Crossed products of operator spaces and approximation properties

Dimitrios Andreou

National and Kapodistrian University of Athens

Seminar: Functional Analysis & Operator Algebras, Athens

March 2022

Dimitrios Andreou (NKUA) Crossed products & approximation properties March4,2022  1/27



Fejér’s theorem

If f € L°°(T), with Fourier series Sn(f)(t) = 32 #(n)e™, then

n=—N
1 N—1 .
w
NZSN(f) =Fyxf2sf,
n=0

1 _ ikt L.
where Fy(t) = N SN ST e is Fejér’s kernel.

Under the Fourier transform, the sequence (If';) forms a b.a.i. for the Fourier algebra
A(Z) ~ L'(T) and

Fv-x 5 x Wx e L(Z) ~L™(T),

where

u-Ap=u(n, uecAZ).

Note that L(Z) = C x, Z where ¢ is the trivial Z-action on C.
What about non-trivial crossed products by non-abelian groups?
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Fejér-type approximations in general
Let G be a locally compact group acting on a von Neumann algebra M C B(H) and (, X) be
the associated covariant representation on H ® L?(G) ~ L?(G, H):
ME)(s) = £(t7"s),  (m(@))(s) = (s - a)é(s), s,t€G, €L (G.H), aeM.
There is a canonical A(G)-module action on M x G = span” {\(G)m(M)} given by
u-(em(@)) = u(s)rsm(a), u€A(G), sEG, acM.
It holds that x € {u-x : u € A(G)}" forany x € M x G.

Questions

O Isittrue that x € A(G) -x forall x € M x G?
@ Does x € span” {As(u-x) : s € G, u € A(G)} forany x € M x G?

@ Is there a net u; € A(G) such that u; - x %, x for any x € M x G?

Interestingly, such approximation problems can be interpreted functorially by extending the
crossed product functor () X G to the category of dual operator spaces.
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Tensor products

A dual operator space is a w*-closed subspace of B(H) for some Hilbert space H.
Let X C B(H) and Y C B(K) be dual operator spaces.

@ Spatial tensor product:
X®Y =span” {x®y: x€X, ye Y} CBH®K),
where (x ® y)(h ® k) = (xh) ® (yk),forh € H, k € K.

@ Fubini tensor product:

X@rY = {x € BH®K) : (w®id)(x) € Y and (id ® ¢)(x) € X,

Vw e B(H)x, ¢ € B(K)«}.

° XBY C XY ~ (X.BYi) .
@ We say that Y has property S, if X®Y = X® Y for any dual operator space X.

o (Kraus) Every injective von Neumann algebra M (e.g. of type I) has property S,.
o (Tomiyama) If M and N are von Neumann algebras, then MQN = M® =N.
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Hopf-von Neumann algebras
A Hopf-von Neumann algebra (HvNa) is a pair (M, A), where M is a von Neumann algebra and
A: M — M®M is a comultiplication, that is a normal unital *-injection which is coassociative:
M —2— MEM
(A ®idy)o A = (idy ® A) o A Ai lA@dM
MEM 28 MEmEm
Let G be a locally compact group with left Haar measure.

o L>(G) (regarded as a von Neumann algebra acting on L?(G) by multiplication) is a HvNa
with comultiplication ag: L°(G) — L*°(G x G) ~ L*=(G)RL*(G),

ac(f)(s,t) =1(ts), s,t€G, feL7(G).
o Let \: G — B(L?(G)) be the left regular representation of G:
AE() =€(s7M),  EeLl?(a).

The left group von Neumann algebra L(G) := A(G)” C B(L?(G)), is also a HvNa with
comultiplication d¢: L(G) — L(G)®L(G),

de(As) =A@ Asy, S EG.
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Comodules

Let (M, A) be a HvNa. An M-comodule is a pair (X, ), where X is a dual operator space and
a: X — X®zM is an M-action on X, i.e. a w*-continuous complete isometry which is
coassociative over A:

X — % s XBM
(e®idy)oa = (idx @ A) o al la@idM

X®@zM % XQrMR M

The fixed point space of X is the subspace
X*={xeX:alx)=x®1u}.

