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1  Xopeol pe voppa, yweotr Hilbert

YITIC ONUEIWOELS AUTES, OAoL oL yeauuxol yweol Yo elvon uryadiiol, extdg ov
oVaUPERETAL ENTA XATL BLUPORETIXO.

1.1 Xopol pe vopua xou TEAECTES

Hoapoadétoupe cuPBoAoUOUC, 0pLOUOUE X0t ATOTEAEGUATA TOU Va Y ENCIUELCOUY
OTN CUVEYELL.

Opwouwog 1.1 Fotw X yyadixoc ypapuikos yopos. Mia vopuo otor X
efvar pua areikévion
| -] : X = RY : 20 ||z

Tovu 1kayomolel
D) Nz+yl <lzl+Iyl (z,y€X)

2) [zl =All«l - (reXx,2eC)
3) fz] =0 <= z=0

Evas ydpos pe vipua (X, ||.||) Aéyetar xdpog Banach av elvar mAripns wg
mpog Ty petpikn d(x,y) = ||z — y|| mov opilar n vépua.

Ocdpnua 1.1 Av (X, ||.|x) xat (Y, ||.|ly) evar xdpor pe vépua ka
T (X, |llx)—= , [|-lly) evar ypouuxny aneikévion, ta €€ns elvar 1wodlvajia:

(o) HT eivar ouveyris.

(B) HT etvar ouvexnis oo 0 € X.

(v) HT etvar ouvexng o€ xdmolo onueio z, € X.

(8) Trdpyer M < oo dote [|[Tz|ly < M||z||x vy xdde x € X.

() O nepoponds tng T oty povaduia opaipa tov X elvar gpayuévn ov-
vdptnon, onAadn to ovvodo {||Tx|y : ||z]|x < 1} elvar gpayuévo.

(ot) HT elvar opoiduoppa ovvexris.

IMopatAenon 1.2 Av T : (X, |.||[x) = (V. |Illv) evar ypappuxr) ka1 T # 0,
wote o ovvoro {||Tz||y : © € X'} dev elvar moté gpayuévo.
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Opwowode 1.2 Mia yoauuweh aneixovion T« (X, |].||x) = (W, ||.[ly) Aéyetar
PEAYEVY N PRAYILEVOG TEAECTNG av 0 Teploptouds tns T oTny povadiaia
opaipa touv X efvar ppaypévn ouvvdptnon.

O ap19udg
7] = sup{||[Tz|ly : [|=||x <1}

ovoudletar vopua tou T

IMeétaoyn 1.3 Eoww T : (X, |.]|x) = V. ||.lly) gpaypévos tereotris. Tore

1T = sup{||Tz]| : = € &, [lz]| = 1}
T
= sup{%:xeé\f,x#O}
x

= inf{M > 0: ||Tz| < M||z|| ya xd0e x € X'}
kar wyvel | Tz|| < ||T||||z|| ya kdile x € X.
Iepétaocy 1.4 Eoww (X, ||.||) xdpos pe vépua, D C X mukrés vndywpos Kai
VY, 1I-Nl) x@pos Banach. Av T : D — Y elvar ypappukrj aneucévion), wove n T

oéxetar owveyn eméktaon T : X — Y av ka1 uévov av n'T' eivar ovveyns. H
ouvexns enéxktaon, av vndpyel, evar povadikn, kat ||T|| = ||7T||.

Opwowoe 1.3 Av (X, |.||x), (Y, ||lly) evar xdpor pe vépua, to otvoro twy
ypapkoy Kar gpaypévov aneikovicewy T @ X — Y ouuporiletar B(X,)).
Tpdgoupe B(X) avti ya B(X, X). Eibikérepa to otvoro B(X, C) ouppoliletar
X* kar ovoudletar o (Tomohoyixog) duixodg wou X.

Av egodidooupe 1o olvorho B(X,Y) e tic mpdlelc xatd onuelo, dnhady ov
opioouvpe, v T, 5 € B(X,Y) xu A € C

(T+95)(z)=T(x)+ S(x) xu (A)(x)=NT(z) (zei)
t6t€ 0 B(X,Y) yiveton ypopuxods yodeoc. Enlong, n anexdvion
.l : B(X,Y) - R : T ||T|

6mou ||T'|| = sup{||Tz|ly : ||z]|x < 1} (npPA. tov optoud 1.2) elvon vopua 6Tov
B(X., D).



Ocvpnua 1.5 (Hahn - Banach, avalutixy woppr) FEorw (X,].])
XwpoS pe vopua kar Y ypapuikos vrdywpos tov X. Av y* Y — C eva
ouvexns ypapikr popeny (6nA. y* € Y*), tote vrdpyer x* 1 X — C ovveyng
ypapakt) popgrj (6nA. x* € AX*) e v B véppor (dnA. ||| = [|y*|) mov
enextelvel Ty y* (OnA. z*|y = y*).

Ocdpnua 1.6 (Apyh Oworopdpgou pedypatog) Eoww X yopos Ba-
nach, YV ydpos pe véppa xar T C B(X,)) owkoyéveia ppayuévwy tereotdr.
Av nT elvar katd onpeio ppayuévn, Tote €ivar opoIdHOPPa PPayEév).

Ochpnua 1.7 (Banach - Steinhaus) Eoww X ydpog Banach, Y ydpos
pe vépua ka1 {1, : n € N} C B(X,Y) axolovlia gpayuévor tekeotdy. Av
yia kdOe x € X to dpio tng axodovdias (T,,(x)) vrdpyer otor Y, téte undpye
peayévosg ypaupkos tedeotis T @ X — Y dote T(x) = lim,, T,,(x) ya
kdOe x € X.

IMToapatrenon 'Eoww X,V yoeol ye vooua, xau T+ X' — YV ypaupukn

amewxovion. Av n T ebvar aevoixt, 161 elvon el Tou V.

Ocdpnupa 1.8 (Avouxthc Anewxoviong) FEow X,) yopor Banach
ka1 T : X — Y ypaupuxn, ovvexns kai ent. Téte n' T efvar avoikt.

Ochpnua 1.9 (Kiewotol I'pagphuatoc) Eotw X, )Y ydpot Banach kai
T:X =Y ypappukn. Av o ypdpnua Gr(T) = {(z,Tz) e X x Y :x € X'}

etvar kAe1wotd otov xawpo X x Y, téte n T eivar ovveyrg.

Ilpétaocy 1.10 Av oY eivar ydpos Banach, téte kai o B(X,Y) elvar ydpos
Banach.

Otav X = Y, 161 opiletan 1 ovvideon anewxovicewy : AB = Ao B, (6nou
A, B € B(X)). O teheotic AB elvon gporyU€vog xat UGMGTo Loy UEL 1) aVioOTN T
|AB|| < || A[l[|B]]-

Opwopog 1.4 Alyefpa Banach Aéyetar pa (mpooetaipiotikn, piyadikiy) dA-
yeBpa A mou elvar ydpos Banach ws mpog pua vépua || - || mov ikavoroiel

|AB|| < [|A||||B]] yw kd0e A, B € A.
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Av o X eivon yodpog Banach, téte o ywpoc B(X) eivon dhyefoa Banach ye
YWOUEVO TNV GOVIEST| ATEXOVICEMV.

H dhyefoa B(X) Sev elvon moté petadetind, av dim X > 1. Ilpdyportt, ov
UTLBEY 0LV 1 YOG ove€dpTnTor BlavOoUaTol X1, Tg, - . . , T OTOV X, omd TO
Oewpnua Hahn-Banach propolue va Bpolue xf € X* dote? zf(z;) = 0y
Téte av B j eivar o teheotic By j(r) = 2j(w)x;, éxoupe Byl = Ea evo
ErpEry = 0.

Mdéhota n B(X) nepiéyet (ahyeBpixd) v dhyeBpo M, (C) twv n X n mvixwy.
Hpdrypatt, o teheotic £ j avtiotolyel 6Tov 1 X 1 Tvoxa Tou EYEL LOVADN GTNY
Véon (i,7) xou 0 mavtol odhol. EXéyyeton edxola 6t 0 amewxdvion (a; ;) —
> i @i Bij gtvon 1-1 popgiopoc ahyefpav M, (C) — B(X).

1.2  Xdopou Hilbert

Opwowog 1.5 Fotw H pyadinde ypaupikos ywpos. ‘Eva ecwtepixd yi-
vopevo otov ‘H elvar pna areikévion

(L,)g:HxH—=>C
M€ TS 1010TNTES

yia kdOe x, 1,22,y € H ka1 A € C. Tére n areikdvion
Il : H =Rz |z]| = {x, )
etvar vépua otov H.

‘Evag xwpos ue ecwtepikd ywouevo Aéyetar yweog Hilbert av eivar mArjpong

W< TPOC TNY YopUa ToU 0p1lel TO €0WTEPIKO YVIVOUEVO.
§ mPOS TNy VOopH 0 P Yo

Abo ctoyelo z,y € H o’évay ypo UE ECWTEPIXO YIVOUEVO AéyovTol kdUeta

av (z,y) =0. Av ) # A C H, to olvoho
At ={z e H: (r,y) =0y xdde y € A}

265 =1 6tav i = j xou 055 = 0 brav i # .
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elvon VT XAELOTOC UTOY WEOC ToL H.

Ocwenua 1.11 Eorww H yopos Hilbert ka1 M rkAeiotds yvroiog vndywpos
tou H. Tére M+ # {0}, ka1 wyva

Mo M- =4H.

Enopéveg xdlde v € H ypdgpeton xotd Lovadind 1pémo
x = Py () + Py ()
omou Py(x) € M xou Pyyi(z) € M+, xou woyle
]I* = |1 Par () |I* + 1| Page ()1

Aoye tou Hudayopeiov Oewphuatoc. Enopévec || Puy(z)]]? < ||zf]*. H arer-
%OVIO

PMH—>H

Aéyeton 1 oYY meofoly] et tou M. Eivar xohd oplouévn, yeouuxr| xou
ouveyhc. Méhota || Py || = 1 étav M # {0}.

Optowode 1.6 Mia owcoyéveia {e; : i € I} C H Aéyetar opBoxavovixy
av (e;,e;) = 0;5. Av emmAéor n kAkewtn ypapjukn Onkn [e; = 1 € I] elvar 6Aos
0 xwpos H, tote n owkoyévein Aéyetar opBoxavovixy Baorn v H (jua
oplokavovikr) Bdon ouvnlns dev elvar Pdon ue tny akyePpikn évvoia).

Ocwenua 1.12 Kdle ydpos Hilbert éyer pia opfoxavovikr) fdon, n omoia

efvar aprOunoun av kair uévov av o Ywpos €ivar olaywpiouos.

Av {e; 1 i € I} efvar opfokavovikny Bdon tov ypov Hilbert H, téte kdle v € H
ypdetar povadikd

xr = Z(x,ei)ei kat wyle ||z||* = Z |z, e;)]?

el el
To dipolopa Twv celpdY auTHY elvon €'0plool To 6plo TOoU BIXTOOU TWV UE-

ey adpoloudtonv. Ltny doywelown teplntwor, Aoyw tng xadetdnTog TV
bpwV 0 0pIoUOC aUTOC TowTICEToN PE TOV GLVIIIGUEVO.
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Enopévwe n emhoyn wog optoxavovixic Bdone {e; : i € 1} optlel yuor ypouuixh
LOOPETEIXY| ATELXOVION

U:H — 1) v — (z,6))er

1 onola efvon el Tou £2(1).

Ochpnua 1.13 (Riesz) Eotw H xdpos Hilbert. I'a kdle owvexn ypap-
pikny popeny f+ H — C vrdpyer povadiké x € ‘H dove f(y) = (y,z) ya kdle
y € H, kar ||f|| = ||z||. Eropévag o torodoyikds 6vikds evis yadpov Hilbert H
etvar avtiypapikd 106uoppos e tov H.

2 IHoapadeiypato

IMopddeiypa 2.1 (Alaydviol TEAECTES)

Eotw a = (a,) € (. Av z = (z,) € ? Yétouue D,(x) = (a,x,). Tote o
D, elvor xoAd 0ploPEVOS YRUUUIXOG TEAEGTYC amtd TOV ? 5Tov €aUTO TOU Xou
[ Dall = llal|co-

‘Acxnor 2.2 'Eotww a = (a,) oxohoudio aprducv. Actéte 6t D, (¢?) C (£2)
oV xoL UOVoV av a € £°°.

IMopdderypa 2.3 (O teleocthc g petatémong (shift) )
'Eotww z = (z,) € (*. Oétouue
S(x1,x9,...) = (0,21,29,...) xou T(x1,79,...) = (x2,73,...).

Or S xou T ebvon xahd oplopévol gparyuévol yeopuxol tTeheotéc and tov (2 ooy
eoawt6 tou. H vépua ||T|| etvon 1 xou o S elvan toopetplo. O S etvar 1-1, adhd
oev etvon emtl, xan o T ebvon eml, adAd dev etvon 1-1. H oOvieon T o S elvon 7
TawToTIX amexovion 1, odhd S o T # 1.

Kéle gpoypévoc tedeothic A € B((?) opilel évav oo X oo mivoxa (a;;) pe
ULy odixolg oUVTEAEOTES amd TNy oyéon

a;; = (Aej, e;)
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orou {e, : n € N} n ouvphopévn Béon. Av x = (z,) € 2, w6tc Az = (yy)

6ToUv
o0

Yn = Z kT -
k=1

Mo mopdderyya, o teheothc D, éyer nivoxa (d;;) Swrydvio: d;; = a;6; 5, €V 0
S éyer (Yvhola) xdte Terywvixd mivoxa: (s;;) OTOU Si; = 0; 1.

‘Opota, xdde teleotiic o’évay Tuyaio yweo Hilbert opilet évav mivaxa, péow
NG emAoYTg Wog optoxavovixrg Bdong tou yoeou. Aev eivar aAfdeior ouwe
6T xdde oo x oo mivaxag (ai;) opiler peaypévo tereoth. o mopdderyua, o
mivoxog a;; = 1y xde ¢, j dev opllel ppaypévo TEAEOTH.

‘Aoxnor 2.4 Acite 6L évag 0o x 0o mivaxag (a;;) opller @paypévo te-
AeoTh 2 — 2 av xou uovov av amexovi(el Tov ? 5tov ot TOL, ONA0OY
(3" anki)n € 02 ya xéde x = (z,) € (2.

IMopdderypa 2.5 (IToAanhaciaoctixol TeEAECTES)

Eotw (X, p) yoeoc o-nenepacuévou pétpou. O ympoc LA (X, u) ebvor o ympog
TV XAAoEwY looduvauiag, modulo wwotnTa p-oyeddY TavToU, ueTENoiuwy cu-
vopthoewy f : X — C nou elvon TeTporywvixd oAoXANe@oIUES, dNAadY| txavo-
nowdv [ [fIPdp < oo. O L*(X, p) yiveta yopog Hilbert av egodooiei e to
EOWTEQIXO YIVOUEVO

@mzémm

(©cwpenuo Riesz-Fisher).

M petpriown cuvdptnon f: X — C Aéyeton ovoiwda§ gpayuévn ov undpyel
A e R dote p({xr € X ¢ |f(z)] > A}) = 0. O ywpog L>®(X, p) eivar 0 ydpoc
TWV ®AJoEWY Wooduvaplag, modulo wdtnTa p-oyeddy TavToy, UETENCIUWY CUL-
vopthoewy f 1 X — C mou elvor ouctwdng gpoaryuéves. Av oplcoupe

| flloo = inf{A : A ovoiddec ppdyua e f}

0T 1 |||l 0piler vopuo atov L>(X, 1) w¢ mpog tny omoio yiveton dhyeBpo
Banach, av ot mpdéeic opiooiv xatd oruelo.
Kéde f € L®(X, u) opllet évav ppaypévo teheoth My € B(L*(X, i) amd tny
oyéon My(g) = fg wow woyler [[My] = [ f]loc-

Hopatneolyue 6Tt €vag Blory VoS TEAEGTAG Elval TOANATAACLOOTIXGS (GTOV YWEO
L*(X, p) = 0% 6nou X = N xau pu(A) = #A, o manddprduoc evoc cuvérou A).
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IMopdderypa 2.6 (To shift otov ydeo Tou Hardy)

O ywpoc¢ tou Hardy H? cbvar o YWEOS OAWY TWV CUVIPTHCEWY TOU EYOULV
OUVOUOOELREC UE OLUVTEAECTEC TETPaywVIXd adpoiotuouc. Tétolec duvapooel-
e€c €youv axtivar olyxAiong Toukdytotov 1, emouéve opllouy cuVapTHoEL
oNOUop@ES oToV avowtd povadlio dloxo D = {z € C: |z| < 1}.

Eivar gavepd 6t n amewévion U @ f — (a,), omou f(z) = > a,2", opilet
Yooupxd topop@loud petall tou H? xou tou £2. Metagépovtoc v vépua Tou
(* otov H?, o H? amoxté tnv dopr| yopou Hilbert xou o U yiveton ioopetpla
enl (ahMdg povadiotikds tedeotris - unitary operator). Amodewvieton OTL 1
vopua otov H? Biveton amd tov t0mo

™

1 )
II1* = sup o— [ |f(re")[dt.

o<r<1 27T J_,

Av ovopdooupe S : H? — H? 7ov TEAEOTY TOU AVTIOTOLYEl GTOV TEAECTH
S i 2 = 7 e petatémong, dnhadh S; = ULSU, t6te nopatnpolue 4t
(S1f)(2) = 2f(2) Y %8 f € H? xou z € D. ‘Opwc 0 Sy dev elvor ToMamhar
OLHOTIXOC TEAEO TG, YLoTl OEV Bpal GEVAY YWEO TN HOPPIC LQ(X, 1).

IMopdderypa 2.7 (OhoxAnpwtixol TehecTéq)

Eotw k : [0,1] x [0,1] = C ouveyfc ouvdptnon. Téte yia xéde f € L2[0,1]
T0 OhOXARPLUA fol k(z,y) f(y)dy vrdpyet yio xéde z € [0, 1] xou opiler cuveyh
ouvdptnon A f : [0,1] = C and tov tono0

(Auf)(z) = / ke, y) () dy.

MéhoTa €€ antiog TN aviobTnTog

/0 (Auf) (@) Pz < |IE]2 / ) dy

(6mou [|kl3 = [[|k(z,y)Pdzdy) n amewévion f — Apf opiler gpayuévo
teheoth and tov L]0, 1] otov eautd tou pe voppa || Akl < [kl (n aviodTnTa
etvan ouvdwe Yviota).

Mdhiota, ta Tapamdve enexteivovton 6Tay 1 cuVaETNoN k Oev elvon ovoryx oo Tixd
ouveyhic, oS avixet otov L*([0, 1] x [0, 1]). Eniore, o ydpoc pétpou ([0, 1], A)
uropel vor avtixatac todel omd vy 0moloVONTOTE YWEo (O-TETEPAUOUEVOL) UETPOU.

(O woyuptopol auTtol aphvoVToL WS GoXNoT YLt TOV OVoy VOGT).
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IMopddeiypa 2.8 (O petaocynuatiopos Fourier)

T k € Z, %touue fi 1 [0,1] — C : ¢t — €*™*. EXéyyeton elxoha 6Tt 1
owovyévew { fy, : k € Z} etvar opoxavovixi otov L?[0,1]. To orpovtixd eivon
ot omotehel opdoxavovixh Bdon tou L20,1]. 'Enectoun 6t xédde f € L?[0,1]
YedpeEToL 5T UoPYT

=Y b fe xanwoyoe |fIB =" (f fi) -

EB¢ n mpdtn oepd ouyxhivel wc tpoc T vopuo touv L[0, 1], xou autd eivon
eOXOAT) cLVETEL NG BevTepnC WdTtnTag (lootnta Parseval). 'pdgouye

f0 =10 = [ soesa wen
Anuoupyeitar €Tol plar aneixovion
F:LY0,1] = (Z): f— f
(mpogovie yeopuxr) xou 1 woétnta Parseval Aéer 6t eivon ioopetplo.  Efvo
udhloTol ETTL TOU (%(Z), vt OTNV EXOVAL TNG, TOU Vol XAELOTOG UTLOY WEOS TOU

(*(Z), mepiéyeton 1 cuvhopévn Bdon {ey : k € Z} tou (*(Z).

‘Aoxnon 2.9 Eoww g : [0,1] — C owveyris ouvdptnon. Opilouvue tov olo-
KAnpwtikd tedeatr) K, : L*[0,1] — L?[0, 1] arnd tov timo

(5, /() = / oo —fW)dy  (f € L2[0,1]).

Bpetre tov nivaka tou tekeotr) Ky ws npog tny opokavovikn fdon { fx : k € Z}.



3 Ewuxég xatnyopleg TEAECTOY G'EVAL
yweo Hilbert

3.1 Sesquilinear popgpég

xot 0 cLlLYNG EVOC TEAECTN
Opwowog 3.1 Fotw Hi, Ha xopor Hilbert. Mia sesquilinear jopen ¢
etvar pna areikévion ¢ 1 Hy X Hy — C mou elvar ypaujnkn ws mpog tny mpadTn
HeTaPANTN Kal avTpapikn s mpos Ty 0elTepn).
H ¢ AMyetar ppayuévn av o apiducs

[0ll = sup{|o(x, y)| : © € Hi,y € Ha, [|l]| = [lyll = 1}

elvar memepaopuévos. Av Hy = Hay = H, n avtiotoryn teTpaywvikn popen

¢ etvar n aneiérion ¢(x) = é(z, x).

Otov Hy = Ho = H, n TawtdTNTR TOAMXOTYTAG (polarization)

dp(z,y) = d(z +y) — d(z — y) +id(x +iy) —id(z —iy) (z,y € H),

ToU elvoll GUECT) GUVETELN TWV OPLOUWY, Bely Vel 0Tt 1 ¢ xadopiletar amd Ty .
Av Hy, Hy eivon yodpor Hilbert xon T' € B(H,, Ha), Vétoupe

o7 HixHo—C : (z,y) — (Tz,y).

Hopatnpolue 6t 1 ¢r eivon sesquilinear xon geaypévn. Mdhota éyoupe ||pr|| =
17°]-

Ebvar gavepd 6t 800 gearypévol tereotéc S, T otov H elvon (GoL av xou uovov av
Ol VTIGTOLYES HOPPES Gp Xl Pg CUUTITTOUY. ATO TNV TAUTOTNTO TOMXOTNTAG

éneton 6Tt ou S xan T ebvoun {oor av xou povov av? (Ta, z) = (Sz,x) v xdde

r€H.
Enopévwe xdde T € B(H,, Ha) opiler ma povadnr| @eaypévrn sesquilinear
wop@y| ¢r. AvtioTtpoga,

3 Auté dev oy el oe mparypatinole yopoue Hilbert. T nopdderypa, av T etvar o teheotic
e otpoghc xatd /2 otov R? 16t (Tz,x) = 0 yio x&de .
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ITpbtaon 3.1 KdOe gppayuévn sesquilinear popgn ¢ : HixHqe — C opila
évay povadiké T' € B(H,, Hy) andé tny oxéon

(Tx,y) = ¢(z,y) ya kil v € Hy kary € Ho.

Anodeln Na xdde x € Hy n anesixévion

fo:Ho = Cry — o(2,y)

etvan ypoyunah xeu goeryuévn viart | £2(n)] < (lolllle) 1)), Erouévec, oné to
Oewenua Riesz (1.13) undpyer povadind z, € Ho ye ||25|| = || f2]] ©ote

<y, Z:r:> = ¢($, y),

wwodivad (2, y) = ¢(z,y), yio xdde y € Ho. Eivon gavepd 6t n ameixdvion
T — 2y Hi— Ho lbvon ypouuinr|, xon elvon gooryuevn ot

[zl = [lf=l < lll]«]-
Enopévwe undpyet T' € B(H,, H2) dote T(x) = 2, Y x&de x € Hy, dnhood

(Tr,y) = ¢(z,y) ywxdde x € Hy xouy € Ho.
ANNG

1T} = sup{l[T|l2 : [[z]ly = 1} = sup{|(Tz, y)| : [lz]ls = llyll2 = 1}
= sup{[o(z,y)| : [zl = llylla = 1} = (||

H povodixotnta amodetydnxe nponyouusveng. O

Iepoétaocy 3.2 Ia kdle T € B(H,, Hs2) vrdpyer povadicis T € B(H,, Ha)
(0 ouluyhc tou T') doTe

(Tx,y)s = (x,T"y)1 (x € Hi,y € Ha).

Am6deign Opilovue ¢ : HoxHy — Cand tv oyéonv(y, ) = (y,Tx)e. Hy
etvan sesquilinear xot ppdooetar and ty ||T||. Ané tny mponyoluevn Hpdtaon,
untdpyet povadixée T € B(H.,, H,) dote (T*y, x)1 = Y(y,x) = (y,Tz)2 vy
xde y € Ho xou xde x € Hy;. O
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IMopddewypa 3.3 (1) Av (X, p) elvar ydpos uérpov kar f € L¥(X, pn), o
ouluyns tov rolamAecaotikol tedeotry My € B(L*(X, 1)) efvar o M-, dmov
fr(t) = f(t).
(it) O ovluynis tov shift S € B({?) bidetar and tov timo S*((x1,22,...)) =
(IQ, T3, .. )

‘Enctan 61t 0 yodpoc B(H) twv teheotwyv o’évay yweo Hilbert, extoc and tnv
dour| dAyeBpac Banach mou €yet (6nwe eldope atny nponyolUevn tapdypopo)
epodudleTon P TNV amexovion A — A* mou €yel Tic 1oTNTES

1. A=A
2. (A+AB)" = A* + \B*
3. (AB)* = B*A*

W

- [JATAl = (A7

O wiétree (1),(2),(3) ebvan dueoec and tov optopd. Amodetxvoouue v (4):
[o xéde € H, €youue

[Az|* = (Az, Az) = (A" Az, 2) < || A" Az| ||| < A" A ]|=[|*

Tpdypa o delyver 6t [|A|* < ||A*A|l. Ard v Shhn peptd duwe [|A*A|| <
[A[[[IA]l dor [[A]I* < [A*|[IA]l, ondre [ A < [JA*[|. Av epopudcovue v
aviodtnta auth otov A* mpoxintel || A% < ||A™|| = ||A]| dpo ||Al| = || A¥||
(n wéTnTa auty elvon dwote @ovepr ond tov oplopd tou A*). Téte duwe

IAII* < lATA]l < [[A"[[I|A]l = [1A]*

xou 1 (4) amodebynxe.

Opwopdg 3.2 C'-dAyeBpa eivar jua ddyefpa Banach A epodiaopiérn e
e areicévion A — A A — A*, mov éya ug 10i6tntes (1)-(3) (jua térow
areikévion Aéyetar evéhén (involution)), mov n vépua tng ikavoroiel tny
Aeyduervn 1616tnTa C*:

1A Al = | A]I*.
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Enopévwe, av H etvan ywpeoc Hilbert, n B(H) eivan C*-dhyefpa. EEdhhou, uua
xheoth vndhyeBea A C B(H) elvon C*-dhyefpa ov xon povov av elvat ctuTo-
ocuvluyng (selfadjoint), Snhadh av avornoel A € A= A* € A.

Ochpnua 3.4 (Gelfand-Naimark) Kdde C*-dAyefpa A elvar ioopopgixn,
wg C*-dAyefpa, ue pia kiewotr) avroovluyr) vrdAyefpa kdmowov B(H). Axpr-
Péotepa, vndpyer xydpos Hilbert H kar aneicovion ¢ : A — B(H) mov datnpel
v akyeBpikn doun) (dlpoioua, ywiuevo, evéhién) kar tny vépua.

‘Al mopadelypoto C*-ahyefemy elvor 0 Cp(X), 0 YOROC OAWY TV GUVEY MY
ouvopthoewy f 1 X — C o’évav tomxd oupmoyn yoeo X (m.y. X = R) nou
pndeviovtar oo dreipo’, epodiacuévoc pe tic Tedgelc xotd onuelo, Ty eVENEN
() = f(t) xou NV vopua supremum. Ewdwodtepa, av o X elvar cuurayrg, n
C(X) etvon C*-dhyefpa. O dhyefpec autéc eivon yetodetinée. Ioyvet to

Ochpnua 3.5 (Gelfand-Naimark) Kdle petadetikiy C*-dAyefpa A elvar
wopopgikn, s C*-dAyeBpa, pe ty C,(X) ya katdAAndo tomikd ouunayr)
xwpo X.

IMopatrenon 3.6 Eva diio mopdderypo petadetinrc C*-dhyefpog elvon o
L>(X, p), pe tic mpd&ets xou TNy evEAEN xortd omeio ot Ty vopua Tou optleto
and 1o ovowddeg supremum. Amnd ug oyéoeg |[|[My| = || flloo, M(f4rg) =
My+AMy, Myy = MM, xon My = My npoxintel 6T n anewovion f — My
elvou LooPETEIXGS *-popgropde ond tny C*-Ghyefpa L= (X, 1) oty C*-dhyefpa
B(L*(X,u)). To chvoro

My ={My: feL>X pn}
etvan emopévac plo C*-undhyeBpa tou B(L* (X, 1)), xou ovoudletar 1) moAAa-
nAaoraotikn dAyeBpa tou L¥(X, p).
3.2 Koatnyopleg teAectOdV

‘Evoc teheothic A € B(H) Myeton puolohoyixoc (normal) av AA* =
A*A, avtoouvluyrc (selfadjoint) av A = A* xou Yetixdg (positive)

4 ouveyhc ouvdptnor f undevitetar oo drepo av Yo x&de € > 0 undpyEL cupTaYéC
unooVvoro Ky C X wote [f(t)| < € vy xdde t ¢ Ky
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av (Az,z) > 0 v xéde z € H. 'Evoc teheotic V € B(H,, Ha) Méyeta op-
Yopovadiatog (unitary) av eivor avtiotpéduyoc xau V* = V1 (1loodivopa
av V*V = Iy, xouw VV* = 1q,).

Kde teheotic T' € B(H) pmopel vo ypopel

T+T" T7-1T"

T =T, +1il5, o6movoLT] = xou 1y = 5
1

etvon awtoouluyelc. Tapatneeiote 6L 0 T elvon QuUGLOAOYIXOS oY XL LOVOVY oY
ot Ty xou Ty petotivevto.

Iopathpnon 3.7 Eoww T € B(H) gppayuérvos tedeotis. Av (Tx,xz) = 0
yia kdle x € ‘H, tote T' = 0.

Hedypot, av (Tz,z) = 0 yio xdde x € H, ond v TaUTOTNTA TOMXOTNTOC
éneton 6t (T, y) = 0 v xdde x,y € H xonw ouvenide T = 0.

Adqppa 3.8 Evas gppaynévos tedeotris T eivar puoiodoyikds av kai pudvov av
|Tx|| = |T*z|| ya kdOe x € H.

Andéodedn Eyouue
|Tz|? = (Tx, Tx) = (T*Tx, x)
|T*x||* = (T*z, T*z) = (TT*z, x).

Enopévwe and tnv Hopathenon 3.7 éneton 6 || Tz|| = || T*z|| yio xdde x € H
av xon yovov av T*T = TT™. a

Adppa 3.9 Evas ppaypévos tedeotnis A efvar avtoovluyris av kai pdvov av
(Az,z) € R ya kdOe x € H.

AnédeEn Egboov (A*z,z) = (x, Ax) = (Azx,z), av A = A* t6te (Ax,z) €
R. Av avtiotpoga (Az,x) € R vy xdde x € H, t61e (A — A")z,z) =0 v
xde x € H, dpa A = A* and v towtéTna todétntoe (IHlapatienon 3.7).
O

‘Eneton 611 o1 Yetixol tedeotéc elvon xat’ovdyxny autoouluyelc.
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Av T € B(H) civou évag omolocdrinote tehecthc, t6te 0 T*T eivan Vetinde.
(Ewdixotepa to tetpdywvo evog autoouluyolc TeeoTh eivor YeTixdc TehecTrc.)
Oa delCouye apyoTepa OTL xde VeTinds Terecthc B elvan tne popgnc B = T*T'.

Treviupile ot évoc teheotic P € B(H) eivar tavtodvapos (Snh. P = P?)
av xou Uévov av to obvolo Ty tou P(H) xou o muphvag tou ker P elvo
oupmAnpwpatikol, dnhadt ixavorotoly P(H)Nker P = {0} xou P(H)+ker P =
H, woodivapa ker P = (I — P)(H). Emopévec évac toutodivapog teheotic
elvon 0p07) TEoPBoAY av xon u6vVoV av T GOVORO TYMV Xt O TLEY VIS Tou elval
xd&ieToL.

AAupo 3.10 Evag tavtodvvauos tekeotnis P € B(H) elvar opOr) mpofokny av
ka1 pévov av etvar avtoovluyns. Erouévag o1 oplés mpopodés yapaxtnpilovtar
alyeBpird and g oyéoas P = P? = P*.
Anédelr Eotw 6t n P etvan opdr) tpoforr. Tote

(Px,x) = (Px, Px+ (I — P)x) = (Pz, Px)

yioe xdde x € H, yotl o0 Pz xou (I — P)x etvon xddeto. Enetor 61t 0 aprdude
(Px,z) = ||Px||?* etvor mporypotinde (UdhioTor un opvntindc) xow cUVEROS o P
etvan outooLluyhc (UdhioTta Yetixde).

‘Eotw aviiotpoga 6t P = P?2=P*. Téteo TURTVOC XL TO GUVORO TGV TOU
P elvou xddetor yrorl

(Px,(I — P)y) = (z, P*(I — P)y) = (z, P(I — P)y) = 0. O

Afppa 3.11 Evag wedeotris U € B(H) etvar opOopovadiaios (6nkadn eivar
avniotpéipos ka1 U~ = U*, wobdvapa UU* = U*U = 1) av ka1 udvov av
efval wopetpia Kat el

Arno6delr O teheotic U elvon toopetplar oy xon uévov av
(Iz,z) = ||lz|* = |Uz|]* = (Uz,Uz) = (U*Ux, x)

v xdde z € H. And v tautétnto todxétntac (Hopathenon 3.7) cuunepad-
VOUUE OTL,

O U etvou woopetpla & U*U = 1.
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Enopévee pa woopetpla U éyel mdvta apiotepd avtiotpogo, tov U*. Av i
wopetplor U elvon avtiotpédyloc tehectic, TOTE O U=t da elvon iooc UE TOV
apiotepd avtiotpogo tou U, omrady| Tov U*. Av avtlotpoga o U elvon avti-
otpéduyoc xou U™t = U*, téte ebvon BéPona enl xon woyter UU = 1, dpa o U
elvon looyeTpla. O

Iopdderypa 3.12 O teleothc e petatémong (shift) eivon ioopetplo, ohhd
dev etvon enl. Mdhota 0 SS* ebvor 1 0pd mpofold enl Tou utoydEou  [eg)*.
[evixdtepas:

Opwopog 3.3 FEoww E C H; khewotds vndywpos. Mepikt) ioopetpia e
apx1ko xopo E evar évag tedeotris Vo € B(H,, Hsa) dote o Vg va efvar
wopetpia kar o V|p1 va pundevilerar

Hopathenoe 6t av F = V(Hy), t61¢ F = V(E) dpa o F eivon xheotée
undywpog, yoti o E eivor mAhene xat o Vg eivar ioopetpixdc. O F ovoudleto
0 TeAxog yweog e V. Iopatrenoe eniong 6t xdde opit| mpoBoiy| P etvan
uepLxr] loopeTpior e apyxd xou TeAxd yweo P(H).

Ilpotaom 3.13 Av V elvar pepixry wouetpia e apyiké ywpo E kar teAiké
xopo I, tote n V* efvar pepixny woupetpia e apyiko ywpo F' kar teAikd ywpo
E, n V*V elvar n mpoBoliy atov E (n apywxh neoBoly tov V) ka1 n VV*
etvar ) mpoPodrj otov F' (n telux?) mpoBoly tou V).

Avtiotpoga, av' V € B(H,, Hz2) ka1 o teAeatiis V*V eivar mpoPolr], téte o VV*
efvar emions npoPodr) ki n'V elvar pepikry wopetpia jue apyiké yapo V*V (H;)
ka1 tekikd xpo VV*(Ha).

Anodelly Totw otin V elvon pepuet| toouetpla pe apyixd yweo F. Aclyvouue
ot V*V = Pg: opatpenoe ot v xde € Hy €youpe Vo = VPgx +
VPix = VPgz vt o V undeviletor otov E+. Enopévec, av 2,y € H;
€Y OUUE

(V*'Vz,y) = (Va,Vy) = (VPpx,V Ppy) = (Ppx, Ppy)
yott n V' oetvan woopetpla otov E. Apa
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yio xdde x, y, mpdyua mou detyver otL V¥V = Pp.

