 0. AfoÔ to F eÐnai s¸ma, oi
lÔseic eÐnai oi a = 1 kai a = −1. Parathr ste ìti h lÔsh eÐnai monadik  an kai mìno an h
qarakthristik  tou s¸matoc F eÐnai Ðsh me 2.

2. Jètontac β =
√

α2 + 1, èqoume β2 = α2+1 kai sunep¸c β2−1 = α2. AfoÔ α3 = 2, brÐskoume
ìti (β2 − 1)3 = 4 kai sunep¸c β6 − 3β4 + 3β2 − 5 = 0, apì ìpou èpetai to zhtoÔmeno.

3. Gia to (a), mporoÔme na deÐxoume ìti to polu¸numo f(x) = x4 + 1 eÐnai an�gwgo sto daktÔlio
Z[x] wc ex c. Ac upojèsoume antijètwc ìti x4 + 1 = p(x)q(x), ìpou p(x), q(x) ∈ Z[x] eÐnai
polu¸numa jetikoÔ bajmoÔ. ParathroÔme ìti to x4+1 den èqei rhtèc (oÔte pragmatikèc) rÐzec
kai sunep¸c kanèna apì ta p(x), q(x) den èqei bajmì Ðso me 1. 'Ara ta polu¸numa aut� èqoun
bajmì 2, opìte gr�fontac p(x) = ax2 + bx + c kai q(x) = dx2 + ex + f , èqoume

x4 + 1 = (ax2 + bx + c) (dx2 + ex + f)

me a, b, c, d, e, f ∈ Z. Exis¸nontac touc suntelestèc tou x4 kai touc stajeroÔc ìrouc sta dÔo
mèlh thc prohgoÔmenhc isìthtac brÐskoume ìti ad = cf = 1 kai sunep¸c a = d ∈ {−1, 1}
kai c = f ∈ {−1, 1}. Profan¸c, mporoÔme na upojèsoume ìti a = d = 1. Sthn perÐptwsh
c = f = 1 èqoume

x4 + 1 = (x2 + bx + 1) (x2 + ex + 1).

Exis¸nontac touc suntelestèc twn x kai x2 sta dÔo mèlh thc prohgoÔmenhc isìthtac brÐskoume
ìti b + e = be + 2 = 0 apì ìpou prokÔptei ìti b2 = 2, se antÐjesh me thn upìjesh b ∈ Z.
Parìmoia katal goume se �topo sthn perÐptwsh kai c = f = −1. OdhgoÔmaste loipìn sto
sumpèrasma ìti to f(x) eÐnai an�gwgo sto daktÔlio Z[x], �ra kai ston Q[x]. 'Opwc èqoume
 dh diapist¸sei (Par�deigma 2.11), to (b) eÐnai �mesh sunèpeia tou (a).

4. 'Opwc èqoume  dh diapist¸sei (Par�deigma 2.11), to α =
√

2 +
√

3 eÐnai rÐza tou poluwnÔmou
f(x) = x4 − 10x2 + 1 ∈ Q[x]. To ìti to f(x) eÐnai an�gwgo sto daktÔlio Z[x], �ra kai ston
Q[x], prokÔptei me diadikasÐa parìmoia me aut  sth lÔsh tou Probl matoc 3 (a). Sunep¸c
to f(x) eÐnai to an�gwgo polu¸numo tou α epÐ tou Q. Gia to (b), uy¸nontac sto tetr�gwno
thn isìthta α −

√
3 =

√
2 prokÔptei ìti α2 − 2

√
3 α + 1 = 0, dhlad  ìti to α eÐnai rÐza tou

poluwnÔmou g(x) = x2 − 2
√

3 x + 1 ∈ Q(
√

3)[x]. AfoÔ to α den an kei sto Q(
√

3) (exhg ste
giatÐ) kai to g(x) èqei bajmì 2, sumperaÐnoume ìti to g(x) eÐnai to an�gwgo polu¸numo tou α
epÐ tou Q(

√
3).

5. 'Eqoume α = β − 1. Sunep¸c h sqèsh α3 + α + 1 = 0 gr�fetai (β − 1)3 + (β − 1) + 1 = 0,
dhlad  β3−3β2 +4β−1 = 0. Gr�fontac thn teleutaÐa isìthta sth morf  β(β2−3β +4) = 1,
sumperaÐnoume ìti β−1 = β2 − 3β + 4 = (α + 1)2 − 3(α + 1) + 4 = α2 − α + 2.

