Random points in isotropic unconditional convex bodies

A. Giannopoulos, M. Hartzoulaki and A. Tsolomitis

Abstract

We study three questions about independent random points uniformly distributed in isotropic symmetric convex bodies K, T1, . . . , Ts: (a) Let ε ∈ (0, 1) and let x1, . . . , xN be chosen from K. Is it true that if N ≥ C(ε)n log n then ‖ I − 1 NL^2_K N∑ i=1 xi ⊗ x i ‖ < ε with probability greater than 1 − ε? (b) Let x i be chosen from Ti. Is it true that the unconditional norm

‖t‖ = ∫ T1 · · · ∫ Ts ‖ ‖^s ∑ i=1 tixi ‖ ‖_K dx_s · · · dx_1

is well-comparable to the Euclidean norm in R^s? (c) Let x1, . . . , xN be chosen from K. Let E (K, N) := E |conv{x1, . . . , xN }|^{1/n} be the expected volume radius of their convex hull. Is it true that E (K, N) ≃ E (B(n), N) for all N, where B(n) is the Euclidean ball of volume 1?

We prove that the answer to these questions is affirmative if we restrict ourselves to the class of unconditional convex bodies. Our main tools come from recent work of Bobkov and Nazarov. Some observations about the general case are also included.

1 Introduction

In this article we study three problems about random points in isotropic convex bodies. Recall that a convex body K in R^n is called isotropic if it has volume |K| = 1, center of mass at the origin, and there is a constant L_K > 0 such that

(1.1) ∫ K ⟨x, θ⟩^2dx = L^2_K

for every θ in the unit sphere S^{n−1} . It is not hard to see that for every convex body K in R^n with center of mass at the origin, there exists S ∈ GL(n) such that S(K) is isotropic. Moreover, this isotropic image is unique up to orthogonal transformations; consequently, one may define the isotropic constant L_K as an invariant of the linear class of K.

We consider the following questions about independent random points which are uniformly distributed in convex bodies.

I Approximation of the identity operator. The isotropic condition (1.1) may be equivalently written in the form

(1.2) I = 1 L^2_K ∫ K x ⊗ xdx,

where I is the identity operator. Let ε ∈ (0, 1) and consider N independent random points x_1, . . . , x_N uniformly distributed in K. The question is to find N_0, as small as possible, for which the following holds true: if N ≥ N_0 then with probability greater than 1 − ε one has

(1.3) (1 − ε)L^2_K ≤ 1 N N∑ i=1 ⟨x_i, θ⟩^2 ≤ (1 + ε)L^2_K

for every θ ∈ S^{n−1} . This question has its origin in the problem of finding a fast algorithm for the computation of the volume of a given convex body. Kannan, Lovász and Simonovits (see [20]) proved that one can take N_0 = C(ε)n^2 for some constant C(ε) > 0 depending only on ε. This was later improved to N_0 ≃ C(ε)n(log n)^3 by Bourgain [10] and to N_0 ≃ C(ε)n(log n)^2 by Rudelson [26]. One can actually check (see [15]) that this last estimate can be recovered if we incorporate a result of Alesker [1] into Bourgain’s argument. It is quite probable that the best estimate for N_0 is C(ε)n log n. We prove this in the unconditional case, and we show the connection of the general problem to some recent conjectures about the central limit properties of isotropic convex bodies.

II A multi-integral norm. Let K and T_i (i = 1, . . . , s) be symmetric convex bodies in R^n with |K| = |T_1| = · · · = |T_s| = 1. The unconditional norm

(1.4) ‖t‖ = ∫ T_1

· · · ∫ T_s ‖ ‖ s∑ i=1 t_ix_i ‖ ‖ K dx_s · · · dx_1

on R^s was studied in [11], where it was proved that, in the case s = n,

(1.5) ‖t‖ ≥ c √ n (_n ∏ i=1 |t_i|

)_{1/n}

for every t = (t_1, . . . , t_n) ∈ R^n. It was conjectured that if K = T_1 = · · · = T_s and if ‖ · ‖_K satisfies some cotype condition, then ‖ · ‖ is equivalent to the ℓ^s_2 norm. Recently, Gluskin and Milman (see [18] and [19]) showed that the lower bound holds true in full generality (the proof uses the rearrangement inequality of Brascamp, Lieb and Luttinger [12]): There exists a sequence c(n) of positive reals with c(n) → 1/ √ 2 such that: if K is a star body with 0 ∈ int(K) and if T_i (i = 1, . . . , s) are measurable sets in R^n with |K| = |T_1| = · · · = |T_s| = 1, then

(1.6) ‖t‖ := ∫ T_1

· · · ∫ T_s

p_K

(_s ∑ i=1 t_ix_i ) dx_s · · · dx_1 ≥ c(n)

(_s ∑ i=1 t^2_i

)_{1/2}

for every t = (t_1, . . . , t_s) ∈ R^s, where p_K is the Minkowski functional of K.

It should be noted that, in the case K = T_1 = · · · = T_s, Theorem 1.4 from [11] establishes a second lower bound for the norm (1.4), which involves L_K . Therefore, upper bounds for this norm may give upper bounds for the isotropic constant. III Volume radius of a random polytope. Let K be a convex body in R^n with volume 1. We fix N ≥ n + 1 and consider N independent random points x_1, . . . , x_N uniformly distributed in K. Let conv(x_1, . . . , x_N ) be their convex hull. The question is to estimate the expected volume radius

(1.7) E (K, N) = ∫ K · · · ∫ K |conv(x_1, . . . , x_N )|^{1/n}dx_N · · · dx_1

of this random polytope. Observe that E (K, N) is invariant under volume preserving affine transformations, so we may also assume that K has its center of mass at the origin. When N = n + 1, this quantity is an exact function of the isotropic constant of K. To see this, one can use the identity (see [21])

(1.8) L^{2n}_K = n!S^2_2 (K),

where

(1.9) S^2_2 (K) := ∫ K . . . ∫ K |conv(0, x_1, . . . , x_n)|^2dx_n . . . dx_1.

Combining this fact with Khintchine type inequalities for linear functionals on convex bodies (see [21]) one can show that

(1.10) E (K, n + 1) ≃

L_K √ n . In [16] it was proved that for every isotropic convex body K in R^n and every N ≥ n + 1,

(1.11) E (B(n), N) ≤ E (K, N) ≤ cL_K log(2N/n) √ n , where B(n) is a ball of volume 1. Moreover, it was shown that if N ≥ cn(log n)^2 then E (B(n), N) ≥ c(log(N/n)/n)^{1/2}. A strong conjecture is that

(1.12) E (K, N) ≃ min { √ log(2N/n) √ n , 1 } for every convex body K of volume 1 in R^n and every N ≥ n + 1. We prove this in the unconditional case, and we show the connection of the general problem to the “ψ_2-behaviour” of linear functionals on isotropic convex bodies.