‘Eotw 61, aviiotpoga, o teheotic P = V*V eivon mpoBorr. O 6eilw 611 0
V' elvan pepinn woopetpio pe apyixd yopo E = P(Hq). Ilpdyuat, yi xdde
x € Hi €youpe

[Va|? = (Va, Vi) = (V'Va,2) = (P, ) = || Px?,

doaav z € P(H,) tote ||Vz| = ||z|| xou av x LP(H,) tote ||Vl = 0. Anhadh
o V elvor woopetpinde otov P(Hy) xou pndeviCeton otov P(Hq)* .

‘Eow F = V(H1). Enedh F = V(E) xa n Vg ebvou woopetpla, o F elvo
XAELOTOC UTOYWEOC ToL Hy. Ou el 6Tt 0 V™ elvon uepxt| loouetplar ue apyind
Yo F' xou tehxd ywpeo E. Hpdyuott, yia xdde y = Va € F,

Vyll? = IV (Va)|* = (V*Va,VVa) = (V'V)r,z) = (V' Va,z)
= (Va,Va) = |[Va|* = |ly|

enedf (V*V)? = P2 = V*V. Apa, n V*|p elvan woopetplo. Enione, anexoviler
tov F'enl tou E vl yia xdde v € E éyovue Vo € F xau V*Va = Prpr = x.

Méver va dewydet 6t V* undeviletan otov F+. Tpdypatt, av z € F*, yu
x&de x € Hy €youue
(Vz,x) = (2,Va) =0

vt Vo € F, dpa V2 = 0. Actloue 6L n V* elvon uepiny| iooyetpio pe apyind
yweo F. Egopuélovtoc tny mpotn napdypapo oty V*, cuunepaivouue 6Tl 1
VV* ebvan ) opdy) mpoPolr| otov F. O

IMopatrenon 3.14 Eivo evolagpépov Vo Tapatneicoude OTL 1) €vvola TNg Je-
euic toopeTplac pmopel vo oplovel alyelpixd (prig avopopdt dNAdY, oTNV
dpdon mévew o’évay yweo Hilbert) xou pdhioto oe xéde C*-dhyeBpo A: éva
otoyeio V € A elvon peput| woopetpio av o V*V = P eivar opty| mpofBoi,
dnradh P = P? = P*. Mdéhoto

AvV € A, ta axérovOa eivar wooddvajia:

(a) To oroeio P = V*V elvar mpofoln.

(b)) VV*V =V.

(c) VVV* =V~

(d) To oroweio Q = VV* elvar mpoforn).
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Anédedn (a)=(b) Xenowonowbviag v WoTHTOL C*, €youue
IV —VVV|?P=|[V-VP|* = (V' = PV)(V - VP)|

= |V*V = V*VP - PV*V + PV*VP|
=|P-P*- P>+ P3| =0

(b)=(a) To V*V eivor mpogove avtoouluyéc xou
(V*V)2 = VVVV = VAVVV) = V.

O1 oyéoec (b) xou (c) eivon mpogavie 1wodivayee (1 pla etvor ouluync T dh-
). Téhog, 1 wwoduvapia (d)<(c) mpoxinter and v (a)<(b) Yewpdvrag
o V* ot 9éon tou V.
Xpnowonowwvtog Uepiéc ooueTples, umopel va oplolel wior Wladtepo Yo
oyéon woduvapiog Teoforwy ot uio C*-dhyeBpa A.

Avo mpoporés P,Q) € A Aéyovtar 0odivapec we npoc v A (ypdpoupe
P ” Q) av vndpya V € A dote V¥V = P ka VV* = Q.

Av A = B(H), téte 1 wooduvapia auth onpoiver anhéde 6t ot undywpor P(H)
xou Q(H) éyxouv v Bia Sidotoon (Snhadr €youv oomhndixéc opdoxavovt-
xéc Bhoewc). Av n A eivon petadetnr| (Y mopdderypo av A =C(K)), t61€ 1)
looduvapla ¢ Teog A elvon amAog oot T,

H wooduvapla w¢ mpog A eivon oyéon wooduvapiog: Tpdyuart,

(o) o tpoPBolty P etvat loodOvoun He Tov EUTO NG HECW TNS UEPXAC LoopETEl0C

(B) Av P Y Q yéow e V 161e Q o P péow e V*,
(v) Av P Y Q péow e V xou @ Y R péow g U tdte o teheatic UV ebva
ueptxh| toouetplo” xon P o Ryéow e UV, yotl P=V*V, Q =VV*=U"U
xaw R = UU" enopévng

UV UV = VXU U)V =VQV =V*VVV = (V*V) =P

pigei

UV(UV) = U(VV*U* = UQU* = U(U*U)U* = (UU*)? = R.

SYnueiwoe 6Tt T0 YVOUEVO BUO UEPIXOV LGOUETELOY DeV Elvan eV Yével uepixh looueTpla
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Auth n oyéon woduvaplac (oe dhyeBpec von Neumann, tou, émwe Yo SolUe,
Srondétouv agpdovia npoBolidv) anotehel xplown évvola yia T To€vounon twy
factors (ahyefpwv von Neumann pe tetpiupévo xévtpo) amd toug Murray xou
von Neumann.

4  AvallolwTol LTOYWEOoL

‘Evag unoywpoc B C H cbvar aavahAolwTog and €vay @poyuévo TeAEOTH
A€ B(H) av Az € E yw x4 x € E. Tédte o khewtds undywpoc E etvon xou
autog A-avorholwtog, epbdoov o A etvan GUVEXY']QG. Oo Aéue 6TL 0 uTOYWEOC F
avdyer Tov A dtov xaw o E xow o E+ etvon A-avodholwTol.

Hopadetypotog ydew o muprvag (ker A) evic TEAEOTH A, XU YEVIXOTERD €VOg
Loy weoe tou (ker(A — AI)), elvoar A-avahhoiwtor.  Autéd Belyver étL xdde
TEAeOTAC ot (Uyadwd!) yweo memepaopévne BldoTaoNne €YEL YN TETPUIUEVO
AVOAOIWTO LTOYWEO (Xt PEALOTA LOVOBIAGTTO).

‘Evog xheiotog undywpog F C H héyetar xuxAixdg yio tov A av eivon tng
poppric

E =z, Az, A%, .. |

v xémowo x € H. 'Evoag A-xuxhixde umdyweog elvon BéPona A-avahholwToc.
‘Eneton 611 xdle Tehec g O Un OloywEloIIo YOEO EYEL UN TETEUMEVO oVOh-
Aolwto umdYwEo (TEdypott, Tdpe éva OTOWONTOTE N uUndevixd & € H o
Yewpnoe tov A-xuxhd undyweo E, mou mopdyel. O E, civou Sworyweiowog,
oo yviotog, xau ebvor un undevixdg yiotl meptéyel to x).

‘Eva omd o o Bacixd avoixtd npofarjuata oty Ocwpla Teheotov elvor

To mpofAnua Tou avarrolwTou LuROYweov:  Eiva a-
Anjfea 6t kdle ppaypévos teAeotng o€ évay (Saywpioyio, arepo-
diudatato) ydpo Hilbert” éyer un terpiupévo avaAloimto undywpo;

SAvz € E xwz, € E ue x, — x, t61e Az, € E xou Ax,, — Az dpo Ax € E.

"Elvor ofuepa Yvwotd 6Tl 1 amdvinon ebvon apvntind Yo tTeheotéc oe yopouc Banach,
oAAG o TedPBANua elvan avouxto Yo avtoma el yhpoug Banach. Biéne
P. Enflo, On the invariant subspace problem in Banach spaces, Acta Math., 158, 1987.
C.J. Read, A solution to the invariant subspace problem on the space 1, Bull. London
Math. Soc. 17, 1985.
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‘Eotww E C H xhewotég undywpoc xoau P = Pp. Kdle A € B(H) ypdpeton wg
2 x 2 mivoxag TEAEOTOV ¢ Tpog TN didonacy tou H oto ddpoopa E @ E:

A A
A= .
( Axr A )
Edo o A € B(E) opileton and v oyéon Az = PAx (x € E), 0 Ay €
B(E*, E) an6 tnv oyéon Ay = PAy (y € E*) xa obtw xadelfc. ‘Eneton

61t A(E) C E av xou uévov av Ay; = 0, xou 61t 0 A avéyetar ond tov E av
xan uovov av A = Ay = 0.

Afppa 4.1 Evas khewotés vndywpos E etvar A-avaAdoiwtos av ka1 uévov av
AP = PAP. O E avdye wov A av ka1 uévov av A(E) C E ka A*(E) C E,
1wodlvaua av ka1 povov av AP = PA.

Anooelgn Eodxoln.

Hopathenoe 6 av A(E) C E xou A = A*, tdte avayxaotixd o E aviyel
Tov A. Autd Sev oylel vy pn autoouluyelg, oUTE XaV Yia QUOLOAOYIXOUG
teheoteg. [o mopdderyua av U elvor 0 TEAE0TAS TN oupITAEUENG UETUTOTULONG
otov (*(Z) (rou opileton and 1 oyéon Ue,, = e,11 Y x&de n € Z), téte o U
elvat QuUoLohoyixoe (udhiota optopovadiatiog) xou o udyweos E = (e, e, . . ]
elvar U-avorholwTtoc (po’O\Low elvo xUXAXOC PE XUXAIXO OLdvVUCUA €p), oG
0 opdoydvio cupmhApwud Tou dev ebvar avolholwto, vt ey € Et evo

U(e_l) = €p ¢ EL.

Appa 4.2 Forw T € B(H) guoodoyikds tedeotiis. Av x € H eivar 110-
oudvvoua tov T ue 10wt A, wre Tz = Ax. Eretar dur o1 1018ywpor €vig
puotodoyiicol teAeotr) (av vrdpyour) tov avdyouvy, kai eival kdOetor peta&y tous.

An6deEn Epboov (T'— M)z = 0 xou 0 teheothic T'— Al elvon @uotohoyixdc,
T0 Afjupa 3.8 Belyvel 6t

I(T" = AD)z|| = |(T = AD)z]| = 0.
Enopévoc av My = {z € H : Tz = A}, 161€ Yo xde v € M) €youpe

T*x = Az € My. Enetoan 6t T%(M)) C M), dpo o My avdyet tov T
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Téhoc av A # p elvon wotipée tou T, toTe yio xdde v € My xou y € M,
€Y OUNE

Mz, y) = Az, y) = (Tw,y) = (,T"y)
= (z, by) = p(z,y),
doo (x,y) = 0. Enopévoe My LM,. O

5 To Pacpatixd Oewenua: Ewoaywyn

5.1 e YWpoug MENEQACUEVTNS BLACTACTS

‘Eotw H yopoc Hilbert pe dimH = n < +o00. Kdlde opioxavovixs Sdon
Tou H opilet woopeTed woouoppoud U @ H — C". 'Eoww D, o dwydviog
TENEOTAC UE OLoy®VIL OTOWEl a1, ...,a4y. Tt 0 D) = Dy« clvar eniong
oloryowiog, dea petatiVeton ue tov D,. Enopévewe xdde D, eivan guotohoynodg
tereothc. evixdtepa, av o T' € B(H) elvou daywronomjoiuos, Snhady| undpyel
opVoxavovi Béon {ex : k = 1,...,n} tou H dote o teheothc UTU ! va
ebvou Sraydviog, tote 0 T elvor puotohoyndc®.

AvtioTtpoga,

Ocedpnpa 5.1 Kdle puoodoyikss tereotris T o'évay (uiyadird) ydpo Hil-
bert H didotaong n < oo efval dlaywVoTolowog, onAadn vrdpyer opfokavovi-
ki) Bdon{er : k=1,...,n} tovH kara, € C dove Te, = agey (k=1,...,n).
IoodUvapa, o T elvar opYopovodioio toodlvapog (unitarily equivalent) e évay
dwayvio teAeotny, onAaon vrdpyer opbopovadiaios teAeotris U : H — C" wote
o UTU ! va efvar biaydoviog.

Arnooely Ilopatrenoe mpdta 6T, agol o H €yel mencpaopévr dLdoTao,
x&e A € B(H) €yer dotipéc: eivo ot pilec Tou uryodikod ToAuwviou p(A) =
det(A — AI).

Av \; ebvar ou Brotipéc Tou T, ovoudlouue M; Toug avtioTolyoug LBLOYMEOUC.
Am6 1o Afjuua 4.2, ol wbioyweol tou T' ebvon avd 600 xddetor. ‘Eotw M = @;M;
70 LUV Toug dpoloya.

SAvUTU ' =D 16t T = U*DU xu T* = U*D*U, 4pa. oo T*T = U*D*UU*DU =
U*D*DU xou TT* = U*DD*U yetatidevton.
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Ioyueilopon 61t M = H. Iopatipnoe 6t xdde M; avdyer tov T (Afupa
4.2), emopévec xow o M tov avdyel. Apo o M+ eivon T-avodholwtoc. Av
M+ # {0}, w6t 0 teheotic S = Ty : M+ — M™* Bev éyer biotyée
(vl aov @ € MH\{0} xu Sz = Az, t61c Tz = Ax dpo 10 T OVAXEL OE
xémotov WLbywpo tou T, oo etvar x&deto otov M), ‘Opwe xdde teleothc
OE U1 UNOEVIXO YWPO TETEPACUEVNS SldoTaoNS el 1BloTIES. Apar M+ = {0},
onAady) B; M; = H.

Ened| vy xde i o tehectric 1’|, ebvon €var TOMATAGGCLO TOU TaUTOTIXOV, dpa
elvon dlaywvomolfotuog, €netoar topa 6Tt xar o 1" Va ebvan Sorywvonotioyog
(ebvan Brorydowioc w¢ mpog xdlde oploxavovixr Bdon tou H mou eivon évwan
opBoxavovixdy Bdoewv v M;). O

5.2 Enéxtoor o anelpodildoTaATOUS Y WE0US

‘Evag guotohoyindg tedeothic T' o’évay amelpodidotato yopo Hilbert H odev
éxet xot’avdryxny Wotpée. Hopdderypo: O tehestic My € B(L?([0,1])) énou
f(t) =t (yweri;). Evac tétolog teheotic Sev pmopel va eivon dtorywvorotiot-
uoc (dnhady| oplopovadiota toodlvouos pe évay daydvio tereoty). Ouwc,
ot ToAMamAaotac TiXol TENEOTES elvor YEVIXEUOT TV Blorywviny Tekestdv (BA.
Hopdderypo 2.5). Mo popgry tou Pacpatixol Oswpfiuatos eiva

Ocdpnua 5.2 (Pacpatixd Osdpnua - Ilpdtn Lopp?n)

Evas tedeotiis T € B(H) eivar puoodoyikés av kar udvor av eivar opopo-
vaowaia 100dUvauog pe évav moAAamAaoiaotiké teAeotr, OnAaodn av umdpyouv:
XOpos pétpou (X, 1), opfopovadiaiog tedeotis U : L*(X, pu) — H ka1 ouvdp-
mon f € L>®(X, u) dove

T=UMU".

IMopatrenon 5.3 Evoc nodlamhactaotinds Ao T dev ebvan xat ovdyxn
OLOLY WVOTIOLOLHOG, OTWS ElBoE, dpar OEV UTOREL €V YEVEL VoL YPupel ¢ TENERa-
ouévo ddpotopor My =Y NP, 6mou ot P; elvon opiéc mpoBohéc. Mnopel duone
vo. tpooeyytolel amd tétolo adpolopoata:

INa kd%e f € L®(X,u) kar € > 0 vndpyer menepaopévo ovodo {P; : 1 =
1,...,n} kaOérwr avd 6o npoPolév tou B(L*(X,u)) ne > Pi=1 ka \; € C
WoTE

1M~ ST AP <.

i=1
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ATmbdeEn Agol 1 f elvan (0uolwd®S) QeayUEvn xal PeTpriowr, UTdEYEL o-
AN ouvo’tpmon'g fe =2 Aixi (6mou ot x; ebvan yopoxtneloTixée ouVapTHoELS
Eévev avd B0 (UeTProywY) UTooLVOA®Y) WoTe ||f — filloo < €. ‘Enctan 6Tt
My — M| <e. ANG, av Oéoovpe P, = M,,, napotnpolue 6tL ot P; elvou
avtoouluyeic (apol ot x; mabpvouv meaypaTxée TWES) xou 6T PP = 0;;F;
(apoV xiXj = 0ijXi). Edixdtepa, P? = P,. Enopévog ou P efvon xddetec avd
000 mpofBokéc. AMG My = Y NP xan 1 anddelln ocuumineddnxe. O

Hapathipnoe 611 n tehevtola anddelln otnplydnxe oTo YEYOVOC OTL 1) AmEOVION
f — M Swotnpet v ayefpixr Souy| (ouunepthapBovouevne xat Tng evéMing),
xadog xou TV vopua.  Mnuelwoe enlong 6TL oL mpofoléc Py avAxouv otnv
rolMamhactac Tt GAyeBea M, tou L¥(X, u) (nePA. Hoapotrenon 3.6).

IMopathpnon 5.4 Eotw Q yetprowo unocivoro tou X xou P(Q2) = M,,,.
Téte n anewxévion Q@ — P(Q) eivar (6nwe Yo Solue opydtepa) évor «uétpo
ue TweEg mpoPoreégy. Mia epunveio tng mponyoluevng mapatrenong eivor 6Tt
EVOC TOAATAACIACTIXNOS TEAEGTAS Vol TO OMNOXAAPOUL, UE XAUTOL EVVOLAL, [LOG
CLVEPTNONG WS TPOS AUTH TO KUETPO:

“My = / AdP())".

Hpdrypott, Wi 0evteE op@Y| Tou Pacuatino) Oswprjuutog etvar 6Tl xde Qu-
OLONOYWOG TEAECTAG UTOREL VoL YRUPEL C €V TETOLO ONOXATPUAL.

9 Andbeadn: Adélovtoc, av ypetooVel, Tic Tiwée Tre f o’éva uToohvolo PETpou UNndéy Tou
X, pnopolue va vnodéooupe dtL N f elvon gpaypévn. Téte to odvoro f(X) C C unopel va
xahugdel and nenepacyévo mAfdog avoutdy dloxwy U;, i = 1,...,n dauétpou To TOAD €.
Op{Coupe Eéva avd 800 Borel unostvora A; C C détovtac A; = U;\(U;j<;U;). Hoapatnpoiue
6L 1 Bidpetpoc Tou A; ebvor to Tohd €. ‘Eotw X; = f71(A;). To X; evou petpriowa Eéva
avd 8o uroclvora tou X xou UX; = X. Av emdéEouye avdalpeta A; € A;, mopatnpolue
ot € Xy = |f(t)— M| <e. Apa, av Yéooupe fe = > Aixs (dmou x; elvan 1 yopoxtnelotixd
ouvdptnon tou X;), tote Yo xdde t € X urdpyet i dote t € X, dpa fo(t) = A; xou emouévig
|f(t) = fo(t)] <e. Autd Beiyver 6t ||f — felloo < €.
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6 To Pacpa

Ye ywpoug TeEnepaopuévne Sldotaong, To aUVoho 0,(T) Twv WBLoTUOY evog Te-
heot| T € B(X) ouvunintel ye 10 oOvoho o (1) A0V TV Uryadixmy aptduoy
A € C yi toug omoloug o tekeotic T — Al dev €yel aviiotpogo. To clhvoho
TV WBLOTWOVY elvon mévta un xevo, yiatl to coua C elvon adyefpird kAeotd.

To yeyovog autd énoule xpiowo poho otny amddeln tou Poocuatinod Ocw-
eNHATOG (@ed)pnpoz 5.1). ‘Ouwe, o€ AmMELROBLAC TUTOUS YMPEOUS UTEEYOUV duTO-
ouluyeic TEAEOTEC YWRIC LOLOTIUES.

IMopdderypa 6.1 O tedeotrisc My otov L*([0,1]), drov f(t) = t, dev éya
1010T1EG.

ATnodelgn ‘Aoxnon.

Opwouwodg 6.1 To pdopa €vés ppayuévouv tekeotny T o’évay ypo Banach
X efvar to ovrvodo

o(T)={A e C: 0T — X\ bev éxer avtiotpogo }.

Aev eivon 80oxoho va Bellel xavelc 6Tl To QdoUo Tou TEAECTH TOU TEAEUTALOU
nopadelypatog etvon oxpBoe to [0, 1].

6.0.1 ITapdderypa: IToANanAaciaocTtixol TeAecTES
Trevdiuwon: Av (X, p) eivar yodpog o-tenepaouévou UETEOU, Uil YETENON

ouvdptnon f: X — C héyeton ovoiwdds gpaypérn av undpyet A € RT dote
p{e e X |f(x)] > A}) = 0.

Av |f(x)| < A proyeddy yio xdde x € X téte v xdde g € L*(X, p),

/!fg\Qdu < AQ/Wdu

oo fg € L*(X, p) xou UEAOTA 1) YOOUUXA OmEXOVION

My L2(X,p) = L*(X,p) - g — fg
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opileton xan ebvon @porypévn pe [|[Mr|| < A. Enopévwe av Hécouue

| flloo = inf{A : A ovoiddec pedyua tne f}
tote Eyoupe [[Myll < [[f]oo-
Avtiotpoga, woyuptlopo ot
|f(x)] < || My]|  p-oyeddv yo xdde x € X. (1)

Hpdryportt, apxel va dellw 6t yio xde n € N 10 cOvoho
1
X, = {z € X< |f(@)] > M) + )

éxet pétpo undév (ytt {z € X : [f(z)| > || Ms||} = U X,).

‘Ouwg av xdmoto X, elye Yetind pétpo tote (apol 10 Y€Tpo elvon o-TENEPUCUEVO)
Yo meplelye évo unocOvoho Y, ue un undevixd Yetind pétpo. Todte ovoudlotag
En TNV YOQUXTNEIO TIXT CUVEETNOT Tou Y, €youpe &, € L2(X, 1), & # 0 xou

(f&) (@) (||Mf|| T 1) £a(2)

n
v xdde x € X dipa

1
(1051 + 3 ) Bl < NF6ale < 151G

dtoTo.

Hopatneotue 6t My = My av xou uévov av f = f’ p-oyeddv mavtod. Emo-
uéveg o tehecthc My eCaptdtan pévov and tny xhdorn e f we Teog 1ooTnTa
p-oyedov avtol. Actloue dnAadr| 6Tt

Adupo 6.2 Kdde f € L™(X, u) opila évav teheotri My € B(L*(X, p)) and
tny oxéon Me(g) = fg xar woyve

M| = 11 oo

Mopathenon 6.3 Eowo f: X — C peypioun ouvdptnon. Av fg € L*(X, p)
yia kd9e g € L*(X, u), wte n f elvar ovoiwdas ppaypévn.
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Arnodeln H unddeon onuobver otL 1 ypopuwny) anexovion My : g — fg oplletan
o’6hov tov L?(X, p). Hopotnpodue 6t 1 My éyel xheiotd ypdopnuo: Tpdyuatt oy
gnlly = 0 %o |Mfgn — goll, — 0 t67€ Wyler go = 0 yiont yie x&de h € L*(X, p)
€Y OLUE

(9o, h) = lim(M gy, h) = lim/fgnhd,u = lim/gn(fh)d,u = lim(g,, fh) = 0.

Enedr o L?(X, u) ebvon yopoc Banach, éreton améd to Oedpnua Kool Tpaghuatoc
6T 0 TeheoTtic My ebvon gporypévog xan GUVETGC 1) f Elval OUGLHOOE PEAYUEVT aTtd TO
Auyo. O

Ou eEETACOUYE TO PACUN EVOS TOMATAACIAGTIXO) TEAEOTH M.
YupfohiCouue

M, = {M; € B(L*(X,p)) : f € L™(X,p)}
v tolamhactoo Ty ShyeBpa tou yodeou (X, p). EXéyyeton dueco bt n a-
TEXOVION

= My L®(X, p) = M, € B(L*(X, )
elvan Lop@PLopog ahyePpy, dnhadt)

Mf+g:Mf—|—Mg, Mfg:MfMg,

mou Sltnpeel Ty evédn (M} = My) xou tn povéda (My = I). Yvvenog,
av n f elvon avtioteéduo otoyelo tne dhyeBpoac L¥(X, i), tdte o My elvou
avtiotpédiuo otoryelo' tne dhyeBpac M, doo xau tne B(L* (X, p)).

Av avtlotpoga o tehecthc My ebvan avtioteédiuog, eivon el 6TL 0 o-
viiotpogde tou, éotw T, elvon xou autdg molhamhaocluoTixdg teheothg; H
amdvtnon ebvon Yetnr|. Hpdrypott, topatApnoe xot apy v 6TL 1 f elvon p-oyedody
TovToU SLdpopen tou undevoe. Tatl av unhpye ¥V C X detixol pétpou wote
fly =0, t61e, VEWEMVTAC TNV YOEAXTNELOTIXY) CLVAETNOY X EVOC UTOGUVOAOU
0V Y g TETEPUOUEVO un undevixd uétpo, da elyaue x € L (X, p), x # 0 xou
Mx = fx = 0, npdypa mou amoxheleton, agod o My eivon 1-1. Enopéveg
n ouvdptnon g = 1/f oplletar p-oyeddv mavtol xou eivon Befolwe petprown.
Ioyupilopar 6T ebvan ouctwdne @eoyuévn. Ipdypatt, n oyéon MyTh = h yw
x&e h € L*(X,pu) diver Th = %h = gh. Enopévec n anewxéovion h — gh
opilet pparyuévo teresth Tou L (X, p) mpdrypo tou onuaiver (Onwe éyoude Ao
ToEATNENOEL) OTL 1) g Elval OLUGIWOWS PEAYHUEVT). LUUTECUCUL:

WAV fg=1r16te MMy = M;My = M, =My = 1.
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IMpbtaocm 6.4 Av f € L™(X, ), o teAeotris My elvar avniotpénjiog av kar
pévov av n f etvar avniotpéipo aroryeio tns dAyefpas L (X, ), av 6niadn n
1/f (opiletar p-oxeddy mavtol kai) evar ovoiwdds ppayuérn. O avtiotpopds
tou (av undpyer) elvar o M, € M,, érov g =1/ f.

Avtixadiotodyvtag Ty f pe v ouvdptnon f — A, cuunepaivous OTL €vag ULyo-

Ouxoe aprdude A cavorotel A ¢ o (My) av xou uévov av 1 5y opileton (pu-

oYEBOV TaVTOL) X0 elvol 0UCLWBNOS PEaYHEVT), BnAadh utdpyer M < 0o GoTE
oo < M proyedov mavtol, dnhodf to olvoho {t € X : |f(t) — A| < 37}

€yl pé€tpo unoév. Iodgovtog d avti yia %, €Y OUUE LOOBUVOAL
ANgo(My) <<=  F0>0:pu({teX:|f(t)— A <d})=0.
Enopévwe delaue 611

Ipoétaocy 6.5 Av f € L®(X, 1), to pdopa tov tedeotry My elvar to ovvolo
twr A € C dote ya kdde § > 0 to ovvoro {t € X : |f(t) — | < 6} va éya
Oetiié pégpo. To olvolo avts o ovoudletar ouotddES GUVOhO TV (essential

range) s f.

6.1 To gdopa oc dAyeBeeg Banach

Optowode 6.2 Eotw B dAyefpa Banach e povdda I (n.y. B=B(H)). Eva
otoiyelo A € B Aéyetar avtiotpéyrpo (invertible) av vndpyer B € B dote
AB = BA = 1. To otvolo twv avtiotpepiuwy otoiyeiwv tns B ovufoliletar
Inv(B) A B~!. To pdoua (spectrum) evés ororyeiov A € B eivai to advolo

o(A)={ e C:A—- )\ ¢ Inv(B)}.

Ocewpenua 6.6 Eotw B dAyefpa Banach pe povida I. Kdle A € B e
I — Al <1 elvar avniogpéhrpio kar pdriota

(e 9]

AT =D (T - A

n=0
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Andbdoeln Ecpécov

1 oEd Zf;o(l — A)™ ouyxdiver amdhuta, Gpo (oméd Ty TAnpétTe!t e B)
ouyxiivel. ‘Eotw S = lim S, 10 6pt6 tne. Edxola eréyyeton ot

SpA=AS, =1—(I—-A" 51T,
ol ||(I — A" < |IT — A" — 0, dpa AS = SA=1. O

ITépiopa 6.7 To ovvolo Inv(B) wwr avuiotpedinwy ororyeiwy tns B eivar
avoikté kai n aneikdvion A — A7l elvar ovveyris oo Inv(B).

A7nédegn (o) Aclyvouue 6t 0 B eivar avoxtd: ‘Eotww A, € Inv(B) xo
= [|AJY|. T xdde A € B e ||A— A, < & éyoupe

1451 A = 1] = [[Ag™ (A = A < AT I11A = Aol < 1
oo Ayt A € Tnv(B), ouvende xor A € Inv(B).
Actyvouue 6Tt A — A ebvan ouveyhic: Av A, B € Inv(B) éyoupe
|4 = B7| = A7 - )87
= (A" =B H)B—-A)B'+B ' (B-A)B™|
<[4t =B B - Al + 1B - Al |37
|47t =B~ 1B - Al|B) < 1B - Al|[B7

xou ouvenie av Ay, B € Inv(B) pe ||A, — B|| — 0 éyoupe ||A,1 — B~ — 0.

O

ITépiopa 6.8 Av A € B, to otvoro o(A) elvar ppayuévo. Mdihiota, av
p(A) = sup{[A]: A € o(A)}

eivar n paopatikny axktiva (spectral radius) paouatikn axtivaspectral
radius tov A, tére p(A) < || Al

U3 évay ydpo Banach, av po oeipd cuyxhiver anéhuta, téte (o pepixd tne adpolopata
aroteholv axohovdo Cauchy, dpo) cuyxhivel.
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AnodeEn Av A > ||A]], téte ||[4]] < 1 onéte and to Oempnua TpoxHTTEL
6l — 4 €Inv(B) dpa A\l — A € Inv(B). O

IMépiopa 6.9 Av A € B, to otvoro 0(A) elvar kAeot6 (dpa ouunayés, apol
efvar ka1 gpayuévo).

Ané6dergn Aciyvouue 6t 1o C\o(A) etvon avowxtd. Ipdypatt, to C\o(A)
etvan 1 avtioTpogn ewdva Tou avowtol cuvolou Inv(B) uéow tng aneixdviong
Fy:C — Buye Fa(\) = A— A, tou elvor ouveyne. O

Ocedpnua 6.10 To pdoua o(A) evds ororyelov A puas dAyeBpas Banach e
povdoa eivar un kevé vrootvolo tou C.

Anédedn Trodétovue 61 o(A) = 0. Téte o avtiotpogoc (A— M)~ opile-
ton & 6ho 1o C. Oa delfouye 61t 1 ouvdptnon C — B: XA — Ry = (A—\I)™*
€yEL ULyodxr] TopdymYo xou UNOeVI(ETOL OTO 00, OTOTE YENOWOTOLOVTAS TO
Octpnua Liouville Yo cupmepdvouue 6t Ry = 0 yioo xdde A, mpdypo dromo
epocoy To Ry elvon avtioteédyo.

Acetyvoupe mpdtor 6Tt 1) Ry €yl wryadixr| mopdywyo {on ye R (6nwe otny
nepintwon B=C). Av A\, u € C e X # p,

—Ri

ot

W= A

_ || Bu((A = AD) — (A — pl))Ry
w—=A
= ||R.Rx — B3| < IR — Rall IRAll -

‘Opwe del€ape otny Hpdtaon 6.7 6L n anewxdvion A — A~ etvan CUVEYTG OTIOU
optleton. Xuvenwg otav pt — X oto C €youue

IR, = Ball = [[(A = pD)™ = (A= AD)7H| =0
xan dpa, amd TNy TEAeuTUdd oVioOTN T

R, —R

AR 0. (*)

lim
n—A

= A
‘Eotw tohpa ¢ : B — C wa cuveyhc Yeouuxn wopy|. Oewmpolue T cuvdptnor
f:C=C:X— o(Ry).
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2

H oyéon (x) deiyvel 6t n f Exel wyadn napdywyo, f'(A) = ¢(R3):

f(p) = f(N)

o 2
am X p(Ry)| — 0

agol 1 ¢ eivan cuveync. Emimicov duwg woylel

lim f(\) = 0.

A—00

Hedrypott, dtav [A| > ||All éxoupe

(-3 -%0)

n

EQPOGOV HéH < 1 onote
_ 1

1 A\ !
X(I‘X) B
IR N -
<S5 =5 (1= 5]) =an-1)4a
a2l = m . (A = 1Al

ETOUEVLC /\lim | RAll = 0, dpor xa /\lim f(A) =0.
—00 —00

IRl =

Yuurépaoya: 1 ouvdptnon f ebvon axépona (toapaywyiown o 6ho to C) xou
undevileton 6T0 00, dpa and To Ocwpenua Liouville undeviletar mavtol. Aniody
Yo x&e ouveyn yoouuxn popen ¢ éyouue ¢(Ry) = 0 yio xéde A, dpo amd to
Octpnua Hahn-Banach Ry = 0 yw xdde A, droro. a

IMopatrenon 6.11 Axolovlel pua mé ovvroun arédeén tov teAevtaiov frija-
t0S. Aatnpolie toug oupuPoAiouoUS THS TPOYOUEVNS antodeiéns

, , —1 AT 1 A"
Otav [A| > [|A]| éyovpe Ry = 5y (I - X) = T; (X) , dpot

fOy =) = 32
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H oe1pd auth ouyxhivel opotduoppo ota cupmoryy) utocivora tou {A € C: |A] >
|A]|}. Enopévwe, ohoxhnpdvovtag ot pia eplpépeta (t) = re's, s € [0, 27]
ue oxtiva r > ||Al], éyoupe

/f YA\ = LZ¢A’“ WldA quAk /Ak+1

k=0

(opotépopen alyxiion) = ¢(A°) / %d)\ = 2mig( AY).
Y

‘Ouwc 1 f ebvon axépona, cUVETOS TO fw F(A)dX undeviletar. Enopévae ¢(I) =
P(A°) = 0 yio xdde cuveyh Yo popph ¢ xou dpa I = 0, dromo. O

6.2 To gdopa svog TeAecty

Av X cbva yodpog Banach, éva otowyeio T' tng dhyefpac Banach B(X) eivou
avTioTEEPLUo av xou povov av ebvan 1-1 xau entl (yatl o avtioTpogdc Tou elvo
QUTOPETOC Ppayévo amd to Oempnua Avoxthc Artexdvione (1.8)).

IMopathenon 6.12 Evas tedeotrisc T € B(X) elvar avuiotpépiog av kar
Hévov av elvar kdtw ppaypévos (6nkadry vndpyer 6 > 0 dote ||[Tx|| > d||z| ya
kdle x € X) ka1 éyer Tukvd oUroro Tiudy.

Amnédelr Ebvar cagéc 6Tl évag avTioTteéduloc TeAecTc txavornolel Tic 600
autéc ouvifxee (e 6 = ||77H|71).

Avtiotpoga, av Y = T(X), n avicotnta | Tz|| > §||x|| Seiyver 6Tt n omexdvion
So : Y = X 1 Tx — x eivon xahd optopévn (yrotl o T' ebvon 1-1) xou @pory-
uévn (ané %) Hpogavie 1 S, ebvor ypopuixr. Luvenog, o S, enextelvetan oe
peaypévo tehecTy| S : VX ue STz =z vy xdde v € X xou T'Sy = y vy
x&de y € Y (yiortts). Enopévoc, av Y =X, o T e ovTIo TEEPYLOC Xat
S=71"t O

Arnd v Hopoatipenon auth teoxdnTel 6TL 10 Qdoua evog tekeoth A unopel va
avaALlel oe TEPLIOGOTEP XOUMATIAL (mou dev €Y OLY EVVOLAL Yol EVAL OTOLYELD [Log
avdoipetne dhyefpac Banach): Av A € o(A), unopel 0 A — Al va unv evor
%3t ppayUévos (eddtepa, vo pny etvan 1-1) A vo unv éyet muxvo cOvVoro
TV (1 xow o Vo). Autd odnyel otoug axdrovious oplopolc:
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Opiopdg 6.3 Eow A € B(X). To onuelaxd ¢gdoua (point spe-
ctrum) o,(A) tov A eivar to oUrodo twy 1610TIGY TOL:

op(A) ={A € C:ker(A— \I)# {0}}.

