An introduction to tensor products of operator algebras
Part 1l

Alexandros Chatzinikolaou

Functional Analysis and Operator Algebras Seminar,
2022-2023

Alexandros Chatzinikolaou (NKUA) Tensor Products December 2, 2022 1/50



@ Operator spaces

© C*-algebras
@ Minimal tensor product
@ Maximal tensor product
@ Nuclearity

© Operator systems
@ Minimal tensor product
@ Maximal tensor product
@ Commuting tensor product

0 References



Previously..

Let E C B(H) and F C B(K) be two operator spaces. Recall that their
minimal tensor product, is the vector space £ ® F equipped with the
operator space structure, inherited by its inclusion

E® F C B(H&psK)

and denoted by E ®pmin F.

However, as we will see shortly, the minimal tensor norm on E ® F really
depends on the “abstract” operator space structure of E and F rather
than their particular embeddings.

Alexandros Chatzinikolaou (NKUA) Tensor Products December 2, 2022 3/50



Consider a Hilbert space H and H, C H, an n-dimensional subspace with
Py, : H — H, being the orthogonal projection.

Using an orthonormal basis we can identify H,, with the n-dimensional
Hilbert space ¢2([n]) and consequently B(H,) = M, and recall that
Mp @min F = Mp(F).

Let v, : B(H) — B(Hp) = M, be the map a+— Py, aly, and C, the
collection of all such mappings with H, arbitrary n-dimensional.

If E C B(H), F C B(K) are operator spaces. Then, for any
x=7Y:ai®bj € E® F we have

IXlgg e = sup || vala) @ by

neN,v,eCp M (F)
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Indeed, we may write

Ix||, . = sup {|<xs, t)| :s, t € Ball(H @2 /C)}.

For some finite dimensional subspace H, C H, we have s, t € H, QK.

Hence, if v, is the map defined above, we write

(xs,t) = ((Z 2 ® bi)s, t) = (D va(aj) @ by)s, t)

i

thus we have that

Mlesnr < _sup |32 vila)
neN,v,€Cy

The reverse inequality is obvious thus we obtain the relation (1).
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Proposition

Let E;, F;, i = 1,2 be operator spaces and u; : E; — F; be completely
bounded maps. Then u; ® uy continuously extends by density to a
completely bounded map

u1 @ up 1 By Qmin E2 — F1 ®min Fo.
Moreover, we have

lu1 ® w2l = lluallep llu2llep -

Alexandros Chatzinikolaou (NKUA) Tensor Products December 2, 2022 6 /50



One can actually show the more general form:

Proposition

For any x =Y a; ® bj € E® F we have

<o = sup{ [ ot @06, } @

where the supremum runs over n,m > 1 and all pairs of ¢ : E — M, and
Y F— Mpm, with ||¢||, <1 and |4, < 1.
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*_algebra tensor product

Let A and B be two unital C*-algebras. Recall that we can turn their
tensor product A ® B to a *-algebra by defining:

o (a1 ®b1) (a2® by) = a1a2 ® bibo
o (a®@b)*=a"®b*
for all a;,a € A and b;, b € B, and extending linearly.

We can also define a unit in A® B by lags == 14 ® 15.

Hence, A ® B becomes a unital *-algebra.
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C*-norms

Let A and B be two unital C*-algebras. A norm || - |, on A® B is called a
C*-norm if

o [Ixyll, < lIxIl, llyll,
o [Ix[l, = lIx*[l,

« 2
o [x x|, = [IxII5

for all x,y € A® B, and a C*-cross-norm if further
o [[a® b, =lal - ||b]

The completion of the *-algebra A® B with respect to a C*-norm || - ||.,,
becomes a C*-algebra which we denote by A ®, B.

In general, there may be many C*-norms on a tensor product.
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The spatial tensor product

If AC B(H) and B C B(K) are two C*-algebras, then we can form their
spatial tensor product by the inclusion,

A® B C B(H) ®sp B(K) C B(H&psK)

Indeed, the closure of the *-algebra A® B w.r.t the norm || - ||, defines a
C*-algebra denoted by A ®g, B.