6. 'Eqoume α3 = β3 = 2 kai epomènwc ta α kai β eÐnai rÐzec tou f(x) = x3 − 2. ParathroÔme ìti
to polu¸numo f(x) eÐnai an�gwgo sto daktÔlio Q[x] (exhg ste giatÐ). Apì thn Prìtash 2.27
kai ta parap�nw prokÔptei ìti up�rqei Q-isomorfismìc σ : Q(β) → Q(α). Upojètoume ìti
up�rqoun stoiqeÐa x1, x2, . . . , xn ∈ Q(β) tètoia ¸ste x2

1 + x2
2 + · · ·x2

n = −1. Efarmìzontac
th σ se aut  thn isìthta, brÐskoume ìti

−1 = σ(−1) = σ(x2
1 + x2

2 + · · ·x2
n) = σ(x1)2 + σ(x2)2 + · · ·+ σ(xn)2.

To teleutaÐo eÐnai adÔnato afoÔ ta σ(xi) ∈ Q(α) eÐnai pragmatikoÐ arijmoÐ. Aut  h antÐfash
apodeiknÔei to zhtoÔmeno.



7. Gia to (a) upologÐzoume ìti g(x) = x6+6x5+15x4+21x3+18x2+9x+3, opìte to krit rio tou
Eisenstein efarmìzetai gia p = 3. Gia to (b), ac upojèsoume ìti to f(x) den eÐnai an�gwgo sto
Q[x]. Tìte èqoume f(x) = p(x)q(x) gia k�poia polu¸numa jetikoÔ bajmoÔ p(x), q(x) ∈ Q[x]
kai sunep¸c isqÔei g(x) = f(x+1) = p(x+1)q(x+1) sto Q[x]. AfoÔ ta polu¸numa p(x+1)
kai q(x + 1) ∈ Q[x] eÐnai epÐshc jetikoÔ bajmoÔ (exhg ste), sumperaÐnoume ìti to g(x) den
eÐnai an�gwgo sto Q[x], se antÐjesh me to apotèlesma tou (a). Apì thn antÐfash aut  èpetai
to zhtoÔmeno.

8. Sthn pr¸th perÐptwsh èqoume (α−1)2 = −1, opìte α−1 = ±i kai i = ±(α−1) ∈ Q(α). Sth
deÔterh perÐptwsh èqoume [Q(α) : Q] = 3, afoÔ to polu¸numo x3 +x+1 eÐnai an�gwgo epÐ tou
Q (exhg ste), en¸ o bajmìc tou i epÐ tou Q eÐnai Ðsoc me 2. Apì to Pìrisma 3.10 prokÔptei
ìti to i den an kei sto Q(α).

9. Gia to (a) parathroÔme ìti

Q(2 +
√

5) = {r + s(2 +
√

5) : r, s ∈ Q} = {a + b
√

5 : a, b ∈ Q} = Q(
√

5).

Epomènwc [K : F ] = [Q(
√

5) : Q] = 2 kai to zeÔgoc (1,
√

5) eÐnai b�sh tou F -dianusmatikoÔ
q¸rou K. Gia to (b) jètoume α = (1 +

√
3)1/2 kai brÐskoume ìti (α2 − 1)2 = 3, dhlad 

ìti α4 − 2α2 − 2 = 0. Efarmìzontac to krit rio tou Eisenstein gia p = 2 deÐqnoume ìti to
polu¸numo x4 − 2x2 − 2 eÐnai an�gwgo epÐ tou Q kai sumperaÐnoume ìti o α eÐnai algebrikìc
arijmìc epÐ tou Q bajmoÔ 4. Epomènwc [K : F ] = [Q(α) : Q] = 4 kai h tetr�da (1, α, α2, α3)
eÐnai b�sh tou F -dianusmatikoÔ q¸rou K.