IV Results. Consider the class of symmetric convex bodies which generate a norm with unconditional basis. After a linear transformation, we may assume that the standard orthonormal basis {e_1, . . . , e_n} of R^n is an unconditional basis for ‖ · ‖_K . That is, for every choice of real numbers t_1, . . . , t_n and every choice of signs ε_i = ±1,

(1.13) ‖ ε_1t_1e_1 + · · · + ε_nt_ne_n ‖ K = ‖ t_1e_1 + · · · + t_ne_n ‖ K . We will prove the following three facts:

Theorem A Let ε ∈ (0, 1) and let ρ > 2. Assume that n ≥ n_0(ρ) and let K be an isotropic unconditional convex body in R^n. If N ≥ cε^{−ρ} n log n, where c > 0 is an absolute constant, and if x_1, . . . , x_N are independent random points uniformly distributed in K, then with probability greater than 1 − ε we have

(1.14) (1 − ε)L^2_K ≤ 1 N N∑ i=1 ⟨x_i, θ⟩^2 ≤ (1 + ε)L^2_K ,

for every θ ∈ S^{n−1} .

The proof of Theorem A is based on the following observation: if K is an isotropic unconditional convex body in R^n and if N is polynomial in n, then E max_{i≤N} ‖x_i‖^{2q}_2 ≤ (cn)^q for large values of q. This follows from a strong dimensiondependent concentration estimate of Bobkov and Nazarov (Theorem 2.2) and suggests that the general problem is related to some recent conjectures about the central limit properties of isotropic convex bodies. In Section 3 we provide some evidence for a general affirmative answer. Let the parameter σ_K be defined by σ^2_K = Var(‖x‖^2)/(nL^4_K ). Then, the following statement holds true: Let ρ > 2 and ε ∈ (0, 1), and assume that n ≥ n_0(ρ). For every isotropic convex body K in R^n and every N ≥ cε^{−ρ} (σ_K + 1)^2n log n, where c > 0 is an absolute constant, if x_1, . . . , x_N are independent random points uniformly distributed in K, then with probability greater than 1 − ε we have (1.14) for every θ ∈ S^{n−1} . It is conjectured (see [7]) that there exists an absolute constant C > 0 such that σ^2_K ≤ C for every isotropic convex body K. If this is true then, for every K, we have ε-approximation of the identity operator with N ≃ C(ε)n log n.

Theorem B There exists an absolute constant C > 0 with the following property: if K and T_i (i = 1, . . . , s) are isotropic convex bodies in R^n which satisfy (1.13), then (1.15)

‖t‖ := ∫ T_1

· · · ∫ T_s ‖^s∑ i=1 t_ix_i ‖ K dx_s · · · dx_1 ≤ C √ log n max { ‖t‖_2, √ log n‖t‖_∞ }

for every t = (t_1, . . . , t_s) ∈ R^s.

The proof of Theorem B is based on a comparison theorem of Bobkov and Nazarov (Theorem 2.4) which asserts that the integral of a symmetric and coordinatewise increasing absolutely continuous function over an isotropic unconditional convex body K in R^n is (roughly speaking) maximal when K is the normalized ℓ^n_1 –ball. The estimate on the right hand side of (1.15) is sharp: we give examples showing that the terms √ log n‖ · ‖_2 and log n‖ · ‖_∞ are both needed. The situation is less clear in the very interesting special case K = T_1 = · · · = T_s.

Theorem C Let K be an unconditional convex body of volume 1 in R^n. If n + 1 ≤ N ≤ exp(cn), then

(1.16) c_1 √ log(2N/n) √ n ≤ E (K, N) ≤ c_2 √ log(2N/n) √ n where c, c_1, c_2 > 0 are absolute constants.

For the proof of the upper bound in Theorem C we follow the general argument from [16]. However, in order to obtain the optimal upper bound in (1.16) we need two properties of isotropic unconditional convex bodies: dimension-dependent volume concentration (Theorem 2.2) and the good “ψ_2-behaviour” of linear functionals (Theorem 2.5). Also, the lower bound in (1.16) was proved in [16] under the restriction N ≥ n(log n)^2. Here, we provide a different proof of the lower bound for E (B(n), N), which is based on an idea of Dyer, Füredi and McDiarmid from [14]. Because of this, we are able to remove the restriction on N.

V Notation. We work in R^n, which is equipped with a Euclidean structure ⟨·, ·⟩. We denote by ‖ · ‖_2 the corresponding Euclidean norm, and write B^n_2 for the Euclidean unit ball and S^{n−1} for the unit sphere. The unit ball of ℓ^n_p is denoted by B^n_p . Volume is denoted by | · |. We write σ for the rotationally invariant probability measure on S^{n−1} and ω_n for the volume of B^n_2 .

Whenever we write a ≃ b, we mean that there exist absolute constants c_1, c_2 > 0 such that c_1a ≤ b ≤ c_2a. The letters c, c^′, C, c_1, c_2 etc., denote absolute positive constants which may change from line to line. We refer to the book of Milman and Schechtman [23] for basic facts from the asymptotic theory of finite dimensional normed spaces and to the paper [21] of Milman and Pajor for background information about isotropic convex bodies.

2 Isotropic unconditional convex bodies

Let K be an unconditional convex body in R^n. Without loss of generality we may assume that the norm ‖ · ‖_K satisfies (1.13), where {e_1, . . . , e_n} is the standard orthonormal basis of R^n. Then, it is easily checked that one can bring K to the isotropic position by a diagonal operator. Therefore, an isotropic unconditional body K in R^n is characterized by the following two properties:

(a) For every x = (x_1, . . . , x_n) ∈ K the parallelepiped

∏_n i=1[−|x_i|, |x_i|] is contained in K.

(b) For every j = 1, . . . , n,

(2.1) ∫ K x^2_j dx = L^2_K .

It will be convenient to consider the normalized part K^+ = 2K ∩ R^n_+ of K in R^n_+ = [0, +∞)^n. It is easy to check that K^+ has volume 1 and satisfies the following:

(a+) If x = (x_1, . . . , x_n) ∈ K^+, then

∏_n

i=1[0, x_i] ⊆ K^+.

(b+) For every j = 1, . . . , n,

(2.2) ∫ K^+

x^2_j dx = 4L^2_K .

We write μ_K for the uniform distribution on K and μ^+_K for the uniform distribution on K^+. Notice that if x = (x_1, . . . , x_n) is uniformly distributed in K then (2|x_1|, . . . , 2|x_n|) is uniformly distributed in K^+.

It is not hard to prove that the isotropic constant of any unconditional convex body satisfies L_K ≃ 1. The upper bound follows from the Loomis-Whitney inequality; see also [8] where the inequality 2L^2_K ≤ 1 is proved. On the other hand, for every convex body K in R^n one has L_K ≥ L_Bn_2 ≥ c, where c > 0 is an absolute constant (see [21]).

Bobkov and Nazarov have recently given a complete picture of the volume distribution on isotropic unconditional convex bodies. In the case of the ℓ^n_p -balls, very precise estimates on volume concentration were previously given in [28], [27], [30] and [29]. All the results which are stated in this section come from [8] and [9]. The starting point is the next inequality (see [8], Proposition 2.3).