The spatial tensor norm is a C*-cross-norm!
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Representations

Let A, B, C be x-algebras and m4 : A— C, g : B — C are two
*-homomorphisms such that

7rA(a)7rB(b) = 7TB(b)7TA(a)

for all a € A and b € B, i.e., with commuting ranges. Then, there exists a
unique *-homomorphism 7 : A® B — C with

m(a® b) = wa(a)wg(b).
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Proposition

Let m1 : Ay — B(H1) and 7 : Ao — B(H.) be unital *-homomorphisms of
the C*-algebras A1 and Ay respectively. Then, there exists a unique unital
* homomorphism 7 : Ay ® Ay — B(H1&psHa) with

m(a® b) = m1(a) ®sp m2(b).

Moreover, if ; are injective, then so is 7.

Proof. We define
p1 A1 — B(H1&®psHo)
ar— 71'1(3) ®5p IdH2
and
p2 Az — B(Hi®psHo)
b— IdH1 ®5p7T2(b)

and note that they are unital *~homomorphisms with commuting ranges.
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So, there exists a unique unital *~homomorphism
T:A® B — B(H1®h5H2) with

7(a® b) = p1(a)pa(b) = m1(a) ©sp ma(b).

Injectivity is straightforward.

We denote the above *-homomorphism by 7 := m ® m
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Consider two C*-algebras A; and A;. By the Gelfand-Naimark theorem,
there exist injective representations 71 : A1 — B(H1) and

mp : Ap — B(H>). So, by the previous proposition there exists an injective
*_homomorphism 7 : A; ® Ay — B(H1&psHa). Hence, the tensor product
inherits the spatial tensor norm by setting

la® blls, := [lm(a @ b)|l, -

Again, we may take the completion with respect to this norm and end up
with a C*-algebra denoted by A ®s, B.
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Conversely,

Proposition

Let Ay and A be two unital C*-algebras and let || - ||, denote a C*-norm

on A1 ® Ay. Then, for every unital *~homomorphism
7 1 AL ®y Ay — B(H) there exist two unital *-homomorphisms
mi « Ai = B(H) with commuting ranges, such that

m(a® b) = my(a)ma(b).

Proof. Simply define

1 :Al — B(H)
a—m(a®la,)

and similarly for 7.
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Minimal C*-norm

We may now define,

Definition

Let A; and Ap be two unital C*-algebras. We define the minimal
C*-norm on A; ® As to be

X i = sup{||m1 ® m2(x)|| : 7i : Ai = B(H;) unital *~homomorphism}

This is indeed a C*-cross-norm on A; ® As. The completion with respect
to this norm is a C*-algebra denoted by A; ®min A2.
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Minimality of the minimal C*-norm

The following deep result explains the name of this particular C*-norm:
Theorem (Takesaki)

Let A1 and A, be two unital C*-algebras. Then, the minimal C*-norm is

the smallest of all possible C*-norms on Ay ® A, i.e., if || - ||, is another
C*-norm, then

X1 min < M1l

for all x € A1 ® As.
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Minimal=spatial

Let A1 and Ay be two unital C*-algebras. If 7t; : A; — B(H;) injective,
unital *homomorphisms, then

X1 min = llm1 @ m2(x)|

for all x € A1 ® As.

Indeed, just note that [|x||, := |[m1 ® m2(x)|| defines a C*-norm less that
the minimal one. Ul

Hence, when A; C B(H;) are concrete C*-algebras, the minimal and
spatial C*-norms coincide!
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All C*-norms are cross-norms

Let A1, Ao be two unital C*-algebras. Then, every C*-norm on A; ® A is

a Cross-norm.

Proof. Let |- ||, be a C*-norm on A; ® Az. Consider the universal
representation of A; ® A, 7 : Ay ®y Ay — B(H). By a previous
proposition, there exist unital *-homomorphisms 7; : A; — B(H) with
commuting ranges s.t. m(a® b) = mi(a)m2(b). Hence.

[all [[b]] = [la @ b, < lla @ bll., = [[7(a @ b)|| = [[m1(a)ma(b)[| < |lal ][]
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Injectivity

Suppose that B; are unital C*-algebras and A; C B; are unital

C*-subalgebras for i = 1,2. We have two ways of forming the minimal
C*-norm A1 ®min Az:

@ The completion of A; ® Ay w.r.t. the norm
X[ i := sup{||m1 @ ma(x)|| : wi : Aj = B(H;) unital *-hom}
(2] Al & AZHIHmin - Bl Omin B2
However, Takesaki's theorem asserts that they coincide. Indeed, consider
J AR A = B ® B

to be the inclusion map.
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Then, if 7; : B; — B(H;) are unital, injective *-homomorphisms, then so
are their restrictions on A;. So, by Takesaki's theorem,

LGN 81 mins = XN By, = 1 @ m2(X) | = (X1 40,1,

Thus, the inclusion map extends to a *-isomorphism between A; ® min Ao
and the closure of A1 ® Az in By ®min Bo, i.e.,

A1 ®min A2 € B @min Bo.

