New tensor products of C*-algebras and

characterization of type | C*-algebras as rigidly
symmetric C*-algebras

Ebrahim Samei

University of Saskatchewan, Canada

A joint work with Hun Hee Lee and Matthew Wiersma

May 5, 2023

Ebrahim Samei (University of Saskatchewan) May 5, 2023



G : = discrete group (usually finitely generated),
C*(G) = The reduced C*-alg of G(C B(/*(G))),
C*(G) = The full group C*-alg of G,

AN C*(G) — C/(G) the canonical x*-rep.
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G : = discrete group (usually finitely generated),
C*(G) = The reduced C*-alg of G(C B(/*(G))),
C*(G) = The full group C*-alg of G,

AN C*(G) — C/(G) the canonical x*-rep.

Definition

G is amenable if it has a finitely additive translation-invariant probability
measure.

(i) Solvable groups and groups of subexponential growth are amenable.

(i) groups containing F;, the free group on two generators, are not
amenable.

.

Theorem (Hulanicki)

G is amenable iff C}(G) = C*(G) iff N\ : C*(G) — C}(G) is injective.

™7 i = = et
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For G nonamenable, we know that
C*(G) - C/(G)

is not injective. Is there an intermediate C*-algebras between them?

Ebrahim Samei (University of Saskatchewan) Talk May 5, 2023 3/29



For G nonamenable, we know that
C*(G) - C/(G)

is not injective. Is there an intermediate C*-algebras between them? In
other words, is there a C*-algebra A such that

not 1—-1 not 1—-1

c*(6) ™ AT CrG) ?

Ebrahim Samei (University of Saskatchewan) Talk May 5, 2023 3/29



For G nonamenable, we know that
C*(G) - C/(G)

is not injective. Is there an intermediate C*-algebras between them? In
other words, is there a C*-algebra A such that

not 1—-1 not 1—-1

c*(6) ™ AT CrG) ?

These algebras, if they exist, are called exotic C*-algebra.
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First Answer: Yes! for G = F, (Brown-Guentner). There is at least one!
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First Answer: Yes! for G = F, (Brown-Guentner). There is at least one!
Second Answer: There are infinitely many for G = F, (Okayasu).

Their examples are in the from of /,-C*-algebras, usually denoted by

C; (G). These algebras are C*-completion of ¢*(G) under the following

C*-norm: For every f € /1(G), we define

If]

C; (6) = sup{||m(f)|| : 7 is a unitary rep. of G

with enough coefficients in £,}.
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First Answer: Yes! for G = F, (Brown-Guentner). There is at least one!
Second Answer: There are infinitely many for G = F, (Okayasu).

Their examples are in the from of /,-C*-algebras, usually denoted by

C; (G). These algebras are C*-completion of ¢*(G) under the following

C*-norm: For every f € /1(G), we define

If]

C; (6) = sup{||m(f)|| : 7 is a unitary rep. of G

with enough coefficients in £,}.

Here, by “enough coefficients”, we mean that there is a dense subset
IC C H, such that the coefficient functions

s (m(s)gle) , £ €K

belongs to ¢,(G). For 2 < p < p’ < 00, we have

Cr . (6) = C(G) = ¢ (6) = C;,(G) = C7(G) = C,(6).
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Constructing exotic C*-algebras (S-Wiersma)

One ways to construct a C*-algebra is to use C*-envelope:

AG) ——— C*(G)

! |

CH(1Y(G)) = C*(G) —— CX(G)
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Constructing exotic C*-algebras (S-Wiersma)

Are there intermediate Banach *-algebras between (*(G) and C;(G)?
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Constructing exotic C*-algebras (S-Wiersma)

Are there intermediate Banach *-algebras between (*(G) and C;(G)?

Answer: Yes! And they can be “measured” quite naturally using the
complex interpolation:

e For every p € [1,00], £}(G) acts on ¢P(G) by convolution:

M(G) > f s Tr € B(£p(G))
fi— Te(g)="Fxg.
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Constructing exotic C*-algebras (S-Wiersma)

Are there intermediate Banach *-algebras between (*(G) and C;(G)?