Theorem 2.1 Let K be an isotropic unconditional convex body in R^n. Then,

(2.3) μ^+_K ( x_1 ≥ α_1, . . . , x_n ≥ α_n ) ≤ ( 1 − α_1 + · · · + α_n √ 6n )_n , for all (α_1, . . . , α_n) ∈ K^+. �

As a direct consequence we see that

(2.4) μ^+_K ( x_1 ≥ α_1, . . . , x_n ≥ α_n ) ≤ exp(−c(α_1 + · · · + α_n)),

for all α_1, . . . , α_n ≥ 0, where c = 1/ √ 6. Using this fact, Bobkov and Nazarov established a striking dimension-dependent concentration estimate for the Euclidean norm.

Theorem 2.2 Let K be an isotropic unconditional convex body in R^n. Then,

(2.5) μ_K ( ‖x‖_2 ≥ √ 6t √ n ) ≤ exp ( −t √ n/2 ) , for every t ≥ 4. �

Analogous concentration results hold true if we replace the Euclidean norm by any ℓ_p-norm. For example,

(2.6) μ_K ( ‖x‖_1 ≥ 2tn ) ≤ exp ( − c_3tn log n + 1 ) , for all t ≥ 1, where c_3 > 0 is an absolute constant.

Another consequence of Theorem 2.1 is that an interior point (α_1, . . . , α_n) of K^+ necessarily satisfies

(2.7) α_1 + · · · + α_n < √ 6n. This observation proves one part of the next Proposition.

Proposition 2.3 Let K be an isotropic unconditional convex body K in R^n. Then,

(2.8) cB^n_∞ ⊆ K ⊆ V_n

where V_n = √ 3/2nB^n_1 and c > 0 is an absolute constant. �

Theorem 2.1 and Proposition 2.3 lead to a very useful comparison theorem. Let F : R^n → R. We say that F is symmetric if F (ε_1x_1, . . . , ε_nx_n) = F (x_1, . . . , x_n) for all choices of signs. We also say that F is coordinatewise increasing if F (y) ≤ F (x) for all x and y which satisfy 0 ≤ y_i ≤ x_i for all i ≤ n. On observing that

(2.9) μ^+_{Vn} ( x_1 ≥ α_1, . . . , x_n ≥ α_n ) = ( 1 − α_1 + · · · + α_n √ 6n )_n , for all (α_1, . . . , α_n) ∈ V^+_n , one has:

Theorem 2.4 For every isotropic unconditional convex body K in R^n and every α_1, . . . , α_n ≥ 0,

(2.10) μ_K ( x_1 ≥ α_1, . . . , x_n ≥ α_n ) ≤ μ_{Vn} ( x_1 ≥ α_1, . . . , x_n ≥ α_n ) . Consequently,

(2.11) ∫ F (x)dμ_K (x) ≤ ∫ F (x)dμ_{Vn} (x)

for every function F : R^n → R which is symmetric, coordinatewise increasing and absolutely continuous. �

The comparison theorem can be used for the study of linear functionals on isotropic unconditional convex bodies. Define

(2.12) C_n(θ) = ‖θ‖_∞ √ n/ log n

for θ ∈ R^n and n ≥ 2. Since the expectation of ‖θ‖_∞ on S^{n−1} is of the order of √ log n/n, for a random θ ∈ S^{n−1} we have C_n(θ) ≃ 1. Computing on B^n_1 and using Theorem 2.4 one gets the following (see [9]):

Theorem 2.5 Let K be an isotropic unconditional convex body in R^n. Let θ ∈ S^n and set f_θ (x) = ⟨x, θ⟩. For every p ≥ 2,

(2.13) ‖f_θ ‖_Lp_{(μ K )} ≤ c √ p max{1, C_n(θ) √ log p},

where c > 0 is an absolute constant. �

Define the Orlicz norm ‖ · ‖_Lψ_{2 (μ K )} of a measurable function f : K → R by

(2.14) ‖f‖_Lψ_{2 (μ K )} = inf { t > 0 : ∫ e^{(f/t)2} dμ_K ≤ 2 } . By Theorem 2.5 and (2.8) we have

(2.15) ‖f_θ ‖_Lp_{(μ K )} ≤ c √ p √ n‖θ‖_∞

for all p ≥ 2. Since ‖f‖_Lψ_{2 (μ K )} ≤ c sup_{p≥2} ‖f‖_Lp_{(μ K )},

this shows that

(2.16) ‖f_θ ‖_Lψ_{2 (μ K )} ≤ c √ n‖θ‖_∞

for every θ ∈ R^n.

3 Random isotropic and unconditional vectors

The proof of Theorem A will be based on Rudelson’s approach to the general case. The main lemma in [26] is the following.

Theorem 3.1 (Rudelson) Let x_1, . . . , x_N be vectors in R^n and let ε_1, . . . , ε_N be independent Bernoulli random variables which take the values ±1 with probability 1/2. Then, for all p ≥ 1,

(3.1) ( E ‖ ‖ N∑ i=1 ε_ix_i ⊗ x_i ‖ ‖^p )_{1/p} ≤ C √ p + log n · max_{i≤N} ‖x_i‖_2 · ‖ ‖ N∑ i=1 x_i ⊗ x_i ‖ ‖^{1/2},

where C > 0 is an absolute constant. �

Proof of Theorem A. Let ε ∈ (0, 1) and let p ≥ 1. We first estimate the expectation of max_{i≤N} ‖x_i‖^{2p}_2 , where x_1, . . . , x_N are independent random points uniformly distributed in K. Fix α ≥ 4 which will be suitably chosen. Theorem 2.2 shows that

E max_{i≤N} ‖x_i‖^{2p}_2 = (6n)^p

∫_∞ 0 2pt^{2p−1} μ_K ( max_{i≤N} ‖x_i‖_2 ≥ √ 6t √ n ) dt ≤ (6n)^p ( α^{2p} + (2p)N

∫_∞ α t^{2p−1} exp(−t √ n/2)dt )

= (6n)^p ( α^{2p} + (2p)Ne^{−α √n/2}

∫_∞ 0 (s + α)^{2p−1} exp(−s √ n/2)ds ) . Since (s + α)^{2p−1} ≤ 2^{2p−2} (s^{2p−1} + α^{2p−1} ), we have

E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (6n)^p(2p)2^{2p−2} Ne^{−α √n/2}

( ∫_∞ 0 (s^{2p−1} + α^{2p−1} )e^{−s √n/2}ds )

+(6n)^pα^{2p}

= (6n)^p ( α^{2p} + (2p)2^{2p−2} Ne^{−α √n/2} ( 4^pΓ(2p) n^p + 2α^{2p−1} √ n )) . It follows that, if N ≤ exp(α √ n/2) and p ≤ √ n then

(3.2) E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (C_1α^2n)^p

where C_1 > 0 is an absolute constant.

If N > exp(α √ n/2) we use Proposition 2.3: Since K ⊆ V_n, we have ‖x‖_2 ≤ √ 3/2n for every x ∈ K. Therefore, in this case we have the trivial estimate

(3.3) E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (C_2n)^{2p}.

