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B(AH)

Let 57 be a Hilbert space. The algebra of all bounded linear
operators T : . — ¢ is denoted B(¢). It is complete under

the norm
[ TI = sup{[| Tx|| : x € b1(2) }

Moreover, it has an involution T — T* defined via
(T*x,y)=(x,Ty) forallx,ye 2.
This satisfies

| T*T|| = | T|? the C* property.



C*-algebras

Definition

(a) A Banach algebra o7 is a complex algebra equiped with a
complete submultiplicative norm:

labl| < |all[|bl]-
(b) A C*-algebra 7 is a Banach algebra equiped with an
involution' a — a* and a complete submultiplicative norm (i.e.
|labl| < ||al|||bl|) satisfying the C*-condition
|atal| =||al® forall ac «.

A morphism ¢ : o/ — % between C*-algebras is a linear map
that preserves products and the involution.

Morphisms are automatically contractive, and 1-1 morphisms
are isometric (algebra forces topology).

'that is, a map on .« such that (a+ Ab)* = a* 4+ Ab*, (ab)* = b*a*, a™* = a
foralla,be .o and A € C



Basic Examples

mC

m C(K): K compact Hausdorff, f*(t) = f(t): abelian, unital.

m Co(X): X locally compact Hausdorff, f*(t) = f(t): abelian,
nonunital (iff X non-compact).

Gelfand - Naimark Theorem |

All abelian C*-algebras can be represented as Cy(X) for
suitable X.

m M,(C): A* = conjugate transpose,
| All = sup{||Ax||5 : x € £2(n), | x||, = 1}: non-abelian, unital.
B %(s¢): non-abelian, unital.

Gelfand - Naimark Theorem |l

All C*-algebras can be represented as closed selfadjoint
subalgebras of #(.7¢) for suitable 7.



Nonexamples:

m AD) = {f € C(D) : f|p holomorphic} 2
A closed subalgebra of the C*-algebra C(D) but not a
*-subalgebra, because if f € A(D) then f is not holomorphic
unless it is constant: A(D) N A(D)* = C1: antisymmetric
algebra.

m T, ={(aj) € Ma(C): a;=0fori>j} (upper triangular
matrices).
A closed subalgebra of the C*-algebra M,(C) but not a
*-subalgebra. Here T,N T, = Dy, the diagonal matrices: a
maximal abelian selfadjoint algebra (masa) in Mj,.

B M, (C): infinite matrices with finite support.
To define norm (and operations), consider its elements as
operators acting on ¢?(N) with its usual basis. This is a
selfadjoint algebra, but not complete.
Its completion is % , the set of compact operators on (?: a
non-unital, non-abelian C*-algebra.

2D={zeC:|z]<1}.




Matrix algebras

e If o7 is a C*-algebra and n € N, the space M,(.<) of all
matrices [a;] with entries a; ¢ <7 becomes a *-algebra with
product [a;][b;] = [cj] where ¢ = ¥« @by and involution
[aj]" = [dj] where dj = dj.

How to define a norm?

Special cases:

e Suppose 7 is Cy(X); then norm M,(Co(X)) by identifying it
(as a *-algebra) with Co(X, M), i.e. Mp-valued continuous
functions on X vanishing at infinity.

e Suppose < is a C*-subalgebra of some #(.7#); then norm
Mn(<) C Mp(B(2)) by identifying M,(%#(¢)) with Z(#7").
General case: Use Gelfand - Naimark.



Hopdderyo

Avamapiotd Tov £° og dlaydvioug teneotéc H = (2(Z.):

D(c) =
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Iowd ebvor 1 [xAetoth] ypopuxr Tixn ‘Tohuwviuwy’

Lhoo S*D(ck):



Hu-otawpntd yvéueva (semicrossed products)

‘Eotw duvauixd ovotnue (K, o) énouv K cuunayhc Hausdorff xou
0 : K = K ouveync ouvdptnom. ©étw € 1= C(K) xa yio xdde
x € K avanapioth otov Hy := (3(Z,):

fx 0 0 0 ]
0 f(x) 0 0
me(f)=diag(f(c"(x))=| 0 0 f0x) 0
" 0 0 0 f(x)
(6mou fE€E, Xp=0"(x))
(0000 ..
1000
S,=|0 100
0010

Adpoilw:



Hu-otawpntd yvéueva (semicrossed products)

Opil(k) Tf(f) = @XeKnx(f)
S:= @XEKSX
otov H:= @y Hx.
To nui-otawpmTd YVOUEVO € X Zy eivon 1) XAl TH UTAAYEBpa
(O *-undhyePea) tne B(H) mou mapdyetar and To
{n(f): fe €} U{S}.
E\éyyeton 6tu ixavomoteiton vy ‘covariance relation’

n(f)S = Sxn(foo)
(onéte Sn(f)Sn(g) = S?n(foo)n(g) = S?n((foo)g) x.hr.).

‘Eneton 6Tt 10 € X Z4 eivon 1) xhetoT| Vhxn O 0V Twv

N
‘tohuwvopwy’ Y, S"n(fy) pe ouvteheotéc m(fy) and v €.
n=0



Yrtowpwtd yivoueva (crossed products)

AV G 0uoloUop@IoP6S UTop VoL Bdhe %8s Hy := (2(Z), xou
iy (f) =diag(f(c"(x)),n € Z xou otn 9éom tou Sy To bilateral shift

() = [i€3) Si— 1 [gn o

1

To otawpnmt6 Yvouevo € X Z eivar 1) xheloth *-undhyeBea tne
PB(H) mouv napdyeton and ta {n(f): f € €} U{S}. Eivar n xhetoth

N
Wpun Ghwv TV ‘TprymvopeTedy Tohvwvipeny’ Y S"r(fy) pe
n=-N

ovvteheotéc m(fy) and v €.




‘Eva cuyxexpluévo mapddetyuo

Eow K=T={e:tc[0,2n]} xu o(e) =Le" = ef¢e' énou
6 /2m dppnroc. Oétouue Hp = L?(T,u) (uétpo Lebesgue).

H avaropdotaon m napdyeton arn’ thv emdva tou m(§) (6mou
E(e") = e). Agol epupudoouye petaoynuatioud Fourier

F :Hy — H, o () anodewvietar 6Tt avtiototyel otov unitary
teheot V = M, dnhoadi:

(VENz2)=2E(z) EcHpz=6€"€T.

Erniong o tekeotic S avtiotoiyel otov unitary tekeotq U tou
opileton and

(UE)(2)=£(A2).

Ou tekeatéc autol xavormololv Ty covariance condition
vU =AUV

(~ n oxéon Weyl tnc KBavtounyovixic).
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