Answer: Yes! And they can be “measured” quite naturally using the
complex interpolation:

e For every p € [1,00], £}(G) acts on ¢P(G) by convolution:

M(G) > f s Tr € B(£p(G))
fi— Te(g)="Fxg.

e For 1 < p; < pp < p3 < 00, there exists 6 € (0, 1) such that

1 Tell 60 < I Tel s, oyl TellB (e, 6))-
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Constructing exotic C*-algebras (S-Wiersma)

For any group G, we can define (1 < p<oo,1/p+1/g=1)
* o . 1 .
F,(G) := The completion of £*(G) in B(¢P(G)) N B(¢9(G))
which has the norm

1fllex(6) = max{|| T¢llsee(ay), I Tell Bea(eyy }

= max{|| T¢[|ger(6)), | Tr= | B(er(6)) }-
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Constructing exotic C*-algebras (S-Wiersma)

e forevery p € [1,00], F;(G) is a Banach x-algebra.
L1 1

e F5(G) = F;(G) /f; 4 i 1

e We have injective x-inclusions

((G) = F3(G) = F(G) = C(G)

for every 2 < p < p/ < .
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Constructing exotic C*-algebras (S-Wiersma)

e forevery p € [1,00], F;(G) is a Banach x-algebra.
L1 1

e F5(G) = F;(G) /f; 4 i 1

e We have injective x-inclusions

((G) = F3(G) = F(G) = C(G)

for every 2 < p < p’ < co. Moreover, by taking the C*-envelopes, we
get

C*(6) = C'(Fy(G)) = C(F5(6)) — €/ ().
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Constructing exotic C*-algebras (S-Wiersma)
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Constructing exotic C*-algebras (S-Wiersma)

e For every f € (1(G),

1 llescoy < IFIEIAIE q)-

HG) — Fp(G) ——— C}(G)

| !

C*(G) —» C*(F5(G)) — C7(G)

r
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Constructing exotic C*-algebras (S-Wiersma)

For G nonamenable, is there a p € (2,00) such that

not 1—-1 not 1—

C*(6) "% ¢ (FA(G) ST ¢ (6) ?

More generally, could C*(F;(G)) be distinct?
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Constructing exotic C*-algebras (S-Wiersma)

For G nonamenable, is there a p € (2,00) such that

not 1—-1 not 1—

C*(6) "% ¢ (FA(G) ST ¢ (6) ?

More generally, could C*(F;(G)) be distinct?

Answer: Yes! for nonamenable groups with both rapid decay and
integrable Haagroup property.
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Groups with rapid decay & Haagerup prop.

A length function is a function L : G — [0, c0) such that
(i) L(e) =0;

(i) Lg)=Le™), g€G;

(i) L(st) < L(s) + L(¢t), s, teG.
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Groups with rapid decay & Haagerup prop.

A length function is a function L : G — [0, c0) such that
(i) L(e)=0;
(i) Llg)=Le™"), &g€G;
(i) L(st) < L(s)+ L(t), s,teG.
For any d > 0,
wa(s) = (1 + L(s))

is a (submultiplicative) weight on G. We say that (G, L) has Rapid decay
(RD) if 3 d > 0 such that.

2(G,wy) C C(G)
iff there is M > 0 such that

Ifllcxey < MIflle2(G.wy) (f € P(G, wa)).
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Groups with rapid decay & Haagerup prop.

A length function L is a Haagerup length function (IH) if for every
t>0,

oi(s) = e tL(s) (s€G)

is a positive-definite function on G.
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Groups with rapid decay & Haagerup prop.

A length function L is a Haagerup length function (IH) if for every
t>0,

oi(s) = e tL(s) (s€G)

is a positive-definite function on G. A group G has integrable Haagerup
(IH) property if it has a Haagerup length function L such that for every

t>0
SDt(’) ftL U E

1<p<oco
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Groups with rapid decay & Haagerup prop.

Groups with RD-+IH:
(i) Fn, nonabelian free groups on n-generators.
(ii) Finitely generated Coxeter groups.

(iii) “"Some" groups acting properly and cocompactly by isometries on
“Some” CAT(0).
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Groups with rapid decay & Haagerup prop.

Groups with RD+I1H:
(i) Fn, nonabelian free groups on n-generators.
(ii) Finitely generated Coxeter groups.

(iii) “"Some" groups acting properly and cocompactly by isometries on
“Some” CAT(0).