An M-subcomodule of X is w*-closed subspace Y C X such that a(Y) C Y®£M, ie. (Y, aly)
is an M-comodule.

An M-comodule (iso)morphism between M-comodules (X, ) and (Z, 8) is a w*-continuous
complete contraction (surjective complete isometry) ¢: X — Z, such that

ﬁoqb:(qb@id;w)ooz.
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Why comodules?

There is a bijective correspondence
{G-actions on dual op. spaces} <— {L°°(G)-comodules}
Namely, an L°°(G)-action o on X corresponds to the G-action y: G — Autth (X),
1

s =a  o(idx ® AdXs)oa, s € G.

Conversely, a G-action -y on X defines a unique L°°(G)-action « such that

((x),w @ h) = /G<7§1(x),w)h(s) ds, x € X, w € X., h€ L'(G),

using that X®L>(G) ~ (X. L (@) -

If G is abelian, then L(G) ~ L>(G) where G is the dual group and G-actions correspond to
L(G)-comodules.

For non-abelian G the dual G is not a group. However, we can use L(G)-comodules as a
substitute for G-actions.
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Comodules vs modules

Let (M, A) be a HvNa. The predual M. becomes a Banach algebra with respect to the product
w¢:(w®¢)oA, w,¢€M*.
Also, every M-comodule (X, «) is an M,-module:

w-x = (dx @ w)(a(x)), w€eM., x€eX.

Remark

The product induced on L'(G) ~ L°°(G). by the comultiplication o is given by
(hk)(t) = (k * h)(1) = /k(s)h(s*‘t)ds, k,he L'(G), t € G.
@

The product induced on the Fourier algebra A(G) ~ L(G) by the comultiplication d¢ coincides
with the pointwise product of functions

(uv)(s) = u(s)v(s), s € G, u,veA(G).
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Non-degeneracy and saturation

Let (M, A) be a HvNa acting on the Hilbert space K and let (X, ) be an M-comodule with
X C B(H). We say that X is non-degenerate if

X@B(K) = span” {(14 ® b)a(x) : b € B(K), x € X}.
The saturation space of (X, «) is the space
Sat(X,a) :={y € XM : (idx @ A)(y) = (e ® idu)(y)}
Obviously, a(X) C Sat(X, ). If a(X) = Sat(X, o), we say that (X, ) is saturated.
Proposition

(i) If (X, @) is a non-degenerate M-comodule, then X = span® {M. - X};
(i1) If every M-comodule is non-degenerate, then every M-comodule is saturated;
(iii) If M = L(G), then the converses of (i) and (ii) hold;

(iv) L°°(G)-comodules are always non-degenerate and saturated.
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Saturation & approximation properties

Let M be a von Neumann algebra. We say that a net ®; € CB,(M) (i.e. the space of completely
bounded normal maps on M) converges to the map ¢ € CB, (M) in the stable
point-w*-topology if

(idp(ezy @ D) (%) 2 (id ey @ P)(x) for all x € B(2)SM.

Proposition

For a HvNa (M, A) the following conditions are equivalent:
(a) Every M-comodule is saturated;
(b) For any M-comodule (X, ), x € mox" forallx € X;

(c) There exists a net {w;} C M., such that w; - x — X in the w*-topology for any
M-comodule X and any x € X;

(d) There exists a net {w;} C M., such that the net {(idy ® w;) o A} C CB,(M) converges to
the identity map idy in the stable point-w*-topology.
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The AP

Definition (Haagerup-Kraus)

A locally compact group G has the approximation property (AP) if there is a net {u;} in the
Fourier algebra A(G) such that u; — 1 in the o(MwA(G), Q(G))-topology.

