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1. The Hilbert matrix, brief history.

The (one sided) Hilbert matrix is
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Its (i,7) entry is
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where (u,) is the moment sequence

1
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of the Lebesgue measure on [0, 1].
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We will present some known results for the induced operator on
spaces of analytic functions, and then discuss the continuous version
of the operator



Brief history

Hilbert’s double series theorem (1900):

(0. ¢]
Ay A
Zzn+nk+1 <7Tnz:%a?” a, > 0.

k=0 n=0
Proof published in H. Weyl’s dissertation (1908), and the best con-
stant m was found by I. Schur.

Generalized by Hardy and M. Riesz (1925) on the [? spaces:

If (a,) € 1P, (b, ) 19, 1/p+1/qg =1, then

I
n b
oyl syl

n=0 k=0
with the constant ( ) best possible.

By duality, if 1 < p < oo and (a,) € I?, then Hilbert’s inequality:

Equivalently the operator H : I — P, (a,) — (A4,)
A,=3 %
Z n+k+1

i1s bounded and

| H||w—wr = 1 <p<oo.
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On spaces of analytic functions

Let ID the unit disc in the complex plane C and T the unit circle.

An analytic function on D has a power series f(z) = >~ a,2", and
we may let the Hilbert matrix act on the sequence (a,), to formally

obtain
ag
H = — | "
-3 (St):
The right series is not defined for all f, for example

fe) = =3

is not good, so one has to restrict the domain of H.

We thus consider spaces of functions such Hardy, Bergman and other
spaces. Each of them is defined by restricting the growth of an appro-
priate quantity of functions f in them, which implies restricted growth
for (ay,).

H on Hardy spaces.

The Hardy space H? may be defined as the closed subspace of
LP(T, d6)
HP = closure of the span{e™ :n =0,1,2,...}

We will consider only p > 1 because the guilty function le belongs
to H?, all p < 1.

Functions f € H? have analytic extensions f on D, and an equivalent
definition then for membership to H? is

2 g\ P
I =sup ([P ) <o
r<l 0 m

with |||, = || fllo(r.ae)- H? is a Hilbert space and

o 1/2
1f]l2 = (Zlak2> = [[(an)]le2,

k=0
which identifies H? with [2.



Some properties we need:
oIf1<p<gqg<oothen H* C H! C H? C H'.

e The Riesz Projection
oo

P, : LP(T,d#) — H?, Zf e — N " f(n)e™.

is a bounded operator for 1 < p < .

e Hardy’s inequality: If f (2) =320 yanz" € H' then

—l—l

< 7| fll1-

e Fejér-Riesz inequality: If f € H? then

! 1
[ irwpa < 515,
-1

o If o : D — D is analytic then the composition operator Cy(f) =
f o is bounded on H? and

1+ \90(0)\>1/p

Collgr—mr <
ot = (15



The Hilbert matrix on Hardy spaces

If f(2) =Y an,2" € H' then the series

H = ——
D=3 (L)
is well defined and H(f) is analytic on D because

— g — Jayl

k k
Y —— <y < a|flh
k:0n+k+1 k:0k+1

by Hardy’s inequality. In addition, since

1 1

we obtain OO
P n + k +1 / )
and we have an integral representation
00 1 1
e =Y ([ erwa) = [
n=0 0 0

The Fejer-Riesz inequality guarantees that the last integral is con-
vergent for each z € . Note that it can be seen as an
line integral on the path [0,1). We will need later to change the path

of integration.

”improper”

Observe at this point that H is not bounded on H', i.e. even though
H(f) is analytic on D for all f € H', H(f) does not always belong to

H!. This is the case for the functions

1
M) = T Tos L)

cH! 1<s<2.

The image H(fs) is a function of the same form but with 0 < s < 1,

and when s < 1, f, & H'.



Let p > 1.

In the integral representation

1
1
H = t dt
NE = [ o
change the path of integration to
S
V(s) = 7:(s) GoDiil 0<s<1,
an arc of a circle joining 0 and 1, to get
HNE = [ i (i)
o= 0 (s—1)z+1" \(s—1)z+1
1
- [ wre)as

as an average of the weighted composition operators

An involved calculation then gives:

(i) For 2 < p < o0,
I Tl < 5277 (1 = 5) 7.
(ii)) If 1 <p < 2and f € H? with f(0) = 0 then
T ()l < 5271 = 5)77]| fll

Using the above we find for 2 < p < oo,

1 1
nmusAHﬂM$s[fw%LwrmS

=Bl 1= ) =TI~ )

B sin(%)’

and similarly for 1 < p < 2.