Theorem (S-Wiersma)

For G nonamenable with RD-+IH,

C,(G) = C*(F5(6)) (p € [2,)).

Moreover, they are all pairwise distinct.
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Groups with rapid decay & Haagerup prop.

Key ideals in the proof: We use complex interpolation to obtain the
following:

Y(G) — B(L(G)) } =1 (G) C B(¢9(G)),

(5(G) — B(£3(G)) "
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Groups with rapid decay & Haagerup prop.

Key ideals in the proof: We use complex interpolation to obtain the
following:

(6) € B(¢7(G)),

El(G) — B(El(G)) q
22,(G) - B(%(G)) } = g

and

He) ) s ) b= s < B,
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Groups with rapid decay & Haagerup prop.

Key ideals in the proof: We use complex interpolation to obtain the

following:
1 1
2 A = ae cee©),
and 2(G B(?(G
e B § = a6 < (o)
where
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Groups with rapid decay & Haagerup prop.

Hence we have that

£7,,(G) € F5(G) := The completion of (Y(G) in B(¢P(G)) N B(£9(G)).
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Groups with rapid decay & Haagerup prop.

Hence we have that
* o . 1 .
£7,,(G) € F5(G) := The completion of £*(G) in B(¢P(G)) N B(¢9(G)).
We will then have that

ty, — F3(G)

\l

C*(F5(6))
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Groups with rapid decay & Haagerup prop.

However we can check exactly which positive definite function of the form
@: = etk belongs to [’V’V,l and which does not.
q

Ebrahim Samei (University of Saskatchewan) May 5, 2023



Groups with rapid decay & Haagerup prop.

However we can check exactly which positive definite function of the form

©¢ = etk belongs to [’V’V,l and which does not. Hence using this criterion,
q
we can show that

C*(F(G)) = C;,((6)),
and

C*(Fp(G)) # C*(Fn(G))
forall 2 < p# p' < cc.
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Goal: Apply similar ideas to tensor category of C*-algebras

Let AC B(H) and B C B(K) be C*-algebras. Then

ARB — > A®max B

T

A @min B € B(H® K)
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A @min BC B(H®K)
We say that (A, B) is a nuclear pair if
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Goal: Apply similar ideas to tensor category of C*-algebras

Let AC B(H) and B C B(K) be C*-algebras. Then

ARB — > A®max B

T

A @min BC B(H®K)
We say that (A, B) is a nuclear pair if

A®min B = A®max B.

Can we construct distinct C*-tensor norms on A® B, when (A, B) is a not
a nuclear pair, strictly between A @ min B and A @ max B7
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Goal: Apply similar ideas to tensor category of C*-algebras

e H, a Hilbert space.
e Hc := B(C,H) column Hilbert space.
e Hg := B(H,C) row Hilbert space.
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H, a Hilbert space.

He := B(C,H) column Hilbert space.
Hr := B(H,C) row Hilbert space.
Complex interpolation space (1 < p < o0)

He, = [’Hc,’HR]% , HR, = [’HR,’Hc]%.
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Goal: Apply similar ideas to tensor category of C*-algebras

‘H, a Hilbert space.

He := B(C,H) column Hilbert space.
Hr := B(H,C) row Hilbert space.
Complex interpolation space (1 < p < o0)

He, = [’Hc,’HR]% , HR, = [’HR,’Hc]%.

o Hc, = Hr,(= Hon) operator Hilbert space uniquely determined by
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Goal: Apply similar ideas to tensor category of C*-algebras
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OHCp:HRq, if —+—=1.
P q

Ebrahim Samei (University of Saskatchewan) May 5, 2023



Goal: Apply similar ideas to tensor category of C*-algebras

o He, =Hc, Hr, = Hr.

L1 1
.HCPZHRq, |f;+a:1

e ®y is the Haagerup tensor product.
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Goal: Apply similar ideas to tensor category of C*-algebras

o He, =Hc, Hr, = Hr.
L1 1
OHCPZHRq, if —+—=1.
P q

®p, is the Haagerup tensor product.