To mpooeyyotikd onuelaxsd pdoua (approrimate point spectrum)
0.(A) tov A elvar to olvodo twr TpooeyYoTIKOY 1810TIUGY (appro-
ximate etgenvalues), 6nAadr) to olvolo twr X wote o A — N va uny eivar

KdTw Ppayuévos:
0 (A)={AeC:Ve>03x. € X :|(A—=A)z.| < ez}

To pdopa ovurniecong (compression spectrum) o.(A) tov A elvar to
ouvrodo

o(A) = {\ e C: (A—\)(X) £ ).

‘Eva A € C eivon mpooeyylo Tt 010t Tou A av %o UOVoV av UTEOYEL axO-
houdia (x,) C X pe ||z,]| = 1 dote [[(A— A)z,|| — 0.

6.2.1 Ilopdptnuo: Mekétn Tou @dopatoq

To olvoha 04(A) xou oc(A) Sev eivar Zéva ev YEVEL. Xe YMPOUS TENEPUCUEVNC SLAOTO-
ong ebvor foar xou tautilovtan Ue to (onuelaxd) pdoua. Xe omelpodido TUTOUS YWEOUS
uropel var unv tawtilovtan.t?  Tldvtote duwe, 6mwe Tpoxintel ond Ty TopaTheNoT
6.12,

IMTpotaoct 6.13 H érwon o,(A) U o.(A) woltar pe o(A).

To gdopa cuunicone elvor xotd xdmotov TEOTo BUIXG TEOG To oNuelaxd Qdoua. Autd
patvetar o e0xola ot yweoug Hilbert. Oa ypeiaciel évar Afupa:

AAupo 6.14 Eorww H ydpos Hilbert kn T € B(H). Téte
ker T = (T*(H))* ket T(H) = (ker T*)*.

Ernopévaws o T etvar 1-1 av ka1 puovov av to oUvolo tipdy tov T elvar mukvo.

2o nopdderypa, dmwe o dodue 010 6.16, yio Tov TeAeoT TN petatdmione S, o a,(S)
ebvan 1 povadida teppépetar T, eved to 0.(S) eivan o avoitde povadiioc dloxoc D, ondte

.(S)Noy(S) =0.
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A7n6dely) ‘Eyouvpe Tx = 0 av xou pévov av (T'x,y) = 0 yio xdde y € H, av xau
wovov av (x, T*y) = 0 yia xdde y € H, av xou pévov av 10 z eivar xdeto oto olvolo
Ty Tou T, T v dedtepn wootnTa, epapudloviag Ty tewtn otov T éyouue
(ker T*)* = (T(H)t+ =T(H). O

Adppo 6.15 Eotw H ydpos Hilbert kat T € B(H). Tdze
(i) o(T*) ={\: X € o(T)}
(i1) op(T) = {N: X € 0(T*)} ka1 0o(T) = {\ : XA € 0,(T*)}.

Arndédeln O oyéoeic AB = 1 = BA xou B*A* = I = A*B* eivan 10000vaeC.
Enopévwe o A elvan avtioteédiuog av xar pévov av o A* elvon avTioTeédiuog xou
udhiota (A*)71 = (A71)*. H (i) éneton 9étovrac A =T — Al

Tty (i), eqapudlovpe to mponyoluevo Afupa: éyouvue ker(T' — A1) # {0} av xau

wévov av 1o (T* — X )(H) dev ebvou muxvéd. O

Mopdderypa 6.16 Av S € B(3(N)) efvar o tedeotris tns petatémons Se, =
€n+1, TOTE

0p(S) =0, 04(8)=T, 0.(9)=D kat dpa o(S) =D
(6mouv D o avoiktds povadiaiog diokos kar T 1 povadaia teprpépera).
Anodeldn (i) H oxéon [|Sz| = [|z| v xdde = € 2% Beiyver 61 ||S]| = 1, dpu
o(S) C D (Ilbplopa 6.8).
(ii) 'Eotw A € C xu z = (x,,) € £? ®ote Sz = Az, dnhodh
(0, T1,T2,y .. ) = ()\.%'1, )\xg, - )

Av A = 0 161 1 oyéon auth) delyver 6t o = 0. Av A # 0 tote and v oyéon
Az1 = 0 éyouue 21 = 0, and v oyéon Azy = 1 €youue x2 = 0 xou 00T xodedrg,
oo téh = 0. Enopévee op(S) = 0.

(iii) Ioyupllopo 611 0p(S*) = D. Téte (amd to Afupa 6.15) Yo éxoupe o.(S) = D,
onote D C o(S) C D, dpa 0(S5) =D epdoov 1o o(S) ebvor xhetotod.

Hpdypott, éotw A € C xow z = (z,,) € 2,2 # 0 té1010 GoTE S*T = A, dhodn
(1’2,1’3, .o ) = ()\xl, )\ZL’Q, ‘e )

Téte 29 = Axq, T3 = A\xg = N2z %ou YeEVWXA Tpy1 = A"x1. Eneor x € 02, éneton
6t > AP < oo (Bt 21 # 0 agol x £ 0) dpat [A] < 1.
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Avtiotpoga oav A € D téte 70 didvuopa = = (1, A, A2, ..) elvon un pndeviné orotyeio
Tou €2 xou wavonolel S*z = Az, dpa A € 0,(S*).

(iv) Egboov 04(S) C a(S) =D, vy va det€oupe 61t 04(S) C T, apxel va detydel
otLav A € D t6te A ¢ 04(S), Snhady| 6t 0 S — AT elvan xdtw pporyUévos ot povodiola
opatpa. Tpdypott yio x8de o € £2 éyoupe

(S = D)l = [[1Sz]| — [|Azl| | = [ 2]l = 1Azl | = (1 = [A]) ]| -

Téhoc, av A € T, deiyvoupe 6Tt A € 0,(9):

Egbcov A € D = o(S), éyouue 61t A € 0(S) = 04(5) U 0c(S). Opwc detfope oto
(iii) 61 0o(S) =D, dpa A & 0¢(5), xaw ouvenie A € 04(S). O

IMapdderypa 6.17 Opilovue tny aneikévion T : cog — coo and tny oxéon Te, =
Le, 11 (kar emextetvoupe ypappurd). Eéyyetar ebroda 6t o [Tz, < [|z]ly ya kdOe
T € Cop, dpa o T emexteivetar o€ ppayuévo teleatrj and tov £ otov eavtd Tou (Tou
oupporilovpe eniong pe T). Xnueiwoe 6u T = SD émov S elvar o teleotris tng
petatomions kar Dey, = %en.

Téte o(T) = {0}. Mdhiota op(T) =0 ka1 04(T) = o.(T) = {0}.
Egéoov o(D) = {2 : n € N} U{0} ka1 0(S) =D, 10 napdderypa avts defyver 6t o

o O€v oUUTEPIPEpeTal kadd w§ Tpos Tty orleon TeAeoTdy.

AnoédelEn (i) Kot apyhv toyler 6t 0 € 04(T) vzt [|[(T — 0)ey]| = = — 0.

n

‘Ouwe 0 ¢ 0,(T) dtott ot S xaw D ebvan 1-1, dpo xow 0 T = SD eivan 1-1. Eniong
0 € 0o(T) du61 (Tep, e1) = 0 i xdde n € N, dpa (T'z,e1) = 0 yio x&de = € £2, dpa
e1 L(T — 0)(£?).

(i) Eoto A # 0. Ou delZoupe 6t o T\ = M — T = A(I — L) ebvor avriotpédrpoc,
ondte Yo éyovye o(T) = {0} xou opp(T) = 0.

1
opatnpotpe 6 || TF|| < 0 yrott

Tk ntn | = T n
(;x e) Zn(n+1)...(n+k—1)e +

n=1
[o.¢]
TF (Z xnen>
n=1

Enoyévoc H(%)ku < i Gea

oot

2
B o0 |=Tn|2 1 0
_; (it D). (nt kD)~ (k!)gglxnIQ.

L

34



Tpdypo oL defyver 6L av Sy = 3 D h_o(£)F téte 1 (S,) cuyahiver w¢ Tpoc T véppa
teheot. ‘Eotw Sy = lim, S,. E@bcov

NSy =5TI\=|1—-— - =I—-|—- I
ssn= (-3 (5(5)) - () =

gneton OTL InS) = SHTy = 1. O

6.3 To gdopa awwtoculuyolLg TEAECTH

IMpoétaocy 6.18 Eow A € B(H) guooroyikis tedeotiis. Tore o(A) =
a.(A).

An6dedn Eotww A ¢ 0,(A). Hpénet va dei&ouye 61t 0 A— A eivon avtiotpédi-
uoc. And tny undveor), elvon xdtw QeoyUévos, omoTe (Hapcxw’]pnon 6.12) apxel
va Serydel 6t 1o (A — A)H eivon muxvd otov H. Av o L(A — MN)H, téte
(A* = AX)z =0 (vt ((A* = M)z, y) = (z, (A — M)y) = 0 yio xdde y). Al
A& o A— AT ebvan x4t @paypévoc, dpo utdpyet 0 > 0 dote |[(A—A)z|| > 6||z||
v xdde x € H. Eneidr) o A — A ebvon puotohoyinde, and o Afjuua 3.8 €you-
ue [[(A* — AD)z|| = [|[(A — X)z|| > d||z|), xou ouvende x = 0. Enopévec o
(A — A)H eivar muxvé otov H.

IIpétaocy 6.19 Eoww A= A* € B(H). Tére 0(A) C R.
Anédegn Av A € C\R, t6te, v xdde x € H\{0},

0 <A = ALlJ2[I* = (A = AD)z, z) — (A = A, z)]
= [{(A = Az, x) = (2, (A = A)x)| < 2[[(A = AD)z||[]

onote A —

(A= ADal] = 5

Enopévie A ¢ 0,(A). AMNS 0,(A) = 0(A) di6tt o A eivor guotohoyixdée. O

\
e
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IMpétaom 6.20 Eoww A = A* € B(H). Tdre évag and tous apiduols || Al 1
—||A|| aviker owo o(A). Erbikdrepa,'

(@) o(A)#0  x  (B) p(A) = [IA].
Anédedn Oo deifoupe 6t o aprdude [|Al? avixer oto o(A?). Téte 1o yi-
vopevo (A — [JA|I)(A + ||A|lT) = (A% — ||A||*T) dev Yo etvon avtioteédiuo,

onéte o teheotéc (A — ||A[|L) xou (A + ||A]|]) Sev uropel xar ot 800 va elvou
VLo TEEPIUOL.

D %x80e A € R xou @ € H €yovpe (epdoov (A%z, \?z) € R)

| A%z — N22||? = (A% — N2z, A%z — \22) = || A%z ||* — 2(A%, \22) + || N2z
=[|A%* — 2X%|| Az * + A%l

AMNG || Al = sup{||Az| : ||z|| = 1}, dpa undpyer axohoudio (x,) pe ||z,| =
1 xou ||Az,|| — [JA]|. ©éroviac A = [|A] xaw z = z,, otV mpoNYOUUEYN
TAUTOTNTA, EYOUUE AOLTOY

1422, — Now, |2 = || A%, |* — 227 Az, |* + A*
< (1AM Azal))* — 20| Az [|* + X = X = X*[| Az, ||* — 0.

Enopévac o aprdudc A2 = ||A||? etvar tpoceyyiotind Wiotiuh tov A2 O

7  Xvveyelc cuvapTtroslg avtoculuyolg
TEAECTN

7.1 O ocvuvoegInolaxodc AoyYLouog

Ytadeponootye évay tedeoth A € B(H). INa xdbe pryodixd tohudhvupo p tne
wopgric p(t) = > p_ axt®, 9étoupe p(A) = Y1, arA* (6mov A° = 1).
2toy0¢ pag ebvanr vor oplooupe TEASOTEC TNG UOPYPYIC f(A) v dhhec xhdoec
CLVAPTAHCELY f.

BT reviupllo 6t (6nwe anodemevieton pe uedddoue Miyadieic Avdluong) To gdoua o-
noloudhnote teAec T ot éva yweo Banach eivon pn xevé. H wwétnta p(A) = || A|| Sev woylel
OULC eV YEVEL YLa U1 Yuotohoyxole terectéc (tapddetypo A = (§3)).
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IMpétaom 7.1 Av A € B(H) ka1 p eivar moAvdvupo, téte
a(p(A)) = {p(A) : A € o(A)}.

A7é6detEn Av 1o p eivor otadepd, o p(A) eivor TOAATAGGIO TOU TAUTOTIXOU
TeAeoTH|, omoTE 10 cuuTEpacpa ahniedel. Trodétw Aowmdy 6TL To p dev elvan
oTodEPo.

Av i € C, 1o tohudvupo ¢(z) = p(z) — p moporyovtonoteitot:
qz)=clz—=M)(z—=Xa)...(z = \,) (6mou ¢ # 0). Tote

p(A) —pul = c(A—MI)(A—=XI)...(A=ND).

Av xdde A — NI ebvon avtioteéduuog, tote BEBonar To Yvopevd Toug, dpor xal
10 p(A) — pd, eivon avuoteédyto. Avtiotpoga av 10 q(A) = p(A) — pul elvou
avtioteédio, emeldh or A — Al petotidevton, Yo ebvon Ghor avtioteédipor.t
Ernopévoc p € o(p(A)) av xou uévov av A, € o(A) yo xdmowo k = 1,...,n.
A& tar Ay, gbvan oL pilec Tou g, Snhadt| elvar oxeLBmc ot uryadixol aprduol A
oL XavoToLY P(A) = L.

Aci&ape howmdy 6t 1 € a(p(A)) av xon pévov av i = p(A) yiaxdmowo A € o(A),
OnhodY) av xan pévov av i € {p(A) : A e o(A)}. O

To embuevo anotéhecyo eivon T0 xplolo Prud Yio Vo EREXTEIVOUNE TNV ATEL-
xovion p — p(A) and tor TOAUGYLU GE GUVOPTAHOELS TIOL £fvon XoTdhhnha bpLar
TOAWVOUWY. A onuewdoouue uovo 6t (oe avtideon ye v mponyoluevn
Hpbtoon) 10 Oehdpnua Bev 1oy Vel yia un Quatohoyixols teheotés. Av yio mo-

pdderypa A = (§ 1) xou p(t) = 12, w61 0(A) = {0, 1} onote [|pll 4 = 1 ev6d

Ip(A)]| > 2 Yot .y [Ip(A) ()1 = V5.
Ocvpnua 7.2 Av A € B(H) ka1 A = A* e
Ip(A)]| = sup{[p(M)] : A € o(A)} = [[pllo(a)-

Amno6dely) Ac utodéooude TEOTA OTL TO P EYEL TEAYUATINOVC GUVTEAEGTEC.
Téte 0 teheothc p(A) eivar autoouluyihc, dpa and v Ipdtaon 6.20 n vopua
TOU LoOUTOL UE TNV QPUOHATIXT| oXTIVOL, ETOUEVGG

Ip(A)] = sup{lul : p € o(p(A))}-

14To g(A) uropet va ypogel g(A) = (A= I)B = B(A— A\ I). loMamhaowdlovtag deiid
xou apotepd pe (¢(A)) ™1, oupnepaivoupe étt to A — A1 éyel aplotepd xou de&l avtiotpogo,
Gpar elvon avtioTeéEPO.
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AN o(p(A)) = p(o(A)) and v Hedtaon 7.1, xou n {ntoduevn todtnto Eneto.

Do Ty yevixd) mepintwon, tapathence 6t av p(t) = > p_, axt”, o€

p(A)*p(A) = (Z akA’“> (Z arA’“> = (Z akA’“) (Z arAr> = q(A)

(epboov A = A*) émou g eivar to tohudvupo ¢(t) = p(t)p(t) mou éyel mparyua-
TIX0UC OLVTEAECTEC. ATO TNV TEONYOUUEVY) TORAYEAUPO AOLTOV EYOUUE

lg(A) = sup{lg(N)| - A € o(A)}.

Opox lp(A)* = llp(A)*p(A)ll = llq(A)]| and v Wbt C* %o emopéve

Ip(A)I* = lla(A) |l = sup{la(N)| : A € o(A)}
= sup{[p(A\)p(\)| : A € o(A)} = (sup{[p(N)| : A € o(A)})*.

H omédeln eivon mhfene. O

Oo enexteivoupe T omexévion p — p(A) and to TOANUDGVUPO GTIC GUVEYELS
ouvopthoee. Ag Yuundolue ot n undhyeBpa P(o(A)) € C(o(A)) twwv mo-
Avwvupikdy ouvaptrioewy pe medio opiopot to o(A) ebvar tuxvr otnv dhyeBpa
C(o(A))C(0(A)) twv ouveymv uyadixwy cuvopthoeny oto o(A) e npog
NV Vopua supremum. Auto éncton eite aneuldeiag amd To Oehpnuo Stone-
Weierstrass, eite and 1o Pacind Oehpnua Weierstrass, av mopotnerioet xovelc
6t x8e ouveyhc ouvdptnon f : o(A) = C, enexteivetar pe tnv Bo vopua o€
wd ouveyn ouvdptnon optouévn m.y. oto [—||A|l, ||Al|], n ornola npoceyyileto
anéd Ttohudvupa ogotopopga oto [—| A, ||All], deo xou oo o (A).

Oedpnpa 7.3 (Xuvoptnolaxdc Aoyiowods (functional calculus))
Av A= A* € B(H), vrdpyer povadikds 100pHeTpikds akyeBpikds *-poppronds

O (Cla(A), [ - llogay) = (BEH) - 1)) = f = f(A)

mov areikovilel to otadepd moAvdrupo po(t) = 1 otor tavtotikd tedeotr) ka to
TauToTiké moAudvupo py(t) =t otov tedeotr) A.

Erions wyver ®.(p) = p(A) ya kdle moAvdvupo p.

Anodeln Trapén: And 1o mponyoluevo Oehpnua éneton OTL oV 5V TOAU-
ovupa p, g tautilovton to o (A), tote p(A) = q(A) (mpdypatt, [[p(A)—q(A)|| =
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sup{|p(A) —q(A)| : A € 0(A)} = 0). Enopévic to p(A) e&optdton pbvov omd
¢ Tég Tou p oo o(A). Anhadh 1 amedvion

D, (P(a(A), [ Mloay) = (B(H), |- 1): »— p(A4)
ebvon %ok optopévr. Ebvon gavepd 6T ebvon popplopds ahyeBpv:
(p+q)(A) =p(A) +q(A) xau  (pg)(A) = p(A)g(A)

OToY ToL P o ¢ ebvon TOALGVUPAL, xan 6TL Btatneel Ty evEMLN:
Av p(t) = Y1, apth, t6te

(p(A)" = <Z akA’“> =Y @A =p(A)

(oo A = A*). AN\G ané 10 mpornyoluevo Bedpnua tpoxintel 6Tt ||, (p)|| =
[p(A = [Ipll, 4y Yiot x80e TOAUGVULO p, Shadh 1 D, elvoun oopeTpiar ywpwY
ue vopua. Egoocov 1 P(o(A)) eivor nuxvh oty C(o(A)), éneton 6t n P,
€yel povadxr| ouveyy| enéxtaon (n omola Yo ebvor toopetpxn) P : C(o(A)) —
B(H).

MovadikdTnra: Av ¥ eivon évag ouveyhc *-uopgpiopde C(o(A)) — B(H) nou
Towtiletan e Tov P, ot po xou pr TOTE, apod xou ot HVo elvon poppiopol, Yo Tow-
TilovTon o€ BUVAPELS Xou YRoUUIX00E GLUVBUUCUOUS, ONAADT OE xdle TOAUGYUUO.
Egéoov ot &, xou ¥ efvon cuveyeic, Ya tautiloviar xou ota (opou’)popcpoz) opta
TOAVOVOULY, ONAXDT) O OAEC TIC CLVEYEIC CUVUPTHOELS. O

Optopdg 7.1 Eow A = A* € B(H). O ovvaptnoiakds Aopyiousg
yia ouvveyxels ovvaptrioels (continuous functional calculus) eivar
n aneuxcovion O, : C(o(A)) — B(H). Xwnidws ypdpouue f(A) avti yia P.(f).
AnAadny av n f elvar ovveyng oto o(A), o tedeotris f(A) € B(H) opiletar
povadikd amé to opio

f(A) =limp,(A) onov (p,) moAvdvuua pie ||pn — flloay — 0.

Iopatneroeig 7.4 (i) O opioudc Tou GUVAETNCLIXOY AOYLOHOU Ylo CUVE-
yelc ouvapthoeic @, eivon olyeBpo-Tomohoyinde xau otneileton oTo Ochpnua
7.2. Enopévig o @, dev oplleton yior omolovdnmote teeoth| A.
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Hocpo@swponog Ydpv, av A = (00) t01e 0(A) = {0} oAAd, mapdro mou N
ouvdptnon f(t) = v/t evor ouveyfc oto o(A), dev opiletan teheotic f(A).
Méhota, dev undpyet teheothic B kote B2 = A (anddeiln: doxnon!).

Amnodevietar 6Tl 0 GUVIPTNCLIXOS AoYlouog opileton xon 6tay o A elvon Qu-
otohoyixog teheothic. Aeg my. [3, VIIL2] 7 [L1].

(ii) Av K ebvar ouvumoryric yopoc Hausdorft (.. oupmoyfc uetpude ywpeoq),
x&e alyeBeixde *-poppioude @ 1 C(K) — B(H) eivon avtoudtong cuveyrc.
[Ardden Tpdto mopatneolue 6Tt av f > 0 tote D(f) > 0. Mpdypot, av g = /f
éxoupe ®(f) = @(g°g) = (2(9))"®(g) = 0.

Ernopévoc, yoxdde f € C(K), n oxéon I f < |I£11? snhedn || £112po— £*f > 0 (6m0u

Po(t) = 1) detyver 61 (|| f||Ppo — f*f) > 0, dnpodr (£ f) < @([|fI1°po) = I fIIP1,
8o 0 < (f*f) < [|IFIP1 xen ovvenire || @(f )!!2 () (NIl < 1]

Enopévwe, o @, elvor o povadixoe *-popgiouoe C(o(A)) — B(H) nouv otéhvel
TNV Hovada 6Tov I X0l TO TAUTOTIXG TOAUGVUHO GTov A.

Efvat gavepd 6t yia xdde nohudvupo p o teheotic p(A) petotideton pe tov A.
To o enopévac toylet xou v tov f(A), av f € C(a(A)).

1o eviugepoy duwe, 6mwe Yo dovue, elvar To yeyovog 6Tl o f(A) petatideTar
pe kdle tedeotn) mov petatidetar ue tov A. Ilpdypott, av AT = TA 6t
AT = AT A = TA? xa emoyoywd AT = TA™ v xéide n € N. Enopévec
p(A)T = Tp(A) vy xdde mohuidvuyo p, dea xau f(A)T = Tf(A) vy xdde
feC(o(A)), Moyw ouvéyetag. Aeiloye howndy 61t

IMopathAenon 7.5 Av f € C(c(A)), o f(A) peratidetar pe kdle tedeotn
mou petatidetar pe tov A. AnAadn o ouvvaptnoiakds Aoyiouds maiprer TipéS
atov devtepo uetatérn {A}" wov A, drov

O petatdérng (commutant) evés vroovvédov S C B(H) eivar to odvolo
Twy TeAeoTtwy mou uetatievtar pe kdle otoryeio tov S:

S'={T e€B(H):TS =ST yua i S € S}.

Ochpnua 7.6 (Oedpnua Pacpatixfic Anewxdviong) Arv A e B(H)
etvar avtoovluyng tedeotnis kar f € C(o(A)),

o(f(A)) ={f(A) - Aea(A)}.
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AmodelEn Av i ¢ {f(N) : A€ o(A)} tote n ouvdptnon g(A) = f(A) — p Bev
undeviletar tovdevd ato o (A), dpo n ouvdptnon h == 1/g avixet 6to C(o(A))
xou hg = 1. Téte bpwe @.(h)P.(g9) = Pc(hg) = I xu o(g)Pc(h) = Po(gh) =
I, omhodny h(A)g(A) = I = g(A)h(A), dpa o f(A) — pul éyer avtiotpogo, Tov
h(A). Yuvende u ¢ o(f(A)).

[Hopathenoe 6t autd 10 Pépoc tne amddeldng ebvan xodupd ahyefexd: elop-
TdTow YOVOV amd To YEYOVOS OTL 1) amewxovion f — f(A) etvon HOPPLOUOS oA~
YePewyv mou Satneel TNV Yovdda, dpa amewxoviCel avtioTeédgla oToyela o
avtioTeédua ototyeio.]

‘Eotw topa € {f(A) : X € g(A)}, ondte = f(A,) yo xdmowo A, € o(A).
Ou Bellw 6Tl 0 teheothc f(A) — pd Bev elvon avtioteéduuoc.

Ioyueilouar 6T
f(A) = pl = lim g, (A),

61OoL (¢y) oxohoudia TOAVWVOPOY UE Gn(Ao) = 0 yia xdle n. Ilpdyuortt, undpyet
o oxohoutior TOAVWYOUWY (p,) GoTE p,(t) = f(t) — p = g(t) opotbuoppa
oto o(A), dpo xar pp(Xs) = g(As) = 0. Av Vécoupe ¢, (t) = pn(t) — pu(No),
EXOUUE Gn(Ao) = 0 0 [lgn = glloca) = 0, dpat ga(A) — g(A) = f(A) — pl
(Ocwpnuo 7.2) %o o 1yveopde amodelydnxe.

Egboov A\, € o(A), éneton 611 0 = ¢,(No) € qu(0(A)). ANG ¢,(0(A)) =
0(qn(A)) and v Hpbtaon 7.1, dpo or tehectéc ¢n(A) dev eivon avtioTpédi-
uot. Egboov 10 olvoho twv avtioteédiumy otoyeinv tou B(H) eivor avoixto
(IIoptopa 6.7), énetan 6t 0 f(A) — pul = limg,(A) dev elvon avtioTeédiuoc.
O

IMépwopa 7.7 Eotw A = A* € B(H). Av f € C(c(A)), o tedeotris f(A)
etvar puoodoyikds. O f(A) elvar avtoovluyris av ka1 pévov av n f naiprel
mpaypatikés tués oto o(A). Eniong, f(A) > 0 av kar puévov av f(o(A)) C RT.

ATno6oegn Egdoov o cuvaptnolaxde hoylouog @, diatneel tnv evélln (Oc-
oenua 7.3), o xdde f oyt (Pe(f))" = Po(f) Snhadr| (f(A))" = f(A).
Eroévoc (F(A)) F(A) = (F(A) = (FIIA) = F(A)F(A), drpode e
f(A) eivar puatohoyxde. Enlone nwoéma f(A) = f(A)* woyder av xou pévov
av 1 f elvon TporyuaTixr ouvdeTnon). O
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7.2 H zetpaywvixn plla avtoculuyols TEAECTN

(d¢ eapUoYn TOL GLUVIRTNCLUXOU AOYLOHOU Yia cuveyels cuvapThoels, Yo del-
Eoupe OTL €vag YeTindg Teeo g €xel (povadn| Yetinh) tetporywvixd pllo. Ou-
uioupe 61t évag A € B(H) Myeton Yetindc av (Ax,x) > 0 yio xéde x € H,
xa OTL €vag VeTindg TEAec TS elvon TdvTar auTooLlUYHC.

Ilpétaoy 7.8 Eoww A = A* € B(H). Av 0(A) C R wéte vndpyer po-
vadikds avtoovluyns B € B(H) pe o(B) C RT dote B> = A. ITpdpouue
B = A2,

AnédeEn H ouvdptnon f(t) = vt elvor xahd oplopévn (mporypomns) xou
ouveyfc oo o(A). Emopévec av Véoovpe B = f(A), éyovue B = B*, 0(B) =
f(o(A) CR" xu B? = A.

H povadxétnta agpriveton we (evdiagépoucal) doxnon yio tov avoyvaotn. O

AAqupo 7.9 Evag autoouluync tedeotrs A otov H eivar Oetikds av kai jiévov
av o(A) C R,

An6deEn Eotw 6t o(A) € RY. Tére opiletn o B = AY2. T xdde
r €H,
(Ar,2) = (B,x) = (Br, Br) = | Ba]? > 0

doa 0 A etvor YeTinoe.

Avtiotpoga €otw OTL 0 A elvon Vetinde. Tote o A elvon guotohoyixde, xan
ouvende xdde A € o(A) elvon mpooeyyotixd wotr (Ilpbdtaon 6.18), dea
untdpyet oxohoudiot (z,) otov H pe ||z, || = 1 xou [[(A — A)z,|| — 0. Térte
OUWC

(A, ) = A = [((A = A, 20)| < [[(A = ALy [l2n]] = 0.
Egéoov (Ax,,x,) > 0 yio xdde n, énctan 6t A = lim(Az,, x,) > 0. O
Ynueiwoe 6t ) undleon A = A* dev unopel va mapokerpiel. o topdderyua,
o A= (J8) éxer un apvnuind gdopa (0(A) = {0}) adhd dev eivon Yetinde:
(Az,z) = =1y z = (—1,1).

YuvoiCouye:
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Ocedpnpa 7.10 (Tetpaywvixh pila) Eotw T € B(H). Ta axérovia
efvai 10o0Vvapa:

(a) OT elvar Getikds.
(B) Tmipyer B € B(H

) O
(y) Trdpyer S € B(H)
(6) T=T*kao(T) C

etikds wote T = B2
dote T = S*S.
R+
Anédedn (v)= (o) T xdde x € H, (Tx,z) = (S*Sx,z) = ||Sz||* > 0.
(at)=(8) Av o T eivan Yetixde, tote T = T*, ondte o(T) € R and 1o Afjupa
7.9.
(8)=(B) Hpdtoon 7.8 xouw Aupa 7.9.
(B)=(v) Ipogavéc (ndpe S = B). O

IMopathpnon 7.11 Enctou 6n yo xdde S € B(H) wyder o(S*S) C RT.
Auté ebvar otoyeiddee. To avtiotoyo anotéhecya yia otoryela wog oaudolpe-
e (un petodetinric) C*-dhyeBpoc eivon ahndéc, oddd byl 1600 G TOLYEWMDES.
MdéhioTa, cuumepiouPoavotay 6Tov apyxd oploud pag C*-dhyefpac, xot uovoyv
0pY6TERO amOOELY INUE OTL ATAY GUVETELX TV AAGY LOLOTHTOVY (ovotooTxd ™me
mAneéTnToC Xou e Widtntog C*).

IMépwopa 7.12 Eoww A= A* € B(H). Av f € C(c(A)), o tekeotris f(A)
etvar Yetikds av xai pévov av f(o(A)) C RT.

Ab6deEn Av 1 f elvon un apvnuxy| oto o(A) tote Vétovtac g(t) = / f(¢)
(t € 0(A)) éyoupe g(A)* = g(A) xou dpa f(A) = g(A)*g(A) > 0. Avtiotpopa
av f(A) >0 t6te o(f(A)) € RT o ovvende f(o(A)) € RT (Oedpnua 7.6).
O

ITépropa 7.13 Kdbe avroouluyris A € B(H) ypdgetar ws dagopd 6o Oe-
koY tedeotwy A = Ay — A- pe AyA- = A_AL = 0. Enouévog kdle
T € B(H) etvar ypaupukés ovvdvaouds (to toAd) teoodpwy Jetikdy tekeatdy.

Anédergn Oétovue Ay = fi(A) xou A = f_(A) 6mov fi(t) = max{t,0}
xou f_(t) = —min{t,0} (t € 0(A) CR).
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7.3 H moAuwn avanopdotacT

Optowode 7.2 Eotw T € B(H) tuyaios tedeotris. TrevOuuilovue du o te-
Aeatig T*T' efvar Oetixds. H povadikny Oetikr) tetpaywrixr) tov pila (lpéraon
7.8) ouppolilerar |T|.

Ynuerdvoupe 6t o [T Bev €yel O TIC AVOUEVOUEVES IBIOTNTES TNG <ATOAUTNG
THNAG>.

‘Aoxnom 7.14 Na Ppefoly oo 2 x 2 mivakes A, B wote va unv wyvde n
avicétnta |A + B| < |A| + | B].

Kde un undevinodg uryadinog aprdudg ypdpeton o€ ToAxt| Lopgy| 2 = u|z|, 6Tou
|z| > 0 xou |u| = 1. AvtioToym yeon undpyet xou Yo TEAEOTEC:

Ochpnua 7.15 Eoww T € B(H) tuyaios tedeotns. Yndpyer pepixr) wope-
wpia V' e apyicé yadpo |T|(H) kar tehiké ydpo T(H) dote

T =V|T|.

EmmAéov, av T' = UX émov X > 0 ka1 U pepikn) wopetpia jre apyiké xwpo
X(H) e U =V kar X = |T).

Anédedn o xdde v € H,
| 7|2 = (T2, Ta) = (T T ) = ([T, 2) = (T, [T]a) = || T2
Auto delyver 6TL 1) ameoVIo
Vo |T|(H) = T(H) : |T|z — Tx

elvon xohd oplopévn, Yoouuxr, ooueteixh xou enl. Enoyéveg enextelveton o
wopetpio Vi ond tov |T|(H) eni tou T(H). Enexteivoupe tov V) oe teheot
Vi H — H ¥oviae Vo = 0 y z xddeto otov |T|(H). Ipoxdnter pa
uepxh oopeTplo pe apyxd yoeo |TI(H) xon tehxd ybeo T(H). Tia xéde
x € H éyovpe VI|T|x = V,|T|x =Tx, doa V|T| =T.

Arnodetvioupue Ty «povadwottay. Av ot U, X ebvor 6w otny exqovnon,
1 apyx meoforr) U*U trng pepixic toopetplag U ebvar 1 TauTtotiny| omexovi-
on otov apyixd yopo X (H), dea U*UX = X. H oyéon T = UX Biver
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T"T = XU*'UX = X2, dpa X = (T*T)V? = |T| omé v povadwdtna Tne
tetpayovnic piloac. Yuvenoe U|T| =T = V|T'|. Auté Seiyver 6t ot U xou V
€youv Tov (Blo apyxd yweo xat Tawtilovton otov Tuxvé undyweo |T|(H) tou
apyxol Toug yweou, doo U = V. O

IMopatrenon 7.16 O nuprvac tne V etvor 1o oploydvio GUUTARpLUO TOU
apyol T yoeou, dnaadh o (|T](H))*: = ker |T|. "Eyoupe dpwc ker |T'| =
ker T dwont ||Tz|| = |||T|x|| vy x&9e z. Egpbdoov (T*(H))*: = ker T, éneton 6t
|T|(H) = T*(H). Enopévewe n V eivan yepixr) woopetpla e apyixd yweo T*(H)
xou Tehxd yweo T(H).

Egboov o V*V eivar 1 npofoly| otov [T|(H), n oyxéon T = V|T'| diver

VT =V*V|T| =|T|.
Ynueiovoupe emlong otL n Vo oelvon toopetpla av xow pévov av o T ebvan 1-1
eved 1 V* ebvan woopetpla av xan pévov av 1o gOvoro Ty tou 1" ebvar muxvo.
(H AmOBELL T TWV IGYVPLOUMY QUTWY £lvor EUXOAN d(oxnon.) Ermopevee n V oetvan
opYopovadtaiog TEAeaTrg av xou wévov av o T etvon 1-1 xan €yel Tuxvéd chvoho
TV, Auto ouuPaivel ewdixotepa otay o T’ eivon avtioTeédyloc.

8 To goacpatixd Yewpnuo yio avwtoculu-
YEIC TEAECTES

Yrodepomotote évay autoouluyy| teheath A € B(H) xon atoyebouye va <ovo-
TOEAG TACOUKEY TOV A (¢ TOMATAUCLUG TG TEAEGTY| G7 EVay XATIAANAO YO
L3(X, ). AxpBéotepa, Yo xataoxeudoouye éva yodpo pétpou (X, ) xou puo
f e L>®(X,p) dote o A vo elvoan opfopovadiaia 1006Uvajiog Ye tov ToAho-
Ao TiXG TeEheo T My, dnAadY| vo undpyel évag optouovadiaiog TEAEoTHG
U:L*(X,u) = H dote A=UMUL.

To xplowo Brua sunepiEyeton 0To

Adppa 8.1 T'a kdle un unoevicé x € H vndpyer Uetikd kavovikd memepa-
ouévo pérpo Borel pi, oto o(A) kar wouetpia U, : L*(0(A), pe) — H dote

UMp = f(A)U, ya kdile feC(o(A))
(ka1 eibixdtepa AU, = U, My, émou fo(X) = A).
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ATédelEn And tov cuvopTnoloxd Aoyloud Yl cuveyels cuvapTroels (Oen-
enua 7.3), opileton 1 ametxdvion

G.: Clo(A)) = B(H) : [ — f(A)

7oL ebval LGOPETEIXOC *—popcptopo’g.