We now follow Rudelson’s argument: if x^′_1, . . . , x^′_N are independent random points from K which are chosen independently from the x_i’s, then

A^p := E_x ‖ ‖ ‖I − 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖ ‖ p

≤ E_xE_x′ ‖ ‖ 1 NL^2_K N∑ i=1 x_i ⊗ x_i − 1 NL^2_K N∑ i=1 x^′_i ⊗ x^′_i ‖ ‖^p

= E_εE_xE_x′ ‖ ‖ ‖ 1 NL^2_K N∑ i=1 ε_i(x_i ⊗ x_i − x^′_i ⊗ x^′_i) ‖ ‖ ‖ p

≤ 2^{p−1} E_xE_ε ‖ ‖ 1 NL^2_K N∑ i=1 ε_ix_i ⊗ x_i ‖ ‖^p, and using Theorem 3.1 we get

A^p ≤ (2C)^p

(p + log n)^{p/2} N^pL^{2p}_K

E_x ( max_{i≤N} ‖x_i‖^p_2 · ‖ ‖ N∑ i=1 x_i ⊗ x_i ‖ ‖^{p/2} )

≤ (2C)^p

(p + log n)^{p/2} N^{p/2}L^p_K ( E_x max_{i≤N} ‖x_i‖^{2p}_2

)_{1/2} (

E_x ‖ ‖ 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖^p )_{1/2}

≤ (4C)^p

(p + log n)^{p/2} N^{p/2}L^p_K ( E_x max_{i≤N} ‖x_i‖^{2p}_2

)_{1/2} √

A^p + 1.

We choose p = log n and α^2 = 16ε^{−1/ log n} , and we distinguish two cases: Case 1: If N ≤ exp(α √ n/2), then using (3.2) and the fact that L_K ≃ 1, we get

(3.4) A^p ≤ ( C_3 α^2n log n N )_{p/2} √ A^p + 1. If (3.5) ( C_3 α^2n log n N )_{p/2} < ε^{p+1} 2 , then (3.4) implies that

(3.6) E_x ‖ ‖I − 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖^p = A^p < ε^{p+1}.

If 2 < ρ < 3 then (3.5) is satisfied provided that n ≥ n_0(ρ) and N ≥ N_0 = C_4ε^{−ρ} n log n. Observe that exp(α √ n/2) > C_4ε^{−ρ} n log n if n ≥ n_0(ρ).

Then, Markov’s inequality shows that, if N_0 ≤ N ≤ exp(α √ n/2),

(3.7) Prob ( ‖ ‖ ‖I − 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖ > ε ) < ε.

Case 2: Assume that N > exp(α √ n/2). Then, using (3.3) and the fact that L_K ≃ 1, we get

(3.8) A^p ≤ ( C_5 n^2 log n N )_{p/2} √ A^p + 1 ≤ ( C_5 n^2 log n e^{α √n/2}

)_{p/2} √ A^p + 1.

We need to check that

(3.9) ( C_5 n^2 log n e^{α √n/2}

)_{p/2} < ε^{p+1} 2 , and then we get (3.7) exactly as in Case 1. Now, (3.9) is equivalent to

(3.10) ε^{12p} C_6 log n < √ n − 4(p + 1) p ε^{12p} log 1 ε and the maximum of ε^{12p} log^1_ε on (0, 1) is attained at ε = e^{−2p} and equals 2p/e ≃ log n. Therefore, (3.10) is clearly satisfied if n ≥ n_0. This completes the proof. �

The general problem is connected to some recent conjectures about the central limit properties of convex bodies: Let K be an isotropic convex body in R^n. In [7] the parameter σ_K of K is defined by

(3.11) σ^2_K =

Var(‖x‖^2) nL^4_K = nVar(‖x‖^2) ( E ‖x‖^2

)_2 .

The second expression has the advantage of being invariant under homotheties, and hence, easier to compute. It is easily checked that σ^2_{B(n)} =^4_{n+4} . Actually, in [7] Bobkov and Koldobsky show that σ_K is minimal when K is a Euclidean ball.

A question which has attracted much attention is whether there exists an absolute constant C > 0 such that σ^2_K ≤ C for every isotropic convex body K. From (3.11) one can check that σ^2_K ≤ cn for every isotropic convex body K in R^n. The subindependence of coordinate slabs theorem of Anttila, Ball and Perissinaki (see [4] and [2]) shows that σ_Bn_p remains bounded by a constant independent of n and p ∈ [1, ∞].

Upper bounds for σ_K are related to Theorem A because of the following proposition (see [25] for a different proof).

Proposition 3.2 If K is an isotropic convex body in R^n, then

(3.12) μ_K ( ‖x‖_2 ≥ (1 + σ_K ) √ nL_K t ) ≤ n^{−t/2}

for every t ≥ 1.

Proof. A simple application of Chebyshev’s inequality shows that, for every ε > 0,

μ_K (| ‖x‖_2 − √ nL_K | ≥ ε √ nL_K ) ≤ μ_K (| ‖x‖^2 − nL^2_K | ≥ εnL^2_K ) ≤ Var(‖x‖^2) ε^2n^2L^4_K = σ^2_K ε^2n . Therefore,

(3.13) μ_K ( ‖x‖_2 ≥ (1 + σ_K ) √ nL_K ) ≤ 1 n . Applying Borell’s lemma (see [23, Appendix III]) we see that

(3.14) μ_K ( ‖x‖_2 ≥ (1 + σ_K ) √ nL_K t ) ≤ n − 1 n ( 1 n − 1

) t+1_2 ≤ n^{−t/2} for all t ≥ 1 (we only need to check (3.14) for t ≪ √ n; it is well-known that K ⊆ (n + 1)L_K B^n_2 for every isotropic convex body K in R^n, and hence, the left hand side of (3.14) is equal to zero if t(1 + σ_K ) √ n > n + 1). This concludes the proof. � We can now repeat the argument of the proof of Theorem A. Let x_1, . . . , x_N be independent random points uniformly distributed in K. Let ε ∈ (0, 1) and set σ = σ_K + 1. We fix p ≥ 1 and α > 1 which will be suitably chosen. Using Proposition 3.2 we write

E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (σ^2nL^2_K )^p ( α^{2p} + N

∫_∞ α 2pt^{2p−1} n^{−t/2} dt )

≤ (4σ^2nL^2_K )^p ( α^{2p} + (2p)Ne^{−α log n/2} ( 4^pΓ(2p) (log n)^{2p} + 2α^{2p−1} log n )) . It follows that if N ≤ n^{α/2} and p ≤ log n then

(3.15) E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (C_1σ^2α^2L^2_K n)^p.

If N > n^{α/2} we use the bound

(3.16) E max_{i≤N} ‖x_i‖^{2p}_2 ≤ (C_2L^2_K n^2)^p,

which follows from the inclusion K ⊆ (n + 1)L_K B^n_2 . Set

(3.17) A^p := E_x ‖ ‖ ‖I − 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖ ‖ p . Following the proof of Theorem A, we see that

(3.18) A^p ≤ (4C)^p

(p + log n)^{p/2} N^{p/2}L^p_K ( E_x max_{i≤N} ‖x_i‖^{2p}_2

)_{1/2} √ A^p + 1.

