
Quantum path spaces , correspondences ,
and quantum Luntz - Krieger Algebras

Joint with : KifLr , C.gt ,

M.ve#tM.--amiid,L.-IseI,B-NesnsM-Wasilewiei-
(untz-krieg#gbas .

.

input : A - nxn matrix with entries in { 0,13

A = [ ACN.ws] = adjacency matrix of a
simple directed graph -

✓ = vertices
,

I V1 -_ n
← = {F- ≤ vxv = edges ,

iv.w ) c- F- ⇔ Alvin )=±
.

unital

0ft : vi. oersal# - algebra 0A = OG
Gnt_z-k¥algeba

Of = (
* (Sr ,

vev / @K1 ) - ( Cb ) )
-

Cutt -Krieger Relations



@ let) Su is a p-wtialiso-netryv-vc.tl
( su Sisu = 5)

Cuz) it vev , SFS
,
= I swSJACw.io )
WEV

@ u 3) 1oz = ⇐ Su 5¥
.

{0*1 }a - rich class , tractable , (include "most
"

graph /C
'
- algebras

A- = " all 1 's matrix
"

A- = (
' ' - -

1) G = complete
i.

_ _
graph on
n vertices

= kn-8A = On = Cutt - algebra on

n - generators •

Generalize the const A- O
- w A

←
g. adjacency matrices

(⇔ g. graphs )

G¥is )
↳ See M. Dan's

'

recent arxiv

paper.fr/Vl--n-BConsider B = Ccu )
fd

.

G- algebra



A c- Mn (10.1-7) → linear map A :B→B

those

→ A is ¥tdyPtire

A is a - idempotent

B- fd .
F-algebra ( not nee . comm. ) = " CCU) "

A g. adjacency matrix ion B ,
A :B→B I

, #

+ A isaqua_ntans-h_ridapo_te@7.Fi
× a

"

nice
"

faithful state V1 ? B → E

~
" 8- form

"

, a
state X : ☐ → € is a S - for- if

=

m :B④B→ B ( multi )

m☒ : B → ☐☒B ( Hills . space dual w-t.LT/3,X
) )

m☒ is a multiple of an isometry .

Thatis I 8 > o such that

Jmm*=S2idp



↓
If B is abelian I ! unique

F- form on B

←→ " uniform measure on V
"

⇐ dimB-- n

If B is arbitrary ,
but ✗ is a facial 8- form

then it's unique .

m

b =⊕MNa€ ) ,
a-- i (s2=dinB )
✗ =

"

Plainchant
"

trace

=E÷¥ "#
.EE#-----ITa=t..-B=ccv)

,
A :B→B

A = adj . matrix

⇔ /m(AA¥☒=①g?ⁿ
m*n. B→B☒B (Wrt . ✗ = uniform

trace on B)
Definition : Fix B≈

,, ,_ ay .

- X -④ f" - on
B.
↑



(BX) =
"

Measured g. space
" )A . g. adjacency matrix on B is

82
is CP linear map

A :B → B
,

m(A☒A)m*
Call triple
(B.YA) = a quantum

graft
↳ "

A is Sahir idempotent
wrt - ( B.→)

"

.

P×ample# : 4)B- abelian = Ccu ) = en

get usual A c- Mn ( {0,13) ✓

(2) Fix 43,4)
,

A = idps - q . adj . matrix

( Bit,A) = Trivial
g- graph ✓

(B) A - -phism (homomorphism ) of B

( A cp .

, m(A⑦A) = Aom )
He

MIA☒A)m* = Aommt = 82A ✓

(4) A = 8241 . ) 1,3 chef gizq-adI-r.tt



9. analogue of A-= ( !
' - - l

)i I
¢.

→ KCB ,X ) = (Bix
, A) = g. complete
↑ graph •
as above

Goof : Construct analogue of

A-→ 0A
where A :B →B q . adj .

matrix
.

Classify : v - Su C- 0A + Relations
.

:
Quartz : Linewize this !

er = canonical projection in CWD

S :B→ 0A
"

, Su = see ,) * cost .
n -

Cw )

Definition (J F-Uw) = ( Bix
,
#-) = G g. graph

A quantum Cutt - Krieger family in BCH ) is

a linear mop .

5 :B→ BIH )
,
sink that :



let µ : BCH )④But) → BCH)

multiplication .

CQCKI ) .MG④ a) ( 5×05×05)a④m7m☒ = S

V-as.ca?SlaHf-4--S'a#EMnaCBcn))
⑥ cuz ) M / 5⊕s)m* = µ (s ☒E)m* A

scats 'a) = I s " 's 'b)
*Aha

⑧u } ) Mls 5)M " / 1B) = £
- '

1-
Bae )

¥:¥⇔=scxGY☒id(ss⇒*)
= 1-

12€ : B = abelian = CCU )

the QCK# =

Ck1thaESCneD-SvEOf-B-a@MNa.I
a.dopledmatri-itsca.it?--fiYc-Mna-get:--Sa'--

[ Si:D ,
s = Slf )

Bi



are dynamical objects !
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(urretd_n 1 Is there an analogue of this
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