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Today’s menu

1. Neutral words and generalized left-quotients on P

2. Constructible right ideals and Xin Li’s C˚s pPq

3. Universal Toeplitz algebra TupPq

4. Action of P˚ on Dλ and faithful representations of TλpPq

5. Uniqueness theorem for general P

6. Uniqueness for ‘topologically free P ’

7. (Universal boundary quotient)



Generalized left quotients on a submonoid of a group
Suppose P Ă G is a submonoid of a group and let

α “ pp1, p2, . . . , p2kq with pj P P , a word of even length

α̃ “ pp2k , . . . , p2, p1q the reverse word

9α “ p´1
1 p2p

´1
3 p4 ¨ ¨ ¨ p

´1
2k´1p2k P G the generalized left quotient

(or multifraction)
9Wα :“W ˚

p1
Wp2

W ˚
p3
¨ ¨ ¨W ˚

p2k´1
Wp2k

, pWp : p P Pq in a C*-algebra

Define

K pαq :“ P X p´1
2k p2k´1P X p´1

2k p2k´1p
´1
2k´2p2k´3P X ¨ ¨ ¨ X 9̃αP

Last week:

If p ÞÑ Lp denotes the l.r.r. of P and if 9α “ e, then

9Lα “ 1Kpαq as an operator on `2pPq



Words, constructible right ideals, and projections
α PW; 9α “ e neutral words of even length under concatenation

K pαq Ă P constructible right ideals under intersection
9Lα “ 1Kpαq P Bp`2pPqq operators in l.r.r. under composition

New idea [X. Li, ’12]: only consider isometric representations that
respect the K pαq.

Definition (X. Li ’12)
A representation of P by isometries Wp is covariant (Li-covariant)
if eKpαq :“ 9Wα is a s.a. projection that only depends on K pαq for
each neutral word α. Automatically, eKpαqeKpβq “ eKpαqXKpβq.

Definition (X. Li ’12)
The semigroup C*-algebra C˚s pPq is the C*-algebra generated by a
universal covariant isometric representation pvp : p P Pq.



The C*-algebra C ˚s pPq

Since 9Lα “ 1Kpαq, the l.r.r. Lp is Li-covariant, hence vp ÞÑ Lp
extends to a homomorphism πL : C˚s pPq Ñ TλpPq.

The restriction of πL to the diagonal Ds :“ C˚p 9vα : 9α “ eq sends
9vα ÞÑ 1Kpαq and maps Ds onto Dλ “ C˚p1Kpαq : 9α “ eq.

However, Ds Ñ Dλ is injective only if the projections 1Kpβq are
linearly independent (X. Li ’12).

We say that P ‘satisfies independence’ if the projections
t1Kpβq : 9β “ eu form a linearly independent set.

Equivalently, P satisfies independence if

whenever K pαq “
Ť

βPF K pβq for some finite set F of
neutral words, there is β P F such that K pαq “ K pβq.



Independence can fail

Example (X. Li ’17) Consider the (additive) subsemigroup

Σ “ Nzt1u “ t0, 2, 3, . . .u Ă Z.

Principal ideals are of the form
K pe, n, n, eq “ n ` Σ “ tn, n ` 2, n ` 3, . . .u.

The constructible (and nonprincipal) ideal

K p3, 2, 2, 3q “ ΣX p´3` 2q ` Σ “ ΣX p´1q ` Σ “ 2` N,

satisfies
2` N “ p2` Σq Y p3` Σq

So independence fails on Σ. By a result of Xin Li,
DspΣq and DλpΣq are not canonically isomorphic.

Hence C˚s pΣq is not a good ‘universal model’ for TλpΣq.



A universal Toeplitz C*-algebra

Definition (L-Sehnem ’21)
The universal Toeplitz algebra TupPq is the universal C*-algebra
with generators ttp : p P Pu subject to the relations
(T1) te “ 1;

(T2) 9tα “ 0 if K pαq “ H with 9α “ e;

(T3) 9tα “ 9tβ if α and β are neutral words such that K pαq “ K pβq;

(T4)
ś

βPF p
9tα ´ 9tβq “ 0 if F is a finite set of neutral words such

that K pαq “
Ť

βPF K pβq for some neutral word α.

Surprising fact: (T1), (T2), and (T3) force p ÞÑ tp to be an
isometric representation of P that satisfies Li-covariance!

In other words, (T1)–(T3) constitute a presentation of C˚s pPq.



(T3), (T4), and independence

Recall the last two relations:

(T3) 9tα “ 9tβ if K pαq “ K pβq

(T4)
ś

βPF p
9tα ´ 9tβq “ 0 if K pαq “

Ť

βPF K pβq

‚ For all P , (T4) ùñ (T3).