Compatibility with the complex interpolation:
[Xo, X1lo ®@n [Yo, Y1lo = [Xo ®n Yo, X1 @4 Yils,

where (Xo, X1) & (Yo, Y1) are compatible operator spaces &
0<H< 1.
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Goal: Apply similar ideas to tensor category of C*-algebras

Let 1 < p < oo. For AC B(H), B C B(K), C*-algebras. We consider the
following mapping:

Tp ! AR B — CB(HCP Qhn ’CRP)

Tp(a® b)(§ ®n) = a @ bn.
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Goal: Apply similar ideas to tensor category of C*-algebras

Let 1 < p < oo. For AC B(H), B C B(K), C*-algebras. We consider the
following mapping:

T A® B = CB(Hc, ®n Kr,)
mp(a ® b)(£ ®n) = al ® bn.

We can use it to define a tensor product norm on A® B:

A ®p B := The completion of 7,(A® B)
inside CB(Hc, ® Kg,)
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Another reformulation

He, 9 K, = Hr @ Ke 2 T(K,H)
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Another reformulation

He, 9n K, = Hr @p K¢ = T(K,;H)
He,, OnKr, = He @n Kr = K(K,H)

complex

interpolation

He, @n Kr, = Sp(K, H),

where S,(K,H) is the space of p-Schatten class operators.
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Another reformulation

He, 9n K, = Hr @p K¢ = T(K,;H)
He,, OnKr, = He @n Kr = K(K,H)

complex

interpolation

He, @n Kr, = »(K,H),
where S,(KC,H) is the space of p-Schatten class operators. In this case,
we can write

T A® B — CB(Sp(K,H))

mp(a® b)T = aTh

[be B(H) = be B(H)).
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Another reformulation

Fo(G) C B(£P(G)) (¢P(G) is a commutative Ly-space).
A®, B C CB(Sp(K,H)) (Sp(K,H) is a noncommutative L,-space).
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Facts:
e ARy B = A ®min B *-isomorphism.
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e ARy B = A ®min B *-isomorphism.
e AR BEZ ARy B, a® b+ a® b°P, complete isometry.
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Another reformulation

Fo(G) C B(£P(G)) (¢P(G) is a commutative Ly-space).
A®, B C CB(Sp(K,H)) (Sp(K,H) is a noncommutative L,-space).

Facts:
e ARy B = A ®min B *-isomorphism.
e AR BEZ ARy B, a® b+ a® b°P, complete isometry.
e AR1 B=Z B’ ®, A, a® b+— b°? ® a, complete isometry.

® ®1, 2, ®oo does not depend on the representations of C*-algebras.
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Another reformulation

1 1
Let AC B(H), B C B(K) be C*-algebras, and let E + a =1. We let

A®p g B := The completion of (A®g B) N (A®g B)
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Another reformulation

1 1
Let AC B(H), B C B(K) be C*-algebras, and let E + a =1. We let

A®p g B := The completion of (A®g B) N (A®g B)
A®cy, B:= C"(A®pq B), the C*-envelope of A®; , B
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Theorem (Lee-S-Wiersma 2023)

1 1
Let ACB(H), BCB(K) C*alg, 1<p<p <¢g<qg<oo, —+-=1,
b q
1 1
A
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Theorem (Lee-S-Wiersma 2023)

1 1
Let ACB(H), BCB(K) C*alg, 1<p<p <¢g<qg<oo, —+-=1,

1 1 p q
*,—i-*/:]. Then
P q

o A ®C2*,2 B=A Rmain B;
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Theorem (Lee-S-Wiersma 2023)

1 1
Let ACB(H), BCB(K) C*alg, 1<p<p <¢g<qg<oo, —+-=1,
P q
1 1
*,—i-*/:]. Then
PFoq
° A®C2*2 B:A®min B;

o A®c; B =A®maxB;
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Theorem (Lee-S-Wiersma 2023)

1 1
Let ACB(H), BCB(K) C*alg, 1<p<p <¢g<qg<oo, —+-=1,
p q
1 1
= —+ = =1. Then
P q
o A ®C2*,2 B=A Rmain B;
¢ AQc;  B=A®maxB;
[ ]
1-1 1-1 1-1
A®17oo B —— A®P,q B —— A®p’,q’ B—— A®min B
A®max8 onto A®C;q B onto A®C*, / B onto A®min B
, p'q
Ebrahim Samei (University of Saskatchewan) Talk
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Theorem (Lee-S-Wiersma 2023)