Let ρ > 2. We choose p = log n and α^2 = D^2ε^{−1/ log n} (where D > 1 is an absolute constant) and we distinguish two cases: Case 1: If N ≤ n^{α/2} , then using (3.15) we get

(3.19) A^p ≤ ( C_3 σ^2α^2n log n N )_{p/2} √

A^p + 1.

Therefore, if n ≥ n_0(ρ) and N ≥ cσ^2ε^{−ρ} n log n we see that

(3.20) ( C_3 σ^2α^2n log n N )_{p/2} < ε^{p+1} 2 , which implies that

(3.21) E_x ‖ ‖I − 1 NL^2_K N∑ i=1 x_i ⊗ x_i ‖ ‖^p < ε^{p+1}.

Case 2: If N > n^{α/2} , then using (3.16) we get

(3.22) A^p ≤ ( C_4 n^2 log n n^{α/2}

)_{p/2} √ A^p + 1 < ε^{p+1} 2 √ A^p + 1

provided that n ≥ n_0 and

(3.23) 3 log n < α 2 log n −

2(p + 1) p log 1 ε . This is satisfied if

(3.24)

2(p + 1) p sup ε∈(0,1)

ε^{12p} log 1 ε = 4e^{−1} (log n + 1) < ( D 2 − 3 ) log n,

which is true if D > 1 is large enough. Therefore, (3.21) is verified in this case as well. An application of Markov’s inequality shows the following.

Theorem 3.3 Let ε ∈ (0, 1) and let ρ > 2. Assume that n ≥ n_0(ρ) and let K be an isotropic convex body in R^n. If N ≥ cε^{−ρ} (σ_K + 1)^2n log n, where c > 0 is an absolute constant, and if x_1, . . . , x_N are independent random points uniformly distributed in K, then with probability greater than 1 − ε we have

(3.25) (1 − ε)L^2_K ≤ 1 N N∑ i=1 ⟨x_i, θ⟩^2 ≤ (1 + ε)L^2_K

for every θ ∈ S^{n−1} . �

4 A geometric inequality

In this Section we study the multi-integral norm (1.4) in the case where K and T_1, . . . , T_s are isotropic and unconditional with respect to the standard orthonormal basis of R^n. Our estimate is stated in the next theorem.

Theorem 4.1 There exists an absolute constant C > 0 with the following property: if K and T_i (i = 1, . . . , s) are isotropic convex bodies in R^n which satisfy (1.13), then (4.1)

‖t‖ := ∫ T_1

· · · ∫ T_s ‖^s∑ i=1 t_ix_i ‖ K dx_s · · · dx_1 ≤ C √ log n max { ‖t‖_2, √ log n‖t‖_∞ }

for every t = (t_1, . . . , t_s) ∈ R^s.

The proof will be based on the comparison Theorem 2.4. We write μ_n for the uniform distribution on B^n_1 . The density of μ_n is given by

(4.2) dμ_n(x) dx = n! 2^n χ_Bn_1 (x).

We also define Δ_n = {x ∈ R^n_+ : x_1 + · · · + x_n ≤ 1}. A simple computation shows that for every n-tuple of non-negative integers p_1, . . . , p_n,

(4.3) ∫ Δ_n

x^{p1}_1 . . . x^{pn}_n dx = p_1! · · · p_n!

(n + p_1 + · · · + p_n)! . Proof of Theorem 4.1: From Proposition 2.3 we have ‖ · ‖_K ≤ c_1‖ · ‖_∞ where c_1 > 0 is an absolute constant, so it is enough to consider the case K = B^n_∞, the unit cube in R^n. Since ‖ · ‖_∞ ≤ ‖ · ‖_{2q} for every integer q ≥ 1, our problem is to give upper bounds for the norm

(4.4) ‖t‖ := ∫ T_1

· · · ∫ T_s ‖^s∑ i=1 t_ix_i ‖ 2q dx_s · · · dx_1

where q ≥ 1 is an integer. We write x_i = (x_{i1}, . . . , x_{in}) and define y_j = (x_{1j} , . . . , x_{sj} ) for all j = 1, . . . , n. Then, Hölder’s inequality shows that

(4.5) ‖t‖^{2q} ≤ ∫ T_1

· · · ∫ T_s n∑ j=1 ⟨t, y_j ⟩^{2q} dx_s · · · dx_1.

Observe that (4.6) ∫ T_1

· · · ∫ T_s

⟨t, y_j ⟩^{2q} dx_s · · · dx_1 = ∑ q_1+···+q_s=q

(2q)!

(2q_1)! · · · (2q_s)! s∏ i=1 t^{2qi}_i ∫ T_i

x^{2qi}_{ij} dx_i.

Applying Theorem 2.4 we get (4.7)∫

T_i

x^{2qi}_{ij} dx_i ≤ ∫ V_n

x^{2qi}_1 dμ_{Vn} (x) ≤ (c_1n)^{2qi} n! ∫ Δ_n

x^{2qi}_1 dx = (c_1n)^{2qi} n!(2q_i)! (n + 2q_i)! , where c_1 = √ 3/2. From (4.5), (4.6) and (4.7) it follows that

(4.8) ‖t‖^{2q} ≤ n(n!)^s(c_1n)^{2q}(2q)! ∑ q_1+···+q_s=q

t^{2q1}_1 · · · t^{2qs}_s (n + 2q_1)! · · · (n + 2q_s)! . Since (n + 2r)! ≥ n!n^{2r} for every r ≥ 0, we can write

(4.9) ‖t‖^{2q} ≤ nc^{2q}_1 (2q)! ∑ q_1+···+q_s=q

t^{2q1}_1 · · · t^{2qs}_s .

We now use the following lemma from [9]:

Lemma 4.2 Let q ≥ 1 be an integer and define

(4.10) P_q(y) = ∑ q_1+···+q_s=q

y^{q1}_1 · · · y^{qs}_s

on R^s_+. If y ∈ R^s_+ and y_1 + · · · + y_s = 1, then

(4.11) P_q(y) ≤ (2e max{1/q, ‖y‖_∞})^q . �

Applying Lemma 4.2 to the s-tuple y =^1_{‖t‖2} ( t^2_1, . . . , t^2_s ) we get

‖t‖ ≤ c_1n^{12q 2q} √ (2q)! ( 2e max{‖t‖^2/q, ‖t‖^2_∞}

)_{1/2}

≤ Cn^{12q} √ q max{‖t‖_2, √ q‖t‖_∞}.

Choosing q ≃ log n we conclude the proof. �

Remark 4.3 The ℓ_∞–term in the estimate provided by Theorem 4.1 is necessary. This can be seen for the case in which T_1 = · · · = T_s = W_n = δ_nnB^n_1 and K =^1_2 B^n_∞, where δ_n →^1_{2e} is chosen so that |W_n| = 1. For these bodies consider the vector t_0 = (1, 0, 0, . . . , 0). We then have,

(4.12) ‖t_0‖ = ∫ W_n

2‖x‖_∞ dx = 2(δ_nn)^{n+1} ∫ B_ℓn_1

‖x‖_∞ dx.