Yradeponoloue Eva un Undevind = € H xan VEwPOUUE TNV YRUUUIXY| ATEXOVION
¢z : Clo(A) = C: [ = (f(A)z, ).

Hopatneolue 6t 0 ¢, elvon Jetikn) ypouuxr poper otov C(o(A)), dnhadh
¢2(f) > 0y xdde f > 0. Hpdypat, av f > 0 t61e f(A) > 0 (Hbpropa 7.12)
emopévec ¢, (f) = (f(A)z,z) > 0.

Ané 1o Oewpnua Avanapdotacne tou Riesz (Bréne m.y. [16, Oewenua 12.26)),
untdpyet (povodind) Jetixd memepaouévo xavovixd pétpo Borel p, oto o(A)
WoTE

[ = 6.(5) = (A1) yxdie § € Cla),

BOewpdvtac Thpa oy Yweo C(a(A)) we utdywpo tou L (a(A), ps)," opilouue
TNV ATEOVION

Uow - (C(a(A)), |- ll2) = (H, [ - [l30) = f = f(A)x

mou ebvor Tpogavas yeouuwr. loyupilopon 6Tt etvon woopetpio. Ilpdyuort, yio
xdde f e C(a(A)),

£ (A2, = (F(A)z, F(A)z) = (F(A) f(A)z,2) = (FF)( Az, 2)
=/ﬁm;w@

(xenowwomooopue 1o yeyovoc o n @, 1 f — f(A) ebvan *-poppropdc). Aet&oue
ooy Ot ||Upe ()l = || fll2 Y xdde f e C(o(A)), dnhadh 6t 1 Uy, elvon
woopete|.  Emouévee emextelvetan o woouetpia U, 0plouévn otny Aoty
Wpn touv C(0(A)) e mpog Vv vopua ||.||2. AMG auth 1 xAetoth 9hxn elvo
axppac'® o L*(o(A), py). 'Eyoude hotrdy pa .oopetpio

Uy : L*(0(A), ) — H

153mhadr| Tawtiloviag cuvapTACELS TOU BLUPEPOLY POVO OF L-Undevind cUvora
163 éne m.y. [16, Hpbtaon 12.24].
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mou wovorotel Uy (f) = f(A)x otav n f eivon cuveyrc.
Méver va dewydel 61t U, My = f(A)U, yioa xdde f e C(a(A)).
Hedyportt, yia xéde g € C(o(A)) éxoupe
(U=My)(g9) = U(fg) = ((f9)(A)(x) = fF(A)(g(A)(x)) = (f(A)Uz)(9)-
Enopévoc ov gpaypévor tehectéc U, My xon f(A)U, toutiCoviar otov muxvd

untdyweo C(a(A)) tou L2 (0(A), u.), deo ebvou {oot. O

Iopatneroeig 8.2 (i) AZilel iowe vo oyoldoet xavelc Tov 61mAd pdro tou
xopou C(o(A)) oty nponyoluevn onddelln: Agevoc ey yenotwonoudnxe
(Léow TOL CUVARETNOLIXOY AOYIoUOV) WS Ypeog Tehestwy f(A) otov H, age-
T€pou g Ywpog davuopdtewy otov L2 (o (A), y).

(ii) To cOvoro Ty im(U,) e oopetpiag Uy tou Afupatog etvar axplBog o
XUXALUOG UTLOY WEOG

H, =[A"x:n=0,1,...] =[x, Az, A%z, .. ]

Tou x Yy tov A.

Hedypott, 1o abvoho Tudy tou U, eivor xhewoté (616t o U, elvon toopetpio)
xou meptéyel o f(A)z vy xdde f € C(o(A)). Ewldwdtepa meptéyet dha o
olvoopata tng popgpric Ax yn = 0,1,. .., dpa mepiéyel Tov Hy. And tnv
dhn uepwd xdde f € C(o(A)) npooeyyileton and ua oxolovdia (p,) amd
TOAUGVUUA, ouotopoppa ato o(A), xou cuvende ||pn(A) — f(A)|| — 0, dpo xou
lpn(A)x — f(A)z]| = 0. AN xdde p,(A)z avixer otov H,, cUVET®S To (Blo
oyVet yio 1o f(A)z. Enopévec

im Uo, = {f(A)z: [ € C(a(A)} € He
= Hl‘

doo imU, =imU,,

im U,

-
CimU,

X0l CUVETIOC LOYVEL LOOTNTOL.

(iii) Av purnopoloape vo emiéloupe 0 = € H dote o U, va elvon ovti-
otpédipoc, tote T0 TpONyoluevo Afupa Yo €dwve f(A) = U, MU yioo x8de
f € C(o(4)), xou edixdtepa A = U, M; U, ondte du elyope detet 61t 0 A

elvon optopovadiaio LloodOVUUOG e EVay TOAMATAACLUO TIXG TEAECTY).

A& o U, ebvon avtiotpédylog av xon povov av etvar et tou H (yrotl ebvou
Tévta tooueTpla, dpo 1-1). And v mponyoluevn napathenon, autd cuuPaivel
oxEBMS 6TAY 0 ®UXAXOS UTOYWEOC H, ebvar Ghog o yopog H.
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Optopog 8.1 Eva dudvvopa x € H Aéyetar kvkAkd (cyclic) yua tov
tedeotr) A € B(H) av o kukAikds vndywpos (cyclic subspace) mou opiler elvai
dog o H, 1wodtvapa av o ypaupukés yadpos [A%x i n = 0,1,...] elvar tukvig
otov H.

To Afuua xon ot Topatneroels Tou Teonyinxay arodexviouy TV

Ilpoétaocy 8.3 Av évag avroovluyns tedeotis A € B(H) éxer kukdikd oud-
vuoua, vrdpyel menepaopévo Jetikd kavoviké pétpo Borel p oto o(A) dote o
A va etvar opOopovadiaia 10060vajiog ue tov tedeaty My, touv moAAamAaciaopiol

eni v avekdptntn pewaPAntn, (My,(9))(x) = xzg(x), otor L*(o(A), u).

‘Ouwg, dev €youv 6hol ot autoouluyelc TelecTéC xuxhxd Bloaviouata. o
TOEABELY A, O TAVTOTIXOC TEAESTAC TOU H OV €yel TOTE xUXAXO Bldvuoua,
extoc av o H elvon povodidotatog! ‘Evo Arydtepo tetpiuuévo mapdderyua eivou
T0 e&hc:

IMopdderypa 8.4 FEotw H = L*([0,1]) & L*([0,1]) ' ka1 éotw A = My, &
My, onov fo(A) = A (A € ]0,1]). Tdre 0 A eivar avtoovluyris teeatnig ywpis
KUKA1KG O1dvuvoua.

An6oegy Ot o A eivon autoouluynig énetar and To yeEYovog OTL 1) f, elvan
Tporypatir|. Toyupllopon 611 xavéva didvuopa f & g Bev elvon xuXAxd Yio Tov
A. Tpdrypart, to didvuoua g & (—f) eivon xddeto oe xdde A™(f & g):

(A"(f@g), g0 (=1))=M} f&Mg),g®(—f))=(M} f,5)—(M}g,f)
— [~ [ egswa o

"Eneton 6t 1 ypapuw| 9¥xn tou ouvérou {A™(f&g) :n=0,1,...} Sev unopet
vo. ebvan Tuxvy| otov H.

apatipnoe d1t ov Tawtiooude Tov ywpo H 6To napdderypo outé ue tov L ([0, 1]U
[1,2]), t61€ 0 tehecthc A tawtiletan pe tov My, 6mou f 1 «0BovIwTr» cuVde-
mon f(t) =t vyt €[0,1] xau f(t) =t -1yt e (1,2].

Me xdnwg avdroyo TpoTOo, 1 YEVIXA TERITTWOT AVEYETUL OTNV TEPITTWON TNg
Hpbtaong 8.3 TonoetmvTag XATIAANAOUS Y WEOLS HETEOU «TOV €va Bimha oToV
GANOY.

Tue 70 ecwtepind Ywouevo (f1 @ g1, fa & g2) = (f1, f2) + (91, 92)
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AAupo 8.5 Av A € B(H) eivar avtoouluyns, vidpyer pia otkoyéveia
{H; : 1 € I} and kdOevovg avd SVo vroydpovs tov H, wote

(1) kdOe H; va eivar A-avalloiwros, 6nA. A(H;) C H,;
(1) kdOe H; va elvar A-kukAikds, OnA. va mepiéyer éva A-kukAikd Sidvuopa

(m) o evdV dOporoua Vi H; (6nkadn) o pikpdTepos xhelotdc UTdywpos tou H
mov mepiéyer kdle H;) va etvar 6hog o H.

An66egr Ovoudlouye 500 Un undevind dlaviopota o1, T2 € H mOAD xd0e-
ta (g mpog A) av A"y LA™z, v xdde n,m = 0,1, ..., 1oodOvopa (yroi;)
oV oL XUXAXO! UTOY WEOL TTOU TOEAYOVTAL ATd ToL T XL T €bvan xdieToL.

Eotw {z; : 1 € I} wua peyiotunl™® ooyévewa omé Tohd xddeto dravioparta, xou
v x8e i éotw H; = [Amx; :n=0,1,...] o avtiotoryog xuxhixde UTdYEOC.

Egbcov A(A"z;) = Ay € H; vy xdde noxon o A ebvon oLvey g, EmEToL OTL
A(H;) € Hi v xdde 1.

Méver va detydet 611 10 evdd ddpooua VH; elvon dhog o H.

Hpdryportt, ov €var un undevixd ddvuoua € H eivon xdieto otov Vi H,; t61e
yioe xdde ¢ € 1 xon xdde n,m = 0,1,... éyouue

(Az, A™z;) = (z, A""™x;) =0
(Buomt A" ™y € H;) mpdypa mou delyver (yiatl;) 6Tt 0 xUXAXOS UTOYWEOC

H, mou mopdyetan amd To T elvan xdetog otov H;. Autd avuPBaivel otny
ueyloTétTnTa TG owxoyévetag {x; : i € I}, O

YrodepornotoVue wa oxoyévero {H; 1 i € 1} 6w oto Afupa 8.5.

And 1o Afupa 8.1, vy xdde @ € I undpyel ntencpacuévo Yetind pétpo Borel p;
otov o(A) xou wopetpla

Us s L2(0(A), i) = H dove AU; = U; My, ()

omou fi(A) = A (A € o(A)), xou to civoro Ty e U; eivon H;. Anho-
on, av Véoouvue A; = Aly,, xde A; eivor opYopovadiaio 10odivouog Ue Tov
TolamAaoLac Tixd TeEAea T My, mou dpa otov oo L (o(A), ;).

18H onédeln tne Umopéne tétolag oxoyévelag etvor Tumd egapuoYt| Tou Afupatoc Zorn.
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Ou detZoupe 6Tt 0 A eivon opdopovadiola LlooBUVAULOS UE EVIY XATIAANAO TOAA-
ThacleTind teresti My otov L*(X, 1), énou o (X, p) ebvon n Aeyduevn &vn
évwon Ty Yoewy pétpou (0(A), 1), i € 1. Ta va omo@dyoupe oplopéveg
ueTpoVempntinéc duoxohiee, Yo untodécoupe oto e&hct bt

0 vopo< H elvar drwywpioiuog, ondte ka1 n otkovévela {x;} etvar
XwPoS WPITLUOS;, n Y i

aprunoiun.

Trovétouue Aowndy 6t I = N. Yny neplntowon autr uropolue, 6mng Yo dolue,
va tdpoupe Yo (X, i) tov R egodlacpévo pe éva xatdhinho uéteo Borel.

Hopatnpolue mpwta 6tt, epéoov o(A) C [— [|A]l, [|All], n didpetpog tou o(A)
dev unepPaiver o 2 [|Al|. Enouévwe, av Véoouue a = 3 || Al xou

Xi=0(A)+ia={ +ia: € o(A)},

Toe oOvola X, © € N etvan Eévar avar 0o cupmoryy) utocivoha Tou R.

Optlouye To €& Yétpo Borel oto R:

p(V) =Y m(é(Y NX;), Y CR Borel
omov ¢ X; = o(A) it >t —ia.

Eivar ebxohn doxnorn Oewploc Métpou va eréyet xavelc 6TL To p ebvan Tedyuatt
UETEO Xou Elvol O-TEMEQUCUEVO, Aol xdle L; elvon TETEPUGUEVO.

Aneoviloupe thHpa Toug ywpoue L (a(A), 1), i € N woopetpind oe xddetoug
avé dvo utoympouc tou LA(R, u):

Ioyvelowode I kdUe i n aneicovion

Wi« L*(R, ) = L*(0(A), ;)
omov  (Wig)(\) = g(A+1ia), Xeoa(A)

efvar ypapukn, eni kai ikavornolel

[Wigll = llg

YT oviCouye 6L n unddeon auth yiveton uévov yia euxohio otny amddeln to Yemprnuo 8.6
Loy Vel xaL ot un Saywelowous yoeous. Alvouye pio yevixr| anddelln oto Hapdptnua 8.1

v xéde g € L*(R, p).

X;
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Anddey, H W, ebvan ent tou L2(0(A), i), vyt av b € L*(o(A), u;) 9éto-
viog g(t) = h(gi(t)) Yyt € X; xan g(t) =0 v t € X, éyouue

[Pt = [ o orann = [ )P < oo

oo g € L*(R, ) xon Wig = h.

Eotww g € L*(R,p). Av n g undevileton oto X; téte v xdde A € o(A)
éxoupe (W;g)(A) = 0 epboov A +ia € X;.

Av n g undeviletor oto X téte woyupilopon 6Tt ||[Wigll = ||g]|. Mpdyport apxet

vo amodety Vel o 1oyvploudg otay 1 g elvon anA cuvdptnon, g = Z Ck Xy, OTOU

k=
Y, C X; &va Borel. 'Eyouvue W;g = chx¢i(yk) (yroti Wi(xyl) = Xeéu(¥))s
doo ’
Wigll® = >~ lexl? [[xoon | = D lePra(ei(¥i) = Y lesl?n(¥e) = llgll*
k 2 K
‘Enetor 61t v xéde g € L*(R, u) woylet
Wigll = [[Wilglx.) + Wilglxe)|| = IWilalx )l = llglx,

X0l O oY UELOUOC amodelyInxe.

[N xdde ¢ € N éyoupe ovopdoer f; € L®(o(A), 1) ™ ouvdptnon fi(A)=A
(A € g(A)). Opilouue tpa v ouvdptnon f : R — R détovtac

F(t) = fi(t —ia), ovundpyet i botet € X,
B 0; av t ¢ UZX,L

H f ovixer otov L®(R, ) ywtt || f|l, = sup; || fill« = [|Al], dpa opileton o
teheothc My otov L*(R, p).

Hapatnpolue ot
WiMy = My W;

pdrypott, yio xédde g € LA(R, ), av A € o(A) éyoupe
(Wifg)A) = (fg)(A+ia) = f(A+ia)g(A +ia) = fi(\)g(A +ia)
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onote
WiMpg = Wi(fg) = fi(Wig) = MyWig.
Enedr) dpoc U;My, = AU; (Bh. (7)), éneton 6Tt
UW,My = UMy W; = AU;W;. (**)

Hopatnpotpe 6ty x&de g € L*(R, p) éyovue U;Wig € H; dpa o U;W;g
elvon ovd Vo xdeTar xou emopévee, agol 1 U; elvon ioouetpla,

S IUWigl* = 1wl = llg
=1 =1 =1
=5 [ okdn= [ lotdn =gl
i=1 /X R

2

X;

o
‘Eneton 6T 1 oelpd E U;W;g cuyxhiver otov H xot 6Tt
1=1

2

2
= [lglI”-

i UiWig
i=1

Av howndy oploouye TNy ameixovion

U:LRp) —»H: g— Y UWyg

t61e 1 U elvon woopetplo. H etdva tng nepiéyet xde H,;, dpa xou tny Aot
Yoouuxr) Toug Oxn, mou eivor o H. Anhadn n U elvon oopetplo ent, dpa
opYopovadiaioc teheotic. Téhog, ya xdde g € L*(R, p),

UMg =3 UWiMg =S AUWg = A UWig = AUg
enopévwe UMy = AU xau dpa
A=UMU".

"Eyouye hoindy amodeiet (pe tnyv emimiéov undieon 6Tt o H elvon Sy wpeioylog)
T0

Ochpnua 8.6 (Pacpatixd Oshpnua yio avtoocuvluyeic TeAecTES)
Eoww A € B(H) avroouluyris tedeotris. Yrdpyer xipos pétpov (X, p), ovr-
dptnon f € L®(X, u) kar opBopovadiaios tedeotris U : L* (X, pu) — H dote
A=UMU".
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8.1 Ilapdptnuo: I'evixn anddellrn touv Oswpruatog
8.6

Treviupiletar 6t éyoupe évav autoouluyy teheoti A € B(H) xo pa oixoyévela
{H; : i € I} ond xddetoug ava 500 A-avahhoikdToug XUXMXOUS UTOYOEOUS UE VYD
ddpolopo H (Afuua 8.5).

And to Aupa 8.1, yio xde ¢ € I undpyet tencpaouévo Yetind pétpo Borel p; otov
o(A) xou wwopetpia

Ui : L*(0(A), p;) — H dote AU; = U; My, (*)

omou fi(A) = A(A € a(A)), xou o alvoro Ty g U; elvon H;i. Anhadh, av Hécouue
A; = Aly,, xd0e A; eivon opopovadiaio loodOvapos e ToV TOAATAACIAGTIXG TENECTN
M, mou dpa otov oo L2(o(A), ;).

Oa deiloupe 6T 0 A elvon opYopovadiaio l6odUVUUOC PE EVay XATIAANAO TOANATAO-
oo Tind teheoth My otov L2(X, p), 6mou o (X, p) ehvon 1 Evn évwan twv yoHpoy
wétpou (X, pi) = (0(A), ni). H anddeln Yo yiver oe 800 Briuota: mpdta Yo deifouye
ot 0 A elvon opYouovaduaio 1oodivauog ye to vl dfpowopa B = &My, twv TOA-
AomAacLoc TV Tehea TV My, xan petd Yo Seifouue 6tL o B elvon opdopovodiota
LloOBUVOUOC e éVoy TOMATAACLEG TG TeEReTTH. 2V

H = VH, A H = VH,

@U; QU;

2 OMry, 2
®LA (X, i) —————> ®LA (X5, ;)

My

L2(X, p) LA (X, )

Opwopoe 8.2 (a) Av {K;} elvar pua owkoyéveaa xipwv Hilbert, ovopdlovue (€Ew-
TeP1kd) vt dOporoua &;K; o ovvolo K dAwy twv oikoyevady (x;) pe x; € K;

2Euyapiotiec otov Tipo!
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yia kdOe i mov efvar tetpaywrird atpoiopes®, nadn >, ||zi||? < co. DupBodilovue
ta ororyela x € K e x = @, ka1 Oéroupe®

(@, y)c =D (@i, yi)i

i€l

(B) Av T; : H; — K elvar ppayuévor tedeotés ya kdde i xar sup; ||T;]| < oo, tdte
yia kdle @x; € K n owoyévaa (Ti(z;)) elvar terpaywrikd adpoioun. Opilouue to
evV dUporoua T wwv tedeotwr T; and tny oxéon
T: @Hi — EB]CZ‘
@z, — BiTi(x;).

IMopatneroeig 8.7 (o) H T eivon xahd optopévn ypauuixn anexovion SOt yia
xde x € DH; Exoupe

S T, < sup T2 S llailZ, -
iel ¢ iel

Enopévoe npdypatt @;715(z;) € @K, o o T elvon gporypévog teheotic we [|T]| <
sup; | T3]]. Mdhota eivan e0xokn doxnon va deiler xavelc ot ||T|| = sup; | Ti]]. Av
xdde T; elvon oopetpla, toTE Xou 0 T ebvan looUETEXOC.

(B) Av H,,n € N eivau kdOetor avd 6o undywpol evoe ywpeov Hilbert H, t6te to
eowTepnd VDL dpoloud toug VH, eivan (oo pe 1o olhvoro

Ho = {Zazn C Ty, € Hn,z |2 ||* < oo}

X0l 1) ATEXOVION
W:@an%HO : @«’L‘n_}zxn
n

elvol LlooPETEIXOC loopopplonds. Lo Tov Adyo autd tautilovue To eEWTEPIXO YE TO
eowteptnd eudl dipotopa xadétwy avd dlo LToyhewv? evée ydhpou Hilbert.

2 Arodemvietan, axpBOe 6w otny mepintwon tou 2, 61t 10 eudl ddpolopa YHEeV
Hilbert eivar ywpoc Hilbert.

2To ddpolopa e oepde elvor €€ oplopol 0 6plo Tou dxTHOL TLY wdpoloudTwy oF
nenepaopéva UTOoUVOAA Tou I, xou 1 oelpd cuYXAlvEL BLOTL cuyxhivel andiuta, €PboOV
(Srer @imdi)? < (Sier ll12) (Sice [:]12) vio e F € I nencpaopévo.

SH rnopotfipnorn outh ohndedel xou ylo unepapldpiolec oxoyévelee UToYMOpwY, apxel Vo
Vewprioouye T0 &pOLGUA D, T; 6C TO 6pL0 TOL H1kTUOU { S | TwY adpoloUdTOY Sp = ) T
onou F' C I nencpacyévo.
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Aol tou (B) Iaupatnpolue temta 6Tt 1o 6Uvoho Hy eivan xahd oplopévo, yiorti
N

W By, € BHy, MDD [|2n]]? < 00 téTE ToL PEPWd ardpolopata sy = Y Ty, TNC
n=1

oepdc Y, T, amoteholy Paoxh oxohovdic: TedypoTt av m > TOTE |[Sm — Sn|? =
m

S [J@k]|? (ool to my, ebven avd d0o xddeta). Enlone éyouue
k=n+1

> apl| = lim > apl| = hTILnZ [ENRE A

k=1 k=1 k=1 k=1

Etvar tédpar avepd 611 1 W glvon xoAd 0ploUEVT), YROUULXY| X0l LOOPETELXT] ATELXOVION
an6d tov BH, otov H xou 1 ewodva g ebvan axpi3ong o Ho. Muvenog o Ho elvon
(mhheng, dea) xAeloTég uTdyweog Tou H xan BeBaiwe mepiéyel xdde Hy, dpa xon ™)
yeouu) Toug 9. Aol o Hg ebvar mAeng, énetan 6Tt VH, C Ho. Av oung
xémowo y € H elvar xdeto og & Hy, toTE elvor xdeto xar otov Ho, yroti yia
xe x = Y xn, € Ho €xovpe (Y, Y, Tn) = (Y, Tn) = 0. Apa telixd 1oy Vel
wotnte: VH, = Ho. O

Enavepyduaote thpa oty pehétn tou autoculuyols tekeoti A € B(H).

Ioyvetopéc 8.8 Eotw K to (cfwtepind) evdt dipooua ©;L*(0(A), ;) ka1 B :=
®My, : K — K . Tére o tedeotris A efvar oplopovadiaia 1006Uvapos jue tov teAeotn
B péow tng areikérions U émov

U=aU;: K=aL*c(A),u;) = H=VH;.

AnAadn) éxouue to petaleticé didypaupa:

H = VH; H =VH,;

QU; eU;

2 OMry, 2
®LA (X, i) —————> ®LA (X, ;)

Ano6deiEn O B elva xohd oplopévoc xau gpeaypévoct, e ||B|| < sup; | My|| =

sup; [| filloo = [ A[l-

Hlapathpnoe 6t epdoov f;(A) = A (A € a(A)) éxovpe ||fillo = sup{|A| : A € 0(A)} =
[|A]| 8t6t 0 A ebvon awtoouluyhc.
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T x&de g = ©gi € K éyovye B(®gi) = ©M;,g;, dpo

UB(®g;) = Z UiMy,g; = ZAUigi (omd v (%))
= A(Z Uigi) = AU(®g;)-

Act&ope howmov 6t UB = AU. Egobcov n U clvar woopetpla ent tou H, dpa ovti-
otpéduun, éneton 61t A = UBU L, O

Yuvenoe o A etvor opdopovadiaio loodivapog pe va eudd ddpolouo TOMATAACIAO TI-
%WV TeEhecTOV. Mével va amodeydel 6t 0 tedectic B = ©& My, eivon opopovadiaio
LGOBUVOLOC PE VALY TOANITAIGLIO TIXG TENEGTH G évay xatdhnho yodeo L2 (X, ). O
xoeoc (X, p) etvar 1 «&évn évwony twv ywewv ((A), 1) mou opileton avoluTind »g
e€ng:

Oplowdg 8.3 Oérovue X; = o(A) x {i} ka1 ovoudlovpue S; tny o-dAyefpa twr
Borel vroourdlwy tov X;. Eotw X = UijerX;. Opilovue tny owkoyéveaa S kar tny
amEOVION) [ AT TIS OXETES

S={YCX:YNX;€S yuaxddei €I}
S — 0,400 : Y%Zui(YﬂXi).

)

(I'a ovvropta, tavtilovpe to Y NX; pe tnr mpoforni tov {\ € o(A) : (A, i) € YNX;.)

Ioyveiowoc 8.9 H owcoyévela S eivar o-dAyefpa vroowvdlwr tov X kai to p elvai
o-tpootetiké (Jetikd) pérpo otny S.

Arndbdedn Eiva dueco 6ti n S etvon dhyefpa untoouvorwy tou X xou 6Tt To 1 elvor
nencpacuéva mpocletixd. Enouyévmg apxel vo anodewydel dti, av (Y;,) elvou adouoa
oxohoudio otoyelwy e S xou Y = U, Y, tdte Y € S xou p(Y) = limy, p(Y5,).

o xdde @ € I, epooov xdie Y, avixel otnv S, xde Y, N X; avixel otnv S;. Apa
Un(Yn N X;) €S yoxdde i. AWM U, (Y, N X)) =Y NX;, dpaY €8.

[ vo Bei€oupe 6t p(Y) = limy, u(Ys,), mopatneotue 6t n (u(Yy)) eivar adouvoa
oxohoudia o7o [0, +00] xar (V) < (YY) yia xdde n. Apaoav p = sup,, pu(Yy,) éxoupe
< u(Y). Tty avtiotpogn aviodtnto apxel, and tov oplopd tou pu(Y), va det€oupe
ot Y ier (Y N X;) < p oy xdde memepacpévo unocivoro I tou 1. Topatrence
oty x&e i, €youue sup, i14i(Y, N X;) = (Y N X;) dvn (Y, N X;) 2 (Y NXy)
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xou To fu; ebvon o-npocietind. ‘Emcton ot
Z wi(Y NX;) = Z sup u; (Y, N X;) = sup Z wi(Yn N X5)
i€F icr " " ieF

<sup Y (Yo 1 X3) = sup u(Ya) = g,
icl "

Goa u(Y) < p. O
I xéde @ € I éyouue ovopdoet f; € L>®(0(A), ;) tnv ouvdptnon fi(A) = A (X €
a(A)). Opllouye thpa TNV cuvdptnon

f: X =Ui(c(A) x {i}) = C: (\3) = fi(N).

Eivou govepd 6t f € L¥(X, pn) (udhwota ||fllec = sup; ||filloo = sup{|A] : A €
o(A)} = [l Al)-

Ioyvewowde 8.10 H arnaxdrion V : h — @;(h|x,) araxovite tov L?(X, ) 100-
petpikd end Tou K = @;L*(0(A), ;) ko B=V MV 1

Ioyveiowog 8.11 H araxdévion V : h — @;h;, émov hi(A) = h(\, i) arneixovilea
tov L*(X, pu) wopetpid ent tov K = @;L*(0(A), ;) ka1t B =V M;V 1.

Anodely (i) Aelyrvouue mpdta éu n V elvar kadd opwopévog opopovadiaios
teAeotris. 'Eotw npnta Y € § xaw x = xy. 'Encton amd tov oploud tou uétpou 1 6T

/X xdp=p(Y) =Y m(YnX;) =Y /X Xvoxdpi =Y /X X|x, dpi.

Aoy yeapuwotnTag, 1 (Bor lodtnTo Loy Vel av X elvon Lol Ak ONOXANEOGCLUT GUVGE-
wom. E@bcov ol anhéc ohoxAnptoiues cuvapThoelg elval TUXVES GTOV Ll(X, ), Yiot
x&de g € LY (X, ), g > 0 éyouue

gdu = /gxidm-
Jeoin=3 [

Enopévwc av h € L?(X, u) t6te hlx, € L*(X;, pi) yio %8¢ i dpo n hi(A) = h(), 1)
avixer otov L2(o(A), j1;) %o udhoTa (Yenotlonothviog Tny TeheuTala LoGTNToL Yiol
g=h?)

hz:/ hPdp = / hlx,|Pdp; = / hi*dp,
1A]l3 X|| ;Xi‘|l| zi:U(A)’ |
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dnhadt) N owoyévela @;h; 6mou hi(\) = h(A, i) avixel otov @; L2 (0(A), ui) = K xu
|hll2 = || ® hillk. Luvenoe n anewxdvion

VLA X, pu) — K:h— @iy

elvon xahd oplouévn ioopetpla. H V ebvan enl yiotl o im V' nepiéyet to munvéd unocivoro
oAV TV g = ©g; € K 6nou g; = 0 exto¢ and menepaouévo TARUOC BELXTOV .
Hpdypatt, yio xdde tétolo g, opilouye v h otov X and g oyéoeic h(A, i) = gi(N)
(A € a(A),i € I) xon napotnpolue 6t h € L2(X, ) xou h(\,i) = gi(A) v xdde i,
Goo Vh = ®g; = g.

(ii) Aefyrvoupe éuu B = VMV~ 'Eotw g € L*(X, u) xu g; € L*(0(A), i) pe
9i(A) = g(A,i). Tote V(g) = @igi xou

B(Vg) = B(®igi) = ®:iMy,9; = ®ifigi,
V(Myg) =V (fg) = ®ifigi-

Ereton 61t BV =V My, dpo B=VMV =1 8161 0 V elvon aviiotpédrpoc. a

Av ovopdooupe W i L?(X, u) — H tnv cOvdeon
W=UoV:L*X,u) - K—H,
t6te A =UBU' = UVMV YU, dnhady A = WMW L. ‘Eyouye lowndy

anodel&el To

Ocdpnua 8.12 (Paouatikdé Ocdpnua yra avtoovluvyels TeA€oTég)
Eorw A € B(H) avroovluvyns tedeotris. Trdpyer xipos uérpov (X, p), ouvdp-
mon f € L®(X,p) ka1 opbopovadaios teheotis W = L?(X,u) — H dote A =
WMfW_l.
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9 To Poacpatind Oesdpnuo: Asdteen popyn

9.1 Ewaywyn

To Pacyotind Oeprnua, Tou ebvar {owe To Bacxdtepo anotéAecua TNy Ocw-
ol Teheo v, anotehel yevixeuor tou avtioTolryou Yewpruatoc and v [Nooy-
uer) ‘Ahyefea. ‘Onog gaivetar xon amd TNy amddelln tou Oewprdatog 5.2, T0
OwENU AUTO AVABSLUTUTIOVETOL (G EENC:

Ocwenua 9.1 Fotww H ydpos Hilbert memepaouérng didotaons kar T €
B(H) guoodoyikés. Ta kde N € o(T), ovoudlovue Ey tnr opdn mpofoln
oTov 1010Ywpo Tov avtiototyel otny 1dwtiun . Tote

I= Z Ex xa T= Z N
)

Aeo(T) Aeo(T

Oua detZouye 611, 6tav 0 H eivon ametpodidotatoc, to dbpotoua avixoiototon ue
éva ohoxhfpwpa T = [ AdE) 4mou 1 ohoxhfpwon yivetar méve 6To cuurayés
unoocivoro o(T) tou C, ¢ Teo¢ €va ‘UeTpo’ oplouevo ot Borel unocUvola
tou o(T'), pe tpée (ot aprduoie alhd) tpoforéc otov H.

TNV ToNYOUUEVY ol papo dHCoUE TNV omddetln (Yo TNy edixy Tepintwon
awTooulLYO0UC ‘E€>\€GTY']) wog 1ooduvaung Lopgprc tou Pacpatixol Ocwpriuo-
toc: KdOe guoiodoyikés tedeotns T' o'évar ywpo Hilbert efvar opOopovadiaia
1000Uvaog e évay toAManAaciaotikd teAeatr) otov L? evés katdAAnAov xdpou
pétpou. Ilopatnpolue 6Tl 0 YMEOC UETEOU TOU XATACHEUGCUUE GTNY TROTYO-
OUEVY Topdypapo e€apTdTon, O)L UOVOV amd TOV TEAECTY|, GhAd xai omd TNV
ETAOYY| WS OXOYEVELWS ‘TOAD xdletwy’ Blavuoudtwy. Avtideta, to ‘Yétpo’
mou Yo opicouue ot ouvéyeta xadopiletar povooruavta and Tov TereoTy| 1.
Emunifov, n avanapdoTaoT) Tou TEAEG T UE TNV HOPPT] OAOXATPOUATOS ETULTUY-
yavetar otov (o yweo Hilbert 6mou o T' dpa, xan oyt o€ xdmolov dhAo Yweo
(Héow optopovadiaiuc Loduvola).

To mpdypauud pog eivon to €€fc: Oa 0plooUUE TEAOTA TNV XATIAANAT, Evvola
CUETEOUY, TO PAOUATIKG JLETPO, XAVOS XL TNV OAOXAHIPWOT), WS TEOS £VAL TETOLO
UETQEO, CUVAPTACEWY UE UYUOWES TWES. Oo BOUUE OTL TO OAOXAHIPWUA WS TEOG
éval aopotind pEteo opilet pla avamapdotaot uag C*-dhyefpas cUVIPTAGEMY.
>t ouvéyewa Yo omodeioupe 6L xde avonapdotaon e C*-dhyeBpouc C(K)
(6mov K ovumaytic Hausdorft X(bpog) mou dtatneel TNy evéEMEN opilet éva (o-
opatind Pétpo. Télog, apol (Omwe Yo Solue) xdde QUOIOAOYIXOC TEAEGTAS
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T € B(H) opilet pio avamapdotoon f— f(T) tne C(o(T')), Yo odnyndolue
otnyv anédelln Touv Poacuatinod Ocwpruatoc.

9.2 OloxAfjpworn wg MEOS PUCUATIXO UETEO
9.2.1 Paopatixd puétpa

Optowoc 9.1 Eotww (K, S) petprioog yopos. Mia owcoyéveia {E(Q2) : Q €
S} tedeotdv o'évar ydpo Hilbert H Aéyetar paouatiké uétpo (spectral
measure) av 1kavorolel TS 1016TNTeS

1. E(Q)*=E(Q)

2. E(Q1 N Q) = E().E(Q)
3. E0)=0 ka1t E(K)=1
4

. Ta kdOe x,y € H, n anetkévion pigy, : Q@ — (E(Q)z,y) evar pryaduco
HéTpo opoévo otny S.

IMopatneroeig 9.2 (o) And tc (1) xou (2) éneton 611 xdde E(Q) elvan
op mpoBold, dnhadh E(Q)* = E(Q) xou E(Q)? = E(Q). Egdcov or opdéc
TpoPBokéc etvor YeTixol teheotéc?, émetan 6Tt Y xdde x € H to UETQEO [lga
etvan VeTind (nenepaopévo) pétpo. Avtiotpoga, av x4 [, etvon Yetind Yétpo,
TOTE AAVE figy Vo elvan Uryodind UETEO, WC YRUUUIXOS CUVOUNOUOS TECTHPWY
Uz Tpdrypart, yia xdde Q0 n omewovion (2, y) — tay (1) = (E(Q)z,y) ebvou
sesquilinear, dpa (anéd TNV TAUTOHTNTA TOAXOTNTAC) €YOUUE

4ny<Q) = Mm+y,m+y<Q) - Nw—y,m—y(Q) + iux+iy,m+iy<9) - iﬂr—iy,m—iy<Q)-

Enopévwe n ot ta (4) unopel va avtixatactodel and tny

4" Ta kdle x € H, n aneikénion fig, : @ — (E(Q)x, x) elvar (Oetikd) pétpo
opiouévo otny S.

(B) Otav o K eivar (tomxd) ouunayhc yoeoc xou S 1 o-dhyeBpa twv Borel
UTOGUYOAWY TOU, GUVATWE OMOUTOVUE EVOL PUCUTIXG UETEO VA VAL Kavovike,
ONAUOY| OAOL TOL fgy VOU EEVAL XUVOVIXEL UETEAL.