10. ParathroÔme ìti F (α2) ⊆ F (α) kai sunep¸c arkeÐ na deÐxoume ìti ta s¸mata F (α2) kai F (α)
èqoun Ðsec diast�seic wc F -dianusmatikoÐ q¸roi, dhlad  ìti [F (α2) : F ] = [F (α) : F ]. AfoÔ
F ⊆ F (α) eÐnai epèktash bajmoÔ 5 kai α2 ∈ F (α), to α2 eÐnai algebrikì stoiqeÐo epÐ tou F
bajmoÔ 1   5. O bajmìc autìc den mporeÐ na eÐnai Ðsoc me 1, afoÔ tìte ja eÐqame α2 ∈ F kai
sunep¸c o bajmìc tou α epÐ tou F ja  tan Ðsoc me 1   2. Apì ta parap�nw prokÔptei ìti
[F (α2) : F ] = [F (α) : F ] = 5 kai ìti F (α2) = F (α).

11. Jètoume γ = α + β kai δ = αβ kai parathroÔme ìti ta α, β eÐnai rÐzec tou poluwnÔmou

(x− α)(x− β) = x2 − γx + δ ∈ L[x],

ìpou L := F (γ, δ) ⊆ F (α, β) ⊆ K. Epomènwc ta α, β ∈ K eÐnai algebrik� stoiqeÐa (bajmoÔ
to polÔ 2) epÐ tou L. JewroÔme thn alusÐda epekt�sewn F ⊆ L ⊆ F (α, β). AfoÔ ta γ, δ ∈ L
eÐnai algebrik� stoiqeÐa epÐ tou F , èqoume

[L : F ] = [F (γ, δ) : F ] = [F (γ, δ) : F (γ)] · [F (γ) : F ] < ∞,

opìte h epèktash F ⊆ L eÐnai peperasmènh. OmoÐwc, afoÔ ta α, β eÐnai algebrik� stoiqeÐa
epÐ tou L, h epèktash L ⊆ F (α, β) eÐnai epÐshc peperasmènh. Apì th metabatikìthta tou
bajmoÔ epèktashc prokÔptei ìti kai h epèktash F ⊆ F (α, β) eÐnai peperasmènh kai sunep¸c
ta stoiqeÐa α, β tou F (α, β) eÐnai algebrik� epÐ tou F . Er¸thma: Poio eÐnai to mikrìtero
�nw fr�gma gia touc bajmoÔc twn α kai β epÐ tou F pou mporeÐte na breÐte, wc sun�rthsh
ekeÐnwn twn γ kai δ?

12. ParathroÔme ìti x9− 1 = (x3− 1)f(x) kai ìti to ζ eÐnai rÐza tou poluwnÔmou x9− 1 all� ìqi
tou x3 − 1. 'Ara, to ζ eÐnai rÐza tou f(x), dhlad  isqÔei to (a). Apì autì kai thn 'Askhsh 7
prokÔptei ìti to ζ eÐnai algebrikìc arijmìc bajmoÔ 6 epÐ tou Q. To zhtoÔme sto (b) prokÔptei
apì thn prìtash aut  ìpwc sto Par�deigma 4.15.

13. GnwrÐzoume ('Askhsh 4) ìti [K : Q] = 4 kai ìti [F : Q] = [Q(
√

6) : Q] = 2. Sunep¸c, apì th
metabatikìthta [K : Q] = [K : F ] [F : Q] prokÔptei ìti [K : F ] = 2. To zeÔgoc (1, α) eÐnai
b�sh tou F -dianusmatikoÔ q¸rou K gia k�je α ∈ KrF , gia par�deigma gia α =

√
2.



14. Profan¸c to T èqei embadì
√

3/4 kai sunep¸c rwt�me an o arijmìc (
√

3/4)1/2 = 4
√

3/2 eÐnai
kataskeu�simoc. Pr�gmati, o 3 ∈ Q eÐnai kataskeu�simoc, �ra to Ðdio isqÔei gia touc

√
3 kai√√

3 = 4
√

3, �ra kai gia ton 4
√

3/2.

15. GnwrÐzoume ìti ta ζ, η kai θ eÐnai rÐzec twn poluwnÔmwn 1 + x + x2, 1 + x + x2 + x3 + x4 kai
1+x+x2 + · · ·+x6, antÐstoiqa, kai (apì to L mma 4.14) ìti ta polu¸numa aut� eÐnai an�gwga
epÐ tou Q. Sunep¸c ta ζ, η kai θ èqoun bajmì 2, 4 kai 6, antÐstoiqa, epÐ tou Q. AfoÔ to η
èqei bajmì 4 epÐ tou Q kai to 4 de diaireÐ to bajmì [Q(θ) : Q] = 6, èqoume η /∈ Q(θ). EpÐshc
èqoume

[Q(ζ, η) : Q] = [Q(η, ζ) : Q(η)] · [Q(η) : Q] = 4 [Q(η, ζ) : Q(η)] ∈ {4, 8}.