Theorem [Diamantopoulos + S., (2000)]
If 1 <p<oothen H: H? — H? is bounded and
(i) If 2 < p < oo then

7r
| H| gr—mr < —7—=-
sin(7)
(ii)) If 1 <p <2 and f € H? with f(0) =0 then
7T
IH )z < [/ {] 220

sin(7)

H as a Hankel operator.

Recall the Riesz projection Py : LP(T) — H?

o0 oo
g a,em’ —s g an, 2",
—00 n=0

is bounded when 1 < p < co. Let

o(t) =i(m —t)e " € L>(T),
with ||@]| () = 7 and

My(f) = of - LX(T) — L¥(T),

the corresponding multiplication operator. The Fourier coefficients of

¢ are
A 1
n)= , n>0.
o(n) n+1 -
If J is the isometric “flip” operator

J:H? = LX(T), f(e") = f(e ™)

then

M,
LP(T) —2— LP(T)

H=P,oMyolJ . 7.

e 2 . pp

It follows immediately that H : H? — H? is bounded for 1 < p < oo
and

1 < Pl Mol = l@llcoll Pellp = Pyl



Now for ||Py||, it was known from 1968 that

[P llp = l<p<oo,

sin(%)’
and was conjectured that equality holds. This conjecture was proved
by Hollenbeck and Verbitsky (2000). It follows that

HHHH’)_)HPSS-L 1<p<oo

in(Z)’

3

The lower estimate was obtained by M. Dostani¢, M. Jevti¢ and D.
Vukotié¢ (2008) by using the test functions

1
_ P
f(z) = =2 e H’, 0<~vy<1,
then || f,||g» — o0 as v — 1. An involved calculation gives
m _
HE)E) = gy )+ o)
with R,(z) having a uniformly bounded p—integral on the circle for
all v close to 1. This gives

L pll oz = 1H CF) o

T
> | — » — || Ry || 1 .
> Sin(ﬂ)llfwl\ﬂ IRyl Loy
P
so that
0 | By || o (m)
|H|p > | —= —
S FC R TAT
and letting v — 1~ gives
T
H|, > ——.
Il 2 £

Thus we have

Theorem. If 1 < p < oo then H : H? — H? is bounded and
T

Sin(%)'

| H || o mr =



10

H on Bergman spaces.

An analytic f : D — C belongs to the Bergman space AP if
1 = [ 1FGIPAAG) <,

where dA(z) = Ldxdy. They are Banach spaces for p > 1, and A? is

R
2 - ‘an|2
e =30

a Hilbert space with
Functions in A” do not necessarily have boundary values on T.

H cannot be defined on A2: For the function

_ Oo;n 2
f(z)_nz:;log(nJrl)z €4

one has
- 1
H = i .
(£)(0) nz:% o Dlogn 1) divergent

It can however be defined well on AP for p > 2, and has the same
integral representation, as an average of weighted composition oper-
ators. This representation was used, as in th Hardy space case, by
Diamantopoulos 2004, Dostanic Jevtic Vukotic 2008, and V. Bozin
and B. Karapetrovic 2017 to show,

Theorem. If 2 < p < oo then H : AP — AP is bounded and,
T

Sin(%)'

| H || av 20 =



11

A more general representation.

In the integral representation we can use other paths of integration

H)G) = [

we can use various other paths of integration. For example

(s) = ds(2)
where {¢;(z) : 0 < s < 1} is a family of functions such that
(1) ¢s : D — D analytic for each 0 < s < 1,
(2) ¢o(2) =0, ¢1(z) =1 for each z € D,
(3) ¢s(2) is differentiable in s.

Then we obtain
0¢,(2)

H(f)(2) =/0 %ﬂgﬁs(z))dt.

In particular if o : D — C, h(0) = 0 is univalent and starlike and
Vs(2) = h™1(sh(2)), then 14(D) C D and 14(0) = 0. The functions
s (2
o) = 2,

are self-maps of D by Schwarz’s Lemma, with the required properties.
We then find

h(z) [
H(f)(2) = "2 | w2 F(éx() ds
where w(z) = (1—z§h’(z)
For the choice h(z) = ﬁ we recover the representation of A in
terms of T}, while the choice
1
h(z) =1
(2) = log 7—

gives

H(f)() = Llog /Olf (1 G 2)8> ds.

11—z z
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About the spectrum of H on H?.

n—1

Let F, = (—— be the finite section of H of size n. Then
1+7+1 i,j=0

det(F,) = (1= DY

(2n — )11
where n!! = [[;_, k!. For example
1
det(F3) = ——
etlF) = 3160
1
det(Fg) =
et(F%) 186313420339200000’
1
det(Fg) ~ m

In particular the inverse of Fj, has very large integer entries and
the computation of its eigenvalues is a very sensitive problem. In Nu-
merical Analysis, F}, are typical examples of “ill-conditioned” matrices,
difficult to use in numerical computation.