BAv E ebvou 0pO mpoford t6te (Ex, x) = (E%x,z) = (Fx, E*z) = (Ex, Ex) = || Ex|?.
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IMopatrenon 9.3 Kdde qoouotind pétpo eivon Befaing nemepaouéva mpo-
oetixd (ool xdVe piyy (x,y € H) eivon nenepaopéva tpocletind), dnhadh
E(QUQy) = E() + E(Q2) 6tav ta 1, Qs € S eivan Eéva. Aev elvon duog
(TE}\T]V TETPLUUEVOY nspmto')osoov) 0-1poc¥ETING GTNV TOTOAOY{0L TN VORUIS TOU
B(H). Anhodh av {Q,} € S eivou oxohoudio Zévwv avd 500 UTOGLVOALY Xou
Q ebvar 1 évwor| toug, N oepd Y E(£2,) S8ev ouyxhiver, ylotl Tor Yepxd g
adpoloparta, 6tav Bev ebvor (oo, €youv Blopopd vopuag 1 (yiotl etvan opdéc npo-
Bohéc™).

Loylel ouwe po aoVevesTepn nop@n o-teocieTndTNTIC:

Ina kd%e v € H n oapd > E(Qy,)x ovykdiva oto E(Q)x
(ws mpos Ty véppa tov H ).

A7nédedn Enedn n oanewdvion Q — E(Q) ebvar nenepoouéva mpooetix,
av Véooupe V,, = U{Q, : k < n} tote

EQ)=EWV,)+EQ\V,) = i E(Qg) + E(Q2\ V,).

Apxel howmdy va det€oupe 6t limy, ||E(2\ V,)z|| = 0 yio xdde x € H. ANNG
n E(Q\V,) etvar 0pd) mpofort), doo [|[E(Q\ Va)z||? = (E(Q\ Va)z,z) =
Pz (2\ V,,) mou teivel oto 0 0ol o fiy , elvor o-npocietind pétpo.

IMopadeiypata (a) Av T elvou uotoloyixdc tereothic o’évay yoeo Hilbert
H menepooyévne ddotaone, Vétoupe K = o(T) xou E({\}) = E), 6mov Ej 1
TEOPBOAY GTOV 1OYMOEO Tou avTIoToLYEl oTny Wt A. Eréyyetoan dueoa ot
0 E(.) elvon paopotind YETpo 0plopévo GTo BuVoociVOLo Tou (Temepaouévou)
ouvérou o(T).

(b) 'Eoto (K, S, 1) yopeoc pétpouv xaw H = L*(K, u). T xdde Q € S opllw
tov teheoth E(Q) € B(H) and v oyéon

E(Q)g = xag, g€ H.

EXEYy 0 6TL tavoToloUVTOL OL OTOUTACELS TOU OPLOUOU:
(1) Avg,h e H éyouue

(E(Q)g, h) = /K xaghdy = /K gxahdp = (g, E(Q)h)

Tlpdyppartt, e, E(Qx) = E(UP, Q)
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Goa E(Q)* = E(Q).
(2) Emnedh xa,n0, = Xau-X0p EXOUME

E(Q1 N )9 = Xa1n0.9 = Xai-X0,9 = E(Q1)(E(22)g).
H anédeiln e (3) ebvan tetprupévn.

[oc v (4), opxel, 6nwg eidaue oty Hopathenon 9.2, va deilw ot yio xdde
f € H naneévion Q — (E(Q)f, f) v (Yetind) pétpo otov K. Hpbra-
mewTa, av T V,Q € S ebvan Eéva, TOTE Xauv = Xa + XV, ETOUEVKC

EQUV)f =xawf=xaof +xvf=(EQ)+EV))f

onéte 10  — (E(Q) f, f) elvon menepoouéva mpooetind. Av wopa (2,) € S
etvon par giivouoa mpoc o ) axohoudio, téte n avtiotowyn axohoudia (Xy)n
TWY YOPUXTNELOTXOY Toug @iivel Tpog To unodev oe xdie onuelo tou K, dpa 1
axoroudia (xn (8)]f()[*)n @diver tpoc 1o undév (p-oyeddv) oe xdie onuelo t €
K. Yuvenog 1o Oewpnua povétorng oUykAiong Oely Vel 6Tl T ONOXANEMUATO
@divouy mpog To UNdEY, dBNAUdY| OTL

(EQu)], f) = /K T (OLF (0 Pdp(t) —s 0.

‘Eneton 6t 10 Q@ — (E(Q) f, f) elvon o-npocietind.

9.2.2 OMoxApwon

IIpoywpolue 1Mo GTOV 0PLOUS OAOXANPOUATOS WS TEOG PuoUATIXd PéTeo. Av
f = Z AiXQi

etvan amh petproun ouvdptnon (émou A; € C xou §; € S, to omtola Unopd va
uodéte Eéva avd 800 xar USY = K), opilw

/ FNAE = ST AE() € B(H).

<( /K f(A)dEA) xy> - /K Fdta
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v x&e z,y € H.

Ebvar gavepd otL 1 ameixdvion 6 mou optleTon amd v oyéaon

_ /K FNE)

elvor Yo o6 TOV YMPE0 TOV ATADY PETRHOWWY CUVIPTACEWY UE THES OTOV
B(H). Emtdugolye vo TV ETEXTEIVOUUE GE Lo ATEXOVLOT) OPLOUEVT OTOV YWEO
L®(K) 6wV tov @eaypévov petpiotuwy ouvaptioewy f @ K — C. Kdde
TéTol oLVAPTNOT TEOoEYYIlEToL opoLOUoPYa amtd amAég cuvapThoels. Apxel
Aotmov va deyvel 6T 1) 6 elvor GUVEY NS WS TEOG TNV TOTOAOYIX TNG OUOLOUOPPNG
oUYXALOT.

Ioyuetlopor 6t [|0(f)| < sup|f]|. Hpo’wpa‘u: [ xéde x € H, éyouue

I( [ am)| ‘ = 3 LBl

< (max|Aq) ZIIE i)z]|* = (sup|f]) IIZE i)zl

= (sup|f])’ H%H2

6mou yenotponoinoa (8o gopéc) to Hudaybpelo Oedpnua, po xon ot { E(€;)}
etvan xddeteg avd 800 xan Y. E(§);) = E(USY) = E(K) = 1.

"Edeila homdy 6T

/deH < suplf]

O(f)|l < sup|f|. Enopévwe n 6 enexteivetan povadikd oe pior ouveyn
Yeouuxy amexovion, mou Ty cuuBolilw eniong 6, omd tny C*-dhyefoa L2°(K)
otov B(H).

Ioyupilopon tdpa 6Tt 1 0 elvor *~poppiopde. Apxel va anodellw 6t 1 6 elvo
*-uop@lopdc oTIC OmAES GUVOPTACELS, YTl 0 ToAATAAGIAoUOS Xou 1) EVEREY
etvan ouveyeic oty L>(K) xou otov B(H)).

Hapathpnoe hoimdy 6tL av 0 = Qy Ny, Eyouue
0(xaix0,) = 0(xa) = E(Q) = E(1).E(Q) = 0(xa,)-0(x0,)

EMOUEVKC, NOYW YeauuxdTnTog TN 0, av fi, fo elvan amiée, éyoupe
0(f1f2) = 0(f1)0(f2).
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‘Ouota, amd 10 yeyovoe ot E(Q)* = E(Q) Beloxoupe 6Tt
0(f) = (0(f)"

otav 1 f ebvan amiy.

"Etot éyw oploet o ohoxhfpwua [ fdE € B(H) yw xdde f € L2(K), xou éyo
delZer 6t m anexdvion f — [ fdE ebvon suveyiic *-uopgiopde.

IHopathpnon H areikévion avtrj 6ev elvar ev yéver 1-1 (enouérvawgs dev elvar

wopetpia). Ipdyuaty, av to otvodo Q = {t € K : f(t) # 0} éya pétpo undév,
av dnkadn E(Q) =0, tre [ fdE = 0.

YuvoiCouye Tor TOROTEVE UE TNV
Ilpoétaocy 9.4 Av {E(Q) : Q € S} evar éva paopatiké uétpo opiopévo
o’évay petpriouo ydpo (K, S) pe nipés npoforés o’évav ydpo Hilbert H, tdte
n arewovion xo — E(Q) opila évay *popprond

LXK)—=BH): f— /de

ané Ty *-dAyefpa L (K) twv ppayuévor petprioipwy ovvaptioewy f: K —
C pe npés owov B(H) mov ikavonorel

H/deH < sup|f|

<(/de) x’y> :/fd:“xy (z,y € H)

mov piay (1) = (E(Q), y).

Kai

(H teheutaio looTNTA oY VEL, OTWG TURATNENOUUE, YL amhég ouvapthoeg. H
yevxr| mepintwon éneton npoceyyilovtoac ty f € L(K) opolduoppa and o
oxohoLB{ar ATAWY CUVIPTATEWY. )

9.3 Meétpa xou AvanopacTtdoelg

‘Eotw K ouunoyfc yopoc Hausdorff. Téte ny C(K) eivan pla petodetnry C*-
dhyefpa. Mo *-avarapdotacy (*-representation) e C(K) o’évav
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yoeo Hilbert H etvan évag *-popgpiopde m tne C*-dhyefpac C(K) oty B(H).
Oa uno¥étouyue emlong, OmwS YyiveTtan ouw’]ﬂwg”, OTL 1 eodva Tng otadepric
ouvdptnone 1 € C(K) eivar o towtotixde teheothic 1.

Hopadelypotog ydewv, av T € B(H) eivoar avtoouluyrc TeheaTtic, 1) omexovion
f— f(T): Co(T)) — B(H) eivar wa avomopdotoon tne CH-dhyefpac
C(o(T)) otov H. (Onwe Ya dolue otnv endpevn napdypopo, to Bo oy el
o 6tay o T etvor q)uoto)\oYLxég.)

Afppa 9.5 Kdle *avarapdotaon m s C(K) elvar avtopdtws ouvexris,
pahioza |[x(f)I] < || flleo 12 xdde f € C(K).

Arnoédely Ilopoatipnoe mpwta 6tL 1 7 dlatneel TNy BtdToln), dnhadr av Lo
f € C(K) eivar un apvnuxd, t6te o m( f) etvon Yetixde teheotic. pdyport, ov

g =V f tote n(g)* = 7(g) = 7(g) dpa n(f) = 7(9?) = 7(g9)* = w(g9)*n(g) >

Eotw topa f € C(K) pe || fllo < 1. Téte nouwvdptnon 1 — f*f =1 —|f]?
elvan un opvnTixe, xow cuvenwe (1 — f*f) > 0, dpo v xéde x € H €youye
(I ==(ff))z,x) = 0, onbre

lx(N)al* = (n(f)z, 7 (f)z) = (7 (f*fla,z) < ||,
mpdypo mou delyver ot ||m(f)|| < 1. O

Ané my Hpdtoon 9.4 éncton b1 xdde pacpotixd pétpo {E(Q2) : @ C K Bo-
rel} C B(H) opilet évav *-popgioud m: C(K) — B(H) ond vy oyéon

- [ rap (s ecw)).
Avtiotpoga,

Ochpnua 9.6 Eoww K ovurnayns ydpos Hausdorff. Kile *-avarapdotaon
7 g C(K) o'évar ydpo Hilbert H opilar éva povadixd kavovikd gpaopatiké
pétpo E(.) opiopévo ata Borel vrootvola tov K dote

/de—w (f € C(K)).

2TEv yével o teheothic P = m(1) eivon opdf npofor. Av H, = P(H) eivar t0 chvoho
POV e, t6te 0 H, avdyel xoa‘)s 7(f) (f € C(K)) xou o w(f) undevileton otov HL.
Enopévee, neptoptllduevol otov H,, unopolpe vo vodétovye 6t (1) = 1.

65



H anédeiln omnplleton oe 500 Yeuehiddn Vewprjdato, Tou ovoudlovton xon To
0V0 «BOewpruata Avanapdotacng tou Rieszy:

Ocedpnpa 9.7 Ia kdbe ovvexn ypappuxn popen ¢ = C(K) — C vndpyer
HOVOOWXO Kavoviké uryadiké pétpo Borel pn oto K dote

/K fdu=o(f)  (f € C(K))
at ||]) = ], 6mov [|l] = |l(K) 17 ok edpuavony o .

[oc v amddeiln, Bréne m.y. [16], Oedpnuo 12.38.

Ynueiwon o pa anddeiln mou yenoylomolel uévov Yetind pétpa, de¢ To
Hopdptnuoe 9.3.1.

Ocedpnpa 9.8 (ITpdtaocy 3.1) Ta kdde ppayuérn sesquilinear popgn
¢ Hx H— C vndpyer povadixoc T € B(H) dote

Y(x,y) = (Tr,y) (v,y € H)
kar ||T|| = sup{|[¢(z,y)| : ]| < 1, ||yl < 1}

A8l touv Oswpruatog 9.6

Movadixotnta Av dVo kavovikd goopotixd uétpa Borel E(.) xa F(.)

IXOVOTIOLOUY
| i =n) = [ rar
Q) =

yoo xdde f € C(K), 1ot VETOVTOS fiyy( (E()z,y) nou vy,(0) =

(F(Q)z, 1), éxous
/fdl‘x,y:/ Jdvyy
K K

v xdde f e C(K). And v povadixétnto oto Oedpnuo 9.7 énetan dtL
Py () = 15, (Q), Snhad) (E(Q)z,y) = (F(Q)z,y) yioa xdde Borel Q2 C K.
Aol n wootnroe auth toyVer yio xdde x,y € H, ouunepaivouue o6t E(Q) =

"YTropdn (i) Av otadeponomicoupe dvo daviopata ,y € H, n aneixévion

C(K)— C: f— (n(f)z,y)
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elvan ypouuxy| Lop@r, xou gpdooeton and ||z||.|ly[, diott

[ (Pl < e (ON-N -yl < 1A oo (][9]

omd to Afuua 9.5. Ad 1o Oewprnua 9.7, UTEEYEL LOVABLXO XAVOVIXO ULy adIXd
uéteo Borel p,, oto K wote

/K fdpiny = (r(fz,y) i xdde f € C(K) (2)

KoL TETOLO MOTE
[zl < llz][-[w]]-

(ii) Lrodeponorotye thpa évar Borel vtootvodo Q C K o Vewpolue tny
OTELXOVIOT)
HxH-— C: (z,y) — pta,().

Hapatnpovue 6Tt elvon sesquilinear xou ppdooetar and 1, dnhadn

My +Am2,y (§1) = Hay () "‘i\:u:vz,y(Q)
Hoazy1+Aya (Q) = Mz7y1(Q> + >‘:U':E,y2 (Q)
|ty (D] < syl < [l ll-1y]l-

Hedrypote: n oviodTNToL | Ly, ()| < || ey || Emetan omd tov oplopd tne xuavone
([L6], Oplopde 10.21). Eniong, yio xdde f € C(K),

S F ey irge = (7(F)z,y1 + Ayo) = (7(f)a,y1) + M (f)z, y2)
= f fdlux,gﬂ + A f fdﬂx,yg

GUVETOE T UETEAL € — Ly i ags () %0 Q — 114, (Q) + Mpty, (Q) 0pilovv
™V Bt ypopuxy popgy| otov C(K) dpa, and tny uovodxdtnta otov Odpnuo
9.7, ebvon foo. Opolwe amodewvietal 1 TEOTN IOOTNTA.

Anb to Oedpnua 9.8, undpyer wovadixdg teheotic E(Q) € B(H) wote
(E(Q)x,y) = pey () v xde x,y € H. (3)
(iii) ITpéner vo Sevydel 6t to E(-) elvon paopotind pétpo. Eivor gavepd and tov

optopé 6tt E(0) = 0, 6 E(K) = I xa, puord, 6t 1o Q@ — (E(Q)z,y) (=
.y (82)) ebvon o-mpooetind pétpo yio xdde x, y.

(a) Ioyvplowds E(Q)* = E(Q).
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Anddeiln Tw xédde f e C(K) éyoupe n(f) = 7(f)*, dpa, av Vécouue
Ty () = piy,($2),

/fdux,y = (m(f)z,y) = (7(f)y,z) :/fd,uy,x :/fd,uy,a:a
TEAYUA TTOU DELYVEL OTL TOL METEOL [hgy XL [hy 5 TOUTICOVTOL, ONAAOY) OTL
(EQ)z,y) = (EQ)y,z) = (z, E(Q)y). O

(b) Ioyvpiowds E(2 NQs) = E(Q).E(2) vy xdde Ledyoc Borel uno-
oLVOLWY (21,2 ToL K.

Ancdein T xdie f,g € C(K) éyouue

(m(fg)z,y) = (7 (f)m(g9)z,y) = (7 (f)(7(9)x), y)

X0 GUVETIOS, YENOWOTOLWOYTAS TNV (2) yior o Stavbouata m(g) e xou y,

/fgdﬂx,y = /fd:uﬂ(g):my'

Aot 1 ayéon auth oylet yioxde f € C(K), toaavtiototyo pétpo toutilova,
OnhodY

/ gdpizy = / dhin(g)ey = Hr(g)wy($h1)
Ql Ql
v xé&de Borel Q C K. Ané v (3), n oyéon auth yedpeton
| gdnay = (B@)7(0)2.).
1
ANNG *
(E()m(g)z,y) = (w(g)z, E()"y)

xou amd TV (2) éyoupe

(n(g)z, E()y) = / gdta sy
omoTE
/ gdptyy = / 9z B(Qy)y-
941
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Agol 1 tehevtaio wwotnTa oyel v xdde g € C(K), ta avtiototya yétpo
TautilovTat, dnhad

/ XQadpley = / X2 bz, E(©Qy)y
951

v xdde Borel Q5 C K. AM&

/ XdiMx,y - Mm,y(Ql N Q2) nolk /Xdi:U/x,E(Ql)*y = ,ux,E(Ql)*y(QQ>
971

X0 GUVETLOES omd TNy (3)
(BN Qo)z,y) = (E(Q2)z, E(h)"y) = (E() E(Q2)z, y).

Agol auth n oyéon wylel yo xdde z,y € H, delloue o E( N Q) =
E((Q).E(€Qy), mpdypo mou ohoxhnpdvel Ty onddelln. O

IMapathenon 9.9 O npoforéc E(Q2) (2 C K Borel) dev avixouv ev yével
omyv C*-dhyefoa B = {n(f) : f € C(K)}. Avixouv duwg oty (ev yével)
ueyahitepn dhyePea B”, tov deltepo petatétn tne B, dniad petatidevton ue
x&de ppaypévo tekeoty| mou petatietan ue v B.

Mdhioto, évac teheotic X € B(H) petatideton pe xdde otowyeio m(f) tne B oav
xou pévov av petatideton ye xdde E(Q). Ipdypat, n oyéon Xn(f) = n(f)X
oy Ve av xou povov av yia xde x,y € H €youue

(X7(flo,y) = (n(f) Xz, y) = (7(f)z, X7y) = (7(f) Xz, y)
L

H oyéon auty| woyler yia xdde f € C(K) av ot HOVov av To UETROL [y x =y KO
Hxay EVOL foa, SNAAOT av xou udvov av

(E(Q)z, X™y) = (E(Q)X,y)
yioe xdde € C K Borel onAooy
(XEQ)z,y) = (E(Q)Xz,y)

via x&ie €2 C K Borel.
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Aci€ape ooy 6t X7(f) = 7(f)X vy xdde f € C(K) av xa yévov av
XE(Q) = E(Q)X yw xdde Q C K Borel. Anhady| ot yetoéteg

B xu {E(Q):Q C K Borel }/
Tautilovtat, dpa xou ol dedtepol petatétec TavtilovTal:
{m(f): feC(K)}' ={FE(Q):QC K Borel }".

O autoouluyelc dhyeBpeg tne wopgnc B” ovoudlovtan dAyefpes von Neumann
(6ec xau TV mapdypagpo 11.1).

9.3.1 ITapdptnuo: Evarhoxtixn npocéyyion cto Oswpnua 9.6

Oo amoPUYOUUE Ta LY odLXS UETEA, YENOWOTOLOVTAS To Oewpenuo Avanapdo ta-
ongc tou Riesz yia Jetikd uoévo pétpa:

Oewpnpa 9.10 Eotw K ouurayris yopos Hausdorff. Ia kdOe Yetinh *°
ypapukn popeny ¢ @ C(K) — C vndpyer povodixd kavoviké Jetikd pétpo

Borel i oto K dote
[ fin=oln)  (reci,

[oe v omddetln, BA. my [16, Oedpnua 12.26].

IMopathenon H yovadixdtnta oo Oewpnua 9.10 pmopel vor dratumeydet xan
o¢ e€ig:

Ay 8o kavovikd (Oetikd) pétpa Borel pu ka1 v oto K 8ivour o 610 odokArpwua
o€ kdOe ouvexn ouwvdptnon, tote eivai ioa, ondte divour o 1610 oAorkANpwia o€

kdOe gpayuévn Borel petprioun ovvdptnon.

Ou ypeelaovel v Ao

Adppa 9.11 Ay M efvar pua menepaoUévr otkoyévela amd xovovixd Detikd
pnétpa Borel oto K, téte ya kdOe Borel gpayuévn owdptnon h : K — C

vndpyer akodovdia (f,) owexor owaptrioewr pe || full < bl ya kdle
n € N dote

/hdu = lim/fndu yvia kdOe (€ M.
Boh. f>0=¢(f) > 0.
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Anoédedn (I Ehevdepdnng): Otoupe po = 3,0y 1 (TETEQUOPEVO d)pOL-
oua). Efvor ebxoho va Betel xavelc 6Tt 0 p1, ebvon xavovixd pétpo. ‘Apa, and
10 Oewpnua Lusin [16, Oedenua 12.2(ii)], yio xdde Borel gpayuévn ouvdptn-
on h xou xdde n € N undpyer f, € C(K) pe || full, < ||R]lGote 0 obvoro
K, :={t € K: fuo(t) # h(t)} va éyer po(K,) < +, ondte p(K,) < L yia xdde
€ M. Eyouue oo

[ v~ [

Ynpeiwon H povaduodtnta oto Oedpnuo 9.10 éneton xan amd to Afuua:
Av p,v ebvon 800 kavorikd Yetind pétpa Borel xau [ fdp = [ fdv vy e
feC(K), t6te p=v.

1
< [1h= fldn < 0= fll i) < 20bl 5 -

Acltepr anddelly Tou Oewpruatog 9.6

Movadixotnta Av dVo kavovikd guopotixd uétpa Borel E(-) xa F(-)

IXAVOTIOLOVV
| fae=x(p)= [ sar
K K

yxdde [ € C(K), tote Vétovtag p, (Q) = (E(Q)x, x) xu v,(Q) = (F(Q)x, x),

€Y OUUE
| fin.= [ fav.
K K

v xdde f e C(K). Enedn to 800 pétpa eivor xovovixd, cuunepaivouye ot
xort” ovdryxn Yo tautiCovton: 1, () = 1,(Q), dnhadh (E(Q)z, ) = (F(Q)z, x)
v xdde Borel 2 C K. Ago0 1 woétnto auth| woylet v xdde x € H, ouune-
catvouue (amd v TawtdTnTa toldTnTog) 6t E(Q) = F(Q).
"YTroapdn (i) Av otadeponomiooupe éva & € H, 1 omexdvion

C(K) — C: [ — (x(f)z,2)
elvon ypouux pop@t), xou etvon Vetixn, owott av f > 0, t6t€ f = g*g Omou
g =+/f, onbte

(m(f)z,z) = (m(9) 7 (g)z, x) = |7(g)z[* > 0.
Ané 1o Oewpenua 9.10, undpyel povadLxd xavovixd Vetxd pétpo Borel i,
oto K wote

/deux = (w(f)z, ) v xde f e C(K). (4)
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Mo To
o (K) = / 1dps = (L), 7) = ||

Oo bei&w OTL uTdpyEeL éva poouatixd PETEo E(-) mou «YeVVHELy ONAL TU fiy UE
™V €vvola OTL

pa () = (E(Q)z, )
Téte, av f € C(K), and tov oplopd tou [ fdE Yu éyw

()} f .

v xdde x € H onodte
[ #aE =

v xawe x € H xoau Q C K Borel.

Noyw e (4).
(ii) Av egapudéoouue TNV TaLTOHTNTO TOAXOTNTUC 0T oyéon (4) €youue, yio

x&de x,y € H,

(m(Pz,y) = 7 (7N +y),z+y) — (7()e—y),z—y))

+ (r(N)(x —iy), z —iy))

%IN-.QUA

(m(f) (@ +iy), v +iy) —

( / Flptasy - / fp, y> ( / Fptassy — / Fdpn Zy) |

Yradepomololue topa wio peaypévn cuvdptnon Borel h : K — C xon opiCouue

TNV OTEXOVIOT)
th HxH—C

amb TNV GYEoT
1 i
on(z,y) = 4 ( / hdpiz1y — / hd:uxy) +1 ( / hdpig iy — / hdumy) (5)

(ométe ¢p(x,y) = (m(h)x,y) 6tav n h eivor cuveyic).
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Ioxypiopés 1. To xdde nenepaopévn oxoyéveror X = {(zx,yp) € H X H :
k =1,...,m} vndpyet axohoudia (f,) ouveywv cuvapthoewy e || full, <
R, wote

On(Tr, yr) = dim (r(fa)rr,ye), k=1,...,m.
Arnéoeitn Egapuolouye 1o AfUuo 6T0 TETEPUOUEVO GUVORO UETEWY

M :{:uwk-i-yk? My —yg > Pty May—iges k=1, ,m}.

Trdpyer oxohovdia (f,,) ouveydv cuvapthoeny pe | full, < ||k, dote

/hd,u = lim/fnd,u v xde p € M

dpo, amd v (5),

1
¢ (‘rk’yk n 4_1 (/ fndlvba:k—i-yk /fnd,uxk yk)
+ T}I_)IEO n </ fndluzk'i‘lyk /fnducck zyk)

= lim (7(fp)ze, yx), k= - b

n—oo

Ioyuproués 2. H ¢y, ebvan sequilinear xon gparypévn. Mdhota
[on (@, )| < Mzl Iyl IRl o xcde 2,y € H.

Anébaén Av z,y € H, ano tov loyvplopd 1 undpyet axohoudio (f,,) ouveymy
ouvapThoewy e || full < 1Al ©ote én(z, y) = limy oo (7(fn)z,y). Egboov
() y) | <zl lyll [ falls < Nzl lyll 1]l yior xdde n, xoupe

|on(z,y)| = lim | (7 (fu)z, ) | < [l vl {151

X0l ETOUEVOS, Aol ToL &, Y Toy TUYOVTA, 1) ¢y, Elvon @payuévn amd ||h|

©éloupe twpa va detloupe 6Tt

¢h<x + )\Z’l,y) = ¢h($7y) + A¢h($/7 y)

v xdde z, 2’y € H xau A € C. Egapuélouye tov Ioyuplopd 1 otny nenepa-
ouévn owxoyévelo dtavuopdtey {(z, y), (2, y), (z+Az’, y) }: Trdoyer oxohoudia
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(fn) ouvexdvy cuvaptioeny e || full, < IR, doTe

¢h(l’,y) = nlglgo <7T(fn)l‘,’y> )

th(l’/, y) = nh_{IOlo <7T(fn)l’/7 y> ;
On(r +Ar',y) = lim (7 (fo)(2 + A2'), y)

Ol CUVETIWC

on(x + A, y) = lim (n(fo) (@ + o), y) = lim ((z(fo)z, y) + M7 (fa)2’, )

= on(w,y) + Aon(2', ).

Me Tov {610 TpoTO amodevOETOL XAl 1)
on(z,y+ M) = on(x,y) + An(, ). 0

O¢tovtag Twpa h = xq omou 2 C K Borel, énetar and 1o Ocwpnua 9.8 611
untdpyet povadikos teheotic E(2) € B(H) dote

(E(Q)z,y) = ¢yq(T,y) v x&e x,y € H. (6)

(iii) ITpémer va derydel 6T o E(-) elvan paopotind U€Tpo.
Hapatneolue ot i xdide x € H,
(E(Q)z,7) = ¢yo (7, 7) = p1a(2).

Eivar gavepd and ) oyéon auth 6t E(0) = 0, E(K) = I xou 611 t0 Q@ —>
(E(Q)x, x) evan o-npocdetind Yétpo yio xde x € H. Enlong and tg oyéoeic

0 < 11a(2) < 2

éneton OTL
0 < (EQ)x,z) < (x,x) ywxde z€ H
onoTe
0<EQ)<I
X0l EWBLXOTERA
E(Q)" = E(Q)



Méver vo anoderydel o

Ioxyupiouds 3 E(1NQy) = E(Q)E(Qy) vy xédde Lebyog Borel unocuvoley
Ql, QQ Tou K.

Anédeitn Oo mpoxiiet and tny nolamhaotacuxémra tne m: w(fg) = w(f)m(g).
Treviupilouye ot av z,y € H, yiu xdde f € C(K),

op(x,y) = (w(f)z,y) . (7)
T xéde f, g € C(K) éyouus
(n(fg)z,x) = (x(f)m(g)z, z) = (7(f)(7(9)z), x)
xou Guverde, ypnotomotbyvtac Ty (7) Yo to dlovbopate 2 = m(g)z xot

drq(x,7) = (m(f)(7(9)x), 2) = ¢4 (2, 2) (8)
Bk

[ st = ( [ s [ fduz_x) 4 ( [ s~ | fduz_m>

v xdde f € C(K). Xenotwonowdvtog to Ao yio T ouvdptnon h = xq, %o
70 GUVORO VETXWY XovovixV Wetpwv M = {gdpty, dftzra, dpts—g, dftotin, dits—is },
Beloxouue axohoudio (f,) amd cuveyeic ouvapthoes pe ||full, < 1 dote
[ fadie = [ xo,dp yooxdide € M. Téte bume n teheutado tlodnta divel

1 1
/Xngdﬂr - 4_1 (/Xﬂldﬂz+m_/XQldﬂz—m) + Z (/XQldlflz—}—m_/XQldﬂz—m)

ONAOT
quglg(xax) = ngQl (W(g)x,x) (9>
v x&e Borel € C K. ‘Opwce, and tov optoud tou E(§2),

Oxa, (M(9)2,2) = (E( )7 (9)z, 2) = (7(9)x, E(h)r)
(epboov E(1)* = E(21)) xou and tny (7)
(m(g)x, E(h)x) = gz, E(Sh)x)
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onote 1 (9) Siver

Poxo, (x,z) = (ﬁmlg(x,x) = ¢y(z, E(Q)x) = ¢pg(x,w) 6mov w = E(Q)z.
(10)
Xpnowonowwvtog okt o Afjupa Y TV b = X, xo T0 6Ovoro VETXOVY

xovoviav PEtewy M = {xq,dity, dfbzrw, Apto—w, Aztiv, Ate—iv }, Beloxovye
axohovdio (g,) amd ouveyele ouvopthoeic pe [lgnll, < 1 dote [ godu —
[ Xa,dp yioxdde *° € M. Eneton omo v (10) 6t

¢X02X91 (ZB, :E) = hTan ¢anszl (:E7 QZ) = hfln ¢gn (l” ’LU) = ¢st2 (I7 E(Ql)x)
vio x&e Borel 2y C K. AM\G

¢X91XQ2 (1‘, JJ) :¢X91092 <x7 ZE) = <E(Ql N Q2)x7 I>
X Py, (T, E(Sh)z) = (E(2)z, E(Sh)7)

CUVETOC
(B NQy)z,z) = (E(Q)x, E(Q)z) = (E(Q)E(Q)z, x).

Agol auth n oyéon woyler vy xdde & € H, Seiloue 6t E(Q N Q) =
E((Q1)E (), npdypo mou ohoxAneovel Ty anodelln. O

9.4 To Pacpatixd Oewpenua
9.4.1 Yuveyelg cuvapTHoElg EVOG PUCLOAOYLXOU TEAECTY

Ou YeNOHLOTOACOUNE Ywelg ambdellr) BU0 AmOTEAECUATA Yiol PUOLONOYIXOUC TE-
AecTég, ToL omolol EYoulE AMOBEIEEL Yiol TNV EWBWY TEQITTWOT TWV aUTOGLLLY OV
TEAEOTOY. ATOBE(EEC TWV ATOTEAEOUATWY AUTOV UTEEYOLY GE OAOL Tal GUY-
Yeduporto tou avoagépovton oe C*-dhyeBpec 1 dAyeBpec tTeheatdv (BA. Ty, [3],

(6], [11])-

Adppa 9.12 (1) To gdoua onowvdnnote tedeoth * efvar un kevd kar (rws
éyoupe anodeiber) ovumayés vrootvoro tou C.

V4 /. V4 7/ V4 7/ 4
(ll) H PATUATIKT) AKTIVA KkdOe ('DUO'lO/\O)/ZKOU ‘CG/\EO"CT] ;oovtal pe tny vopua Tou.

2y [ gaxandps — [ Xe.Xo s
30pdoTa, omoloudhnote otolyelou wac dhyefpac Banach
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Afupa 9.13 Eoww T € B(H) guoodoyikés tedeotris. Tote, ya kdle moAv-

dvupo Vo petapAntdv p(t,s) = Zfzvm:() Crmt™s™,

o(p(T,T7)) = {p(z,2) : z € o(T)}.

Av o T eivor puotohoyxde tereothc, tote xou o p(T,T*) ebvor puotoloynde.
Hedrypott, o p(T, T%) avixer otny urdhyelea B, tou B(H) mou mopdyeton and
tov T', tov T xou tov I, 1 onola elvon petadetixr) *-dhyeBoa, apol ov T xan T
uetativevto.

Enopévewg and ta 600 mponyoluevo Afjuuato cUNTERAVOUUE AUECHS TO

ITopiopa 9.14 Me tovg ovppoliojols tou mponyouvpévov Anpuatog,

Ip(T, T*)|| = sup{lp(z, 2)| : z € o(T)}.

‘Eotw A, C C(a(T')) n *-undiyeBea mou napdyetat and g cuvapTAGELS fo, £,
o 1, 610U f,(2) = 2. Ta otowyeio e A, eivor 6ha tne wopwhc p( fo, f,), 60U
P TohL@VLPO 800 peTofAnTev. Elvor gavepd 6t 1) aneixodvion ¥, : p(for f,) —
p(T,T*) eivar *-popgropée ond v A, otov B(H). To tehevtaio mdpiopo
detyvel 6TL 1 amedvion auty| etvan wwopetpla (dpo xan 1-1). Emopévee enexte-
tvetan o€ toopeTend *~poppioud ¥ oplopévo oty xhetot N tne A,. ‘Ouwc
and TV uryadix popgr| tou Ocwpruatoc Stone - Welerstrass (Bh. my. [3],
Oewenua V.8.1) éneton 61t 1 xhewoth awth Vun tavtiletan pe tnv C(a(T)).
Hpdrypart, 1 A, ebvor €€ optopol autoculuyhg dhyefpa Tou TEQLEYEL TIC OTo-
Vepée, xou ywpilet ta onuela Touv cupnoyols cuvohou o(T) emeldn teptéyel TNy
TUUTOTXT| cLVAETNOT fo. Amodelloue Aowndy To

Oevpnua 9.15 (Buvaptnoiaxdc hoywopocg) Av T € B(H) eivar ¢u-
O10A0YIKOS TEAETTNS, 1) aTelkovion

Vo2 p(fo, fo) = p(T,T7)
enektelvetar o€ wopetpikdé *-popproué ¥ @ C(o(T)) — B(H). To oivvoro
iy tov U etvar n C*(T), n pukpérepn C*-vndAyeBpa tov B(H) mov mepiéyet

tov ' ka1 tov tavtotikd teAeotn I.

[edpoupe ouvidoc f(T) = Y(f). Anhadi y xdde cuveyr ouvdptnon
f o) = C, o weheotic f(T) € B(H) opileton pyovodixd and 1o 6plo
f(T) = lim, p,, (T, T*), 6m0v (py,) ebvor axoroudio uryadixmy TOAULYOULY BV
UETOBANTOV OOTE Po(2, Z) — f(2) ouotduoppo o mpog z € o(T).
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9.4.2 To Pacpatind Oedpnua Y QYUCLOAOYIXOUE TEAECTEG

Ocdpnua 9.16 (To Pacpatixd Oewpnua ) Av T € B(H) evar ¢u-
T10A0YIKGS TEAETTIS, TOTE UTdpyel povadikd xavovixd gaouatiké uétpo {E(€2) :
2 C C Borel } mov gpépetar ané to o(T) dote

T = //\dE,\.

Téros, évag X € B(H) petatiderar pe tov T av ka1 povov av petatidetar pe
kdOe E(Q).