AfoÔ to θ èqei bajmì 6 epÐ tou Q prokÔptei ìti θ /∈ Q(ζ, η).

16. Ja deÐxoume ìti to f(x) = xp − x èqei pollapl  rÐza sto F an kai mìno an h qarakthristik 
tou F diaireÐ to p − 1. Pr�gmati, èstw ìti to α ∈ F eÐnai pollapl  rÐza tou f(x). Apì to
L mma 5.10 prokÔptei ìti f(α) = αp − α = 0 kai ìti f ′(α) = pαp−1 − 1 = 0. Apì th deÔterh
isìthta prokÔptei ìti α 6= 0 kai sunep¸c apì thn pr¸th ìti αp−1 = 1. 'Ara h deÔterh isìthta
dÐnei p − 1 = 0, dhlad  h qarakthristik  tou F diaireÐ to p − 1. Antistrìfwc, an isqÔei
p − 1 = 0 sto F , tìte f(1) = 1p − 1 = 0 kai f ′(1) = p − 1 = 0 kai sunep¸c to α = 1 eÐnai
pollapl  rÐza tou f(x).

17. 'Estw ìti α0 = 0, α1, . . . , αq−1 eÐnai ta stoiqeÐa tou K. GnwrÐzoume ìti isqÔei

xq − x = (x− α0)(x− α1) · · · (x− αq−1) = x(x− α1) · · · (x− αq−1)

sto K[x]. Aplopoi¸ntac to x apì ta dÔo akraÐa mèlh thc prohgoÔmenhc isìthtac paÐrnoume
xq−1 − 1 = (x − α1) · · · (x − αq−1). Jètontac x = 0 (  exis¸nontac touc stajeroÔc ìrouc)
sthn teleutaÐa isìthta prokÔptei ìti −1 = (−1)q−1α1 · · ·αq−1 = α1 · · ·αq−1. Mia diaforetik 
lÔsh eÐnai h ex c. Apì thn 'Askhsh 1 gnwrÐzoume ìti ta mh mhdenik� stoiqeÐa α tou K gia ta
opoÐa isqÔei α = α−1 eÐnai ta α = 1 kai α = −1 (pou pijan¸c sumpÐptoun). Ta upìloipa mh
mhdenik� stoiqeÐa tou K qwrÐzontai se zeÔgh stoiqeÐwn thc morf c {α, α−1} me ginìmeno 1.
Kat� sunèpeia, to ginìmeno ìlwn twn mh mhdenik¸n stoiqeÐwn tou K eÐnai Ðso me −1.

18. Sto Z[x] èqoume

x9 − x = x(x8 − 1) = x(x4 − 1)(x4 + 1) = x(x2 − 1)(x2 + 1)(x4 + 1)
= x(x− 1)(x + 1)(x2 + 1)(x4 + 1).

Sto F3[x] isqÔei epiplèon

x4 + 1 = x4 − 3x2 + 1 = (x2 − 1)2 − x2 = (x2 − x− 1)(x2 + x− 1)

kai sunep¸c x9 − x = x(x − 1)(x + 1)(x2 + 1)(x2 − x − 1)(x2 + x − 1). Oi treic par�gontec
bajmoÔ 2 eÐnai (ìpwc problèpei to mèroc (e) tou Jewr matoc 6.2) an�gwga polu¸numa epÐ tou
F3 afoÔ (ìpwc prokÔptei me lÐgec dokimèc) den èqoun rÐzec sto s¸ma autì.

19. AfoÔ to g(x) diaireÐ to f(x) sto F [x], mporoÔme na gr�youme f(x) = g(x)h(x) gia k�poio
polu¸numo h(x) ∈ F [x]. 'Eqoume f ′(x) = g′(x)h(x) + g(x)h′(x) kai sunep¸c, afoÔ to g(x)
diaireÐ to f ′(x), ja prèpei na diaireÐ kai to ginìmeno g′(x)h(x). Apì thn upìjes  mac ìti
to g(x) eÐnai an�gwgo kai ìti to F èqei qarakthristik  mhdèn prokÔptei (ìpwc eÐdame sthn
apìdeixh thc Prìtashc 5.13) ìti ta g(x) kai g′(x) eÐnai pr¸ta metaxÔ touc. Epomènwc to
g(x) diaireÐ to h(x), dhlad  up�rqei polu¸numo q(x) ∈ F [x] me h(x) = g(x)q(x). 'Epetai ìti
f(x) = (g(x))2q(x) kai sunep¸c to (g(x))2 diaireÐ to f(x) sto F [x].