Reason: simply take F “ tβu.

‚ If P satisfies independence, (T3) ùñ (T4).

Reason: by independence, K pαq “
Ť

βPF K pβq can only occur if
one of the K pβq equals K pαq, in which case (T4) holds because
the factor p 9tα ´ 9tβq vanishes by (T3).

Corollary: If P satisfies independence, then TupPq “ C˚s pPq.



A Li-covariant representation that fails (T4)
Let W be the obvious representation of Σ “ Nzt1u “ t0, 2, 3, . . .u
on `2pNq, obtained by taking the l.r.r. of N and ‘throwing away’ L1.

W is Li-covariant and thus gives a representation of C˚s pPq.

Recall the basic failure of independence on Σ:

K p3, 2, 2, 3q “ 2` N “ p2` Σq Y p3` Σq “ K pe, 2, 2, eqYK pe, 3, 3, eq

(T4) would require the product

pW ˚
3 W2W

˚
2 W3 ´W2W

˚
2 qpW

˚
3 W2W

˚
2 W3 ´W3W

˚
3 q

to be zero, but evaluation at δ1 P `2pNq shows it is not 0.

So W fails (T4) and does not give a representation of TupPq.

The computation shows directly that C˚s pPq fl TupPq
and also that DspΣq fl DupΣq.



A generalized jointly proper condition

We say that the family tWp : p P Pu is jointly proper if
ź

αPF

pI ´ 9Wαq ‰ 0

for every finite collection F ĂW.

Lemma [L-Sehnem ’21]: Suppose tWp : p P Pu satisfies (T1)–(T4).
Then

tp ÞÑWp

extends to a C*-algebra homomorphism

TupPq
πW
ÝÑ C˚pW q

and Du
πW
ÝÑ DW is an isomorphism iff W is jointly proper.



universal diagonal = reduced diagonal

The left regular representation pLp : p P Pq is jointly proper,
to see this just evaluate projections at δe .

Hence
Du – Dλ.

Why is the Lemma about diagonals and not about isomorphic
images of TλpPq?

One reason is the possible failure of amenability (always an issue).

But there is something more remarkable associated to the possible
presence of invertible elements P˚ :“ P X P´1 Ă P .



Jointly proper is not enough when P˚ ‰ teu

First recall
Theorem [X. Li ’17]: If P˚ “ teu, then a given representation of
TλpPq is faithful iff it is faithful on Dλ.

Corollary: If P˚ “ teu, then a representation of TλpPq is faithful
iff it is jointly proper.

What if the group P˚ “ P X P´1 of units in P is nontrivial?

Take P “ P˚ “ G . Then there are no proper constructible right
ideals, so every representation is jointly proper (vacuously).

We still have Du “ Dλ “ CI , but e.g. if G ‰ teu is abelian, any
character gives a proper quotient of TλpPq “ C˚pG q.

Hence we need something extra when P˚ ‰ teu.



The action of P˚ on Dλ

For each u P P˚, Lu is unitary and there is an action γ of P˚ on
Dλ “ C˚p 9Lα : α PWq given by

γup 9Lαq “ 9Lpe,u,α,u,eq “ Lu 9LαL
˚
u .

In fact, γ is the restriction of a partial action of G on Dλ and

Dλ ¸γ,r P
˚ Ă Dλ ¸γ,r G – TλpPq

i.e. Dλ ¸γ,r P˚ embeds canonically in TλpPq.

Theorem [L-Sehnem ’21]: The subalgebra Dλ ¸γ,r P
˚ has nontrivial

intersection with every nontrivial ideal of TλpPq.

Equivalently:
a representation of TλpPq is faithful iff it is faithful on Dλ ¸γ,r P

˚.



Idea of the proof
Key step: if ρ is a representation of TλpPq that is faithful on
Dλ ¸γ,r P

˚, then there is a conditional expectation Φρ that
completes the commutative diagram.

TλpPq
ρ

ÝÝÝÝÑ C˚pρq
§

§

đ

Φλ

§

§

đ

Φρ

Dλ
ρ|Dλ
ÝÝÝÝÑ Dρ

and the bottom horizontal arrow is an isomorphism.

The construction of Φρ is an adaptation for general submonoids of
groups of the direct argument given for QLO groups from
[L-Raeburn ’96], which, borrows itself heavily from Cuntz’s proof of
uniqueness of On.



A general uniqueness theorem

If we assume weak containment, the faithfulness result can be
reformulated as a universality + uniqueness theorem for TλpPq.

