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Operator Spaces

Definition
An operator space E is a pair (E,j) where E is a linear space
and j: E — %(H) a linear embedding. If

def

103l 2y = MUy (55 € E),

the sequence of norms {||-[|4,£) : n € N} is called the operator
space structure on E induced by j.

Definition
An operator space structure on a normed space (E,|-||) is the

operator space structure induced by a linear isometric
embedding j : E — %(H) for some Hilbert space H.

(Thus [[j(x) (e = |1l for all x € )



Completely bounded maps

Notation Given a linear map ¢ : Z(H) — #(H'), forany ne N
define ¢n : B(H") — B(H™) : [ag] — [¢(ay)]-

Definition

A linear map ¢ : E — F between operator spaces is said to be
completely bounded if (each ¢, : My(E) — Mu(F) is bounded
and) [|¢]¢p := supp [|@nl| < oo

The map ¢ is said to be completely isometric if each

0n: Mp(E) — Mp(F) is an isometry.

Write CB(E, F) for the space of all cb maps E — F. These are
the natural morphisms for the category of operator spaces.
When F is complete, (CB(E, F), ||-||) is a Banach space.



The minimal operator space structure on (E, ||-||g)

Remark

Every normed space (E, ||-||g) admits an operator space
structure.

Idea: Embed E — (..(I') isometrically, then embed
loo(T) — B(42(T)) = #(H) as diagonal operators.

This op. space structure is called the minimal op. structure
min E on (E, ||-||g)- It has the universal property:

If Fis an op. space and ¢ : F — E a bounded linear map, then
¢ is completely bounded and in fact ||¢ ||, = ||¢]].



The maximal operator space structure on (E, ||-||g)

Let .7 be the family of all isometric embeddings ¢ : E — %(H,)
(this is not empty since min E exists).

The max structure corresponds to the embedding given by the
‘direct sum’ (suitable defined) of all the embeddings

Each ¢ induces a norm ||-|| on each M,(E) given by

11x31][% = - The max norm is defined to be the

supremum of these norms:

1060 e = 5[0 G e+ (6. Ho) €7}, ] € M E)

(this supremum is finite, since '

1/ 1/2
10Oy < (Zis 003y H/?(Hd,)) = (zislall) -

"Thanks, Mihalis!



The maximal and minimal operator space structures

The maximal operator space structure structure max E on
(E,||-||g) has the universal property:

If Vis an op. space and v : E — V a bounded linear map, then
v is completely bounded and in fact ||y|| ., = || v/l

To compare:
For ne N and x = [x;] € My(E),

1P| i, = s {0 Cxy)]
1561 ] e = sup{ ][0 (xy)

PULE ¢ : E — C contraction}

B(Hp) ¢ : E — %(H,) contraction}



The column and row spaces C, and R,

R, C %(¢?[n]) consists of all n x n matrices having zeroes
except for the first row ~ 2(¢2[n],C) ~ M .

Cn C A(£2[n]) consists of all n x n matrices having zeroes
except for the first column ~ %(C, ¢2[n]) ~ My 1.

Both are isometric to £2[n], hence to one another.



The column and row spaces Cn, and Rj,

Thus M n(Cn) = My, while My 5(Rp) ~ M; e

Take [eq,...,en] € M; o(Cp) to get I, € M, which has norm 1,
while [e1,...,en] € My 5(Rn) gives a row vector of length n? with
n1’s so its norm is v/n.

Thus the identity mapping 1 : C, — R, has ||1]| = 1 but
Itllep = v/n.

It follows that the identity mapping 1 : C — R between the
infinite-dimensional analogues, which is an isometry, is not
completely bounded.



The dual of an operator space E

¢ A bounded linear map ¢ : E — C is automatically completely
bounded with [|¢][co = [|¢]].

Proposition

The (Banach space) dual E* of an operator space E has a
natural operator space structure.

Idea: Let D =J,ball(M,(E)) (disjoint union). For each x € D
there is n(x) € N with x = [x;] € ball(Mj)(E)). Define

LEY = Mpx)(C) 1 ¢ € E" = [9(X;)] -

The map

—>@M (C): ¢l—>@vx

xeD xeD

is an isometric embedding into a direct sum of matrix algebras,
which consists of operators on the Hilbert space direct sum

@Dxep Cln(x)].



Positivity

An A€ %(H) is positive if (A= A*and ) (Ax,x) >0 for all x € H.
Equivalently if 3B € #(H) with A= B*B (!)

(For a complex Hilbert space H, (Ax,x) > 0 for all x € H implies
A= A* automatically.)



Yvothuata teheotwyv (Operator Systems)

Yootnua teheotdv (operator system) eivon évac ypopuinde
undyweoc E C B(H) (h E C % 6mov B wa C* dhyefpa e
Hovéada) mou efvon ouTooLLUYAS XKoL TERLEYEL TNV UOVEDAL.

Hopotrenon Kdde x € E ypdpeton povadixd X = Xy + iXp émou
xx € EN (Bpwniovd # autoouluyi). Kéde y € EM yodpeton (dy
Lovadxd) we dlagopd duo Vetixdv otowyeiny tou EM wy.

y=(lyl1+y)-llyl1. Apa E=E"+iE" x EN=E* - E*.

H povéda eivar povéda Sidtaine (order unit) dmiady yio xdde
y € EMundpyer r>0ue —r1 <y <r1. H povéda eivar emmhéov
Apywnoea, onhadh av —€1 <y < el yio xde € >0 tote y =0.