Various papers from 1950 - 1960, discuss H and more general ver-

sions of it like .
H=|—], XeC.
A (z +j+ A)

concentrating mostly on the spectrum on {? and in the “latent roots”.
A latent root is a phony eigenvalue in the sense that the correspond-
ing eigenvector is not necessarily in the space under consideration. For
H)y, this will be a complex number ¢ for which there is a nonzero se-
quence (z,), not necessarily in /%, such that
S 0,1
kz_on—l—k‘—l—)\ = G EE L
Some typical results are,
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Theorem [Hill, J. London Math. Soc. (1960)]

) is defined by
<n> (—Dkr(k + )k +1— p)

Suppose x,, = x, (A, it
n

— k ET(k+ M)
where 0 < Re(y) < 1. Then
= T s
- ) = 07 17 27 o
z::n+k+/\ SiIl(?T,LL)x "
i.e Singw) is a latent root of H,.

Theorem. [W. Magnus, (1950)]

The spectrum of H = Hj on [* (and thus on H?) is the interval
[0, 7], and there are no eigenvalues.

A more complete study of the point spectrum on Hardy spaces was
done recently by A. Aleman, A. Montes and A. Sarafoleanu, for

Hy,, M\eC \ 7,
(note that H = H; is not included). They find that on H?, 1 < p < 2,

1 1
{,W :—<Re(a)§—}
sin(ra) 2 p
are eigenvalues with corresponding eigenfunctions
ga(z) = (1 = 2)%Fi(a+ 1,a+ X\ \; 2)

These eigenvalues disappear when p > 2. In general the spectrum of
H is not known except on [* = H?.
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Some generalized versions of H

Given a measure y on [0, 1) we can consider the moment sequence

fj = / t du(t),
[0,1)

and the resulting Hankel matrix

Mo M1 f2 -
H, = M1 2 p3 .

M2 H3 M4 -
For f(z) = >, a,2z" analytic on D we have formally

H,(f)(z) = Z ( Mn+kak> 2"

n=0 \k=
If p satisfies

(+) w((t,1)=0(1-1), t—=1,

then u, = O(1/(n + 1)) and using Hardy’s inequality it follows that
the power series H,(f) is analytic on D for every f € H' and

HE) = [ S dnte)

Condition () is known to be equivalent to that the operator H), :
H? — H? is bounded.

Theorem|P. Galanopoulos and J.A. Pelaez, 2010]

Suppose u satisfies (x), then
1. H,: H' — H' is bounded if and only if

t,1))1
(¢, 1)) log
2. H,: H' — H' is compact if and only if

pl(t, 1)) log —— = of(1 = 1)),

Similar Carleson measure conditions make H,, bounded or compact on
Hardy, Bergman and other spaces.

=0((1—-1¢)), t—1,
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Changing the kernel function

The integral giving H can be written

/f ﬁdt /1f(t)g’(tz dt

where g(z) = log(% For any ¢ analytic on D we may consider

/f "(tz) dt,

and ask to find for which symbols g the induced H, has desired prop-
erties as a transformation on function spaces.
Observe that,
1. If g is a polynomial then H, is a finite rank operator.
2. H, is linear in g,
H>\91+M92 = )\Hgl + p’ng )\,,LL S (Ca
thus if X is a space o functions then the set
V={¢g:H,: X = X is bounded}
is a linear space and contains the polynomials.
We can define a norm
lgllv = 1g(O)[ + [ Hyllx~x, g€V,

to make (V|| ||v) into a normed space. The closure
Vo = closure of polynomials in V

is a linear subspace and H, : X — X is a compact operator, for g € V.
3. We have

Hy(f)(z) =) ((

n=0
= Ay o H(f)(2)

where Ay is the coefficient multiplication operator by the sequence
A = (n+1)g(n +1). In particular if g has gaps, then H,(f) has the
same gaps for every f.

= f(k)
kz:n-l—k-l—l)

0
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Mean Lipschitz spaces.