20. Ja deÐxoume ìti [F (α1, α2, . . . , αn) : F ] ≤ n! me epagwg  sto n. To zhtoÔmeno eÐnai fanerì
gia n = 1 (exhg ste). 'Estw ìti n ≥ 2. Jètontac αn = α kai F (α1, . . . , αn−1) = F1 èqoume
F (α1, α2, . . . , αn) = F1(α) kai sunep¸c zht�me na deÐxoume ìti [F1(α) : F ] ≤ n!. Profan¸c o
bajmìc tou α epÐ tou F eÐnai mikrìteroc   Ðsoc tou bajmoÔ n tou f(x), dhlad  [F (α) : F ] ≤ n.
Gr�fontac f(x) = (x− α)g(x), me

g(x) = (x− α1) · · · (x− αn−1),

èqoume g(x) ∈ F (α)[x], wc phlÐko thc diaÐreshc dÔo poluwnÔmwn tou F (α)[x]. Epomènwc, apì
thn upìjesh thc epagwg c prokÔptei ìti

[F1(α) : F (α)] = [F (α)(α1, . . . , αn−1) : F (α)] ≤ (n− 1)!.

SumperaÐnoume ìti [F1(α) : F ] = [F1(α) : F (α)] · [F (α) : F ] ≤ (n− 1)! · n = n!.

21. GnwrÐzoume ìti isqÔei x17 = x gia k�je x ∈ F17. Epomènwc to monadikì stoiqeÐo a ∈ F17 me
a17 = 5 eÐnai to a = 5.

22. 'Estw m to pl joc twn monik¸n, an�gwgwn poluwnÔmwn tou Fp[x] deutèrou bajmoÔ kai èstw
q = p2. GnwrÐzoume ìti to polu¸numo xq − x eÐnai Ðso me to ginìmeno twn monik¸n, an�gwgwn
poluwnÔmwn tou Fp[x] pr¸tou   deutèrou bajmoÔ. Profan¸c up�rqoun akrib¸c p se pl joc
monik�, prwtob�jmia (anagkastik� an�gwga) poluwnÔma sto Fp[x] (aut� thc morf c x − α
me α ∈ Fp). AfoÔ o bajmìc tou ginomènou touc eÐnai Ðsoc me p kai ekeÐnoc tou ginomènou
twn monik¸n, an�gwgwn poluwnÔmwn tou Fp[x] deutèrou bajmoÔ eÐnai Ðsoc me 2m, ja prèpei o
bajmìc tou xq−x na eÐnai Ðsoc me p+2m. Sunep¸c p2 = q = p+2m, dhlad  m = p(p− 1)/2.
Mia pio stoiqei¸dhc lÔsh eÐnai h ex c: Up�rqoun sunolik� p2 monik� polu¸numa deutèrou
bajmoÔ sto Fp[x] (aut� eÐnai thc morf c x2 + ax + b me a, b ∈ Fp). Ta mh an�gwga apì aut�
eÐnai ekeÐna thc morf c (x − α)(x − β) me α, β ∈ Fp. Up�rqoun akrib¸c p tètoia polu¸numa
me α = β kai akrib¸c p(p − 1)/2 me α 6= β. Sunep¸c to zhtoÔmeno pl joc eÐnai Ðso me
p2 − p− p(p− 1)/2 = p(p− 1)/2.