Hence, the minimal C*-norm on two C*-algebras A1, A, coincides with the
spatial tensor norm and the minimal operator space norm when viewed as
operator spaces.
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Examples

Let X be a compact Hausdorff space and A be a unital C*-algebra. Let
also C(X; A) denote the C*-algebra of continuous functions from X into A
with the norm ||F|| = sup{||F(x)|| : x € X}. Then,

C(X;A) = C(X) ®min A, *-isomorphically.

Proof.

e The subspace D :=span{f -a: f € C(X),a € A}, where

f-a:x~— f(x)ae€ Aisdense in C(X;A). This is done by a partition of
unity argument.

e Thus, the map @ is an injective *-homomorphism

O :C(X)® A — C(X; A)
n n

d fiwai Y fiea
i=1 i—1
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So, we may define a norm on C(X) ® A by

n n
Y fiwa; > fi-a
i=1 i=1

Y

Note that this is a C*-norm, hence the map ®, extends to a *-isomorphism
C(X)®y A= C(X; A).

By Takesaki's theorem,

Y f®a (3)
i=1

<

n
Z fi ® aj
i—1

> fi(x)ai
i=1

= sup
X

min ¥
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e Then, fix an x € X, and define the map

dx :C(X) = C
f— f(x)

which is a linear contraction. Hence, there is a bounded map

QSX S min Id C(X) &Qmin A— A
Zﬁ'@a; — Zf,-(x)a,-
i=1 i—1
with [|x @min Id|| = ||¢x]| < 1. That is,

i fi(x)a; i fi ® aj
i—1 i—1

<

min
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e Finally, since x € X was arbitrary,

Zn: fi(x)ai z”: fi ® aj
i=1 i=1

and hence, by the converse inequality (3)

<

sup
X

min

C(X) @min A= C(X; A).

As a corollary,

For compact Hausdorff spaces X and Y, C(X) @min C(Y) = C(X x Y).
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Minimal - Injective norm

If we recall the exact same fact about the injective norm, i.e.,
C(X)®:C(Y) = C(X x Y), we conclude that

Let A, B be two unital C*-algebras with one of them being abelian. Then,

A ®min B= A®:B

*_isomorphically.
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Maximal C*-norm

Let A and B be two unital C*-algebras. Recall that whenever we have two
unital *-homomorphisms 71 : A — B(H) and 7 : B — B(H) with
commuting ranges, there exists a unital *-homomorphism

m: A® B — B(H) with m(a ® b) = m1(a)m2(b). And conversely, whenever
m: A® B — B(H) is a unital *-homomorphism, there exists such a pair
(71, m2) with commuting ranges s.t. 7m(a ® b) = m1(a)m2(b). So, it makes
sense to define

Definition
Let A, B be unital C*-algebras. We define the maximal C*-norm as

Xl axe 7= sup{||m(x)]| : 7 : A® B — B(H) unital *-hom.}

This is indeed a C*-norm, the completion of A ® B with respect to which
we denote by A ®max B and call it the maximal tensor product.
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Maximality

Proposition
Let A, B be unital C*-algebras. The maximal C*-norm on A® B is the
greatest among all C*-norms.

Proof. Indeed, let || - [, be another C*-norm on A® B. By the
Gelfand-Naimark theorem, the exists a unital injective *-homomorphism
T : A®y B — B(H) such that [|x||, = [|7(x)[[. Hence, by definition,

11l = GOl < il

max *
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Now let C*-algebras A; C B;, i = 1,2. The natural inclusion
A1 ® A2 C B1 ® B C By @max B2

induces a C*-norm on A; ® Ay. Let's call it || - || So,

Aq Xy A=A ® Agll.llmax C B @max Bo.
Now, the inclusion map j : Ay ® A» — B; ® By, induces a *~homomorphism

J AL @max A2 = A1 ®y A2 C By @max B2

since
G = 1xlly < 1% max

But this may be norm decreasing!
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Moreover, the maximal C*-norm does not respect completely bounded
maps!