Anédedn Av B C B(H) civon n C*-dhyeBpo C*(T') mou napdyet o 1" xon o
I, n amewxdvion

U:C(o(T) — B: f— f(T)

elvat IOOUETEIXOC *~loopopglopnds (Oedpnua 9.15). Egapudleton howndy to Oe-
opnua 9.6, clupwva pe o onolo 1 W opllel LovadIXd Xovovixd QUoUATIXNG UETEO
Borel E, oto ouvunayéc o(T). Enexteivew to uétpo autd oto Borel utoohvola
tou C Y€tovtoc

BE(Q) = E,(QNo(T)) (2 C C Borel).

To pétpo autd gépetar and o o(T) pe v évvola dtL xdde avorxtd U C C pe
UnNo(T) =0 wavorowei E(U) = 0.

‘Eyoupue
¥(f) = [ FVE,

v xde f e C(o(T)) xou emopévec

T = U(id) = /)\dEA.

Méver va amodetydel o teheutaiog woyvploude, 6t XT' = T'X av xau yovov av
XE(Q)=E(Q)X vy xdde Q C C Borel.

Trovétouue mpwta 6Tt o T ebvan autoouluyrc. Tapathence 6Tt évag TeheoTrg
X petatieton pe tov T av xan wovov av yetotiteton ye xdde T, emoyevwe ov
xaL povov av petotietor ye Ty xAloTy| 9hxn Tou GUVOAOU TWV TOAVKVOUWY
tou T. AN\G emeidn) o T' efvar avtoovluyng, and to [ldpiopa 7.12 yvwpetlouue
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6t n e awth ebvan to obvoro {f(T) : f € C(o(T))}, onradh n C*(T).
‘Enetan and v [opathenon 9.9 6t

XT=TX < XE(Q)=EQ)X ywxdde Q2 C Borel

XNy yevu tepintwor), mtou o T' elvon amheg QUOLOAOYINOS, 1) AT TY| VXN TV
ToAuVOuLY tou T' 8ev meptéyet ev yévet 6houc toug f(T') émouv f e C(o(T))
(umopel vo unv meptéyet tov T - dec v ‘Aoxnon 9.18). H mponyoluevn o-
nodetgn Yo ebvon mAvene (amd to Ocwenua 9.15), av detlw 6t XT =TX =
Xp(T,T*) = p(T,T%)X yw xdde tohuwvuuo p(.,.) 6Uo petapAntdy. Apxel

yUowtd Vo amodelgw To

Ocdpnua 9.17 (Fuglede) AvoT eivai guoiodoyikds, téte 0 X petatidetar
pe tov T av ka1 puévov av uetatidetar pe tov 1.

Ano6deln Eow XT =TX. Toéte, yia xdde A € C, n ouvdpton f(z) =
exp(Az) etvan ouveyhe oto o(T), dpa opileton o puolohoyidc tereothc f(T) =
exp(AT). Enedh o f(T) ebvor 6pto moruwvipwy tou T (ue 1o omole o X
uetortidetan) éyoue

X.exp(AT) = exp(AT).X
Agot (f(2))™" = exp(—Az), o teheothic ¥(f) = exp(AT) ebvan avtioTpéduuog
ue avtiotpogo Tov \IJ(%) = exp(—AT). Emopévoc n mponyoluevn oétnto

YodpeTan B B
X = exp(=AT)X exp(\T)

oot
exp(AT*) X exp(—AT™) = exp(AT™) exp(—=AT) X exp(AT) exp(—AT™*). (11)

Mopotned 6t f(T)* = f(T) = exp(A\T*). Emadn o T efvar puoiodoyikds
€YOUUE OmO TOV CLVOPTNOLOXO AOYIOUO Yiol GUVEYE(C cuvapToels (Oebdpnua
9.15)

exp(NT™) exp(~AT) = F(T)7(T) = (f2)(T) = exp(AT* — AT)
(Bt6Tt (f%)(z) = exp(A\Z — \2)). ©étw S = A\T* — AT xu mopotnedy 6t
S* = —5. 'Opwg 1 cuVAETNOT eXP EYEL DUVOUOOELRE UE TEAYHATIXOUE CUVTEAE-

oTéc, Gpa (exp S)* = exp(S*). Emouévweg (expS)* = exp(S*) = exp(—S5) =
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(exp S)~1, dpa || exp S||* = [|(exp S)*(exp S)|| = 1. Téte dpwe, and v 1odTr-
o (11) éyw 6T
[[exp(AT™) X exp(=AT")|| = || (exp S) X (exp S7)[| < || X]
v xdde A € C. Anhadt), yia xdde z,y € H, n cuvdptnon
¢:C— C: XN — (exp(AT") X exp(—=AT")z, y)

o efvon Tpogavae axépoua, 2! etvar goaryuévn. Ernopévac, and to Osmpnua
Liouville, etvou otadept|, dpo ¢p(A) = ¢(0), Snhad

(exp(XT") X exp(—AT")z, y) = (X, )
vie x&e z,y € H xou A € C. 'Encton 611

exp(AT™) X exp(—AT") = X, dpa exp(AT*)X = X exp(AT™)

v xdve A € C. Avantiocovtac otny tehevtaio todtnto Ty exp(AT™) oe Suva-
HOOELRS xou €EIGWMVOVTIG TOUG GUVTEAECTEG Tou A, Pploxovue T* X = XT*. O

‘Aoxnon 9.18 Ay U eivar o tedeotris tn§ augpimievpns petatémons (Ue, =
ent1) otov (2(Z), belbte dn ya kdOe moAvdvuuo p wyve ||[U* — p(U)|| > 1.

9.5 Enéxtaomn ToL cLVAETNOLEXOU AOYLGUOU

‘Eotw T € B(H) guoohoyixdg tehecthc xou {E£(€2) : Q € C Borel} to qo-
opatind tou pétpo. Ia xdde f: C — C mou o nepropiopdec e flo(T) etvou
QeayEVN xou PETEHOUY), optlouye

#(T) = / FNE; .

Ewudtepa éxoupe xa(T) = E(Q) v xéde Borel Q C C.

Hopathenoe 61 o tedeothc f(T') Sev avixel xot avdyxn oty C*(T) (ov 1
flo(T) Sev etvar ouveync) arrd f(T') € {T'}". Ipdypartt, av évoc gporyuévos
tereothc X avixet otov petodétn tou T' tdte petatideton ye to obvoro {E() :
Q2 C C Borel } (ané o gacpatind dedenua) doo xou pe tov f(71'), mou elvor
OPLO YRUUULXMY CUVOLUOUMY PACUATIXGDY TEOBOAGDY.

Arné v Ilpdtaon 9.4 cuunepatvouue otu:

3letvan dplo TONLWYOUWY TOU A, opolbuopga ota cuurtayy tou C.
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IMpétaom 9.19 Harnaxdovion f — f(T) eivar *-poppronds and tny L (o (1))
ooy bevtepo petadétn {T'}" mou enektelver tov ouvaptnoiaké Aoyious ya mo-
Avwruua, kai 1w0yver

LA < sup{[f(N)] = A€ a(T)) (f € £L2(a(T))).

ITépiopa 9.20 Av T € B(H) eivar puoiodoyikos tedeotris kar {E£(§2) : 2 C
C Borel } to paouatixé tov uétpo, tote

e ()X € o(T) av ka1 pévov av E(U) # 0 ya kdOe avoikté U C C mou
TEPIEXEL TO .

o (1) to A eivar 16otiun) tov T av ka1 uévov av E({A}) # 0. O avtioroyog
1016ywpos etvar o E({\})(H).

o () kdOe pepovopéro onueio tov (1) eivar 1botiur) tov T

Anédedn (1) Eotw A e C. Av A ¢ o(T), t6te undpyel avouxty| neptoy ) U
ou A vote UNo(T) =0, ondte E(U) =0 agol 10 E gépeton ané 1o o(T).

Av avtiotpogo undpyet avowth nepoy U tou A wote E(U) = 0, t61e 7

cLVAETNO 1 .
f(z)= { S_A i

zeU

optleTon, etvor @porypévn xou ueTErown, xon Yo xdde z € C ixavornotel
(z =N f(2) =1 —xu(z). Luvenwg and tov cuvoaptnotoxd hoyoud (Ilpdtaon
9.19) éyouue

(T = M)F(T) = {(T)(T = \I) = [ - E(U) = I

(vt xu(T) = E(U)) npdrypa mov Betyvel 6t o T — A ebvan avtiotpéduoc,
onhadr) 6L A ¢ o(T). O

(vv) Eoww Q = {A} xou g(2) = 2 — . Téte gxa = 0 dpa g(T)E(Q) = 0,
dnhadh (T — AI)E() = 0.

Av howndy Géoovpe F' = ker(T — A1) dnhadh
F={xeH:(T—-X)x=0}

6t E(Q)(H) C F.
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Ioyupilopon 6tL oylel wootta: av & € F o 0ellw ot o € E(Q)(H). Hpdy-
patt, av V;, ebvar oxohoutdior avouxtdv cuvohev Tou gdiver’? tpoc to = {A},
t61€, bnwe detloue oty Hoapathenon 9.3, [|E(V,)x — E(Q)z|| — 0.

Av 9¢ow fo(z) = (z =Nty z & Vi xan fo(2) = 0 vy 2 € V,, (610¢ 070
(1) totE fo(2)(2—A) = 1—xv,, Spa fr(T)T — A) = I — E(V,) xat cuvende

r—EWVy)x = f.(T)(T —MN)x =0

(ool z € F) onhadn E(V,)z = z vy xdde n dpo E(Q)z = .

AeiZope howmdv 61t E({A})(H) = ker(T' — AI).

To (w) eivon dueon cuvénelo Twv TEoYNYOUUEVWY: Tdpyel avoixté GlOvVoro
UCCuwote UNo(T) ={A} dpa E(U) = E(UNo(T)) = E({A\}). Ouwc
EU) # 0 agob A € o(T), dpo E({\} # 0 onéte 10 A ebvan drotur tou 7.
O

H apuduntixr axtiva (numerical radius) evoc teheoti T € B(H) elvou
0 opriuog

w(T) =sup{|(Tz,z)| :x € H,||z| =1}.
Aev givor S0oxoho va detydetl ot ||T]|/2 < w(T) < ||T|| xou btL oL aviodtnTeg

auTég ebvan ev yevel ol xahltepeg duvatéc. ‘Otav o T ebvar guotohoyixde, To
mpdryparto etvar ToAD xahOTEpaL:

IMépiopa 9.21 H apifunuxr) axtiva €vés puoodoyikol tedeoty T € B(H)
1o00tal pe Ty vopua Tou.

Ano6deln Eogboov ||T|| = sup{|A| : A € o(T)} (Afupo 9.12 (1) ) xou t0
o(T) etvan xhewoto, undpyer A € o(T) wote [N = ||T.

‘Eotww € > 0. Ou Bow x € H ye ||z|| = 1 dote [(Tz,z) — A < e Av
Q={2z€0(T):|z— A < e} 6t E(Q) # 0 and 10 nponyoluevo Ilopioua.
‘Eow z € E(Q)(H) pe ||z = 1. Av f(2) = (2 — N)xa(z), t61€ €youpe
f(T)=(T—=A)E(Q), dpa f(T)x =Tx — Az, ondte

(T, x) = A = [(Tx = Az, )| = [{(f(T)z, x)| < [ F(T)]-

Ouwe |[f(T)]| < € agol | f(2)| < €y xdde z € o(T). O
325madh Vi, 2 Vi1 xow N, Vi, = Q
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10 Toroloyleg octov B(H)

O ydpoc B(H), epodiacyévoc Ue TNy vopua teheath, eivon BéBona ydpog Ba-
nach. ‘Ouwg, enedy| anoteheltar and TEAEGTEC TOU BPOLY G'évary dAhOV Y kRO,
£QOOLICETOL O UE HAAEC TOTONOYIES, O GTEVH GUVOEBEUEVES UE TNV OpAOT) TOU
oTov Yweo H.

10.1 H woyve”n tonoloyia tehectddv (SOT)

Opltopog 10.1 Eotw H ywpos Hilbert. H 1oxvp1n) tomoAoyia tele-
otdv (strong operator topology, SOT) owov B(H) eivar n tomoloyia
s oUykAiong katd onueio otov H. AnAadrj éva dixtvo (T;) andé ppayuévovs
TeAeoTES ovyKATvel otov ppayuévo tedeot T ws mpog Ty SOT av kar pdvov
av ||Tix — Tx|| — 0 ya kd0e x € H.
Mo Bdon neptoydyv evoe A € B(H) v tnv SOT eivon 1 otxoyéveta

V={V(A e x1,29,...,2,): €>0, x1,29,...,2, € H n €N}
OTOU

V(Aje,xq,...,0,) ={T € B(H) : (T — A)zx| < e,k=1,...,n}.

[ teyvinoig Adyoug, Yo pog ebvan eniong yeroun Wi dhhn Bdon teploy @y Yo
Vv (Ol ToToloylas:

W={W(A, e x1,29,...,20,): € >0, x1,29,...,2, € H n €N}

OToU

W(A e ar,... ) ={T € B(H): Y (T — A)al* < €}.

Ou 800 Bdoeic opiCouv Ty Bl Totoroyia. Tlpdyuartt, and Tic avicdTnteg

n
max{|ax[*: k=1,...,n} < Z lar|* < nmax{|ap*: k=1,...,n}
k=1

EMETAL dUECH OTL

WA e,21,...,2,) CV(A € x1,...,20) CW(AnY?e x1,...,2,)
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emopévng ol 6o tomoloyieg Towtilovton. Eivow mpogovée dtu éva dixtvo (T5)
tou B(H) ouyxhivet otov A € B(H) o¢ mpog Ty tomoloyio auTh oy ot Lovov
av || Tz — Az|| = 0 oe xdde onuelo x tou H.

H SOT eivar acdevéotepn ond v tomolroyio tne vopuac (av ||T;]] — 0 tote
| Tix|l = 0 vy xéde x € H). Mdhota eivon yvowr acdevéotepn av (%o
uévov av) o H elvon amerpodidotatoc. Hpdypott av (e,) elvon ytor opdoxovovixt
axohovdia xou oplooupe tov teheoth T, and v oyéon T,z = (x,e,)e; (x €
H), <6t | Tox| = |{z,e,)| = 0 v xdde x, dpo 1 (T,) ouyxhiver 6o 0 ¢
npoc v SOT, adhd byt we mpog v vopua yiotl | T,,]| = 1y xdde n.

H SOT eivor tonohoyioe Hausdorft. Ilpdyuatt, av A, B € B(H) xou A # B,

undpyet * € H wote ||Ar — Bzl = 26 > 0. Téte o obvora V(A, 6, x) xou
V (B, 9, z) etvar SOT-avouxtd xou Srorywpetlouv ta A xan B.

Aev eivar buwe yetpixonothotun (extoc BéBona av dim H < 00):

ITpbtaom 10.1 Eotww H arepodtidotatos ywpos Hilbert. Trdpyer vrootvolo

€ wov B(H) dote 0 € %7 ad kapuid axodovdia tov € Oev ovykAiver oo
ws mpos Ty SOT. Enopévas n SOT dev elvar petpikoromioiun toroloyia. *

An6deEn Eoww {e, : n € N} oploxavovin| axohouvdia otov H xa P, 1
o1 TpoPoly otov undyweo [e,]. Oétouue € = {\/nP, : n € N}. Egpboov
|lv/nP,|| — oo 8ev undpyer akodovdia oto € mou vo cuyxivel oto 0 we pog
v SOT. Hpdryport, xdde SOT-cuyxhivouca axolovdia etvon xatd onueio pory-
UEVN XL OLVETKS, amd TNV ApyY| Ouotoudpgou Podyuatog, etvar ouotduoppo
PROYHEVN.

Ioyupilopar duwe 611 0 € ESOT. Hpdryportt, av oy, Yo umeye wa SOT-reproyy
ViouOue ENV = 0. HV TEPLEYEL U Paotny| TEQLOY T TNG HOPPNS

W ={T € B(H Z | Tz ||? < €2

Acpou ENW =10, vy x&de n E N o teheothc v/nP, dev avixel otnv W, dpa

Z |VnP,zi||* > €2, ondte kz:ln\(a:k,enﬂz > 2. 'Enetor amd v ovednta

3300te %o TpG TN aprdpion, dnhadh to 0 dev éxel apriufolun Bdon Teploydy
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Bessel 6Tt
m m o [o@) 1
D llel 2 33 kel 2 131 =
— =1 n=1 n=

dtotmo. O
Ebvar qavepd amd tov opiopd 6t n SOT elvon tomodoyia ypapjukol ywpou
ONAAOT) OTL Ol YROUUIXES TEAEELC
(B(H),S0T) x (B(H),S0T) — (B(H),S0T): (A,B) — A+ B
xo (C,|.|) x (B(H),SOT) — (B(H),SOT) : (\,A) — \A

etvan ouveyelc. Aev oylel Guwe To (Blo yiot Tov ToAkamhactooud (tnv alvieon)
TEAEOTOV:

ITpbtaom 10.2 Eotw H arepodidotatog xwpos Hilbert.
(1) O moAamAaciaouds

(B(H),SOT) x (B(H),SOT) — (B(H),SOT) : (A, B) — AB

dev elvar ouvexrs.

(1) Ouws, ya kdde r > 0, o mepoprouds Tou
(B(H),,SOT) x (B(H),S0T) — (B(H),SOT) : (A,B) — AB

(émov B(H), ={T € B(H) : |T|| < r}) elvar ouvexrig.

(#5t) O moAdamAaoiaouds etvar oxohouvhoxd cuveyhc, 6nAadn av (Ay), (By)
efvai akodovOies e A, 5% A xa B, 5% B t6re A, B, — SOT AB.

(iv) O moAdamAaoiaojids elvar ywelotd ouveyhc, dnadn ya kide A € B(H)
01 ameIKoVIoEIS

(B(H),SOT): B — AB
(B(H),SOT): B — BA

&
=
=
JU)
®)
3
Ll

Kai R4 : (B(H),SOT)

€fval ouveyeR.
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Ano6dely (i) Ou xatooxeudow 6Vo dixtua (Ap) xou (Br) mou xodéva ou-
yxhivet SOT o710 0, ahkd to dixtuo (ApBr) dev ouyxhiver SOT oto 0.

To civoho dewxtov Yo ebvar T0 cUvoro X twv unoywewy F' tou H mou €youy
nenepoouévn ddotoon (dim F' = np), dotetoypévo ond tny oyéor Tou mepl-
éxeodor. T xdde F € X, V¢t Ap = npPp (6nou Pt 1 opdd tpofold otov
uTdyweo F1).

Enfong, emhéyw wo pepur woopetplo Up pe apyixd yweo F' o tehixd yoHpo
évay LTy weo*! Tou Ft xou Vétew Br = éUF.

Ioyupilopon 6L A 0. Hedypott, éotw x € H xawe > 0. Av F, = [z] € X,
tote Y %8s F € X pe F D F, éyovue Pra =0 dpa [[Apz| =0 < e

Loyveilopar 6Tt || Br|| — 0 (dpa xou Bp 208 0). Hpdrypatt, av € > 0 emhéyw

F, e X ue m < €, onote yw xdde F € X ye F DO F, éyouue ||Bp| =
1
< €.

dim F
Opwe, av x € H, x # 0, 161c ApBpx - 0. Ilpdypat, ApBp = PﬁUp =Up
yiotl Up(H) C F*. Enopévec av F, = [z] téte yio xdde F € X pe F D F,
éxovpe |Upz| = [lz|| dpo [Upz|| - 0.

(ii) Av to dixtua (A4;) %o (B;) tetvouv o1o 0 wg tpoc ty SOT ka1 emmAéor
0 Tpcito efvon paryuévo™, || Ail| < 1y xdde i, téte v xdde x € H

[Ai Biz|| < [|Asll.|| Biz|| < r[|Bix|| — 0,

iii) Av o1 akodoviiec (A,) xau (B,) telvouv oto 0 w¢ npoc tv SOT, téte
S e Y

n Ap ebvan opoduoppa pooryuévn (6T eldape oty amodeln tne Ipdtaong

10.1), dpa A, B, 2% 0 am6 10 ().

(iv) Av A € B(H) xa B; 5% B téte amb o (u) éyouue AB; S8 AB. Eniong

v xée x € H éyouue B;(Ax) — B(Ax) dpa B;A % BA. O

Semnéyw wo opdoxavovixd| Bhon 1, . . ., Tn, 10U F xou éva tuyaio opdoxavovind ohvoro
{y1, -+ Ynp} C FL (w6 ebvan duvatdy yiati dim F' < dim F1) xou opile ty Up and Tic
oyéoewc Upzy =yi, k=1,...,nF.

3B Tlapathpnoe bunc 6T, 6TwC goiveton amd to Tepdderypa and o (1), To cupnépuoua deV
oy Vel av To Seltepo BikTuo elvan Qpaypévo, éotm xat av || B;|| — 0.
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ITpotaom 10.3 Av H elvar aneipodidotatos ywpos Hilbert, n evéién
(B(H),SOT) — (B(H),SO0T) : A — A”

dev elvar (oUte akolovthakd) ouveyng.

Dot Ty amddeln, av H = (2, éva xordhhnho nopdderypa eivor 1) n-0oth dOvoun
TOU TEAEOTH NG UETATOTIONG aptoTERd. T'o Tapdderyua ueTapépeTtal EUXONA GE
évav audalpeto ywpeo Hilbert:

IMopdderypa 10.4 Av {e, : n € N} eivar pua opfokavovikry axodovdia otov
H, optlovpe yia kde n € N

o0

T,x = Z (x,er) ep_n.

k=n-+1

. SOT /e SOT
Tére T,, — 0, evad T =+ 0.

Hpdrypartt,
| Tz|? = Z (z, ex)[?
k=n+1
xou ovvenoe || T,z|| — 0.
EXéyyeton duwe edxoho 61t Triey = enqq, dpo ||Trer]| = 1 yio xdde n xou

ouvenwe Trep = 0.

10.2 H acVevhg tornoroyia terectodv (WOT)

Av z,y € H, 9étoupe
Wey : B(H) — C: T — (Tx,y).

H avicotnro |[(Tz, y)| < ||T||||z |||y Selyver 6Tt n wyy cbvon || - ||-ouveyhc otov
B(H) o ||wey|l < [lz]llly]l. Mdhoto woyler wwdtnra, ytt av y @ x* elvon o
TENEOTAC Y @ =¥ 1 2 —> (2, 1)y T61e elxoha Brénouye 6Tt |ly ® x*|| = ||z||y||

st w (y ® ) = [l2]|2]ly][2. Evopévoss

ooz [} = N[l -
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Optopog 10.2 Eotw H ywpos Hilbert. H aocB@evi)§ tomoAoyia tele-
otdv (weak operator topology, WOT) ovov B(H) €ivar n aoOevéotepn
TomoAoyla wS TPOoS THY omola OAES 01 VYPAJMIKES JLOPPES

Wa,y (x,y € H)

€lval ouveyeR.

Anhadn éva dixtuo (1;) amd Qeayuévous TEAEOTEC GUYXAIVEL GTOV (QEAYUEVO
tereot) T' we npoc tpy WOT ov xau wévov av (Tix — Tx,y) — 0 yio xdde
x,y € H.

Ipéner voo toviovel 61t 1 WOT dev tavtilerar pe tnyv acdevr) tonoloyio w =
o(B(H),B(H)*) nou endyetan otov yopo Banach (B(H), | - ||) anéd tov tomo-
Aoy duix6 tou B(H)* (Bh. Hopathpnon 10.6 (u) ).

H ovieéma [(Tz,y)| < ||Tz||||y|| Seiyver 61t n WOT eivar acVevéotepn and
v SOT. Mdhiota, etvon yvnoing aodevéotepn (6tav dim H = +00): H axo-
houvdia (T7F) tou Hopadetyuatog 10.4 dev ouyxhivel oto 0 we tpog Ty SOT, ah-
A& ouyrhiver o¢ npog Ty WOT, ytl [(Trx, y)| = [(z, Toy)| < ||2||||Thy|| — 0
agol Ty, so1 0. Ou delouye OTL TapdAa VT, oL BUo aUTEC ToToAOYiEC €YOLVY
i (Bleg ouveyelc Ypouuxés Lopgéc.

SuppBoiiopoée Eoww H™ to evdU dipowoua n avtypdpwr tov H (ue to e-
owTePIKG Ywoprevo (Yi, ... Yn), (U1, ... Un) ) = DUk, ur)). Av T € B(H),
oupfodilovpe T™ tov tedeotri otov H™ mou opiletar ané tnv ayéon

U1 Tyl T ... 0 U1

T |l =1 : | =1: - :

Yn Ty, 0 ... T |yn
H amecdvion A — A ebvon ioopetpinde *-popgiopéc, xau etvan (SOT-SOT)-
ouveyfc. Av. A C B(H) ebvon [autoouluyic] dhyeBpa, tote 1 exdva tne AM C
B(H™) eivar [autoouluyhc] dhyefBpa (xon TEQLEYEL TOV TOUTOTXG TEAEGTY| TOU
H™ av xou pévov av n A nepléyet tov tautotind teheot tou H).
YNUELOVOLUE OTL 1| A" Gev tavtileTar ue to evdl ddpoloua . aVTLYEAPWY TNG
A. Tlopadelypotoc ydety,

A@):{[g‘ SJ:AGA} evd A@A:{[‘g g}:A,BeA}-
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Optopdc 10.3 Ovoudlovue B.(H) wy ypappuxr) Onikn
B.(H) = [wyy :x,y € H) = {wakyk xk,ykEHneN}
k=1
(n bevtepn 1wdtnTa émetal and TNy TapaTripnon 0Tl Awy y = Wigy)-

ITpbétaom 10.5 Mia ypapjuxn popeny w = B(H) — C eivat WOT-ovrveyns

av ka1 povov av etvar SOT-ouvveyris, av ka1 uoévov av w € B(H).

A6dedn (i) Elvou govepd ot av w € Bo(H), tote nw eivar WOT-cuveyic,
€QOCOY XAVE Wy, clvor WOT-cuveyrc.

(ii) Av n w etvar WOT-ouveyrc, téte eivor SOT-cuveyrnc, agol n SOT ebvan
loyveoteen andé vy WOT.

(ili) Eotww 6n wo ypauuxh wopyh w eivon SOT-cuveyrc. Oa Seiouue ot
w € B.(H). Enedh nw eivar SOT-cuveyhc, undpyel o SOT-Baocnr| neptoym
Tou 0, ¢0Tw

—{T € B(H Z | T2 < €2

owote |w(T)| <1y xdde T € W. Ioyupilopor 61t

" 1/2
< 2 <Z HTkaQ) vy xdde T € B(H). (*)
€
k=1

Hedypote: Av p(T') = %(Zzzl | T2 ]|?)Y/? t6te
W ={T € B(H) : p(T) < 2}.

Enopévoc, av p(T') # 0 téte ( e W doa |w( )| < 1 omhad |w(T)| < p(T)
xou GUVETWS LoyVer 1 (7). Av méw p(T) = 0 TO‘EE nT € W v xdde n € N dpoa
lw(nT')| <1y xdde n xou ouvenndg w(T') = 0 dpa TéAL woydet 1 (¥).

OewpolUE TOV UTOYWEO

K ={(Tz,,Txs,...,Tx,) : T € B(H)} C H".
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Hopatneotue ot av (Txy, Txy,...,Tx,) = 0 161€ w(T) = 0 and v (¥).
LUVETOC 1) ATEOVION

¢: K —C: (Txy,Txsy,...,Tx,) — w(T)

etvan xohd oplopévn xou Befolwe ebvor ypouuxr|. Mdhioto n () Belyver oxpiBie
OTL 1 @ elvon ouVEYNC (e TEOC TNV VOPU TOU H™). Yuvenoe enextelveton o
oUVEYT Yeouuxr LoppY| otov yweo Hilbert H™, dpa undpyet (uq, ..., u,) € H"
WOOTE

¢(Txy, Txsy, ..., Tx,) = <(T£L'1,Tl‘2,.. Txn) (W, un)),

Txka uk E Wy, uk

k=1

v xde (T'xq, Txo, ..., Txy,) € K, dnhadh

= Z Wapur, (T)
k=1

v xdde T € B(H), dpoa w € B(H). O

Hocpoc‘cnp‘qcn 10.6 Kdfe w € B.(H) ;mopez’ va ypagel otny Hopgn w =

1 Wap émov N owcoyévea {xy,...,x,} etvar opoxavovikn. 'Enetou 61t
o1 ypayyzkeg poppés w € B (H) Kaﬁopzéor/mz ané Tov TEPIOPITIE TOUS OTOV
undywpo F(H) C B(H) twv teAeotdv menepaopuévng tdéng.

Anooely O mpwtog oyvptouds gaivetar edxoha: Av w = kazlwuk,vk, o
uhéyovtog o opdoxavovixty Baon {z1,...,x,} TOU YOEOUL [u1,...,w] xou
YEAPOVTOC U, = Y v | QT Bploxoupe ebxoha 6T, yia xdde T € B(H),

n

W(T) = Z <T$m7 ym>

m=1
OOV Yy, = 22:1 Qe Vk; -
‘Eyouue topa, yia xdie x,y € H,
WE @ye) =Y (s V)T, Ym) = (2, DYy T )Ym)- (12)
m=1 m=1
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Enopévoc av w(z @ y*) = 0 vy xdde z,y € H *° w6t Y 0 _ (Y, Tm)Ym = 0
v xée y € H, ondte (apold 1o &y, elvon opdoxavovind) G€toviag y = o,
Beloxouue Y, = 0 yia xdde m =1,...,n, doa w = 0. O

ITpbtaom 10.7 Kdle w € B(H) unopel va ypagel otn popen

M
w = E )\mwem )fm
m=1

onov o1 owkoyéveie§ {ey, - m=1,... M} ket {f, :m=1,... M} eivar opfoxa-

vovikésg, A, € Ry ka1
M
ol =3 A
m=1

Anédeiln Eotow = 30 weyn € Bo(H). Xpnoworowbviog tny toutdtr-
o

(E@n)z,y) = (z@y)Emn) (*)

ToU elvol GUECT) CLUVETEL TOL oplopov, Peloxouue otL, Y xdie §,n € H,

N N
WERT) =D AERT )T yn) = D ((za @ y2)E,m) = (TE, n)
n=1 n=1

7 N
émou T =)'z, Qyp.

‘Eotww T' = V|T'| n nohxh avonopdotacn tou tekecth 1. Enedn o |T| etvon me-
TEPAOUEVNS TAENS Xt VETNOS TENEG TAC, 0o TO PaopoTind Yedpnuo (o€ yhpoug
TENEPUOUEVNS BLEoTOONG) UTtdpy 0LV opdoxavovixd dtaviopota {eq, . .., ep } xou
Am > 0 Gote

M M
IT| = Z)\mem®e;‘n Goa T =V|T| :Z/\mfm@)e;(n
m=1

omou f,, = Ve,,.

36MéoTe, apxel 1 oyéon w(z ® y*) = 0 vo woyler v x8de © € [@1,...,T,] xou x&de
Yy € [yla"'ayn]
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Xenowonowsvtog mdht Ty toutétnta (*), utoloyiloupe

M
(TEm) =D A (fn ® €5,)€ ZA (E@0") fmr €m)

M-

)\mwfm,em (5 @ 77*) .

3
I

2 2 4 M 7
Enopévwe ot yeonés ophec w ot Y 1 AWy, e, TOU 0vxouy 6to B (H),
towtilovton oto ovvolo F(H) C B(H) twv tehkec v mencpaouévne tééne, &-
oo, amd TNV TEOTYOUUEVT TIOQUTHENOT), elvan (Oe¢: w = Zn]‘le AmW o em -

‘Eneton thpa 611, yio xdde A € B(H),

M M M
A Anlpen (A<D A [l lemll 1A = (Z >\m> || Al
m=1 m=1

m=1

doa [Jw]| < SSM N, xou omb Ty A pepid

M M M
HWH > ‘W Z meaem Z 6maem Z/\m
: : m:l
/ ’ /
OTIOTE LOYVEL LOOTNTA. O

Iopatneroeig 10.8 (i) Evkola gaiverar 6uun WOT eivar tonodoyia ypapu-
HikoU xapou kai 6t etvar Hausdorff (o1 ypappikés poppés wy, ywpilovr ta
onpeta tov B(H)).

(ii) H WOT dev tautileton pe tnw aoevrj tonodoyia w = o(B(H), B(H)*) mov

endyetar otov ydpo Banach (B(H), || -||) and tov tomokoyiké duikd tov B(H)*.
H w etvar (yvijowa) wyvpdrepn ané tnpy WOT (6tay dim H = o0): eivai n
aoOevéotepn tomodoyia otor B(H) ws mpog ty onoia 6A€GS ot || - ||-ouveyels

VPAUMIKES Uop@ES elval owveels, eva yia tny WOT araicovvtar «udvovy ot
ypapKés popgés w € B (H).

Ano6deln llpéner va delfoupe dtL umdpyet || - [|-ouveyhc yeauuwxr| yopen
Y B(H) — C mou 8ev avrixet otov BL(H). Ané v Iapotrenon 10.6,

oL yeopués poppéc touv B (H) xadopilovioar and tov meploplogd Toug GTov
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undyweo F(H) C B(H) twv tekectodv nenepacyévne téine. ‘Ouwe o towto-
Tx6c teheothc I Bev avixer oty || - ||-xhewoth Mixn tou F(H). ¥ 'Enetou
and to Oetpnuo Hahn - Banach 6t undpyer o || - ||-ouveyhc yoouuxy| uopoh
Y B(H) — C nou undeviler tov F(H) ad\& (1) # 0. Enopévwe n 1 dev
uropet vo avipxer atov B (H). O

IMpoétaocy 10.9 (i) H evéuén eivat WOT-WOT ovveyris otov B(H).
(i) O moAamlaoiaouds eivar ywpiord WOT-WOT ouveyris.
(t41) O moAamAaoiaoiés

(B(H),WOT) x (B(H), WOT) — (B(H), WOT) : (A,B) — AB

dev elvan ourexris, ovte kar akolovbakd (dpa oUte meploploévog o€ ppayuéva
olvola).

Anédegn (i) Eow A4; YO A xu B,C € B(H). Téte yio xdde x,y € H
€Y OLUE
(Afz,y) = (z, Ay) — (z, Ay) = (A"z,y)
mpdypo mou Belyvel 6t 1 evéhln ebvar WOT-WOT ouveyrc. Enlong
(BAC,y) = (A(Ca), (B'y)) — (A(Ca), (B')) = (BACa, y)

Tedyua mou delyvel 6Tl ol anewovicew Lp 1 A — BA xaw Re : A — AC eivau
WOT-WOT ocuveyelc.

(iii) Oewpolye v axorovdio (T7,) tou Hapodeiyportog 10.4: elvon @eaypévn
xat ovyxhiver oo 0 w¢ mpog Ty SOT, dpa xou w¢ mpog Ty WOT. Yuveng

4 2 T 7, 7 4
and 1o (1) éyouue T YO . Ouwe T, Trer = e v xde n € N, dpa
WOT

1,7y - 0. O
ITépiopa 10.10 Eva kupté vnootvolo (eibikdtepa, évas ypapuikos vmdyw-
pos) S C B(H) etvar SOT-kAewotés av kar pévov av eivar WO T-kAeiotd.

Arno6delr Egécov n WOT etvor acdevéstepn tonoroyio and tnv SOT, €you-

ue ST ST Ay buwc A ¢ ESOT, and 1o SlayweloTind Ocwpenuo Hahn-

Banach éneton %% 611 umdpyet SOT-cuveyhc yoopuuxr popen w xa A € R tdote

3TTo avowxté oivoro {T : | T — I|| < 1} dev tépver tov F(H), vzl av ||T —I]] < 1
tote o T ebvan avtiotpéuuog (dpa T' ¢ F(H)), apol 1 «yewpetphy oepd > (I —T)"
ouyxhivel otov T 1

38B0\éne m.y. To Hépiopa IV.3.10 tou [3]
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Rew(A) > X odhd Rew(S) < Ay xéde S € S. Ouwe n w elvaw WOT-

ouveyhc (Ilpdtaon 10.5), xou cuvende A ¢ ST, O

Oa BOCOVIUE GTNY GUVEYELX EVALY KYEWUETEOY YopoxTneloud tne SOT-xhelotrg
Mune unoydewy tou B(H). Oo ypetoodolye tny axdhouin évvola:

Opwopog 10.4 Av S C B(H) etvar ypaupukos vndywpos, n avakAaotikn
Onkn (reflexive cover) ReftS twou S elvar o vndywpos

Ref S = {T € B(H) : Tx € St y1a xdde x € H}.