23. Gia to (a) parathroÔme ìti isqÔei α = αq gia k�je α ∈ Fq, opìte α = (αq/2)2 kai sunep¸c
to α eÐnai tèleio tetr�gwno. Gia to (b) upojètoume ìti o q eÐnai perittìc kai upenjumÐzoume
ìti up�rqei γ ∈ Fqr{0} tètoio ¸ste Fqr{0} = {1, γ, γ2, . . . , γq−2}. Ta (q − 1)/2 se pl joc
stoiqeÐa 1, γ2, γ4, . . . , γq−3 eÐnai profan¸c tèleia tetr�gwna. Ja deÐxoume ìti ta upìloipa
stoiqeÐa tou Fqr{0} den eÐnai. Pr�gmati, èstw ìti γk = β2 gia k�poio perittì arijmì k kai
k�poio β ∈ Fq. Profan¸c èqoume β 6= 0 kai sunep¸c mporoÔme na gr�youme β = γr gia
k�poio r ∈ Z, opìte γk = γ2r. ProkÔptei ìti γk−2r = 1 kai epomènwc ìti to k − 2r diaireÐtai
apì thn t�xh tou γ sthn pollaplasiastik  om�da Fqr{0}, dhlad  apì to q − 1. Autì eÐnai
adÔnato afoÔ to k−2r eÐnai perittìc arijmìc kai to q−1 eÐnai �rtioc. Apì thn antÐfash aut 
sumperaÐnoume ìti ta 1, γ2, γ4, . . . , γq−3 eÐnai ta mìna mh mhdenik� stoiqeÐa tou Fq pou eÐnai
tèleia tetr�gwna. Tèloc, an ta α, β ∈ Fq den eÐnai tèleia tetr�gwna, tìte èqoume α = γ2n+1

kai β = γ2m−1 gia k�poia n, m ∈ Z kai sunep¸c to ginìmenì touc αβ = γ2n+2m = (γn+m)2

eÐnai tèleio tetr�gwno sto Fq.

24. GnwrÐzoume ìti to pl joc twn stoiqeÐwn tou V eÐnai Ðso me qn. Profan¸c akrib¸c qn− 1 apì
aut� ta stoiqeÐa eÐnai mh mhdenik�. ParathroÔme ìti k�je tètoio stoiqeÐo v ∈ V r{0} orÐzei
to monodi�stato upìqwro Lv = {λv : λ ∈ Fq} tou V kai ìti k�je upìqwroc di�stashc èna
tou V eÐnai aut c thc morf c. Epiplèon, ta stoiqeÐa u ∈ V r{0} pou orÐzoun ton Ðdio upìqwro
me to v (dhlad  me Lu = Lv) eÐnai akrib¸c ta q − 1 stoiqeÐa λv thc Lv me λ ∈ Fqr{0}.
SumperaÐnoume ìti to pl joc twn upìqwrwn di�stashc èna tou V eÐnai Ðso me (qn−1)/(q−1) =
1 + q + q2 + · · ·+ qn−1.



25. H �skhsh aut  eÐnai eidik  perÐptwsh thc Prìtashc 15.1 pou sthn paroÔsa qronik  stigm 
èqoume apodeÐxei. Gia par�deigma, èqoume x5 − 1 = (x− 1)(x− ζ)(x− ζ2)(x− ζ3)(x− ζ4) kai
sunep¸c to s¸ma di�spashc tou x5 − 1 epÐ tou Q eÐnai to Q(ζ, ζ2, ζ3, ζ4) = Q(ζ) = K. To
an�gwgo polu¸numo tou ζ epÐ tou Q eÐnai to

x4 + x3 + x2 + x + 1 = (x− 1)(x− ζ)(x− ζ2)(x− ζ3)(x− ζ4)

(L mma 4.14) kai sunep¸c [K : Q] = 4. H om�da Galois G(K/Q) = {σ1, σ2, σ3, σ4} eÐnai
kuklik  t�xhc 4, ìpou σi ∈ G(K/Q) eÐnai o monadikìc automorfismìc me σi(ζ) = ζi gia
i ∈ {1, 2, 3, 4} (gia ton upologismì autì mac qrei�zetai mìno h Prìtash 2.27).

26. Gia to (a), èqoume

x4 + 1 = (x2 − i)(x2 + i) = (x− 1 + i√
2

) (x +
1 + i√

2
) (x− 1− i√

2
) (x +

1− i√
2

)

kai sunep¸c to K = Q( (1 + i)/
√

2, (1− i)/
√

2 ) = Q(i,
√

2) eÐnai ditetragwnik  epèktash tou
Q, thn om�da Galois thc opoÐac èqoume upologÐsei.
Gia to (b), èqoume f(x) = (x + 1)(x3 + 2x + 1) kai sunep¸c to K eÐnai to s¸ma di�spashc
tou kubikoÔ poluwnÔmou g(x) = x3 + 2x + 1 epÐ tou Q. ParathroÔme ìti h g(x) eÐnai gnhsÐwc
aÔxousa sun�rthsh thc pragmatik c metablht c x kai ìti èqei monadik  pragmatik  rÐza.
Sunep¸c, sÔmfwna me th jewrÐa, [K : Q] = 6 kai h om�da Galois G(K/Q) eÐnai isìmorfh me
th summetrik  om�da S3.