Theorem [L-Sehnem]: Suppose the conditional expectation
Φu : TupPq Ñ Du is faithful, and let pWp : p P Pq be a collection of
elements satisfying (T1)–(T4).

Then the map Lp ÞÑWp extends to a C*-algebra homomorphism

TupPq
πW
ÝÑ C˚pW q

and πW is an isomorphism iff its restriction to Dλ ¸γ,r P
˚ is an

isomorphism.

For a class of monoids P it is possible to decide uniqueness based
solely on joint properness of W .



Universality and uniqueness for (TF) monoids

We will say that the monoid P Ă G satisfies condition (TF) if for
every u P P˚zteu and every finite collection C of proper
constructible right ideals, there exists t P Pz

Ť

RPC R such that
ut R tP˚. (equiv. utP ‰ tP)

Theorem (L-Sehnem ’21)
Suppose P Ă G satisfies (TF) and Φu : TupPq Ñ Du is faithful. Let
pWp : p P Pq be a collection of elements satisfying (T1)–(T4).

Then the map Lp ÞÑWp extends to homomorphism

TλpPq
πW
ÝÑ C˚pW q

and πW is an isomorphism if and only if W is jointly proper.



Sketch of proof
Since Φu is faithful,

πL : TupPq
–
ÝÑ TλpPq

so TλpPq is universal and πW exists.

It suffices to show that when P is (TF) and W is jointly proper,
then πW is faithful on Dλ ¸γ,r P

˚.

By Archbold–Spielberg, building upon work of Tomiyama:

representations of Dλ ¸γ,r P˚ are faithful whenever they
are faithful on Dr ðñ P˚ ýDr is topologically free

Condition (TF) precisely characterizes semigroups P for which
P˚ ýDr is topologically free.

And from before, πW is faithful on Dr iff W is jointly proper.



Relative orthogonal complements

Emerging Moral:

The relevant information about families isometries
modeling the l.r.r. seems to reside in the interrelations
among the relative orthogonal complements of their range
projections and of the projections associated to
constructible right ideals.

We have seen two such instances: (T4) and the joint properness
condition.

Next we’ll briefly sketch another construction that relies on these
complements to give a presentation of Sehnem’s covariance algebra
and show that it constitutes an appropriate universal version of the
boundary quotient for TupPq.



The (reduced) boundary quotient of TλpPq

Recall first Xin Li’s definition of the boundary quotient of TλpPq,
generalizing that for QLO from [Crisp-L ’07].

For P Ă G , Xin Li realized TλpPq as the reduced crossed product

TλpPq “ C pΩq ¸r G

of a partial action of G on Ω “ σpDλq.

As it turns out, Ω always has a smallest closed invariant subset BΩ
and the (reduced) boundary quotient is

BTλpPq :“ C pBΩq ¸r G .



Strong covariance and universal boundaries

For a boundary quotient (defined in terms of a universal property)
we may take
1. The full partial crossed product C pBΩq ¸ G .
This is a special case of a more general construction
2. Sehnem’s strong covariance algebra for the canonical product
system with one dimensional fibers over P Ă G ,

These ought to be quotients of TupPq.

Indeed, it is possible to write extra relations which when added to
(T1)–(T4) give Sehnem’s strong covariance ideal and providing a
simplified presentation of the strong covariance algebra in terms of
generators and relations.



Foundation sets and the covariance algebra
Definition: Let S be a constructible right ideal of P . We say that a
finite collection C of constructible ideals is a foundation set for S , if
R Ă S for all R P C and for all p P S , one has

pP X
´

ď

RPC
R
¯

‰ H.

C is proper if Sz
`
Ť

RPC R
˘

‰ H. So that (T4) does not apply at S!

Boundary relations:
ź

βPA

p 9wα ´ 9wβq “ 0

for neutral α and proper foundation set tK pβq | β P Au for K pαq.
Note: The relations corresponding to foundation sets that are not
proper already fall within the original (T1)–(T4).

Theorem: The covariance algebra is the quotient of TupPq by the
boundary relations. (several other characterizations are also given)



Purely infinite simple boundary quotients

We say that P Ă G satisfies condition (PI) provided that

for all p, t P P with p ‰ t there is s P P such that psP X tsP “ H.

Theorem (L-Sehnem ’21)
Let teu ‰ P Ă G . If P satisfies (PI) then BTλpPq is purely infinite
simple. The converse implication also holds if the boundary action
is amenable, in the sense that C¸CP P – BTλpPq via the canonical
map ΛB.



Thanks once again!