Example (Huruya)

There exists a completely bounded map L : A; — A, and a C*-algebra B
such that the map L® Id : A; ® B — A ® B, does not even extend to a
bounded map on from A; ®max B to Ay @ max B.
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Now let A be a C*-algebra. Recall that M,(A) is a C*-algebra and,
M, ® A = M,(A)

isomorphically as *-algebras. Hence, via the norm | - ||, induced by M,(A)
(which is in fact the minimal one) M, ® A is a C*-algebra. Thus, there is
only one C*-norm on M, ® A, for if || - || is another one and M, @, A
denotes the completion, then the inclusion

J:(Ma @A) = Mn ©4 A

is an injective *-homomorphism between C*-algebras, thus it is isometric.
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Nuclearity

Thus, for any C*-algebra A, there is only one C*-norm on M, ® A. In
particular, M, ® min A = M, @ max A for every C*-algebra A.

Definition

A C*-algebra A with the property that, A ®min B = A @max B for every
C*-algebra B, is called nuclear.

And since, for every C*-norm || - ||, on A® B

X0 i < [1X[1, < NIl

min max

this means that there would be a unique C*-norm on A® B for every B.
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Examples

@ M,, ne€ N is nuclear.

@ Every finite dimensional C*-algebra A, is nuclear.

@ C(X), where X is compact Hausdorff space, is nuclear.
© C(H), the space of compact operators on H, is nuclear.

@ C*(G), where G is a discrete group, is nuclear if and only if G is
amenable. )

So, for instance C*(F,), the full group C*-algebra of the free group on two
generators, is not nuclear.
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Let also Gi, G, be two discrete groups.

o C*(Gl) R nese C*(Gg) = C*(Gl X G2)
o C3(G1) ®min C5(G2) = C3(G1 x G2)
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Complete positivity

Now as we will see, the min and max both get along well with completely
positive maps.

Proposition
Let A;, B;, i = 1,2 be unital C*-algebras and let also ¢; : A; — B, i = 1,2
be completely positive maps. Then, there exists a completely positive map

1 Omin P2 A1 Omin A2 = Bl @ min B>
a1 ® ax — ¢1(a1) ® ¢o(a2)

such that H¢1 Q@ min ¢2ch = ||¢1||cb ||¢2||cb
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Proposition

Let A1, Ax and B be unital C*-algebras, and let 0; : A; — B, i = 1,2 be
completely positive maps with commuting ranges. Then, there exists a
completely positive map

01 @max 02 :A1 @max A2 —+ B
a1 ® ap — 01(a1)02(a2)
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Tensor products of operator systems

Recall that an operator system is a unital selfadjoint subspace S C B(H)
on some Hilbert space H. Abstractly, an operator system is a triple
(5,{Cn}nen, €), where S is a *-vector space, {Cp}nen is @ matrix ordering
and e is a Archimedean matrix-order unit.

So, if S; C A;, i = 1,2 are operator systems in the unital C*-algebras A;,
then S; ® S inherits a natural operator system structure by its inclusion

51 ® S2 C A1 @min Az.

We denote this operator system by S; ®min So.

However, the situation with the C*-algebra A; ®max Ao is different,
because of the non-injectivity of the max C*-norm.
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Abstractly

Given an pair of operator systems (S, {P,}nen, €1) and (T,{Qn}nen, €2),
an operator system structure on S ® T is defined as a family of cones
7 = {Ch}nen, with G, € M,(S ® T) such that

QO (S®T,{Ch}nen, €1 ® e) is an operator system denoted by S ®, T
Q@ P,®QmC Com, forallnymeN

Q@ Ifp:S— M,andy: T — My, are unital completely positive maps,
then ¢ @ : S ®; T — M, is unital completely positive.

We shall denote the cones C, := M,(S ®, T)". Given two operator
system structures 71 and 7 on S ® T, we will say that 7; is greater than
To, provided that

Mn(S @, T)T C My(S®,, T)".

Equivalently, the Id : S®,, T — S ®;, T is completely positive.
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To explain this rather confusing definition, note that “larger norms imply
smaller cones” in the following sense.
Consider a *-vector space S and C*-algebras A, B, so that S is equipped
with two operator system structures via its embeddings S C (A, || - ||,) and
S C (B, |- |l,) with induced cones denoted by {C:}>°, and {C/}3°; resp.
Then,

118 < - I, ¥n e N <= CE2 ), ¥n e N.