If1<p<ooand f e LP(T)

wp(f,t) = sup ( /0 2ﬂ|f<9+h>—f(9>pd9)l/p,

0<h<t

the integral modulus of continuity of f. For 0 < a < 1 the mean
Lipschitz space A (p, «) is

Ap.a) ={fw(f, 1) =O(t"), t = 0}.
A (p, ) decreases in size as either of p,« increase. If o > ]l) then

A (p, @) consists of continuous functions. The borderline space A (p, %)

contains unbounded functions, in fact

1 1
EA(p,—), all p > 1,
1—2z P

and these spaces increase with p but they stay always inside BMO A:

1 1
A<q,—) CA(p,—) C BMOA, 1<¢g<p< oo,
q p

log

Theorem.(P. Galanopoulos, D. Girela, J.A. Pelaez, and A. S. 2011)

Suppose g is analytic on D. Then
1. If 1 < p < 2then Hy : H? — HP is bounded if and only if

geA@j>
2. For 2 <p < oo, if H,: H? — H? is bounded then g € A (p, ]lj)

IfgeA (q, %) for some ¢ < p then H, : H? — H? is bounded.
3. If 2 < p < oo. Then H, : AP — AP is bounded if and only if

gGA(p,}%).
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Continuous analogue
(Work in progress with A. Aleman and D. Vukotic)

Let U={z=x+1y:y > 0}, the upper half-plane. For 0 < p < oo,
HP(U) contains the analytic functions f : U — C such that

1 fIIb = sup My(y, f) < oo

O<y<oo

where
[ee]

My, f) = / @+ i) dr < 0.

—00

They are Banach spaces for 1 < p < oco. For f € HP(U), the limit
lim f(z + iy) = f*(2)
y—0
exists a.e. on R and

12 = / (o) P

oo

Thus H?(U) can be viewed as a subspace of L?(R).

The continuous Hilbert operator is

f(Q)
C+z

e = [ a

Choosing the path of integration to be the straight line from 0 to co
passing through z and parametrizing it as

’y(s):ljsz,0<s<1

e = [ s (1) s

i.e. H is an average of composition operators.

we find
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Using Minkowski’s inequality in its continuous form, and making a
change of variable we obtain

= ([ pucse v apar)”

y>0 00
1 00 1 s ' p 1/p
< [ (sw [~ ] ar) o

1 L L 00 1/p
:/ s'Tr(1 —5)7 (sup/ | f(u+ iv)]” du) ds,
0 v>0 J —00
= (sm(p)) ||f“p

Thus ||H|| mry—mrw) < sin

7

hSEE]

In order to go further we need some facts from Harmonic Analysis.
Let X be a Banach space and L(X) the space of bounded operators
on X. View L(X) as a Banach algebra, (L(X), o).

Let {T;}ier be a strongly continuous group of isometries on X. For
¢ € L'(R) define

/gb OT(f)dt, feX.

It is clear that T, € L(X) and

oo

1Tl ox < / 6(8)] dt = ||6]| ey

Then the map T : L}(R) — L(X), T(¢) = Ty satisfies

T(¢p 1) =T(¢)T())
for ¢, € LYR) so it is a homomorphism between (L!(R),x*) and
(L(X),0).

With the above setting, using results from Banach algebras (mainly
the work of W. Arveson) the following spectral theorem holds,
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Theorem. Let X a Banach space, {T;} a strongly continuous group
of isometries on X with infinitesimal generator T'. For ¢ € L'(R) let

:[f¢wﬂumu fex.

Then Ty has spectrum

o(T;) = (o(I)

where gg 15 the Fourter transform of ¢,

= /_ : B(t)e " dt.

In our case, we start with the integral defining H and evaluate it
again on a straight line through z, now parametrized as v(t) = ¢z,
—00 <t < 00.

nne = [ Ma— [~ 5
—/ 1_1 epf(e z)dt

/ Sy (OT(f)(2) dt

T(f)(z) = e

is a group of isometries of H?(U), and

z)dt

where

SIS

fle'z)

Pp(t) = et +1°

The group {T;} is strongly continuous on HP?(U). Its infinitesimal
generator is the unbounded operator
f(2),

ruxwz—wm@—g

with spectrum o(T') = R. Further ¢, € L'(R) and

[:%@ﬁ:$§>

SAE
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The Fourier transform of ¢, is found to be
R 0 e(l—%)t
Pn(s) /_ o ‘ el +1

. om .
2mier e 271

2mi

P _mi
er _627rs epre~ TS _ ¢ pefs
271

ei(%—&-iﬂs) . e—i(%—i—iﬂ's)

v

sin(Z + ims)
Applying the theorem we find that the spectrum of H on HP(U) is
o(H) =

Note that takmg s = 0 says that ( ) belongs to the spectrum so

s € R}

sin(Z + ms)

that ||H][| > - ) This together Wlth the upper estimate gives

|H], = 1 <p< 0.

sin(%)”
Similar arguments cab be used to study H on Bergman and other
spaces of the upper half plane.

Thanks for your attention
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