Yvothuata teheotwyv (Operator Systems)

Av E C Z clvan cbotnua tehectov, toTe yio xdde N € N o yopog
Ep = My(E) C Mp(#(H)) eivar chotnua tekectdv, av epodiooiel
ue tnv Sour| mou xhnpovouel and v C* dhyefpa

Mn(2(H)) ~ B(H") (dnh. evéhln, povdda xon YeTind %xwvo
Mn(E)t := Ma(ZB(H))™ N Mp(E)).

Av E,F eivon cuGTAUOTO TEAEGTMV, L0l YRUUUIXY| OTELXOVIO

¢ : E— F Méyetow et av @(ET) C FH. Aéyeton n-Oetinh av n
anewovion @n : Mp(E) — Mn(F) @ [x;] = [@(Xj)] etvon Detuinr| xou
TAApwe Vet av elvor N-Yetinr| yia xdde n.



Operator Systems

Thus, from each operator system there may be derived a
sequence of order unit spaces (En, E;f,15). Here

1, =diag(1,...,1) where 1 is the unit in E. Moreover, there is a
natural family of connecting maps defined as follows. For

ae M, define

ad(a): Ep — Ex: x— a xa.

Notice that ad(a) preserves the order structure.



Higher order cone determines norm

Exercise For x € #(H) and 1 > 0,

Al x
e

Let E C #(H) be an operator system. For x € E, we have that

. Al x
||X||n:|nf{7t>0: [X* 11] GEzJ;}.

} e B(HA)*.




Complete positivity and complete boundedness

Lemma

Kde povadiadar xon 2-0etiny| omewxovion ¢ - E — F elvon cusTtol.

AN Bev opxel 1 JetindtnTon

Example

‘Eotw E C C(T) 1 ypopuwd 9épm v {1,¢,8} érov §(2) = z.
Arhadh x&de f € E eivan tne poporic f(e) = a+ be' + ce ye
a,b,c € C. Opiloupe
_ _ a 2b
¢:E—M(C):f— [20 a]

Téte n ¢ etvon Vetnr) xon povadiador odAS ||@ ]| > 1.

Corollary

Kdde povadialor xou mhfpwe detinr| aneixdovion ¢ : E — F elvon
TAYjeNG OUGTOAY.



Complete positivity and complete boundedness

Proposition

Any unital, contractive linear map between operator systems is
positive.

Compare Any complex measure i on a space X with total
variation ||| =1 and u(X) =1 is a positive (probability)
measure.

Corollary

Every complete order embedding of operator systems

¢ : E — F is a completely isometric embedding, that is,

On: En— Fpand (¢~ : ¢(E)n — Ep are isometries for all
n=1.2,....

Every unital completely isometric embedding is a complete
order embedding.



Choi-Kraus decomposition

Recall that if E is an operator system and a € M, x the map
¢0:En— Ex:x— axais CP.

Proposition (Choi’s Theorem)
Every completely positive map ¢ : M, — Mj is of the form

nk
¢(x) = ¥ axa; forsome ay,...,an € Mp.
i=1

The minimal number of a;’s required is the Choi rank of ¢.



Abstract Operator Systems

Definition

A matrix ordered vector space is a *-vector space E together
with a family of proper cones C, C M,(E)" (i.e.

Cnn(—Cp) ={0}) for each n € N, which are compatible in the
sense that

a'Cpa C Cy for every ac M, «(C).

A matrix ordered vector space E is called an abstract operator
system if E" has an order unit e such that, for all n e N,
en := diag(e,...,e) is an Archimedean order unit for M,(E)".

H e civau povéda Sidtaine (order unit) Smadh yio xdde y € EN
umdeyet r >0 ue —re <y <re. H e civaw emimhéov Apyiundeia, ov
IXavoToLel Tnv: av ¥ € E" xou —ge <y < g€ yio xée £ > 0 161

y=0.



The Choi - Effros Theorem (1975)

Theorem

Every abstract operator system ‘is’ a concrete operator system:
For every abstract operator system E there exists a Hilbert
space H and a complete order embedding

J: E — B(H).

Idea: Let D=J,UCP(E,Mp,) (unital CP maps). For each
¢ € Dthere is n(¢) € N with ¢ € UCP(E, Mp,)). Define

J:E—)@Mn((p):Xi—) @(P(X)

¢eD oD

This is a complete order embedding of E into a direct sum of
matrix algebras, which consists of operators on the Hilbert
space direct sum @yep 2[n(9)].



The Arveson Extension Theorem (1969)

Theorem (Arveson)

Av E C F elvou ovotfuara tekectodv xou ¢ : E — B(H) wa
TAflpwe VeTixr| Yoo amexovion), T0te n P EyeL EnExTaoT oE
wat Yo anexévion ¢ 1 F — ZB(H) nou eivar thfipwe Yetixd.

F ~

] e 30
Ny

E—° 3(H)



The Dual of an operator system

Given an operator system E, consider the dual operator space
F=E* WeletFt:={¢pecF:9(x)>0Vxe ET}.

For ne N, each ¢ = [¢;] € Mx(F) defines a

O E— My:x = [¢;(x)].

We put

Mno(E*)T = Ff == {¢ = [¢5] € Ms(F) : § € CP(E, Mp)}.

This defines a matrix ordered vector space structure
(Mn(E*),Mn(E*)™) on E*.

However E* is not in general an operator system, because it
may fail to have an order unit.

In the special case dim E < < it is possible to choose an
Archimedean order unit and thus to give an operator space
structure to E*.
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