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Hu-otawpntd yvéueva (semicrossed products)

‘Eotw duvapixd obotnue (X, ) émouv X cvunayhc Hausdorff xou
¢ : X = X ouveyric ouvdptnon. ©¢tw € = C(X) xa yio xdde
x € X avanapiotdy otov Hy 1= (?(Z):
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Hu-otawpntd yvéueva (semicrossed products)

Opilw H := ®xex Hx
() := ®xex mx(f)
S = @XGX SX
To nui-otowpwtd Yvouevo € X ¢ Zy eivon 1 xAelot undhyeea
(O *-undhyePea) tne B(H) mou mapdyetar and To
{n(f): fe €} U{S}.
EMéyyeton 6tu ixavomoteiton vy ‘covariance relation’

n(f)S = Sn(fo9)
(ométe Sr(f)Sn(g) = S2x(fo¢)n(g) = S?r((fod)g) x ).

‘Enetoan 611 10 € Xy Zy ebvan 1) xheloth| Uxn Ohwv twy

N
‘tohuwvouwy’ Y, S"r(fy) pe ouvteheotéc mt(fy) and v €.
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C*-dynamical systems

Definition

A C*-dynamical system (C*DS) is a pair consisting of a
C*-algebra ¢ (here unital, for simplicity) equipped with a
*-endomorphism a : € — ¢. When « is bijective (i.e. an
automorphism) we call (¢, ) reversible.

Examples

e ¢ =C, action a: trivial.

o ¢ = 1~ — (%) as diagonal operators, action a: shift (?).

e ¢ = C(T) — %(L?(T)) as multiplication operators, action «:
(irrational) rotation. (e But can consider non-commutative € .)

Definition
A covariant pair for the C*DS (¢, a) is a pair (7, U) consisting
of a *-representation = : ¥ — #(H) and a unitary U on the
same space H satisfying the covariance condition

n(x)U = Un(a(x)) forall xe%. (Icov)



Existence of covariant representations

May assume € C #(Hy). There always exists a covariant
representation (r, U) which is faithful on <.

Idea: ‘Enlarge’ the space (if necessary) to accomodate a U so
that 7(a(c)) = U*n(c)U Ve € ¢ holds.
Consider

H = (3(Z) ® Ho := {(£(n))nez : £(N) € Ho ¥, ZII& ), < oo}

and Up: H— H:

Up: (....E(~2),E(~1), 800 &(1),¢(2),...)



Existence of covariant representations

Represent as matrices with entries in Z(Hp),

a~'(c)
mo(c) =diag(a"(c)) = el
a(c)
0
1, [0
Uo = Ty O
1H0




The reduced C*-crossed product

We proved that the seminorm

= 1Y Usmo(cx)
P

Y ufer
K

= H(Uo X J'L'o) (Z Uka>

k

#(H) #(H)

is in fact a norm on <%, and is clearly an algebra seminorm
satisfying the C*-condition. Therefore the completion of % in
this norm is a C*-algebra.

Definition

The C*-reduced crossed product ¢ ., Z associated to the
C*DS (¢, a) is the completion of <7 in the norm |-||,.
Equivalently, it is the concrete C*-subalgebra of Z(Hy ® (?(Z))
generated by mp (%) and Up; it is the closure of <% in the norm
of Z(H).



Examples

e ¢ = C, action «: trivial:
oy trigonometric polynomials, & xq.rZ = C(T).

o ¢ = (= — JB((?) as diagonal operators, action a: shift.
€ XarZ— PB(£?) is called the uniform Roe algebra.

e © = C(T) — %(L3(T)) as multiplication operators, action a:
irrational rotation. € x4, ,Z = C*(U, V) (“universal’) where U, V
unitaries satisfying VU = AUV (Weyl).



The reduced C*-crossed product

Definition

The C*-reduced crossed product ¢ x r Z associated to the
C*DS (¥, ) is the completion of 2% in the norm ||-||,.
Equivalently, it is the concrete C*-subalgebra of Z(H)

generated by mp (%) and Up; it is the closure of <% in the norm
of Z(H).