It is enough to show that ‖t_0‖ ≥ c log n for some absolute constant c > 0. Let F_n(t) be the proportion of the volume of the ℓ^n_1 ball inside the cube [−t, t]^n. This quantity was studied in [4] where it was shown that it is dominated by the function f_n(t) = ( 1 − (1 − t)^n

)_n

. Using this, and writing λ for the Lebesgue measure in R^n, we get

‖t_0‖ ≥ 2(δ_nn)^{n+1}

∫_{log n/n} 0 λ(x ∈ B^n_1 : ‖x‖_∞ > t) dt

≥ 2(δ_nn)^{n+1}

∫_{log n/n} 0 ( 1 − F_n(t) ) |B^n_1 | dt

= 2δ_nn

∫_{log n/n} 0 ( 1 − F_n(t) ) dt ≥ 2δ_n log n ( 1 − F_n ( log n n )) . Since n ( 1 −^{log n}_n

)_n → 1 as n → ∞, it is now easy to check that

(4.13) F_n ( log n n ) ≤ f_n ( log n n ) ≤ c_1

for some universal constant 0 < c_1 < 1, from which it follows that ‖t_0‖ ≥ c log n.

It should be also noticed that if s is large enough then the directions t ∈ S^{s−1} for which √ log n‖t‖_∞ > 1 form a set of small measure. Since ‖ · ‖_∞ is a 1-Lipschitz function on S^{n−1} , we have

(4.14) σ ( t ∈ S^{s−1} : | ‖t‖_∞ − E ‖ · ‖_∞ | ≥ r ) ≤ exp(−c_1r^2s)

for all r > 0. A simple computation shows that E ‖ · ‖_∞ ≃ (log s/s)^{1/2}. Assume that s ≫ log^2 n. From (4.14) we see that

(4.15) σ ( t ∈ S^{s−1} : √ log n‖t‖_∞ > 1 ) ≤ exp(−c_2s/ log n).

Remark 4.4 A modification of the example in Remark 4.3 shows that Theorem 4.1 is optimal even for the case in which all T_i and K are equal up to a permutation of coordinates. Consider the orthogonal operator U =

∑_{n−1}

j=0 e_j ⊗ e_{n−j} . Assume that n is even and consider the bodies T_i = αW_{n/2} ×βB^{n/2}∞ (i = 1, . . . , s) where α, β ≃ 1 are chosen so that T_i is isotropic. Define K = U(T_i) and let t_0 = (1, 0, 0, . . . , 0). We have

(4.16) ‖t_0‖ = ∫ αW_{n/2}×βB^{n/2}_∞

‖x‖_{βB} n/2_{∞ ×αW n/2} dx ≥ ∫ αW_{n/2}×βB^{n/2}_∞

‖P x‖_{βB} n/2_∞ dx

where P is the orthogonal projection onto the first n/2 coordinates. Now, Fubini’s theorem implies that the last quantity equals

(4.17) ∫ αW_{n/2}

‖x‖_{βB} n/2_∞ dx

and by Remark 4.3 this is greater than c log n.

Remark 4.5 Consider the case K = T_1 = · · · = T_s. Then, we do not know if the ℓ_∞–term is really needed in Theorem 4.1. However, the example of the cube shows that the term √ log n‖t‖_2 is necessary: In [19] it is proved that if K = T_1 = · · · = T_n =^1_2 B^n_∞ then

(4.18) ‖t‖ ≃ q_n(t) = u∑ i=1 t^∗_i + √ u (_n ∑ i=u+1

(t^∗_i )^2

)_{1/2}

where u ≃ log n and (t^∗_i )_{i≤n} is the decreasing rearrangement of (|t_i|)_{i≤n} . From (4.18) one can check that

(4.19) ∫ S^{n−1}

‖t‖ σ(dt) ≥ c √ log n.

Indeed, using [24, Lemma 2] we may write

(4.20) q_n(t) ≥ c_1‖t‖_{P (u)} where

(4.21) ‖t‖_{P (u)} = sup u∑ m=1 ( ∑ i∈B_m

t^2_i )_{1/2}

and the supremum is taken over all disjoint subsets B_1, . . . , B_u of {1, . . . , n}. Choose a partition of {1, . . . , n} into successive intervals B_m so that k := min |B_m| is greater than^n_{2u} . Then, ∫ S^{n−1}

‖t‖ dσ ≥ c_1 ∫ S^{n−1} u∑ m=1 ( ∑ i∈B_m

t^2_i

)_{1/2}

dσ ≥ c_1u ∫ S^{n−1}

(_k ∑ i=1 t^2_i

)_{1/2} dσ

≥ c_2u ( ∫ S^{n−1} k∑ i=1 t^2_i dσ

)_{1/2}

= c_2u(k/n)^{1/2} ≥ c_3 √ u. Since u ≃ log n we get (4.19).

5 Volume radius of random polytopes

Recall the definition of E (K, N): if x_1, . . . , x_N are independent random points uniformly distributed in a convex body K of volume 1 in R^n, we define

(5.1) E(K, N) = E |conv(x_1, . . . , x_N )|^{1/n}.

Assume that K is isotropic and unconditional. We will prove an optimal upper bound for E (K, N).

Theorem 5.1 Let K be an isotropic unconditional convex body in R^n. Then, for every N ≥ n + 1,

(5.2) E (K, N) ≤ C √ log(2N/n) √ n , where C > 0 is an absolute constant.

For the proof, we will use two deterministic results on the volume of convex hulls of N points and on the volume of the intersection of N symmetric strips in R^n. The first one was proved independently by Bárány and Füredi [5] or [6], Carl and Pajor [13], and Gluskin [17]:

Lemma 5.2 There exists an absolute constant c_1 > 0 such that: if N ≥ n + 1 and x_1, . . . , x_N ∈ R^n, then

(5.3) |conv(x_1, . . . , x_N )|^{1/n} ≤ c_1 max_{i≤N} ‖x_i‖_2 √ log(2N/n) n .

The second one is a result of Ball and Pajor [3]:

Lemma 5.3 Let x_1, . . . , x_N ∈ R^n \ {0} and let 1 ≤ q < ∞. If

(5.4) W = {z ∈ R^n : |⟨z, x_j ⟩| ≤ 1, j = 1, . . . , N},

then

(5.5) |W |^{1/n} ≥ 2 n + q n N∑ j=1 1 |B^n_q | ∫ B^n_q

|⟨z, x_j ⟩|^qdz

−1/q .