Every u € A(G) ~ L(G)« defines a map M, € CB,(L(G)) with M,(As) = u(s)As, namely

M, = (id ® u) 0 s L(G) —S L(G)BL(G) 2% L(G)

In other words, M, (x) = u - x, x € L(G) (the canonical A(G)-module action on L(G)).

Theorem (Haagerup-Kraus, 1993)

A locally compact group G has the AP if and only if there exists a net {u; }ic/ in A(G), such that
My, — idy () in the stable point-w*-topology.
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The AP (continued)

Proposition

For a locally compact group G the following are equivalent
Q G has the AP;
@ Every L(G)-comodule is saturated;
@ Every L(G)-comodule is non-degenerate;

© All saturated L(G)-comodules are non-degenerate;
@ Forany L(G)-comodule (Y,8) and anyy € Y, we have y € A(G) -yw*;

@ There exists a net {u; }ic in A(G), such that u; - y 2% y for any L(G)-comodule (Y, ) and
anyy €Y.

v
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Spatial crossed product

For an L°°(G)-comodule (X, ) with X C B(H) the spatial crossed product of X by « is the
w-closed C1,®L(G)-submodule of X®B(L?(G)) generated by a(X). That is the space

X30G =5pan” {(1h ® As)a(x): s € G, x € X}.

Remark
o If avis trivial, i.e. a(x) = x ® 1 for all x € X, then Xx,G = XQL(G).

@ Also, if X is a von Neumann algebra and « is a unital *-homomorphism induced by a
G-action ~y, then from the covariance relations

a((x) = (1@ X)a(x)(1®A")  se€G xeX

it follows that X3, G = (a(X) U (C18L(G)))", i.e. the usual von Neumann algebra
crossed product.
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Fubini crossed product

Let
clawb)=b®a, abcB(L*G)),

Usf(s,t) = Da(t)/?f(st,t),  fel?(GxG), s tea.

For an L*°(G)-comodule (X, ) the map & : X®B(LZ(G)) — XRB(L3(G))RL>®(G), defined as

the following composition:
& = (ldx ® AdUé) e} (ld)( ® O') o (Oé ® idB(LZ(G)))v

is an L°°(G)-action on X®B(L?(G)).

— 2 a®idgu2G) s dy®0 — 0 —
X®B(L*(G)) ——— XQL*(G)®B(L*(G)) —— X®B(L*(G))®L*(G)
i —— lid)(@AdUé
> X@B(L*(G))EL™(G)
The Fubini crossed product of X by « is the fixed point space

a

Xx7 G= ()@B(LZ(G))) = [y e XBB(L2(G)) : aly) =y 1}.
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Alternative definition of X x7 G

Note that if the L°°(G)-action a on X corresponds to a G-action v: G — AutZ. (X), then & is
the L°°(G)-action on X®B(L?(G)) which corresponds to the G-action s € G — vs ® Adps,
where p is the right regular representation

ps&(t) = Da(s)%é(ts), € € L*(Q).
Thus we have
X %7 G ={y € X®B(L*(G)) : (15 ® Adps)(y) =y Vs € G}.

So, if av is trivial, i.e. a(x) = x ® 1 for all x € X, then s = idx for all s € G and hence
X xL G = X®7L(G).
Moreover, it is easy to verify the following

o (C14BL(G))(X xL G) C X %L G;

o a(X)C X xl G

and therefore
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XXaG =X %L G277

@ (Digernes-Takesaki, 1975) If X is a von Neumann algebra and « is an L°°(G)- action on X
which is a unital *-homomorphism, then X ><1af G = Xx,G.

@ (Salmi-Skalski, 2015) If « is an L°°(G)-action on a (non-degenerately represented)
W#.TRO X such that « is a (non-degenerate) TRO-morphism, then X x% G = X% ,G.

Q (Crann-Neufang, 2019) If G has the AP, then XX oG = X x. G for any L*°(G)-comodule
(X, @). For inner amenable (e.g. discrete) G, the converse is also true.