Fact The reduced crossed product € x4 , Z does not depend
on the way ¥ is represented: if the identity representation

¢ — PB(Hy) is replaced by any faithful representation

m : ¢ — %(Hy) then the resulting norm ||-||; . coincides with
HHr on .



The full C*-crossed product

... but recall that we wanted the full crossed product to ‘encode’
all covariant pairs (U, ), so we defined, for p € <,

llpll, = sup{||(U x m)(p)| : all covariant pairs (=, U)}.

(Recall (U x ) (Lxukck) =Lk Urn(ck)
Since clearly || Xy ufckl|, < ||k u¥ck]|,. we have also shown
that the seminorm |||, is also a norm on <.

Definition
The full crossed product ¢ x Z of the C*DS (%, &) is the
completion of the covariance algebra % in the norm ||-||..

Corollary (Universal property)

There is a bijective correspondence between covariant pairs
(m,U) and representations of the C*-algebra ¢ x4 Z.



The full C*-crossed product

Since || Lk ukek||, < || Tk v ek

,» the identity map
(0, [I-.) — (0. 11lI;)

is contractive, hence extends to a contraction (and also a
*-morphism)

AiCXqZ — € X rZ

which is onto (why?).

But is this map 1-1 on the full crossed product?

In general, not necessarily (for example, when we have an
action of F» instead of Z).

But in the case of Z, the answer is YES!



Injectivity of A

If ac ¢ xy7Z and A(a) =0, need to show a=0.
In case a= Y, ukc is in 4%, we have

0=A7A(a)=Y U§m(ck) W o =0vk = a=0
K

(inj): To €youue deilel.

But how to find the ‘Fourier coefficients’ ¢, for general
acd =% xqL?

And secondly, if all Fourier coefficients of some a € o/ are 0,
does it follow that a=07?



Fourier coefficients

For k € Z, define

Ey:olg— €)Y u"ch— c.
n

Clearly linear. Also ||-||-contractive: for &,n € Hy of norm one,

(emS M p, <ZU07FO ck)(eo®8), (em®n)>

H

Z UO o Ck)

=Y u"cy

n

= |(Cmém) | <

<L u"cn
r n *

#(H)
= [|Em(@)lly = llemlly < lall, < llall, vaec



Fourier coefficients

Thus Ex extends to a linear contraction on the ||-||,-completion:

Butif A(a) =0, i.e. [[A(a)||, =0 then ||Ex(a)
all k € Z. So all we have to prove is the
Claim If Ex(a) =0 for all k € Z then a= 0.

: injectivity of the ‘Fourier transform’!

< < 2 (a)]l, =0 for



Locating Ex(a)
Define dual or gauge action (of T) first on «7: for e € T, let

0; (; u”c,,) =Y (e"u)"c,

n

Claim. Each 6; extends to an isometric *-automorphism of

E X L.

Proof For each *-rep p = U x & of %, p o 6; is another. Hence
lp(6r(a))ll < llall, when a € «%. Taking sup, [|6:(a)|.. < |all..

Thus 6 defines an action of the group T on ¢ x4 Z.
The group {6; : €' € T} is called the dual automorphism group.
Now we calculate, first when a € .« and then for general a € &7,

1

2rn
—imt §¢ M
o /0 6n(a)e ™ dt — U™ Enm(a).



Finally...

Proposition
Each a € ¢ xq Z belongs to the ||-||,-closed linear span of

{UKE\(a) - k e Z}.

Proof ... Hahn-Banach and injectivity of the usual Fourier
transform on C(T)!

So, if all Ex(a) vanish, then a must vanish.
We have shown that if a€ <7 and ||a||, = 0, then a=0.
Therefore the map

AiCXNq — € XL

is injective, hence an isometric isomorphism! O



iMuchas gracias, hasta la proxima!
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