1 1
Let ACB(H), BCB(K) C*-alg,1<p<p <qg<qg<oo, —+-=1,
p q
1 1
E—i_?:l Then

o A ®C2*,2 B =AQ®min B;
[} A ®C1*,oo B = A ®max B;

AR100B 15 A0pg B 25 ARy g B ——2% AQpmin B

[ [ [ I

onto onto onto

A®max B <% A®c; B "% Agcy B % A@mp B
e There is 6 € [0,1] such that

0 1-6
I lages 8 < - 4t < Il Ny I~ 5500
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Theorem (Lee-S-Wiersma 2023)

For discrete groups Gi & Gy, we define

Sp(G1 x Gp) :={f : Gy x Gy — C: [f(s,t)] € Sp(£2(G2), *(G1))}
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Theorem (Lee-S-Wiersma 2023)
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Theorem (Lee-S-Wiersma 2023)

For discrete groups Gi & Gy, we define
Sp(G1 x Gp) :={f : Gy x Gy — C: [f(s,t)] € Sp(£2(G2), *(G1))}

Then

e The space
Bp(Gl X Gg) = B(Gl X Gz) N Sp(Gl X G2)

is a translation invariant ideal of B(G; x Gp).

e The identity map on {*(Gy x G,) extends to a surjective
*x-homomorphism

CH(G1) Bpq C1(G2) = €, (G1 x Go).
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o If Gi & G, have RD+IH, then

G (G) ®cy, CF(G2) = C5,(G1 x G).
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o If G; & G> have RD+IH, then
G (G) ®cy, CF(G2) = C5,(G1 x G).

In particular, they are all distinct for 1 < p # p' <2if G =Gy is a
nonamenable group having RD+IH.
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Hermition /symmetric algebras/groups

Definition

A Banach x-algebra A is Hermitian or symmetric if for every a = a* € A,
we have
Spa(a) C R.
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Hermition /symmetric algebras/groups

Definition
A Banach x-algebra A is Hermitian or symmetric if for every a = a* € A,

we have
Spa(a) C R.

A group G is Hermitian if /1(G) is Hermitian.

(i) (Ludwig-1979) Finite extensions of nilpotent groups (e.g. finitely

generated groups with polynomial growth) are Hermitian.
(i) (Jenkins 1970) Any group containing free subsemigroup on two

generators is not Hermitian.
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Hermitian groups are amenable

Theorem (Hulanicki-Leinert)

Let A be x-semisimple Banach x-algebra. Then TFAE:
(i) A is Hermitian;
(ii) For every a* = a € A,

rA(a) = rC*(A)(a).

Ebrahim Samei (University of Saskatchewan) Talk May 5, 2023 28/29



Hermitian groups are amenable

Theorem (Hulanicki-Leinert)

Let A be x-semisimple Banach x-algebra. Then TFAE:
(i) A is Hermitian;
(ii) For every a* = a € A,

rA(a) = rC*(A)(a).

Theorem (S-Wiersma 2020)

A Hermitian group is amenable.

Ebrahim Samei (University of Saskatchewan) May 5, 2023



Hermitian groups are amenable

Theorem (Hulanicki-Leinert)

Let A be x-semisimple Banach x-algebra. Then TFAE:
(i) A is Hermitian;
(ii) For every a* = a € A,

rA(a) = rC*(A)(a).

Theorem (S-Wiersma 2020)

A Hermitian group is amenable.

The proof heavily uses the intermediate Banach *-algebras F;(G)
(between ¢1(G) and C/(G)) and the complex interpolation relation

If] C(e) (FEL(G)).

Fi(6) < [alaltd
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Rigidly symmetric C*-algebras are Type |

Definition

Let A be a C*-algebra.
(i) Ais type | if every C*-subalgebra of A is nuclear.
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Rigidly symmetric C*-algebras are Type |

Definition

Let A be a C*-algebra.
(i) Ais type | if every C*-subalgebra of A is nuclear.
(ii) A is rigidly symmetric if AQB is symmetric for every C*-algebra B.

Theorem (Kugler 1979, Lee-S-Wiersma 2023)

A C*-algebra is rigidly symmetric if and only if it is type I.

The proof heavily uses the intermediate Banach x-algebras A®, , B
between A ®1 o B and A ®nmin B, the complex interpolation relation

and the fact that
C*(A®1,00 B) = A®max B.
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