Proof of Theorem 5.1: We distinguish two cases (small and large N): Case 1: N ≤ n^2: Fix t ≥ 4 which will be suitably chosen. We define

(5.6) A := { (x_1, . . . , x_N ) ∈ K^N : ∃i ≤ N such that ‖x_i‖_2 ≥ √ 6t √ n } . From Theorem 2.2 we have

(5.7) Prob (A) ≤ N exp ( −t √ n/2 ) . Using Lemma 5.2 we write

E (K, N) = ∫ A |conv(x_1, . . . , x_N )|^{1/n} + ∫ A^c

|conv(x_1, . . . , x_N )|^{1/n}

≤ Prob(A) + Prob(A^c) √ 6c_1t √ n √ log(2N/n) n ≤ N exp ( − t √ n 2 ) + c_2t √ log(2N/n) √ n . We have assumed that N ≤ n^2, which implies

(5.8) exp ( t √ n 2 ) ≥ t^6n^3 6!2^6 ≥ t^6nN 6!2^6 ≥ nN c_2t √ log 2

if t ≥ 4 is chosen large enough (and independent of n and N). Then,

(5.9) E (K, N) ≤ (2c_2t) √ log(2N/n) √ n . Thus, Case 1 is settled.

Case 2: N ≥ n^2: We write K_N for the absolute convex hull conv(±x_1, . . . , ±x_N ) of N independent random points uniformly distributed in K. By the Blaschke-Santaló inequality,

(5.10) E (K, N) ≤ E |K_N |^{1/n} ≤ ω^{2/n}_n · E |K^∘_N |^{−1/n} where K^∘_N is the polar body of K_N . Lemma 5.3 shows that

(5.11) |K^∘_N |^{−1/n} ≤ 1 2 n + q n N∑ j=1 1 |B^n_q | ∫ B^n_q

|⟨z, x_j ⟩|^qdz 1/q

for every q ≥ 1. Consider the convex body T = K × · · · × K (N times) in R^{Nn}. We apply Hölder’s inequality and change the order of integration:

E|K^∘_N |^{−1/n} ≤ ∫ T 1 2 n + q n N∑ j=1 1 |B^n_q | ∫ B^n_q

|⟨z, x_j ⟩|^q dz 1/q dx_N . . . dx_1

≤ 1 2 n + q n N∑ j=1 1 |B^n_q | ∫ B^n_q ∫ T |⟨z, x_j ⟩|^q dx_N . . . dx_1 dz 1/q .

It follows that

(5.12) E (K, N) ≤ ω^{2/n}n 2 ( N(n + q) n 1 |B^n_q | ∫ B^n_q ∫ K |⟨z, x⟩|^qdx dz

)_{1/q} . Now, we use (2.15). For every z ∈ B^n_q we have

(5.13) ∫ K |⟨z, x⟩|^qdx ≤ ( C_1 √ q √ n‖z‖_∞

)_q . Therefore,

(5.14) E (K, N) ≤ ω^{2/n}n 2 C_1 √ q √ n ( N(n + q) n 1 |B^n_q | ∫ B^n_q

‖z‖^q_∞dz

)_{1/q} . Observe that ‖z‖_∞ ≤ ‖z‖_q and

(5.15) ∫ B^n_q

‖z‖^qdz = n n + q

|B^n_q |.

It follows that

(5.16) 1 |B^n_q | ∫ B^n_q

‖z‖^q_∞dz ≤ 1 |B^n_q | ∫ B^n_q

‖z‖^qdz = n n + q . Combining the above we get

(5.17) E (K, N) ≤ C_2 √ q √ n N^{1/q} for every q ≥ 1. Choose q = log(2N/n). Since N ≥ n^2, we have

(5.18) N^{1/q} = exp ( log N log(2N/n) ) ≤ exp ( log N log(2 √ N) ) ≤ e^2.

Therefore,

(5.19) E (K, N) ≤ C_3 √ log(2N/n) √ n . This completes the proof. �

A lower bound for E (K, N) was given in [16] as a consequence of the following facts. If K is a convex body in R^n with volume 1 and B(n) is a ball in R^n with volume 1, then it is proved in [16] that

(5.20) E (K, N) ≥ E (B(n), N).

On the other hand, there exist c > 0 and n_0 ∈ N such that: if n ≥ n_0 and n(log n)^2 ≤ N ≤ exp(cn) then, for N independent random points x_1, . . . , x_N uniformly distributed in B(n) we have

(5.21) conv(x_1, . . . , x_N ) ⊇ √ log(N/n) 6 √ n B(n)

with probability greater than 1 − exp(−n). We will give a different argument which proves (5.21) for all N satisfying c_1n ≤ N ≤ exp(c_2n). The idea comes from the work of Dyer, Füredi and McDiarmid in [14].

Proposition 5.4 There exist c_1, c_2 > 0 which satisfy the following: Let B(n) be the centered ball of volume 1 in R^n. If N ≥ c_1n and x_1, . . . , x_N are independent random points uniformly distributed in B(n), then

(5.22) conv(x_1, . . . , x_N ) ⊇ c_2 min {√ log(N/n) √ n , 1 } B(n)

with probability greater than 1 − exp(−n).

Proof. Let r_n be the radius of B(n) and let α ∈ (0, 1) be a constant which will be suitably chosen. Consider the random polytope K_N := conv(x_1, . . . , x_N ). With probability equal to one, K_N has non-empty interior and, for every J = {j_1, . . . , j_n} ⊂ {1, . . . , N}, the points x_{j1} , . . . , x_{jn} are affinely independent. Write H_J for the affine subspace determined by x_{j1} , . . . , x_{jn} and H^+_J , H^−_J for the two closed halfspaces whose bounding hyperplane is H_J .

If αB(n) ⊈ K_N , then there exists x ∈ αB(n) \ K_N , and hence, there is a facet of K_N which is contained in some H_J and satisfies the following: either x ∈ H^−_J and K_N ⊂ H^+_J , or, x ∈ H^+_J and K_N ⊂ H^−_J . Observe that, for every J,

(5.23) max { Prob(K_N ⊆ H^+_J ), Prob(K_N ⊆ H^−_J ) } ≤ ( μ_{B(n)}({x_1 ≤ αr_n})

)_{N−n} .

It follows that

(5.24) Prob(αB(n) ⊈ K_N ) ≤ 2 ( N n ) ( μ_{B(n)}({x_1 ≤ αr_n})

)_{N−n} . A simple calculation shows that if^{c√}_n ≤ α ≤^1_4 then

μ_{B(n)} ( {x_1 ≥ αr_n} ) = ω_{n−1} r^n

∫_1 α (1 − t^2)^{(n−1)/2} dt ≥ ω_{n−1} ω_n α(1 − 4α^2)^{(n−1)/2}

≥ exp ( −4(n − 1)α^2 ) ≥ exp(−4α^2n)

since √ nω_n ≤ cω_{n−1} for some absolute constant c > 0. Going back to (5.24) we get Prob(αB(n) ⊈ K_N ) ≤ 2 ( N n ) ( 1 − exp(−4α^2n)

)_{N−n}

≤ ( 2eN n )_n exp ( −(N − n)e^{−4α 2n} ) . With an easy computation we get that this probability is smaller than exp(−n) if α ≃ min {√ log ( N/n )/√ n, 1 } , for all N ≥ c_1n, where c_1 > 0 is a (large enough) absolute constant (for this choice of α the restriction^{c√}_n ≤ α ≤^1_4 is also satisfied). This completes the proof. �

Observe that E (B(n), N) is increasing in N. It follows from (1.10) that if n + 1 ≤ N ≤ c_1n then

(5.28) E (B(n), N) ≥ E(B(n), n + 1) ≃ 1 √ n ≥ c √ log(2N/n) √ n . In view of Proposition 5.4 this shows that, for every N > n,

(5.29) E (B(n), N) ≥ c min {√ log(2N/n) √ n , 1 }

where c > 0 is an absolute constant. Combining with Theorem 5.1 we get Theorem C.