IMopatrenon 10.11 Eivai gavepd ot o Ref S eivar SOT—K/\ezarog UTOYwpOos
ka1 mepiéyer tov S, dpa mepiéyel kai mz/ SOT-khewotr) Onkn ST v S. Aer
=S0T

etvai O}l(x)S‘ €V )/EVél ZO'OS‘ Me Ty S

Av T € Ref S, t61e yioo xde € > 0 xou o € H undpyer S € S wote

(T — S)z|| < e. Xuvenog v xdde € > 0 xou z1,...,2, € H undpyouv
S1y.oySp €S wote ||(T — Si)xil| <evywwi=1,...,n. Autd dev anodetxviet
suT eSOt Ipénel va umdipyet €va kowd S € S mou va ixavoTolel Tautdypova
ONEC QUTEC TIC AVICOTNTEG.

H Brapopd petald avorchaotixrg xar SOT-xAetothc Ornng pabveton xon w¢ eEhc:
‘Evag tekeothic 1" avixel oty avoxhaotix Orxn Ref S tou S av xow pévov
av v xédde x € H undpyet dixtuo (S;) otov S nou efaprdtar ané to & HoTE
Siz — Tw. 'BEvog teheotic T avixer oty SOT-xheioth 9fnn tou S av xau
uévov av undpyet €va dixtuo (S;) otov S wote Sz — T ya 6Aa ta x € H.

Ao asec).

H A ebvar SOT-xAeoth o’c)\ysﬁpa TEAEOTOV GTOV Xo’apo Hilbert C? xou nepiéye
tov towtotxd. Av T = [§ Y] 6mou  # z, 161 @oiveton edxola 6t TE € AL

v xéde € € C? dpa T € Ref A, evey T §é A.
[ topdderyyo, utdpyouy Ay, Ay € A wote Te; = Aze; yii = 1, 2: pnopo()ps

va Béhovue Ay = [ Y] xon Ay = [§Y] ohhd Bev undpyer kowd A € A dote
Tey = Aey xo Tey = Aes.

IMTopdderypo Eotw
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Me é\ha hoyio, T3 ¢ Ref A®:

£V A®) ca,beC

o8R8
o 2 o

Ilpétaocy 10.12 Ay S C B(H) eivar ypaupukds vndywpos, évas teAeotnis
T aviiker oty SOT-kAewoti Ok tou S av kar pévov av T € Ref S™ ya
kdOe n € N.

A7b6derEn Av undpyet dixtuo (S;) otov S hote S; S T <6te vy xde n € N
gyoupe S € 8™ xon S™ 2L T Guverie TM € Ref S™.

‘Eotw avtiotpoga 6Tt T € Ref S™ vio xdde n € N, xou ot
W={A€B(H): Y Tz — Ax|* < €}
k=1

wa Paower) SOT-neproyr| Tou T'. Encidr T € Ref S, ay ouuPolicoupe pe
T € H™ 10 S1dvuoua-oTHAN UE CUVTETAYUEVES (1, . . ., Ty, ), Vo Loy VEL 1) O)éo

Tz € Sz,

enopévec Yo undpyer S € M Gote |[TME — SMF|| < e. Mo auth 1
aviodTnTo onpadver axpPog ot S € W, dpa o T' avixer oty SOT-xAeioty
Ufxn tou S. O

10.3 O B(H) wc duixodg ywpoc Banach.

H acVevAic™* Ttoroloyio
Oewpw tov YHeo B (H) twv WOT-cuveydv ypauuuixdv popedy atov B(H),
£odLolouévo e TNV VopUa Tou Buixol yohpou touv B(H).

Oo amodellw 6Tt 0 BUixde Yweog tou (BL(H), ||| elvon 1oopetpixd obuoppoc
ue tov B(H).
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‘Eotw A € B(H). Optloupe v aneixévion
¢A : BN(H) — C

amd Tov TUTO da(w) = w(A), w € B(H).

Ewdwotepa GA(Way) = way(A) = (Az, ).

Ebvar gavepd otL 1) ameixdvion ¢4 elvon ypouuixn, xou elvon cuvey g Lot
[Pa(w)] = [w(A)] < [lw][[[A]

Yo xée w € Bo(H), and tov optopd e ||w||. Enopévece ¢4 € (B(H), ||-|)*
wa [|pall < [JAl

‘Eoto avtiotpogo i € (BL(H), ||]|)*. ©uPew A € B(H) dote ) = ¢a. Kdde
Levyoc x,y € H opilel évav oprdud ¢ (w,,) € C. Anuovpyeiton hody uua
OTELXOVIOT)

b:Hx H—C:(2,y) — Y(way)-

Enedr| n anewxovion (z,y) — ws, clvor sesquilinear xou 1 9 elvon ypouuxy,
b etvan sesquilinear. Erniong,

[b(z, y)| = | (wa )| < [Pl lweyll < [N

dpo n b etvon pparyuévn (amd ||]]). Luvende ond to Oedpnua Riesz (Ilpbdtaon
3.1) undpyer Ay, € B(H) dote

b(z,y) = (Ayz,y)

OnhodY U(wey) = (Ayz,y) = wey(Ay)
ol [(Ayz, )| = [ (way)| < W] llwayll = 1PNy
v xde x,y € H, dpa

1Ayl < ll2]l.

Enedr) o yodpoc B(H) etvon 1 yoouuxr) 9xn tou ouvérov {w,, : x,y € H}
X0l Ol ATEWXOVIOELS Y Kol (bAw elvon YPoULXES, Ol OYETELS

V(Wey) = wey(A) = ¢A¢ (Wey)

v xde z,y € H Oelyvouv 6T ¥ = ¢y,. Aclloye howmdy 61t n A — @4
anewxoviler Tov B(H) enf tou duxol tou B (H).

96



Téhog nopatneolUe OTL, av ¢ = ¢4, TOTE

(Apz,y) = Pa(wsy)) = (Az,y)

Yo xée z,y € H (opopdc tou Ay), doa Ay = A. Enopévec n avicotnta
[Ag]] < 9]l detyver b Al < [[pall. Eiyaue dpoc deiler 6 [|gall < [IAll

CLVETKC Loy VEL LOOTNTAL.
Aci€aye BnAadT OTL 1 ATELXOVIO

(BCH), [[-[) — (B~(H))" [I-]) : A — ¢a
ToU elvol TEOPAVKS Yo, elvan tooueTpio xon enl:

IMpoétaocy 10.13 O ydpos B(H) eivar wouetpird 106u0ppos e tov duiké
tou ypov (B (H), ||||) péow tng areikériong

A= ¢a, bnov  Pa(w) =w(A), (A€ B(H), we B(H)).

O ydpoc B(H) dev eivar xhetotéc undywpog tou duixod B(H)*, dev eivor
hownév yopeoc Banach (6tov dim H = o0). IHopadelyuatog ydptv, av {e,} € H
elvon pa dmetern opBoxavovixr axohovdio, 1 yEOUUXT ATEMOVIOT| ¢ OOV

H(IT) = g (T)

avixer oty || - ||-xketoth Oiun tou Bo(H) (86Tt 1 oelpd LY XAIVEL AmORUTAL).
Aev avixer dune otov Bo(H). Tpdypatt, ov ¢ = w 6Tov w = Y | Way s

61 Vo €youe d(r ® €)) = w(z ® e;) Yo xdde v € H xa k € N, dnhadh

S ex) = D () (0 9) = (D ek, )

v xde x € H xu k € N, 1o onolo onuaiver 61t k—lgek = > €k Tn)Ym,
Onhady) ot yioe xdde k € N 1o didvuoua ey oaviAxeL atov YOeo (Y1, ..., Yml,
TEdY U oBUVATO.

Optopdc 10.5 O mpodvikds B.(H) C B(H)* eivar n ||-||-kAewotrj Orjkn Tou
B.(H).
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H ovopaota ogelheton 610 yeyovog 6Tt o duixde tou B, (H) towtiletan 39 UE TOV
duixd tou B (H), onhadh ye tov B(H). Anodewxvieton pdhota 6t o B, (H)
elvon 0 Lovadindg yweog Banach mou €yel wg duixd tov B(H) (Tcpdwpoc OV OEV
oAnUeleL eV YEVEL VLol TOUC TEOBUIXOUE BAADY BUIXWY YOEWY Banach).

Optopde 10.6 H aoteviig-* tomodoyia (w*) orov B(H) elvar n a-
oOevéotepn tomoloyia ws mpos tnr omoia kdle w € B.(H) elvar ouvvexrs, elvai
onAadr) n aoBevris-* tonodoyia o(B(H),B.(H)) mov éxer 0 B(H) ws duikds
Tou Ywpou Banach B.(H). H tomoloyia avtn) ovoudletar TOAES PopéS Kai
vrnepaoevng (ultraweak).

Agol o B(H) eivor o duixdc tou yweov Banach B, (H), egapuéletoan 1o Oce-
enuor Ahdoyhou (BA. m.y. [19], Oedenua 17.1), olugpwva pe to onoio 1 xAet-

o T povadloda undho evog Buixol yweou Banach eivar aodevide-* cuunayhc:

Ocdpnua 10.14 H kAewotr) povadiata pndAa (kar yevikotepa, kdle aolevds-
* kA€o Té kar ppaypévo vroorodo) tov B(H) eivar aolevig-* ouunaynig.

‘Otov dim H = oo, 1 aoevic™ tonohoyio eivar yrrijoia 10y updtepn and tny
WOT, epocov BL(H) & B.(H). Aev eivon 6ung ouyxpiown pe v SOT.
Hpdypat: av ¢ € B.(H)\B(H), t61€ 0 ypouuxdc yweoc ker ¢ ebvor acieve-
* xheo1o¢ (aol 1 ¢ etvan actevic-* cuveyhc), ahhd dev eivor WOT xdetotodc
(616t 1 @ Bev etvar WOT ouveyrc), dpa ovte SOT xdetotéc (Ildpopa 10.10).
Yuvenae n acVevic™ tonohoyio dev eivar aotevéotepn and v SOT. AANd Sev
etvan o0Te toyvpdtepn: av (1),) etvon n axohoudio Tou Iapadetyuatoc 10.4, té1e,
omwg deilape, 1 (7)) dev ouyxhivel oto 0 we mpog v SOT, adhd cuyxhiver oo
0 w¢ mpog v w*. Hpdypott, n (7)) cuyxhiver oto 0 we tpog Ty WOT, o
etvan [|-||-pearypévn. ‘Onwe Vo dei€ouue apéone, n w* cuuninter ye tny WOT
ota ppaypéva vroovvoda tov B(H).

ITpbtaom 10.15 Or tormodoyles w* kar WOT ouurintovr ota ||-||-ppayuérva
vrootvola tou B(H).

Eropévws n povadiata urndia tov B(H) etvar WOT-ouunayris.

39yde ouveyhc yeouwxh popet otov B (H) emexteiveton (Aoyw ouvéyelag) o pia tovo-
duer) cuvey | Yoouuxt| pope otov By (H), xou e v (Bl vopua.
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Anodegn Apxel va Serydel tL av éva gpaypéro dixtuo (1;) ouyxhivel oto 0
w¢ mpog v WOT, t6te T; 0. 'Eoto Mowmdy w € B.(H) xou e > 0. Téote
undpyet wi € Bo(H) wote ||w — wi]| < €. Agol T; Yoy, UTBEYEL T, DOTE
lwi(T3)| < € vy %xdde @ > i,. Av M = sup, || T;]|, tote

W(TH)] < [(w —w)(T)| + |wn(Ty)] < Me +€

v xée i > i, Buvenoe lim; w(T;) = 0, dpo, ool 1 w elvon avdaipetn,
T, 0. O

ITépiopa 10.16 O ydpos F(H) twv tedeotdy memepaopérns wdéng eivar
rukvos otov B(H) ws npos tnyy SOT, tyy WOT kar ty aolevi-*, dxi duwg
w¢§ mpo§ TNy TomoAoyia s vépuag (érav dim H = oo).

Ano6oelly 'Eotw & 10 6ivolo twy utoyhpwy 10U H Tou €Y0uy TENEPAUCUEVT
ddotaon (omwe oty andoen e Ilpdtaone 10.2), diatetoypévo e ) oyéon
tou mepiéyeotan. o xdde F' € X ovopdloupe Pp tnv opdn mpoBoiy| ctov
undyweo F. loyveilopor 6t Pr AT onhadY| ot || Ppa — || — 0 yio xdde
x € H. Hpdyport, éotw € > 0. Av Fy := [z], yia xdde F € X pye F D Fy
oyVet 6 x € F xou ovvende ||Prr — x| =0 <.

Av e A € B(H), t6t1c APp € F(H) xaw APp SO 4, enouévne o F(H)
etvar SOT-nuxvée otov B(H), dpa xou WOT-tuxvée, agod n WOT eivor o-
oVevéotepn and v SOT. Ernione duwe APp A and TNV TEOTYOUUEVT
Hpotao, Swott APp YO A yan 10 Bixtuo (APp) etvou gparyuévo. ‘Apoo F(H)
elvar wH-tuxvoc otov B(H).

Télog, o F(H) dev ebvan ||-||-tuxvée otov B(H), yotl, 6mnwe €youue RoN no-
EUTNEROEL, 0 TOUTOTIXOS TERETTAS Bev elvan ||-[|-bpto axoloudiog tekes v me-
Tepaouévng Tadng, 6tay dim H = oo. O

Anodemvieton 0 6t dtav dim H = oo, oo WOT xow w* 8ev elvon yetpixonot-

fioleg Tomohoyleg otov B(H). O TEPLOPLOMOL OUWS TWV TOTOAOYLOY AUTWV

O TTapdderyna (von Neumann ) Eotww € = {P, +nP,, : m > n}, énou P, povodidortotec
xddetec avd 0o mpoPoréc. ‘Onwg otnyv Ilpdtacy 10.1 gatveton 6Tl dev undpyet axoloudla
oto € mou va ouyxhivel 610 0 we Tpog v w* (v WOT). Ioyvellopar duwe bt to 0
avixer oty w*-xheto ) Wun tou £. pdypatt, av dyt, tote Yo umhApyay wi, ..., w, € By (H)
xan € > 0 wote

; > y .
Joax. |wi (P, + nPy)| > € v xdde m > n
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ota @porypévo utocivola Tou B(H) eivon UeTtpixonotolues Totoloyleg, 6oy o
H eivan duarywplowuoc:

ITpotaom 10.17 Av o H eivar Siaywpioipos, tote
(1) O mpobuikds B.(H) eivar diaywpiouos xyopos Banach.

(i) O mepiopopdés tng aoevols-* tomodoyiag (10oddvaua, tms WOT) otny
povadiaia urdda B(H), eivar petpiconorjoiun tonodoyia, dpa daywpioyun (e-
@doov €lvar ouumayrs).

Anédelr) Eotw = apriurowo tuxvd utocivoro tou H. Téte 10 chvoho
Q={we,:{ne= CBU(H)

elvon opriurotuo.

(i) H oviodtnro

lwry = wenll = llwn—ey + weynll < [l = Ellllyll + 1€y = nl

delyver 6t ||-[|-xherot ypauuwe Dixn tou 2 neptéyet to oOVoro {wyy : T,y €
H}, oo xon v ||-||-xhetoth) ypouuxr) tou 9¥xm, mou eivon dhoc o B, (H).
Ernopévoc o B, (H) elvau Stoywplotuoc.

(ii) Eotww Q = {w, : n € N} wa apidunon tou Q. Opilw

o0

d(T, S) - Zl %W (T, S € B(H)).

O avayvootng umopet va ehéy&er 6t 1 d opiler plo petpl oty B(H); (to
yeyovoc on T = S ov d(T,5) = 0 éncton and v TUXVOTNTA TOU = GTOV
H). Av éva dixtvo (T;) otnv B(H), ovyxhiver otov T € B(H); ¢ mpog
v WOT, t6t€ w,(T; — T) — 0 yi xdde n € N xo, yenoyonoidviag ot
lwn(T; = T)| < 2||wnl|, amodewevietar ebxora 6t d(T;,T) — 0. Emopévec 1
WOT etvor ioyupdtepn and tnv tomoroyia mou opilel 1 d. AAAG 1) mpwTn eivan
oupmay S, dpo ot dYo Tomohoyieg cuunintouy. (Etny npaypoTixdTnTa dev elvor
d0oxolo vo devydel ameudeiog ot av d(T;,T) — 0 tote T; — T we mpog TNy

AN t6te, eneldh) limy, w(Pp) = 0 vy x&de w € Bi(H) da elyope max; |w;(P,)] =
lim,,, max; |w; (P, + nPp)| > € yia x&de n, drorno.
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WOT). Egécov n WOT xa n w* cuunintouv otnv B(H),, n anddeln eivo
TAAeNG. O

O mpoduixéc B.(H) touv B(H) amoxaheitar xoputd @opd «un uetodetinde £1y.
H ovopaota auty| opeileton ev uépet otnv enduevn

IMpétaocy 10.18 O mpoduikss B.(H) wov B(H) efvar to otvolo dAwv twr
YPUUHIRCY [LOPPAY W TS HOpPRS

o0
W= E )\nwxn »Yn
n=1

drou* ||@,| = |lynll = 1 ka1 3, || < 400.

AmédeEn Av {z,}, {y,} eivar oxohoudiec povodioiwy Stavuoudtwy xat A, €
C e Y, | ] < +oo, t61€ Yoo x&0e A € B(H) n oewd > A(Azy, yn)
oo w3, (A, gl < 3, I ATzl gl = IS, Dl
emopéveg oplletl wol yeouuxy wopen otov B(H):

A= w(A) = M(Azn,yn) (A€ B(H))

mou ebvan ||-[]-ouveyfc xou pdhiota [|wll < D7 [An]. Av Uécoupe

m
Wm = E AWz, yn
n=1

TOTE Wiy, € Bu(H) xou ||Jw — wi|| <D o | M| = 0, dpot w € B,.(H).

n>m

‘Eotw, avtiotpoga, w € B.(H). O yodpoc B.(H) anotekeitan and o ||-||-dpta
axohovhv ond tov Bo(H). Tw xdde n € N, undpyet w, € Bo(H) dote
|w — wa|] < 5. Dpdgoupe wo = 0 onde

wn:<wn_wn—1)+"'+(w1_w0)

oo

doo  w = Z(wk — Wk_1)

k=1

Mudhota, omodeevietan (dec Ty deltepn amddelln A o [26, Oekpnua I1.1.6]) 6t ot {x,}
%ot {yn} UTopolv vo emheyolv opdoxavovixéc.
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OTOU 1) GELRY GUYXAIVEL amOAUTAL, XIS

oo e 1
D Nl = wrall < ol + 7 55 < oc.
1 k=2

Anéd v Hpodtoon 10.7, xdie wy, — wi—1 Unopel var ypapel »¢ Ypouuixos cuv-
OLUCUOC

My,
W — Wg—1 = E Wm, k
m=1

OTOU Wik 1= Wak ok, UE SM Nwmrll = [|wp — wr1]]- Evor éyouye
co My, 0o
SN llwmall <Y llwk — wii || < o0
k=1 m=1 k=1
o Mk
OTOTE 1) OEWRA D Y Wik OUYXAIVEL AMONUTO, GUVETKOS UTOPEL Vor Ypapel, wg
k=1m=1

mpog wot opidunon {wy, : n € N} tou cuvohou {wp, - m =1,..., My, k € N},

OT1) Lop@H N
w = Z W,
n=1

6mou xdle wy, elval XATOWO Wy, , SEAU TNG LOPPAC Wy = AWy, 4, HE [|Zn] =
lynll = 1 xou [|wy|l = An, omdte Y- Ay =D [lwn|] <oo. O

Aetrepn Arnddaén *? Eotw w € Bi(H). H amewxévion H x H — C : (&,n) —
w(§ ®n*) eivan sesquilinear xou ppdooetan and v ||w||, dpo (Ipdtaon 3.1) undpyet
T, € B(H) (pe [ To]| < [|wl]) dote

w( @n*) = (Tu€,n). ()
‘Eotw {e; : i € I} opdoxavovixy| Bdon tou H.
Toxypiouds T xdde A € B(H) éyouue >, |[(AT e, €;)| < +o0.

Hpdryport, éotw a; € C dote [(ATy e, ei)| = ai (AT, €5, e;). Av vy xdde tenepaocuévo
urocOvoro J C I Yécoupe
By = Zai@@ef,
ieJ

42X wpic yphon e MpdTaone 10.7
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161e, epooov (Te;, A%e;) = w((e; @ (A%e;)*) and v (x),
> [{ATyei ) | =Y ai (Toei, A%ei) =Y aiw((e; ® (Ae;)*) = w(BA).
icJ icJ icJ
AWM ||By|| = max |a;| = 1 (86Tt oL e;®e] elvon xddeteg avd 500 TpoBoréc), enouévie
Y ATues e)] = |w(BsA)| < |lwlIBsAIl < [lwll]|A]
icJ
yia xdde menepacuévo utoctvoro J C I, xou o 1oyvploude amodelydnxe.

‘Eow T, = V|T,,| n nohxh, avanapdotacn (Oewenua 7.15) tou teheoth Ty, Téte
V*T, = |T,|. ©étovtac A = V* otov loyuplous, éyoupe 3

S {[Tulerei) = 3 (V* Tuer i) < +oo. (45

K3 K3

"Fotw X
T, = /0 MEy (K = |ITul)

1 paoupatixy avéiuon tou Yetixol teheoty [T, |. Tote av 0 < a < K éyouue

K K
7| > |Tu|E([a, K]) :/ NE) >a/ By = aB([a, K])

a

HOL GUVETIOC

az | E(Ja, K])es||* = Za (E(Ja, K))e;, e;) < Z (|To )i, €;) < +oc.

(2 3

‘Encton 61ty xdde a € (0, K) o yodpoc E([a, K]|)(H) éyer nenepacuévn didotaot,

vl av xdrowoe E([a, K|)(H) frav anepodidotatog, Yewmpdviac po opdoxavovixi

Tou Bdon {e; 1 i € Ip} xou emexteivovtog oe o opdoxavovixr Bdon tov H, Yo elyo-
2 7 7 7 7 4

ue Y. [1E([a, K])es||” = oo. And 10 goopotind Yedpnuo (o€ yOpOUS TETERACUEVNS

dudotaong) undpyer opdoxavovixt| Béon tou E([a, K])(H) nou anoteleiton and 1dio-

Sravbopata tou Yetixol tekeot |1, |E([a, K]).

[pdpouye Aoindy

(0,K] = D [n—ll—li) U B,l] = GQnUQO

n=2 n=1

3Evac teheotic T € B(H) mou wavoroel t oyéon Y, (|T|e;, €;) < 400 yio prat opdo-
xavovixy| Béon tov H ovopdleton trace class operator. Aec my. [21, VI.6].
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xou Yo x@e n emAéyouye pa (tenepaopévn) opdoxavovixy Bdon {e, :m =1,...,my}
touv E(Qy,)(H) and Wodaviopato tou [T, E(y,).

‘Etor n owoyévewr {e), : m = 1,...,my,n € Z;} civor opdoxavovix| Bdon tou
xépou (E((0, K)(H) = (E({0})H)* = (ker |T,)*.

Ocwpolye wa apidunon {y, : n € N} tnc owoyévewg {e}}, :m=1,...,m,,n € Z;}
xan TNy enextelvoupe o opYoxavovixt| Bdorn dhou tou H. Q¢ mpog auvty| TN Bdon, 7
oyéorn (**) diver 4

Z (| To|Yn, yn) < +00.
neN

Ened xde vy, etvon 1810dtévuopa tov detixol tedeots| [Ty, |, undpyet Ay, > 0 (udhioto

An > 0 agol yy, L ker |T,,|) wote [Ty, |yn = Apyn, onote Y A, < 0o. Eyouvue Ty, =
neN

VI Tolyn = M Vyn. Tedgouvpe zy, := Vyy, (n {zn} elvar opdoxavovixd| yioti n V' dpa

toopetpd otov ywpeo (ker |T,[)+). Opiloupe

¢(A) = Z <ATwyn7yn> = Z An <A$na yn> (A € B(H))

neN neN

Enedn n (An) eivow oadpolown xou | (Azp, yn) | < ||A||, n oepd ouyxiiver andiuta,
Gpa (6mwe Seilaye mponyoupévee) ¢ € By(H). Enewdn n {y,} civor opdoxavovixr

péon wou E({ONH™, yia ndde € € H éovpe € = E({ONE + 3, (€.4n) Ynr dou
1,6 =, (& Yn) Tyn xon cuvende yio xdde n € H,

wEen") = (T, n)

= <Z <‘£7 yn> Twynan> = Z <§>yn> <Twyn7 77>

neN neN
neN neN
=9(E®n’).

Enopévwe ot ¢ xou w towtilovton oto olvoro F(H) C B(H) twv TENECTOV TETE-
paopévne t8énc. Emedn eivar xou ou dVo aocevie-* ouveyeic, xo to F(H) eivan
ac¥evire-* nuxvo otov B(H) (Ibpiopa 10.16), éneton 6tL ¢p = w, Snhady

wA) =Y A (Azp,yn). O
neN

Yepooov (|T, |z, z) = 0 v xdde x € E({0})H
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11  ABshaveég ‘AlyefBeeg von Neumann

11.1 'AAyeBesg von Neumann
Opwopde 11.1 Av H eivar ydpos Hilbert kit S C B(H), opilw tov peto-
Vet S’ v S ws €€nig
S'={T eB(H):TS=ST yua kite S € S}.
EXéyyeton dueca 6Tt to olvoro S’ elvon dvta dhyeBpa e povdda. Emiong etvo
norm xhewto, ywtl av ||A, — Al — 0 xou A,S = SA, v xdde n € N xon
S e S 1ot
AS =1limA,S =1limSA, = SA
Goa A e S'.
Enopévwe av 1o olvoro S eivo autoculuyéc?® téte To S’ cbvan C™-dhyeBpoa.
Hopatneolye ouwe 61t 1 dhyelea S’ elvar kKAewotn kar ws mpos Ty (aolevéote-
pn) torodoyia WOT: Ipdrypartt, av éva dixtuo (A;) e A; € S éxel v Lot
lim; (A;x,y) = (Azx,y) vy xdde x,y € H, t61€, yie xdde S € S
(ASz,y) = lim (A;Sz,y) = lim (SAsz,y) = lim (A;z, S*y) = (Az, S™y)

= (SAz,y)
v xde z,y € H, doa AS = SA.
Eivor npogavéc 61t S € S”.

‘Eva oOvoho tehectdv S eivon petodetind obvoho av xat povov av S C S’ Av
S ebvau petadenuxd ovvoho, t6tE Y xdde A € S, 1o obvoro SU{A} C &
elvon petardeTind xan meplEyel 1o S. Enouéveg €va odvoho tehecTtov S elvou
pHeYIoTike YETAIETING oUVORO av xon Lévov av S’ = S.

Treviuuilouue tov optouod:
Opiopog 11.2 Eoww (X, i) xdpos pétpov. H mOANATAACLAC TLXT GA-
veBea M, wou (X, p) efvar n
M, ={M;: f e L™(X, )}
H M,, etvar aPehaviy C*-vndAyefpa tng B(L*(X, p)).
A55nhodh) S* € S Yo xdde S € S
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IMpoétaocy 11.1 Av o (X, ) efvar o-renepaopévos, twére (M) = M,,. loo-
dvvaua, n M,, elvar peyiotixyy afeharr) avtoovluyng vrdAyefpa (maximal
abelian selfadjoint algebra - masa) tov B(L*(X, u)).

Arnédegn H M, civon offehovi, dooa M, € (M,)". Eotw howmév T €
(M) Tpénrer vo Ppolpe g € L®(X, ) dote T = M,.

(i) TYrodétoupe mpdta ot pu(X) < oco. Tédte 1 otadepr| ouvdptnon 1 avixel
otov L*(X,p). 'Botw g = T1 € L*(X,u). Téte yia xdde f € L2(X, p)
éxouue gf € L*(X, u) xou

T(f) =T(f1) =TM;(1)) = My(T(1)) = My(g) = fg=gf ()
Av betboupe 6tL g € L>®(X, 1), ondte 1 g opilel ppayuévo teheot M, €
B(L*(X, p)), t6te 1 mponyoluevn Lodnto ypdpeToL
T(f) = My(f) yasdde fe L™(X,p),

onhadt ot ppayuévol tehectéc T xan My Vo tautilovion 6Tov Tuxvd UTOYWEO
L>®(X,p) tou L*(X, i), dpo Yo etvon {cor. Méver hoimdv vo dewydel ot g €
L>(X, p).

Hedypott, éotw a > 0 wote 1o pétpo tov Y, = {t € X : |g(t)| > a} vo ebvon pn
undevixd. Av f, ebvou 1) yopoxtnelotixh cuvdptnot tou Y, 16te || ful|3 = u(Ya).
AN\G enlone fo € L°(X, pu) ondte n (¥) epopudleton xou Selyver 6t T'(f,) =
Jag, dpo

ITIIAE = 1T = / fugPdu = /Y g2 dn > @Pu(Ya) = dlI 1

emopévec a < [|T']]. 'Eneton 61t ||g]|oe < [|T]] 20w tidpor ) (*) detyver 6t T = M,,.

(i) T v yevixq (o-nenepaopévn) mepintwon, yedgpoupe tov X o¢ évean
aprdunotung owoyYEvelag EEVmY avd 600 UTOGUYOAWY X, TETEQUOUEVOU UETEOU.
Eotw e, € L*(X, u) n yopoaxtneotixfy ouvdetnon tou X, xa g, = T(ey).
‘Ornwe nponyoupévec, v xdde f € L(X,u) N L (X, 1) xou xdde n € N
€y OUuE

TMe., (f) =T(fen) = T(My(en)) = M(T(en)) = My(gn) = fn-

Yuumepaivouue 6mwe ey 6TL 0 My, ebvan @paypévog TEAeoTAG xou 6Tl M, =
TM,,, dpo ||gnllcc = | My, || < ||T|| yiot xé&0e n € N. "Eneton 61t av oplooupe
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v g oto X oand v oyéon g|X,, = gn| X, Y xd0e n € N, t61€ 1 g ebv
prpetpfioun xa [|glle < sup, [|gnlleo < ([T, oo g € L(X, 1) 3ou

MoM,, = Mgy, = M, =TM,,

vy xdde n € N. Agol o teheotric M., eivar 1 mpofohr} oTov UTOYWEO
L*(X,, p) tou L*(X, i), ov pporypévol terestéc M, xou T oupnintouv oe xo-
Uéva amd TOUC UTOYWEOUS auTolS, ool (acpo() elvon Yool xon ouvexsig)
CUUTITTOUY X0t OTNV XAELO T Yeouuxn U1xn TN EVWohc Toug, Tou etvan®® droc
o L*(X, ). O

Opwowog 11.3 Eoww H ydpos Hilbert. Mia dAyeBpa von Neumann
M orov H eivar éva avtoouluyés vnootvolo touv B(H) mou ikavormolel

M=M"

Iapatneroeic 11.2 (i) Kdde dhyefpo von Neumann eivon C*-dhyefpo pe
wovaoda. Emnicov dung etvar WOT-xheiot.

(ii) Av S C B(H), t6te 10 clvohro (S US*)" elvon 1 wixpdrepn dhyeBpo von
Neumann mou mepiéyel o S, xou ovoudletan v dAyeBpa von Neumann
TOU TOEAYETAL ATO TO S.

(iii) Kdde dhyeBpa von Neumann M otov H eivar tng popprc S yio xdmoto
avtoouluyéc obvoro S C B(H) (n.y. S = M').

Mapadeiypata 11.3 (i) O ydpoc B(H) eivan dhyePpo von Neumann.

(ii) To ovoro K(H) 6hwv twv cuunayody tehkeotdv atov H eivar C*-dhyefpa,
Oyt Ouwe dhyeBpo von Neumann extog av dim H < oo. Ilopdyeton (g C*-
dhyeBpa) and Tic TEoPoés TNe.

(iii) 'Eoww (X, p) o-nenepoouévog yweoc uétpou. Tote n M, elvon ofelovh
dhyePpa von Neumann otov L?(X, ). Etvon pdhota peyiotind ofiehov).

(iv) To clvoro A = {M;: f € C([0,1])} elvor C*-dhyefpa otov L2([0, 1], \)
(6mou A o Yétpo Lebesgue), ohhd Sev eivon dhyeBpa von Neumann. Ioyvet ot
A" = A = M,. H A Sev nepiéyer mpoBoréc extoc twy 0 xau 1.

AV n h e L*(X, p) ebvan xddetn ot xéde L* (X, 1), 1616 Yiae %80 n xou f € L (X, 1)
éxovpe [y hfdp =0, doa (Vétoviog f = he,) [y [h[*du =0, oo [|h]3 = [ [h[?dp =

S [y, [hl2dp =0, Sphodh b = 0.
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‘Eva and 1o mo Yepehiodn amoteléopata oty Yempio twv alyefenmy von Neu-
mann efvon 0 GUOYETIOUOS TNS ahyePpixrc ouvihixne M = M” ue pio Tonolo-
Y| cuVORxn:

Ocsvpnua 11.4 (von Neumann ) FEow A upia avtoouvlvyrs vrdAyeBpa
tov B(H) mou mepiéyer tov tavtotikd tedeotny. Tdte

SOT _ —WOT

A=A A

Eibicotepa, n A etvar dAyefpa von Neumann av kar uévov av etvar SOT-
4 /z /. Z

KAewotn, av ka1 pévov av eivar WOT-kAewot).

Oa YeNOYOTOLACOUNE TO

Afppa 11.5 Eorw A C B(H) avtoouluynis dlyefpa mov mepiéyer tov tauv-
totikd teAeotri. Tére A" C Ref A.

Anédedn Eow T' € A” xu x € H. Ovoudlouye P tnv mpoforr) otov
unéyweo [Az] tou H. Egboov o [Az] eivar A-avodhoiwtoc (1A eivor dhyeBea),
woyler AP = PAP yw xdde A € A AW A* € A, dpo A*P = PA*P,
emouévwg PA = PAP. 'Enetu 61 AP = PA vy xdde A € A, dnhadr
P e A Enoyévic TP =PT. A& 1 € A, dpox =1z € m 0L CUVETIC

Tx = TPx = PTx € [Ax]. Agol to v € H civor auvdoipeto, deilope o1t
T € Ref A.

Enopévig A" CRef A. O

Oo deiZoupe oe Ayo (Ilépiopa 11.8) 61t oty mporypotixdTnTL, oY VEL 1 LOOTNTOL

Ref A= A".
Amnédelr tov Oeswpruatog Tou von Neumann

Enedry A C A" xou n A” ebvon SOT-xheroth|, éyoupe ZSOT C A" AégnA
elvan ypopuxog yweoc, dea (Ipdtacn 10.10) AT = AT

, ., —SOT
Mévet va detydel 61t A” C A .

Ané v Hpdraorn 10.12, apxel v del€oupe 61t yia xdde n € N éyoupe (A”)™ C
Ref A™. Ané 1o Afupa, epdoov n AM eiven autoouluyrc dhyefeo xon teptéyet

Tov TowToTING TEREoTH, Eépoupe 6t (AM)” C Ref A™. Apxel homév va
det€oupe ot (A7) C (AM)”.
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Eotww T € A", va delEoupe 61t T € (A™)") dmradh 61 TWQ = QT™
v xdde Q € (AM). Ac yedouue tov Q wg n x n mivoxo [Q; ;] pe Téc
Qi; € B(H). 7 Tw x&e teheoti X € B(H), o QX™ avuiotowyel otov
nivoa [Q;;X] xon 0 XM Q avtiototyet otov mivea [XQ;5]. Aol hotnéy o
teheoThc Q petatideton e Tov daydwio Tivaa teheotiv A yia xdde A € A,
x&e @Q; ; Vo avipxer atov A’ ‘Opwg ond v unddeon éyoupe T € (A') ondte
o T petatieton pe xdde Q; ;. Ereton 6T o daydviogc T petatideton ye tov

Q= [Qi ], bpo T™ € (AMY. O

IMopatienon 11.6 'Eotw A autoculuyrc teheothc. T'pdgouus A = f AE),
and 1o Paouatiké Ocdpnua. O pacpotixés tpoBoréc E(§)) urnopel vo unv
aviixouv oty C*-dhyeBpo mou mapdyeton omd tov A (napdderyuo: o Teke-
othc M Tou molamhactoopol ent @ otov L2([0,1]) nopdyer tnv C*-8hyeBpa
{M;: f e C([0,1])}, mou dev mepiéyet mpoPoréc). Ouwe, dnwe delloue otny
Hopathenon 9.9, ot tpoforéc autée avixouv otny dhyeBpo von Neumann {A}”
TouL Todyel o A.