27. ParathroÔme ìti to polu¸numo f(x) eÐnai an�gwgo epÐ tou Q kai ìti èqei monadik  pragmatik 
rÐza. Sunep¸c, sÔmfwna me th sqetik  jewrÐa, [K : Q] = 6 kai to Q(α) den perièqei rÐza tou
f(x) diaforetik  apì to α. Kat� sunèpeia, o mìnoc automorfismìc tou Q(α) eÐnai o tautotikìc
(pr�gmati, k�je automorfismìc σ tou Q(α) eÐnai Q-automorfismìc kai apeikonÐzei to α se rÐza
tou f(x), opìte ja prèpei σ(α) = α). Ta erwt mata (b), (g) kai (d) èqoun arnhtik  ap�nthsh:
Gia to (b) arkeÐ na parathr soume ìti o bajmìc tou i

√
3 epÐ tou Q eÐnai Ðsoc me 2, o opoÐoc

de diaireÐ to [Q(α) : Q] = 3. Gia to (g) upologÐzoume ìti to f(x) èqei diakrÐnousa Ðsh me −31.
'Ara, ìpwc gnwrÐzoume apì th sqetik  jewrÐa, to mìno upìswma L tou K me [L : Q] = 2 eÐnai
to Q(i

√
31) kai sunep¸c to K den mporeÐ na perièqei to i

√
3. Gia to (d) parathroÔme ìti to

polu¸numo g(x) eÐnai epÐshc an�gwgo epÐ tou Q me monadik  pragmatik  rÐza. 'Estw ìti to
g(x) èqei rÐza sto K. Tìte, sÔmfwna me thn Prìtash 11.12, to g(x) èqei ìlec tic rÐzec tou
sto K kai sunep¸c to K eÐnai s¸ma di�spashc kai gia to g(x). 'Omwc to g(x) èqei diakrÐnousa
Ðsh me −59 kai sunep¸c èqoume odhghjeÐ sto lanjasmèno sumpèrasma ìti ta Q(i

√
31) kai

Q(i
√

59) eÐnai dÔo diaforetik� upos¸mata tou K bajmoÔ 2 epÐ tou Q.

28. To er¸thma (a) èqei jetik  ap�nthsh afoÔ K eÐnai to s¸ma di�spashc tou poluwnÔmou f(x) =
x3 − 2 = (x − β)(x − βζ)(x − βζ−1) epÐ tou Q. 'Enac upologismìc parìmoioc me ekeÐnon tou
ParadeÐgmatoc 11.2 deÐqnei ìti to (b) isqÔei gia ìlec tic mh mhdenikèc timèc tou c ∈ Q. AfoÔ
to f(x) èqei monadik  pragmatik  rÐza, èqoume [K : Q] = 6 kai h G(K/Q) eÐnai isìmorfh me
th summetrik  om�da S3. Epiplèon, gia k�je σ ∈ G(K/Q) èqoume σ(β) ∈ {β, βζ, βζ−1} kai
σ(ζ) ∈ {ζ, ζ−1} kai sunep¸c h troqi� tou β − ζ upologÐzetai wc to sÔnolo

{β − ζ, βζ − ζ, βζ−1 − ζ, β − ζ−1, βζ − ζ−1, βζ−1 − ζ−1}.

SÔmfwna me thn Prìtash 11.5, to an�gwgo polu¸numo tou β − ζ epÐ tou Q eÐnai Ðso me
(x − β + ζ)(x − βζ + ζ)(x − βζ−1 + ζ)(x − β + ζ−1)(x − βζ + ζ−1)(x − βζ−1 + ζ−1) =
f(x + ζ)f(x + ζ−1) = x6 − 3x5 + 6x4 − 11x3 + 12x2 + 3x + 1.