Remark 5.5 The referee informed us that Proposition 5.4 follows from an analogous result of Gluskin for gaussian random vectors. In [17] it is proved that the probability

Prob ( conv (g_1, g_2, . . . , g_N ) ⊇ c √ log(1 + N/n) √ n B(n) )

is close to 1. See also [22].

References

[1] S. Alesker, ψ 2-estimate for the Euclidean norm on a convex body in isotropic position, Geom. Aspects of Funct. Analysis (Lindenstrauss-Milman eds.), Oper. Theory Adv. Appl. 77 (1995), 1–4.

[2] M. Anttila, K. M. Ball and I. Perissinaki, The central limit problem for convex bodies, Trans. Amer. Math. Soc. 355 (2003), 4723–4735.

[3] K. M. Ball and A. Pajor, Convex bodies with few faces, Proc. Amer. Math. Soc.

110 (1990), 225–231.

[4] K. M. Ball and I. Perissinaki, The subindependence of coordinate slabs for the ℓ^n_p -balls, Israel J. Math. 107 (1998), 289–299.

[5] I. Bárány and Z. Füredi, Approximation of the sphere by polytopes having few vertices, Proc. Amer. Math. Soc. 102 (1988), no. 3, 651–659.

[6] I. Bárány and Z. Füredi, Computing the volume is difficult, Discrete Comput. Geom.

2 (1987), 319–326.

[7] S. G. Bobkov and A. Koldobsky, On the central limit property of convex bodies, Geom. Aspects of Funct. Analysis (Milman-Schechtman eds.), Lecture Notes in Math. 1807 (2003), 44–52.

[8] S. G. Bobkov and F. L. Nazarov, On convex bodies and log-concave probability measures with unconditional basis, Geom. Aspects of Funct. Analysis (Milman- Schechtman eds.), Lecture Notes in Math. 1807 (2003), 53–69.

[9] S. G. Bobkov and F. L. Nazarov, Large deviations of typical linear functionals on a convex body with unconditional basis, Stochastic Inequalities and Applications, Progr. Probab. 56, Birkhauser, Basel, 2003, 3–13.

[10] J. Bourgain, Random points in isotropic convex bodies, in Convex Geometric Analysis (Berkeley, CA, 1996) Math. Sci. Res. Inst. Publ. 34 (1999), 53–58.

[11] J. Bourgain, M. Meyer, V. D. Milman and A. Pajor, On a geometric inequality, Geom. Aspects of Funct. Analysis (Lindenstrauss-Milman eds.), Lecture Notes in Math. 1317 (1988), 271–282.

[12] H. J. Brascamp, E. H. Lieb and J. M. Luttinger, A general rearrangement inequality for multiple integrals, J. Funct. Analysis 17 (1974), 227–237.

[13] B. Carl and A. Pajor, Gelfand numbers of operators with values in a Hilbert space, Invent. Math. 94 (1988), 479–504.

[14] M. E. Dyer, Z. Füredi and C. McDiarmid, Volumes spanned by random points in the hypercube, Random Structures Algorithms 3 (1992), 91–106.

[15] A. Giannopoulos and V. D. Milman, Concentration property on probability spaces, Adv. in Math. 156 (2000), 77–106.

[16] A. Giannopoulos and A. Tsolomitis, On the volume radius of a random polytope in a convex body, Math. Proc. Cambridge Phil. Soc. 134 (2003), 13–21.

[17] E. D. Gluskin, Extremal properties of orthogonal parallelepipeds and their applications to the geometry of Banach spaces, Math. USSR-Sb. 64 (1989), no. 1, 85–96.

[18] E. D. Gluskin and V. D. Milman, Randomizing properties of convex highdimensional bodies and some geometric inequalities, C. R. Acad. Sci. Paris 334 (2002), 875–879.

[19] E. D. Gluskin and V. D. Milman, Geometric probability and random cotype 2, Geom. Aspects of Funct. Analysis (Milman-Schechtman eds.), Lecture Notes in Math. (to appear).

[20] R. Kannan, L. Lovász and M. Simonovits, Random walks and O^∗ (n^5) volume algorithm for convex bodies, Random Structures Algorithms II1 (1997), 1–50.

[21] V. D. Milman and A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball of a normed n-dimensional space, Geom. Aspects of Funct. Analysis (Lindenstrauss-Milman eds.), Lecture Notes in Math. 1376 (1989), 64–104.

[22] V. D. Milman and G. Schechtman, An “isomorphic” version of Dvoretzky’s theorem, II, Convex Geometric Analysis (Berkeley, CA, 1996), Math. Sci. Res. Inst. Publ., 34, Cambridge Univ. Press, Cambridge, 1999, 159–164.

[23] V. D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200 (1986), Springer, Berlin.

[24] S. J. Montgomery-Smith, The distribution of Rademacher Sums, Proc. Amer. Math.

Soc. 109 (1990), 517–522.

[25] G. Paouris, Concentration of mass and central limit properties of isotropic convex bodies, Proc. Amer. Math. Soc. (to appear).

[26] M. Rudelson, Random vectors in the isotropic position, J. Funct. Anal. 164 (1999), 60–72.

[27] G. Schechtman and M. Schmuckenschläger, Another remark on the volume of the intersection of two L^n_p balls, Geom. Aspects of Funct. Analysis (Lindenstrauss-Milman eds.), Lecture Notes in Math. 1469 (1991), 174–178.

[28] G. Schechtman and J. Zinn, On the volume of the intersection of two L^n_p balls, Proc.

Amer. Math. Soc. 110 (1990), 217–224.

[29] G. Schechtman and J. Zinn, Concentration on the ℓ^n_p ball, Geom. Aspects of Funct.

Analysis (Milman-Schechtman eds.), Lecture Notes in Math. 1745 (2000), 245–256.

[30] M. Schmuckenschläger, Volume of intersections and sections of the unit ball of ℓ^n_p , Proc. Amer. Math. Soc. 126 (1998), 1527–1530.

A. Giannopoulos: Department of Mathematics, University of Athens, Panepistimiopolis, 157 84 Athens, Greece. E-mail: apgiannop@math.uoa.gr

M. Hartzoulaki: Department of Mathematics, University of Missouri at Columbia, Missouri, usa. E-mail: mariann@math.missouri.edu

A. Tsolomitis: Department of Mathematics, University of the Aegean, Karlovassi, 832 00 Samos, Greece. E-mail: atsol@aegean.gr