Indeed, consider the identity map
Id: (S0 1) = (S0l
and recall that for any map ¢ between operator systems

¢ is unital complete contraction <= ¢ is unital completely positive.
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The minimal operator system structure

Let S be an operator system. We define
Sk(S)={d:S5— My : ¢is ucp }.

Let S, T be operator systems, and

C = {lpig) € Ma(S © ) [(6 @ ¥)(pig)lis € My,

nkm>

Vo € Sk(S),VLZJ S Sm(T)}

Let S, T be operator systems and is : S — B(H) and it : T — B(K) be
unital complete order embeddings. The family {C/""}>2 | is the operator
system structure on S ® T arising from the embedding

is@iT:S® T — B(H®psK).
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Let's denote both the units of S and T by 1.

Definition

Let S, T be two operator systems. We call the operator system
(S® T,{C""}>°,,1® 1), the minimal tensor product of S and T and

n=1>

denote it by S ®pmin T.

Hence, for S C B(H), T C B(K) concrete operator systems, the
“abstract” minimal tensor product S ®,in T, coincides with the
“concrete” one, i.e., the one S ® T inherits from its inclusion into
B(H) ®min B(K) = B(H) ®@sp B(K).

Let 7 be an operator system structure on S ® T. Then, 7 is larger than
min.

This follows by the 3rd property of an operator system structure on S® T.
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Maximal operator system structure

Let S, T be two operator systems. Define

DT = {a(P & Q)a* : P € M(S)", Q € Mn(T)", 2 € My s, k, m € N}

Proposition
The family {D"®*}°° ,, is a matrix ordering on S ® T, with matrix order

n=1"

unitl® 1.

However, 1 ® 1, may fail to be Archimedean for {D;#}>° ;!

*Recall that an order unit 1 € S is called Archimedean if €1 + s > 0 for
every € > 0 implies s > 0.
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Archimedeanization

Definition
Let {C"®}°°, be the Archimedeanization of the matrix ordering
{D[rax}>0 .| that is,

n=1"

[Rij] € C7™ = [Rij]l +e(lh ®1® 1) € D™ Ve > 0.
We call the operator system

(ST {C ™}, 191)

the maximal tensor product of S and T and denote is by S ®pmax T.

e ... 0
We used the symbol, /I, ® e =
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Let S, T be two operator systems, then max is the larger operator system
structure on S® T.

Now let A, B be unital C*-algebras. The tensor product A ® B obtains a
natural operator system structure by its inclusion in the C*-algebraic
maximal tensor product A @ c+max B. In fact,

Let A and B be unital C*-algebras. Then, the operator system A ®max B
is completely order isomorphic to the image of A® B inside the maximal
C*-algebraic tensor product of A and B.
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Commuting tensor product

Let S, T be two operator systems and let CP(S,B(H)) denote the
collection of all completely positive maps from S into B(H). We define

p(S. T) = {(6,0) : & € CP(S, B(H)), ¥ € CP(T, B(H)),
with commuting ranges}.

And for each a pair (¢,v) € cp(S, T), we define a map
¢ :5®T = B(H), with (¢ ¥)(x @ y) = ¢(x)ib(y)
Now, for each n € N, we define a cone P, C M,(S® T), by

Poi={ueM(S®T):(¢-9)"(u) >0, forall (¢,4) € cp(S, T)}
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Proposition

The family {P,}7° ; is a matrix ordering on S ® T with Archimedean
matrix order unit 1 ® 1.

.

Definition
We denote by S ®. T the operator system (S ® T,{P,}72;,1® 1) and
call it the commuting tensor product.

.

This tensor product bears similarities to the maximal C*-algebra tensor
product because of the commutativity. Actually,

Let A and B be unital C*-algebras. Then A®c B = A @max B.
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Final remarks

Finally, one can also talk define nuclearity in the operator system category
which we will not be discussing here. However,

Proposition

Let A be a unital C*-algebra. Then, A is nuclear if and only if
A®min S = A®max S for every operator system S.

In fact, Kavruk proved the following

There exists a finite dimensional operator system VV such that for every
unital C*-algebra, the following are equivalent,

@ A is a nuclear C*-algebra
° A®minW:A®maxW

Such an operator system is called “nuclearity detector”.
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