29. Gia to (a) parathroÔme ìti γ = α + cβ = α(1 + c ζ) = 3
√

2 (1 + c ζ) kai sunep¸c ìti γ3 =
2(1 + c ζ)3 ∈ Q(ζ). AfoÔ [Q(ζ) : Q] = 2, sumperaÐnoume ìti to γ3 èqei bajmì 1   2 epÐ tou Q.



'Ara to γ3 eÐnai rÐza poluwnÔmou x2 + ax + b ∈ Q[x], opìte to γ eÐnai rÐza tou x6 + ax3 + b,
me a, b ∈ Q. Gia to (b) parathroÔme ìti 1 + ζ = −ζ2 kai sunep¸c ìti gia c = 1 èqoume
γ3 = 2(1 + ζ)3 = −2ζ6 = −2. 'Ara to an�gwgo polu¸numo tou γ epÐ tou Q eÐnai to x3 + 2.
Gia c = −1 èqoume γ3 = 2(1 − ζ)3 = −6(1 + 2ζ) = −6 i

√
3 kai sunep¸c γ6 = −108. AfoÔ

2ζ = −γ3/6 − 1 ∈ Q(ζ) kai 3
√

2 = γ/(1 − ζ) ∈ Q(ζ), o bajmìc tou γ epÐ tou Q daireÐtai apì
to 2 kai to 3 kai sunep¸c eÐnai Ðsoc me 6. 'Ara to an�gwgo polu¸numo tou γ epÐ tou Q eÐnai
to x6 + 108.

30. Gia n = 2 èqoume u3
1 + u3

2 = (u1 + u2)3 − 3u1u2(u1 + u2) = (e0
1)

3 − 3e0
1e

0
2, ìpou e0

1 = u1 + u2

kai e0
2 = u1u2. Jètontac e1 = u1 + u2 + u3, e2 = u1u2 + u1u3 + u2u3 kai e3 = u1u2u3

upologÐzoume gia n = 3 ìti

u3
1 + u3

2 + u3
3 − e3

1 + 3e1e2 = u3
1 + u3

2 + u3
3 − (u1 + u2 + u3)3 +

3(u1 + u2 + u3)(u1u2 + u1u3 + u2u3)
= 3u1u2u3 = 3e3,

dhlad  u3
1 +u3

2 +u3
3 = e3

1−3e1e2 +3e3. EÔkola epalhjeÔei kaneÐc ìti gia k�je jetikì akèraio
n isqÔei

u3
1 + u3

2 + · · ·+ u3
n = e3

1 − 3e1e2 + 3e3,

ìpou e1, e2, . . . , en eÐnai ta stoiqei¸dh summetrik� polu¸numa stic metablhtèc u1, u2, . . . , un.

31. Apì to par�deigma F = Q, L = Q(
√

2) kai K = Q( 4
√

2) prokÔptei ìti h prìtash eÐnai
lanjasmènh. Pr�gmati, sthn perÐptwsh aut  oi L/F kai K/L eÐnai tetragwnikèc epekt�seic
swm�twn qarakthristik c mhdèn, �ra epekt�seic Galois. Antijètwc, h G(K/F ) eÐnai h om�da
me dÔo stoiqeÐa (giatÐ?) kai isqÔei [K : F ] = 4, �ra h K/F den eÐnai epèktash Galois.

32. Ja deÐxoume ìti oi akèraioi autoÐ eÐnai akrib¸c oi jetikoÐ diairètec tou 24. Pr�gmati, èqoume
[K : F ] = |G(K/F )| = 24. Epomènwc gia k�je γ ∈ K, o bajmìc tou γ epÐ tou F diaireÐ
to bajmì [K : F ] = 24. Antistrìfwc, èstw r ènac jetikìc diairèthc tou 24, dhlad  r ∈
{1, 2, 3, 6, 8, 12, 24}. Tìte up�rqei upoom�da H thc G(K/F ) t�xhc |H| = 24/r (exhg ste). Gia
to antÐstoiqo endi�meso s¸ma L = KH thc epèktashc K/F isqÔei [L : F ] = r. GnwrÐzoume
apì to Je¸rhma 11.1 ìti up�rqei prwtarqikì stoiqeÐo γ thc L, dhlad  L = F (γ). Tìte
[F (γ) : F ] = r kai sunep¸c o bajmìc tou γ epÐ tou F eÐnai Ðsoc me r.