Remark
0 XX oG = X x7 G for any L*°(G)-comodule (X, a) = L(G) has property S,.
Indeed, if a is the trivial action, then XX, G = X®L(G) and X X G = X®~£L(G).
o For inner amenable G, L(G) has property S, <= G has the AP (Crann).
e Counterexample: L(SLs(Z)) does not have property S, (Lafforgue-de la Salle).
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Crossed products of L(G)-comodules

For an L(G)-comodule (Y, §) with Y C B(H) one can define the spatial crossed product of Y by

)
YxsG =span" {(1n®f)d(y): fEL™(G), y € Y}
as well as the Fubini crossed product
F =12(12 5
v} 6= (vaBia))

where 6: Y@B(L3(G)) — (YRB(L3(G)))@+L(G) is the L(G)-action

J = (ldY ® AdWG) o (ldY ® O') o ((5 ® idB(LZ(G)))

and
Weé(s,t) = £(s,st), € €L’(GxG), s teG.
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Dual actions

@ For an L*°(G)-comodule (X, o) with X C B(H), the map
G(x) = (10 © We)(x & 120)) (14 © Wa), x € X <7 G,

is an L(G)-action on X x7 G called the dual of «.
Moreover,
a (XXoG) C (XXoG) ®#L(G).
That is XX, G is an L(G)-subcomodule of (X %7 G, a).
@ For an L(G)-comodule (Y, d) with Y C B(K), the map

5(x) = (1k ® UZ)(x @ 120)) (1 @ Ug), x €Y x3 G

is an L°°(G)-action on Y x7 G called the dual of 6.
Note that § corresponds to the G-action G 5 s — idy ® Adps and

~

3 (Y%5G) C (YR5G)BL™(G),

i.e. YX5G is an L°°(G)-subcomodule of (Y x7 G, g)
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L°>°(G)-comodules are saturated and non-degenerate

Proposition
For any L™ (G)-comodule (X, o) we have a(X) = Sat(X, o) = (X x7 G)a = (XXaG). J

On the other hand, for an L(G)-comodule (Y, §), the L>(G)-comodule (Y x G,3) is
non-degenerate. Using this we obtain the following:

Theorem
Let G be any locally compact group. For any L(G)-comodule (Y, 6), we have Y xI G = YXs G.J

Therefore we can simply write Y x s G instead of Y x7 G or YVC;G.A
Also, for any L(G)-comodule (Y, §), we have Sat(Y,8) = (Y x5 G)°.
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Takesaki-duality for L>°(G)-comodules

Theorem
For any L*°(G)-comodule (X, ) we have

o (X x7 G) xa G = (X%aG) x5 G~ XRB(L*(G));
Sat(XxG,a@) = Sat(X x7;, G,a) =a (X x7, G);
X x7 G={y € X&B(L*G)) : A(G) -y C XxaG};
X31aG = 5pan" {A(G) - (X x% G)};

(XXoG, Q) is the largest non-degenerate L(G)-subcomodule of (X x7 G, Q) and
(X %L G, Q) is the smallest saturated L(G)-comodule containing XX ,,G as a subcomodule.

In particular, XX oG = X X} G <= (X%4G, Q) is saturated <= (X x}, G,Q) is
non-degenerate.

Note: The isomorphism in the first statement is an L°°(G)-comodule isomorphism for the

actions & and a.
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Takesaki-duality for L(G)-comodules

The same ideas apply in the case of L(G)-comodules:
Proposition
For any L(G)-comodule (Y, 6), the map
¢: YBB(L*(G)) — YBB(L*(G))®B(L*(G))
¢ = (idy ® AdW) o (0 ® idg(2(a)));

where WE(s, t) = Da(t)/2¢(s,st™"), s,t € G, € € L3(G x G), is a w*-continuous complete
isometry such that

Q (Y, 6) is non-degenerate if and only if ¢ (YRB(L*(G))) = (Y x5 G) X;G;
Q (Y,9) is saturated if and only if ¢ (YRB(L?(G))) = (Y x5 G) N? G.