ITépiopa 11.7 KdOe dAyefpa von Neumann eivai nn norm-kA€iotn ypaupikn
Onkn twv mpoPBoldy mou mepiéyel. (IlapdPale: uia C*-dAyeBpa umopel va unv
éxel un TeTpiuéres TpoPoAEs.)

Anodegyn Eotw M diyeBpoa von Neumann. Agod n M eivon awtoculuyic,
xde A € M ypdgeton A = Ay + 1Ay émou A; avtoouluyrc. Apxel hoimdv
vo. oetydel 6Tt xdde awtoouluyhic A € M npoceyyiletoaw oty Tomoloyio TG
vopuac amd (TEMEPACUEVOUC) YEUUUXOUE GLYVBLACUOUS TEOBOAGY TOL AVAXOUY

otnv M.

An6 1o Paopatiké Ocdypnua éxovpe A = [ AdE,, 6mou 10 ohoxhfpwua ou-
YxAver oty Tomohoyia Tng vopuog. Apa o A avrixel TNy norm-xAeloTr| Yeou-
uead Vinn Tov aopatixey Tou teoBorey E(§) (dnou Q eivar Borel unocivolo
Tou gdopotoc o(A) tou A). ‘Ouwe, 6Twg HOME TOPATNEROUUE, Ol PUOUATIXES
TpoBoiéc tou A avixouv atov {A}, dpo oty M. O

INépiopa 11.8 Eoww A C B(H) avtoovluyns dAyefpa mov tepiéyer tov tauv-

T0T1KO TeAeotr). Tdte
SOT

A"=Ref A (=A").

T0LQ, ; € B(H) opilovtan ané tic oyéoeic (Q; 1, Y) g = (QTj, Ui) ypony Yeaxdde z,y € H,
6mou #; € H™ eivan to Sidvuoyua - othkn mou éyet x otn Véon j xa 0 otic dhhec Déoeic.
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Am6deEn And to Afupa 11.5 énetan 61t A” C Ref A. Apxel howndvy va 8elZew
6T, av T € Ref A, t6te T € A, onadh TQ = QT vy xdde @ € A’. Eneidn
opwe n A’ ebvan dhyefpa von Neumann , dpo mopdyeton and Tic tpoBoiéc e,
opxel va utoéow 6Tl 1 @ eivon TEOPBOAY.

Av H, = Q(H), Ya dellw 6Tt 0 H, eivar T-avarroivtoc. Eotw = € H,. Téte
Tr € Az (ywtt T € Ref A). AN o undywpoc H, etvar A-avodolwTtog,
epéoov Q € A'. Enouévwe Az C H,, dpa xou Az C H, agol o H, eiva
xhetotéc. Enopévoe tehxd T € H,, dnhadh T(H,) C H,. AM\S n npofoln
otov Hy, dmuadh n I — Q, avixer enlone oty A'. To {Blo emyelprua Aowmby
detyver 6t T(H) C H:, dpo tehind o H, avéyer tov T, mpdypo mou onuaiver
61 QT =TQ (Afppo 4.1). O

T reviupiCouye (8ec to Houpdderypo oty Hopathenon 10.11) 6t undpyet dhye-
Bea A C B(H) (Befaioxe un autoculuyhc) Tou TeptéyEL TOV TAUTOTIXG TEAEGTH
tétola Hote Ref A # A

ITopiopa 11.9 Av A etvar dXyefpa von Neumann mov dpa o€ draxwpioijo
xpo Hilbert, tote undpyer apr@unoipo otvoro £ C A npofodayv mou tapdyer
my A wg dAyefpa von Neumann, 6nAadr) tétowo wote £" = A.

An6degn And ) Ilpbdtaon 10.17, 1 povodiota undho tou B(H ) egodlaouévn
ue v Tomoroyio WOT  elvan Sioymplolog UETEXOC Y®EOS, CUVETKOS TO (Blo
woylel yioo TV dovadiafor undha g A, Trdpyer Aowmdy aprdurioyo clvolo
{A,, : n € N} nou eivar WOT-1uxvé urocivolo NG povadlatag pmdhag tng A.
Ané 1o mponyoluevo Ildpiopa xdde A, avixel oTnv norm-xAeioTr yoeouixm
Wpen tou cuvdrou Twv tpoforwy tne A. Enouyévoe yia xdide m € N undpyet
nenepoopévo alvoro &, = {E4, ..., Ex} ond mpoPoréc tng A xou opriuol
{AM, - A} ote |4, = X NE] < £ Apa o A, aviixel oty norm-xAeioth
Yeouu| Vxn Tou aprdurioou cuvorou &, = Uy Epm.

‘Eotww £ = U,&,. Totre £ C Adpa £ C A. Avtiotpoga av o T petotideton
ue to & t61e Petativeton e xde &, xon dpo pe xdde A,. Agol to clvolo
{A,, : n € N} etvor WOT-unvé oty povadiada prndha touv A, énetoan 6t o T'
uetortideton pe tn povodioda umdha, dpo xon ue Ohnyv tnv A. Emopévec £ C A,
oo A=A"CE". O

IMopatrenon 11.10 Aq onuewdel n dagopd avdpeoa ota 6Vo tedevtaia
Iopiopata: uia dAyefpa von Neumann Oe€v elvar moté ion ue tny morm-

110



KkAewotn) dAyefpa mouv mapdyetar and apiunoiuo olvolo mpoPoddv, €KTo§ av
éyel memepaoévn oidotaor.

Anodelgy Aoxnon: Actlte 6t pio amepodidototy dhyefBeo von Neumann dev
elvo Sty wploylog yweog otny Totoloyia Tng vopuog, SLOTL TepLEyEL plar dmelen
oxohoudior x&etwy avd 6V0 TEOBOAGY, X0t ETOUEVLE TEQLEYEL Mol LOOPETEIXY
e6va tou £°(N), mou dev ebvan daywelotpoc.

11.2 KdlUe masa sivor mToAAanAaclacTix?y dAyeBea

Opwopoe 11.4 Av H, K eivar ydpor Hilbert, 6Uo vrootvola S C B(H), T C
B(K) Aéyovtar opBopovadiaia 10o06Vvapa (unitarily equivalent) av
undpyer oplouovadaiog teAeotnis U : H — K dote n areikdévion

ady : B(H) = B(K) : A— UAU*

va areikoviler to S eni tou T .

Iopatneroeig 11.11 (i) Eivar gavepd otL 1 anewdvion ady ebvon 1ooue-
Tewbe *~oopopglopde. Enopévac av 6vo C*-dhyefpec A C B(H), B C B(K)
elvon optopovadiaio LloodUVaUES, TOTE Elvor *—wépopcpeg. To avtioTpogo dev
oy Vet BA.(iii).

(ii) Anodewcvieton 6Tt xde *-1oopoppiopde tou B(H ) ent tou B(K) eivar opdo-
wovadtada tooduvayio. Enopévee, av A C B(H), B C B(K) eivon C*-dhyeBpec
xou ¢ : A — B ebvar *-loopop@iopdc, tote 0 ¢ eivor opopovadiaio looduvayio
av xou wévov av enexteivetar o€ *-ioopopgiopd tou B(H) eni tou B(K).

(iii) Mio opHopovadiaia toduvopio dev Satneel poévov tny C*-ohyeBeixn So-
ur, dotneel emmAéov xou TNV 6pdion oToug avtioToryoug yweouc Hilbert: Av
ovo C*-dhyefpeg etvar opHouovadioda 1oodLVaUeS, TOTE dpO0V (o€ woueTEIXd
LOOUOPPOUS YWEOUS) «xatd Tov (8lo Ttpomoy. Ilopadelyuatog ydewv, 800 dhye-
Beec von Neumann etvor opdouovadiofa lGOOOVUUES oy XL HOVOV oV Ol UETA-
Vétec Toug ebvar opBopovodioio toodivouot (Andelln: doxnon). Enetou 6t ov
ulor dAyeBpa Teheo Ty elvon optopovadiaia lodOvour e Wio masa, TOTE Xou 1|
(Ot efvon masa.

Enopévee, av M eivan pio masa, tote 1 M etvon Befalwe toouetnd toduopgn
UE TNy M3 (Héow tne amewdvione A = A® A), od\d ot petadétec M’ = M
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o (MBP) = My(M) dev etvor 1obpopgol. Tuverie ot M xor M2 dev unopet
vo. efvon opopovadiaio lGodUVaEC.

Eniong, av ¢ = ady etvar opdopovadiaia iooduvapulo, tote 1 ¢ xou 1 ¢~ ebvon
SOT-SOT ocuveyelc (Anddeln: doxnon).

To xevtpud anoTeAEopaTa QUTHS TNG TaEAYEAPOU Elvar

Ocwenua 11.12 Kdde afehiavry dAyefpa von Neumann mov opa o€ dwayw-
ploipo yapo etvarioopetpikd *10opopeiry e tov L>([0, 1], 1) ya kdmnow Borel
pétpo mbavotnrag p.

Oecwpnua 11.13 Kdle peyrotikn afehavn dlyefpa von Neumann mou
opa o€ daywpioo ydpo Hilbert eivar opOopovadiaia 10odUvaun ue tny moA-
Aamdaoiaotikyy dAyeBpa tou xwpou pétpou ([0, 1], 1), ya kdrnow Borel pétpo
mdavéTntag .

[Na Tic amodeilele, Yo ypetaotody Uepind TEOXATUPXTIXG ATOTEAECUATOL.

Opwowode 11.5 Eoww S C B(H) ypappukds vrdywpos. Eva didvvoua € €
H Swoyweiler tov S av S§ # 0 ya kdle S € S\{0}. To £ elvar xuxhixd
yia tov S av o [S€] elvar tukvés otov H.

Afppa 11.14 (i) Av o § elvar kukhikd ya to S téte diaywpile tov S'.

(i) Av n M elvar dAyefpa von Neumann kai to & diaywpiler tny M wéte eivar
kukAiké yia Ty M.

Yuvenws éva ddvuvoua elvar kukAiké yia ia dAyeBpa von Neumann av kai
povov av daywpiler tov petadétn tng.

An6dely (i) Eow T € 8 dote TE =0. Tote TSE = S(T€) = 0 yo xdde
S €8, xu ovvenie T(SE) = 0. ANG o [S€] etvar Tuxvoc otov H xou oUVETHS
T=0.

(ii) 'Eotww P n mpoPol atov undywpeo ME. O undyweog autde eivor M'-
avolhoiwtog, dpa P € (M') = M. AN\& P& = &, dnhadh (I — P)¢ = 0 dpa
I—P = 0 ool n I —P avixer otnv M v ontola to & droyweilel. Apa P = 1,
Tpdypo Tou onuaiver 6Tt o undyweog M'E etvar tuxvée oto H. O
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Adppa 11.15 KdOe offehovy| dAyefpa von Neumann M mou 6pa oe dioye-
olowo yapo H éyel daywpilov odvvoua §. Av n M elvar masa, tote to £ eivai
Ka1l KUKAIKO.

An6de&n And to Afupa tou Zorn, undpyet pio masa N mou nepléyel Ty
M (av 1 M eivar masa t6te N' = M). Ou xataoxeudooupe éva povadiado
Sudvuopa £ € H xuxdixd yioo v N. Téte 1o § Vo Sywpiler v NV = N.
‘Eneton 611 0 § Yot Broywptler xon vy M.

OvopdZoupe dVo daviopata &,1m € H mohd xddeta av oL utdywpot NE xou
N1 eivor xddetol. Ané To Afjupo Tou Zorn, undpyel ior UEYIOTIXT OLXOYEVELX
= C H omd mohd xddeta povadiada dtavoouata. Agouv o H eivon daywplowog,
n = etvan oprdufown, éotw = = {&, : n € N}. Eow P, n opdr npofoly
oTOV N’_ﬁn Eneidr) o undywpog autog ebvar avohholwtog amd tny N, Y €Y OUUE
P, e N =N (Bec v anddeiln tou 11.5).

1
‘Eotw £ = Z ﬁﬁn. TIoywpilopan 6Tt 10 € elvan xuxhixd yioo tny N Av 6y,

Yo umrpye povadiado didvuoua n € H xdieto otov NE. Téte vy xdde n € N
xaw A, B € N a eiyape

<A777 Bgn) = <77’ A*B(annf» =0
agol A*BP, € N xawn L N¢. Téte bunc o N1 da ftav xdietog oe xdle

NE,, mpdrypa mou avtifaivel oty peytoTxéma g =, O

Arppa 11.16 Eorw M afehavn) dAyefpa von Neumann o€ Owaywpioijio
xpo Hilbert H. Téte vndpyer avtoouluyns tedeotrisc A € M dore {A}' =
M. Mropodue pdiiota va emAééovpe tov A wore 0 < A < .

Anédedn Eow £ = {E,} aprdurowo civoro mpoformy tne M dote £ =

M (Ilbpiopa 11.9). "Eotw S, = 2E,, — I. Hopatnpolue 6Tt S2 = 4E? —4E, +
I =1, da ||Sull> = 1S5S, = [|S2]| = 1 vy xéde n € N, Opilw

1 1
B = —Q2F,—-1)= —Sn
(n oepd ouyxhiver opoduoppa). Ou deilw 6t {B}Y = M = ", Apxel va
0ci&w ot av évag tedeotc 1T' € B(H) yetotideton pe tov B, t61e petatiieto

ue xdde £,.
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‘Eotww 61t o T petatideton ye tov B xou pe ¢ By, By, ..., E,_1. Qo deléw 6Tt 0
T petatideton pe v E,. Iopatrenoe 6t o T' yetatiieton Ye Tov TeAeoT

[y

3

4B =) xS =4 ZES,C:SHJFB1
k=1 k=n
610V =1
by = Z 4k TE Okt
k=1

‘Enetor 611 0 T yetatiieton ye tov
1

: 1

OTtoV B2—_;SnB%_§B§

(xenowonoinoa 6t S2 = I). Hapothpnoe 6t || Bef| < 2||By||2 + [|By* <
2 Bill, ot || Bi]| < 3. EmavohapBévovtog tov (B0 cukhoyiopd ue tov Bo
ot ﬂéon Tou B, ouunepaivouye 6tL o T pETO(TfﬂETO(L ue Tov S, + Bz 6mou
| Bs]| < (2)?|By]| »ou ouvsxtloupe ercowogyma ‘Enetaw 6ty xdde k € N, o T
pswnﬁsrou ue Tov Sy, 4 By, 6mov || Byl < (2)F 7| Byl A limy (S, +Bk)

Sh, Qoo Oel€aye 6TL 0 T petatiieton Ye Tov S xou dpor ue v K.

[ vo 8ef€w 6t o T' petotideton pe v By (loodivapa ye tov St), Ypdpo
4B = 5]+ A, 6mouv A, = ZZOZI 4%Sk+1 xou oLveEYle OTWS GTNY TEOTYOUUEVT
mopdrypapo. H emaywyr elvon oo mhApng.

Hopathpnoe 6Tl 0 TEAEOTHE B TOU XATAGKEVAGUUE IXAVOTOLEL —%I < B< %I.

3 / 1 ’ /7 /
Av howndy tov avtixataothcouye pe Tov B+ 31, Bploxoupe évay teheoth| A ue
Tov {010 petodéTn mou wavortotel 0 < A < I O

IIopiopa 11.17 Av M elvar afeliavr) dAyeBpa von Neumann mouv opa o€
draywpiopo ydpo H, téte vndpyer paouatié pétpo E(.) opiopévo ota Borel
uroouUroda tou [0, 1] dote

M={E(Q):QC|0,1] Borel }".

Amnoédelrn Ano to Afppa 11.16, undpyel autoouluyrc tekeothic A € M e
0<A<LI dote A" = M.
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Eneiory 0 < A < I, 7o gdopo tou A nepiéyeton oto [0,1]. Enopévwe 1o
paopotid Tou PEtpo Yo pépeton and to [0, 1].

"Eyoupe 6uwe dei&et (Oewpnua 9.16) 6t {A} = {E(Q) : Q C [0,1] Borel }”,
xou ouvenwe M = {E(Q) : Q2 C [0,1] Borel }”. DO

Iopathpnon 11.18 To clvoro P(M) v mpofoldy wiog dhyeBpos von
Neumann M C B(H) tavtileton ue 10 6OVOLO TV XAEIGTOV UTOYOEwY Tou H
Tou elvar M’-avalholwTol (péoco NG ATEOVIOTC oL avTio Tolyel e xdie (op—
) mpoBohr) P tov unéywpeo P(H)). Enopévwe 10 P(M) onotelel otvdeopo
av ovopdoouue PV Q v npofoly) otov undyweo [P(H) + Q(H)] xau P A Q
™V Teofokr atov undyweo P(H)NQ(H). ‘Otov n M eivon petadetind, o alv-
0EoUOC aUTOC Ebval emuepoTIKeS, ETOUEVLS elvar cUVdeouog Boole. O Aéyog
elvan 671, oty BVo TEoPoréc P, Q) uetatidevtan, tote PV (Q = P+ Q — PQ xa
PAQ = PQ, xou guoixd 1 mpdodeor emucpllETton (¢ Tog TOV TOMATAAGIACUO.

Ilpoértaoy 11.19 Eow (K,S) petprouos yapos kar € = {E(Q2) : Q € S}
paouatiké uétpo oe owywpiouo xwpo Hilbert H. Trdpyer pérpo mbavéTntag
p otov K éote n apehiavn dAyefpa von Neumann M mov napdyetar and o €
va elvai wopetpikd *-1wopopgikn pe wov L2 (K, ).

Arno6delr Egdoov o H etvan daywpliolpog, utdoyet povadtaio diévuoua, £6Te
£ € H, mou doywellet tny offehtavr dhyeBpo von Neumann M (Afupa 11.15).
O¢Ttoupe
1(§2) = pee(2) = (E(Q)E, &) (e S).

And tov oploud Tou pacpaTixol PETeou, To L elvar uéTpo mavotnTag otov K.
Av E(Q) = 0, téte Befaime p(Q2) = 0. AMNG xaw avtiotpopa, av pu(€2) = 0
tote [E(Q)E|? = (E(Q)E, BE(Q)E) = (E(Q)E,§) = 0, ondte E(Q) = 0 agol
10 & Suaywpiler v M. Anhodn to pétpo p xan E(.) etvor «toodivauoy (€xouv
o {BLor undevind chvola).

Yy mapdypago 9.2.2; oploade évay ouveyn *~uopploud

= 0,(f) = /K fdE

and v dhyeBpo LK) twv ppayUévewy petpnotuwy ovvaptioewy f: K — C
ue twéc otov B(H). Av f =" cixa, € L2(K) elvon anhy, 161€

0,(f) = ZciE(Qi) cM
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X0 CGUVETIS, ool oL omAéc ouvaptioelg ebvar muxvég oty L>(K), €youue

0,(f) € M vy xdde L>*(K).
Ioyveiowoe H 0, endye pia kald opiouévn aneikovion
0: L®(K,u) - M
ToU €lval 10OUETPIKOS *~110pPio1166.
Anodaén ‘Eotw npdto 1L 1 f elvon amhr uetpiowun. Actyvouue ot ||6,(f)]| =
esssup| f| 6tav n f elvon oAy,
Av f =3 cixq, 6mov {Q;} elvan o petpriown Swpépton tov K tHte 10 ovot-
Ode¢ supremum e f etvou || flloo = max{|c;| @ (%) # 0}. ANAd

18.00)]1 = |- eiB()

aol ot E(€;) etvon xddeteg avd 800 mpofBoréc xou E(€2) # 0 av xou pbvov ov
p(2) # 0. Egpdoov ov anhé ouvaptrhoeic eivou ||-|| -muxvéc otov L=(K, 1), 1
wotnta [|0(f)]| = esssup| f| oyder yia xdde pporyuévn petpriown ouvdptnom.
O woyvploude amodelydnxe.

= max [c: ()] = max{|c;| : () # 0} = || f]lo

Méver twpa var amodeyvel o

Ioyvewopoc H 6, arexovite tny L>(K, p) eni tne M. AnAadn av

M, = {0(f) : f € L™(K, 1)}
éovue M, = M.
Anédaén [J.A. Erdos| Ac nopatnericouye 6t n M, o¢ loopetond *-toogopuxh
e tnv C*-dhyeBpa L®(K, 1), etvoan C*-dhyefpa. Emmiéov enedr) € € M, xou
E" =M, éneton 61t M), = M. And 1o Oedhpnuo von Neumann (11.4) cuune-
catvouue otL N M, ebvan SOT-munvh oty M. Ewbixdtepa yio xdde n € H, o
UTOYWE0S M elvar Tuxvog otov M.
‘Eotw B € M. Ou Bpolue wo f € L¥(K, u) dote B = 6(f).

Enedy| xdde otoyeio e M elvan ypouuindg cuvouaouog Yetixwmy oTolyeiwy
¢ M, unopolue va utodécouue 6T o B ebvan JeTindg teheoTrc.

Hopatneolye 6t v xdde 2 € S éyouvpe E(Q)B = BE(Q)) agolb n M elva
uetadetind| xou dpar E(Q)BE(Q) = E(Q)?B = E(Q)B.
Opilw éva véo pétpo v otov (K, S) and tny oyéon

v(Q) = ppee(Q) = (E(Q)BE, §) = (E(Q)BE(Q)S, ) = (BE(Q)E, E(Q)E) .
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‘Eyoupe 0 < v(Q) < [|B]|p(£2) vy xéde Q € S yoti 0 < B < ||B||I. 'Enctou
OTL TO v elval TETEPACUEVO %o f-omOAUTa GLUVEYES. ATo To Yewpnuo Radon
-Nikodym (8ec [16, 10.12]), undpyer f € L' (K, u) dote

(Q) = /Q Fdu Qe S).

To v eivou Vetnd pétpo, dpo n f etvon un apvnuixr. Ioyvptlopor 6t f < || Bl
p-oxedov mavtol. Hedypott, av e > 0 xou Q. = {t € K : f(t) > || B|| + €} t6te

(1B + €)n(€2e) = / (1Bl + €)dp < /Q fdp = v(Q) < || B|p(€2)

€

doo 11(2) = 0. Enopévoe f e L®(K, p).

Ou ohoxhnpnoouye Ty anddelln delyvovtac 6t B = 6(f).
Mo xdde Q € S,

(B=0(1))€ E(Q)E) = (BE, E(Q)E) — (0(f)€, E(Q)E)
= v(Q) = (EQ)0(f)¢, ).

AN E(Q)0(f) = 0(xa)0(f) = 0(xaf), ondte
(B = 0(1)E, BQ)E) = () — (0(xaf)E.€) = / fu— / Yafdu =0.

‘Enctan 611 10 (B —6(f))E€ ebvan xddeto oe xdde E(Q)E, dpo xon otny yeouuxh
W tou {E(Q)E : 2 € S}, onhadh otov yopo MeE. ANG n M, eivor SOT-
v oty M, enopévee to (B —0(f))E eivar xddeto oto ME. And tny
UeELd Ouwe o B — O(f) avixer oty M, dpa elvon xddeto xar otov eautd Tou,
doo (B —0(f))¢ = 0 xaw ovvenwde B — 0(f) = 0 agod 10 £ dywpilel tnv
M. O

‘Apeon elvon Topa 1) ATOBELE Y Tou Oswpruatog 11.12: apxel vo GUVOL-
dooupe Vv Ipodtaon 11.17 xo v Ipdtoon 11.19.

Enfonc oty anddeln tne Hpdtaone 11.19 eunepiéycton ouctaotind 1 anodelln
Tou emouevou Iloplouatoc.

ITopiopa 11.20 Av A elvar puoiodoyikds TeAeoTrs g€ d1aywplouo X wpo
Hilbert, n (aBehiavri) dAyefpa von Neumann {A}" mov mapdyetar and tov A
1woltal pe to oUrolo

{F(A) - feL=((A)}
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onov L0 (A)) eivar to ovvoro twy Borel ppayuévwr ovvaptrioewy f:o(A)—
C.

IMpétaocy 11.21 Eow M C B(H) aPehiavri dAyeBpa von Neumann mou
éxel kukAikd Sidvvoua £ € H kar (K, S, 1) ydpos pérpov mbavétnrag. Téve
oe kdOe (akyeBpird) *woopoppioud 6 : L2 (K, 1) — M avuoroiyel évag op-
Oopovadiaiog teheotis U « H — L*(K, u) dote UO(f)U = My ya kdOe
f e L>(K,pn). Erouévas n M eivar opfopovadiaia 1woodtvapn pe tny modla-
mAacaotiky dAyefpa M, C B(L*(K, u)).

O oplopovaduioc teheothc U Aéyeton dtL vdomoiel (implements) tov oouop-

popd M — M, 6(f) — M;.

Anédedn Iopatnpolue mpdta 61, enedh) ot L(K, p) xow M ebvon C*-
dhyeBpec, 0+ Lo(K, p) — M ebvan xoat’ avdyxny woopetpla. Hpdyport, dmog
gofveton omd TNV ambdelln tou Afupatoc 9.5, 1 0 etvon custolr). Me To (Blo
Suwe entyelpnuo, ™ 1 671 elvor ouoTtohf. And v Bl anddelln goiveton 4T
6 Srotneel v Sudtadn (ouvernme xon n 671 Ty Stnpet).

Av L, (K, S) eivou n *-dhyeBoa tov anhdv yetprioylwy ouvopthoewy f: K — C
xou M, ={0(f): f € L(K,S)}, Vétoupe

Hy = Mo& ={0(f)€: [ € Lo(K,S)}.

Ioyvpllopar 611 0 undywpog H, eivon muxvég otov H. Ilpdypott, agpod 1 6
etvan toopetpla, n M, ebva ||-[|-tuxvi oty M. Enopéveg, av éva n € H eiva
xddeto otov H,, da elvon xddeto xon otov ME, mou elvon muxvoc undyweog
Tou H, agol 1o & elvar xuxhixd didvuopoa. Emouévee 1 = 0.

Kartaoxeudlouye topa éva véo pétpo v oty S wg e€Ng:
Mrnopotye va unodécoupe 6Tt To & etvor povadiafo didvuoua. Ta xdde 2 € S
VveTouue

v(Q) = (0(xa)¢, €) = [100x)é*.
Hopathenoe ot v(2) = 0 av xou pévov av B(xq) = 0 (yoti to € Suywpilel
™V M, oot Syweler Ty M’ - Afupo 11.14) av xon uévov av xo = 0 otov
L>(K, p) (ol n 0 etvon 1-1) av xon pévov av p(§2) = 0.

By enowonoidviac 6t xde Vetind oroiyelo tng M éyel Vet tetparywvixd pllo
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Ou 6eilw 6Tl T0 v elvan o-tpocVeTNd UETpo mavoTNTOC.

Eivor pavepd 6110 < v(Q2) < 1. Enilone eivon @ovepd 61t T0 v €lvat TETEQAUOUEVAL
npootetind. T va 8l dtu ebvon o-tpootetind, apxel va Bet€w ot v(§2,) — 0
Yo xdde axohouvdia (£2,) otny S mov @iiver npog 1o 0. Kdde §(xqn,) == P, €
M ebvor autoouluyhc xar Towtodivapog, dea teoBorf. Av Véow H, = P,(H),
161€ 0 undyweoc H,, eivar M'-avodholwtog ondte o Hy, = N, H,, eivon M'-
avalhoiwtoc. ‘Eretar 6t 1 mpoforfy P otov Hy, avixer ¥ oty M” = M.
Enopévwe undpyet 2 € S dote P = 0(xq). Eyoupe P < P, ywoti Hy C
H,, dpo xa < Xaq, (@boov 1 6~ Batnpet 1 didtaln) xou cuvende w(Q) <
p(€2,). AN, — 0 o to peivon o-rpoottetixd, dpa p(§2) = 0, ondte, dnwe
TopaTNERouE TeoNYoLuévne, ¥(§2) = 0.

Enopévie 1o v etvar pétpo otov (K, S), xa eivon toodivauo ye to p (6o
dei€ape oty mponyoluevn mopdypogo). And to Ockpnuo Radon - Nikodym
éneton 6TL UTdpyeL un opvnTix| uetpriown b K — R dote v(Q) = [, hdp yio
x&e Q2 € S. Enlong h(t) > 0 yio p-oyeddv xdle t € K ytl v ~ p.

Agol [ hdu = v(K) < oo, i h avixer otov L'(K, i). ©éroupe g, = h'/? €
L*(K, ) o opioupe wo amexévion ond tov H, otov L* (K, pi) ond tov tino:

Uy : Hy — L*(K, 1) : 0(f) — fgo

omou f omhfy petprown. H U, ebvar xahd opiopévn, yotl av fg, = gg, t6TE
f = g agol n g, elvon p-oyedov tavtol dwpopeTtiny| ar'to 0. Elvor govepd 611
n U, eivan ypoppxr|. Enione, n U, eivon woopetpla, vt av f = >0 AXa, HE
Ta §; Eéva avdl 000 TOTE

08 = [ 1faPae= [ 3 ufxau i

k=1

:Z|Ak|2/KXdeV = Z e 2 ()
Z)\ke (X )€

(xenorponoinoo 6t ;M =0 yia i #j dpa xa,xa, =0 %o §(xa,){L0(xq,)E).

2

—}juunemhﬂﬁ = [lo(f)€]*

BTodgovye P = A, Py, Hopepmntéving o onueldoouue 6Tt e v Bl uédodo omodel-
xvoeTow 6Tt T0 oOvoro P (M) twv npofordv wag dhyeBpoac von Neumann M (petodetindic
R 6y1) amoxtd TN Souy| mArjpous ouvdéoou.
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Yuverwe n U, enextelveton oc Wi toouetpiny| anewovion U ye nedio oplopot
™V xhetoTy| 9hun tou H,, mou eivon o H. IoyvpiCopon 611 t0 medlo Tywv Tng
U sivan 6hoc o LQ(K, 1). Hpdrypart, elvon XAEWOTOC UTOYWEOS TOU Xo, OV ULdL
[ € L*(K, p) ebvon x8detn oty xago Yl x80e Q € S téte

/fgod,uzo
Q

v xdde Q € S dpa fgo, = 0 p-oyeddv movtod xan cLVene f = 0 p-oyedov
TovToU YTt 1) go Ebvan pi-oyed6V mavTol dapopeTiny| and o 0.

‘Apa n U eivou opopovadlaiog tekeoThc.
Ioxvpioés T xéde amhf ouvdptnon f € L®(K, i), woylet
Uo(f)U™' = M;.
Anéoeién Avr g: K — C elvon amhy), tote
U0(f)(6(9)S)) = U(0(f9)€) = fag0 = M¢(g9g,) = M;(U(6(9)))

xou GUVETKCS ot gpaypévor teheatéc UG(f) xouw MU tautilovton otov muxvo
undyweo {0(g)€ : g € L(K)} = H,, dpa movtol.

Egéboov ot anewxovicee f— My xou f— UO(f)U! etvan ||-||-ouveyeic (udhi-
ot wooyetpiec) 1 wootnta UO(f)U T = My Yo woylet v xdde f € L=(K, ).
AN A{O(f) : f € L¥(K,u)} = M. Enopévoc 1 anexovion A —» UAU !
elvon optopovadtaio tlooduvapio and Ty M ent tng M,,. O

IMapathenon Xny tehevtala Ipdtaom apxel va utodéael xavelg oti 1 6 elvon ahye-
Bewxdc woopoppiopds, YTl ToTe autopdtwg Yo dlotneet v evénén. pdyuartt, agold
n ewova e 0 eivan dhyeBpa von Neumann, mou mopdyetar and Ti¢ TpoPoréc g,
opxel vo detyOel dtL 1 6 aneoviler (op¥éc) npoforéc oe (opléc) npoPforéc. T xdile
X, N 0(xa) eivon tawtodivoun. Ebvar dung xou guotohoyixds teheathe, yioti n M
ebvan petadetny) dhyefpa. Autd ouvendyetar 6t 1 B(xq) elvon opdr mpoPolt| (Sec
Y. [15]).

H anédeldn tou Oewprpratog 11.13 elvon topa dueorn. Mdhota, €youue
TOV axOAoVY0 YaUPUXTNPLOUO:

Ocwenua 11.22 Eotw M apehiavn dAyefpa von Neumann mov 6pa o€ dia-
ywploo yapo H. Ta e&ng elvar w0odtvaua:
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(i) HM eivar peyrouixn.

(ii) H M éya kukhikd didvvoua.

(iii) H M eivar opOopovadaia 1woddvaun pe tny rolamdaocwotikr) dAyeBpa
wovu ([0,1], 1), dmov p pézpo Borel mbavétnrag oo [0, 1].

(iv) H M eitvar opOopovadaia 1w0odvaun e tny rolamdacweotikr) dAyefpa
kdmoov ywpou (o-renepacpévov) pétpouv.

Anédedn (i)=(ii) Kdde masa mou dpa ot Siorywpiolo ymeo Eyel xuxhixo
Sévuopar (Afuuo 11.15).

(ii)=(iii) And 1o Oewpnua 11.12, n M eivon tobpopen ue xdrotor L>([0, 1], 11).
Aol éyel xuxdxd didvuoua, and v Ilpdtaon 11.21, o wwouop@lopds autdg
endryer opYouovadiata tooduvaplia tng M pe v avticTolyn ToAAATAAGIACTIXY
dryeBoo M,

(iii)=(iv) Ipogavéc.

(iv)=(i) Ipbtaon 11.1. O

IMépiopa 11.23 Av M; C B(H;) (i = 1,2) elvar dlo pueyonxés afehavég
dAyeBpes von Neumann o€ Siaywplioovg ywpous, tote kdde alyefpikos *-
wopopprouos ¢ : My — My vdonoiettar and opfopovadiaio teAeoty U © Hy —
H,.

A7mé6delEn And 1o Oedpnuo 11.12, undpyer pétpo Borel p oo [0, 1] xou *-
wwopopglopde By @ L2([0,1], 1) — My, Téte buwe n anewdvion by = ¢ o
6 : L>=([0,1], 1) — My ebvon *-toopopgiopde. Anéd v Ipbraon 11.21, ot
*oopoppiopol ¥y @ My — 01(f) xow e+ My — 65(f) vhomowolvtar and
opvopovadtafouc TEAEGTES, GUVETME xaL 1) cLVIEDT

wQOl/Jl_l3M1—>M2291(f)—)Mf—>82(f),

ONAadY| 1 @, LVAoToLE(ToL OO OEVOUOVIUDILO TEAEGTH. DUYXEXQUEV, UTEOYOUY
opYopovadiaior tereotéc V; o H; — L2([0,1], 1) wote Vibi(f)V, ' = My (i =
1,2) ye xdde f e L>([0, 1], p). 'Eyoupe howndy

Vid (F)Vih = My = Vabo(F)Vy ! = Vag(01(F)) V!
v xde f e L°([0, 1], i), Snhodn
VIAVT = Vas(A)V; 1 = ¢(A) = Vi ' ViAVT T,
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v xéde A € My, Apxel hownov va Vécoupe U = V2_1V1. O

H mpcdytn pop@r) tou Pacuatinod Oewpehuatog yio QUCLOAOYLXOUC TEAEGTES Elvon
QUECT) GUVETELN TWV TEOTYOUUEVMYV:

Ochpnua 11.24 (Pacpatixd Yewpenupa) Eotw T € B(H) guooloy-
KOG TeAeoTS mou dpa o€ dwaywpiouo ywpo H. Téte vndpyer xwpos pétpou
(K, p) kar owvdptnon f € L®(K, pn) dote o T va elvar oplopovadiaia woddva-
oS e tov tolMandaciaotiké tedeotry My € B(L*(K, u)). MdAiota, propolje
va emAébovpe K = [0, 1] ka1 i kavoviké puétpo Borel mbavitnrag.

Ano6de&n Ovoudloupe A C B(H) tny dhyeBpo von Neumann mou mopdyet
oT. Agol o T eivan puotoroyxog, 1 A etvon petodetinr). Ané to Afupo Zorn,
n A mepiéyetan oe pa Yeylotier autoouluyy| aeitovy dhyefoa M C B(H).
Ané 1o Oewpnua 11.13, n M eivar opdopovadiaio loodbvaun e xdmotay M, C
B(L*(K,p)). Agob T € M, undpyet f € L>®(K, p) dote o T vo ebvon opdo-
uovadiato LloodUvouog Ye Tov TerecTth My € M. O

IMapatrenom To Yedprnuo ahndelet oxdun xou oav o H Bev elvor Storywploluog.
Téte buwe (6nwe eidape xou oto Kepdhawo 8) o K dev unopel ev yével va
emAeyel ouUTAY TG UETEXOS Xou TO 1 BEV Elvo XAT VYNV TETEQUOUEVO 1 O-
TETEPAUCUEVO.
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