Note: In any case, ¢ is an L(G)-comodule isomorphism for the actions Sands.
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A functorial characterization of the AP

Let us summarize:
@ G has the AP iff every saturated L(G)-comodule is non-degenerate;
o (Y, 6)is a saturated L(G)-comodule iff YRB(L*(G)) =~ (Y xs G) ><1§- G;
e (Y,0) is a non-degenerate L(G)-comodule iff YRB(L*(G)) ~ (Y x5 G) %3G

Theorem

For a locally compact group G the following conditions are equivalent:
(a) G has the AP;
(b) X xL G = XXoG for any L™ (G)-comodule (X, a);
(©) (Y x5 G) ><13]~: G = (Y x5 G)x3G for any L(G)-comodule (Y, 6).
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Condition (H)

Using Takesaki-duality we also get the following:

Theorem

Let (Y, ) be a saturated L(G)-comodule. The following are equivalent:
(i) (Z x5 G)x3G = (Z x5 G) ><15f G for any L(G)-subcomodule Z of Y ;

(i) y € A(G) y" foranyy €Y.

In the case where Y = L(G) and § = g we have the next:

Corollary

The following conditions are equivalent:

(i) Foranyu € A(G) we have u € A(G)u| !

(Ditkin’s property at co);
(i) y € A(G) -y " for any y € L(G) (Eymard’s condition (H));

(iii) BimLoo(G)(JL)QAdPG = Bil’nLoo(G)(Jl) x,ﬁp G for any closed ideal J C A(G).
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The ‘dual’ version of condition (H)

Theorem
Let (X, @) be an L*°(G)-comodule. The following are equivalent:
(i) ZX0G = Z %7 G for any L°°(G)-subcomodule Z of X;
(i) y e span” {(1 @ As)(u-y): s € G, uc A(G)} foranyy € X x% G.

Taking X = L°°(G) and o = ag — AdA, we get:

Corollary
The following are equivalent:

(1) ZXanG =2 ><1,]\:d>\ G for any left-translation invariant w*-closed subspace Z of L*°(G);
(i) For any x € B(L?(G)), it holds that

x espan” {Xs(u-X): s€G, ucAG)} (dual condition (H))

where u - (Xsf) = u(s)Asf fors € G, f € L>(G), u € A(G).

Dimitrios Andreou (NKUA) Crossed products & approximation properties March 4, 2022 24/27



A Fejér-property for B(L2(G))

Definition

We say that G has the Fejér-property if there exists a net (v;) C A(G) with u; - x ", x for any
x € B(L*(@G)).

Clearly, if G has the AP, then it has the Fejér-property and the latter implies both condition (H)
and dual condition (H).

Proposition

o If G has the Fejér-property, then XX oG is o(X@B(L3(G)), X« ® B(L3(G)))-dense in
X %7 G, for any L>(G)-comodule (X, c).

o In particular, G has the AP if and only if G has the Fejér-property and X X ,,G is
o(XRB(LA(G)), X« ®@ B(LA(G))«)-closed for any L™ (G)-comodule (X, c).
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Some open problems

o Condition (H): x € A(G) X" Vx € L(G):
o Dual condition (H): x € Bim){A(G) - x} Vx € B(L*(G));
e Fejér-property: 3(u;) C A(G), Vx € B(LA(G)), x = w*-limu; - x.

Questions

@ Are there any groups (e.g. SL3(Z)?) failing either condition (H) or dual condition (H)?
‘What about the Fejér-property?

@ Is any of them equivalent to the AP?

@ Can we find a group G with the Fejér-property admitting some spatial crossed product
XX ,G which is not X, ® B(L?(G))«-closed (thus failing the AP)?

@ Any connection with exactness?
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Thank you for your attention!




