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TrevBion: Khaotkée ko KBovtikée kataotdoslg

Av S eivou (Temepaiopévo) ovvolo, pLaL KAXLOLKY) KALTALOTOLOT OTO
S eivou éva pétpo TbavédtnTag U oto S.

Ap: to ohvolo Twv kAo kataotdoswv oto S ={0,1...,n}.
ewpeTpikd To A, givow n-8ldotaoto simplex:

A, = {(poapla"'?p") GR:_JF]- Pl Pk = 1}

Av H eivou pryadikédg xopog Hilbert (memepaopévng ddotaong),
po kBavtikt kaetdotaon otov H eivou évag Betikde p € 61(H) pe
Tr(p) =1.

D(H): to obvolo twv kBovtikdv kataotdoewv otov H.



Khaotkée ko KBovtikée katauotdoelg

D(H)={p € €1(H):p >0, Tr(p) =1}
T0 oUVOAO TwV KPaVTIK®OV Kataotdoewy otov H.
ewkdtepal:
Av o stvan C*-&AyeBpa pue povdda, state eivan pio Betiky
ypopptks popet w.ef — C vopuog 1.

Mo o7 = A(H) pe dim H < oo, states eivaw akptBdg ot kBavtikég
kartoeotdoeg: 0(A) = Tr(pA).

Mo o7 = C° 1 yewkétepa 7 = C(K), states eivar akpiBig to
pétpa TbavédTnToc.



Quantum Channels

Av & : B(H) — B(K) (dimH.dim K < =) Bé\w 1 Suwkd
o*: 61(K) — G1(H) va oTéAvel KATAOTAOELG OF KATULOTAOELS,
SnA. ©*(D(K)) C D(H).

Ed&
(®%(p), T) = (p,®(T)) Vpecb(K),TecAB(H)

émov (p,A) =Tr(p"A).

Ewdikétepa 06w ®* > 0 (positivity preserving = positive)
(loodbvapa ¢ >0)

kaw Tr(®*(p)) = Tr(p) Vp (woodbvopa d(/)=1.)

MNapathpnon Av @3(D(K1)) C D(H1) kouw @35(D(K2)) C D(Ho),
Bo HBeha

(®1®®3)(D(K1® K2)) € D(H1 ® Hy).



Mopdaderyoa

&1 My — My A— A' (avdotpoyog) ko o : My — My : B — B
Betikée, aMAd N P1 @Dy Mo @ Mo — My @ M, éxu:

) ) 1 001
A= 21 22 = 8 8 8 8 Betikde, ah&
100 1
_ L0 0 0]
(P1D2)(A) = E; g; = 8 (1) (1) 8 &yt Betikde.
0 0 01

OpLopée

Mia ameikévion & : o7 — B uetalt C* adyefpdv eivar mAfpwe
Betikr) (completely positive) av n @, =dR1: o @M, > B M,
eivat Betiktj yia kdOe n € N. [pdpouvue & >, 0.

MNopathonon & @ M, ~ M, ().



Quantum Channels

Av &7, 3 eivow CP téte ¢ @ O eivou CP.
M awté opiloupe

Opiopég

Quantum channel Aéyetar pia amekdédwion ®* : 61(K) — 61(H)
(H,K menepaouévne bidotaonc) av eivar mAfpwe Betiki kat
Statnpel to ixvoc (completely positive trace preserving, CPTP)
woobbvaua avn ®: B(H) — B(K) eivar tAfpwe Betikij kat
Statnpel tn povdda | (unital completely positive, UCP).

Oedpnpoee (Choi)

Mia & : B(H) — B(K) (H,K menepaouévne didotaonc) eivat
mAtipwe Oetiki (® >, 0) av kat puévov av vrdpyouv
Al,..., Ay € B(H,K) dore

N
o(X)= Y AXAl na kdbe X € B(Hy).
i=1



Quantum Channels

Oewpnua (Choi)

Mia & : M,, — M, eivar mAdpwc Betikn av kat udvov o mivakac
[®(Ejj)] € M™" eivar BeTikde.

N
Aré tn oxéon (X)) = ¥ A,-XAIT g0KoAOL TIPOKUTLTEL OTL
i=1

®>,0 <= O >,,0.
N

Entiong n ® eivaw UCP av kow pédvov av Y A,-A,T =1/ eved N P elvor
i=1

N
CPTP (quantum channel) ov kou pévov av Y A:fA,- =1

i=

N
H ocuvbikn Y A;.TA,- = | woduvapel pe tav VIV =1
i=1

SMA. V woopetpia, 6mou V = [A1, Ay,..., An] HY — K (86
H=C"K=Cm).



CP maps and Stinespring’'s Theorem

Examples of compl. positive maps from a C* algebra o/ to #(H):
A *-morphism 7 is positive (because m(a*a) = n(a)*m(a) >0 Va).
Hence a *-morphism is a cp map (because 7, is a *-morphism).

A map a— V*aV is a cp map.

(here o7 C A(Hp) and V € B(H, Hp)).

Hence a — m(a) — V*x(a)V is a cp map.

There are no others: Every cp map factorises as above.

Theorem (Stinespring)

For every unital cp map ¢ from a C* algebra o7 to B(H) there is
a triple (m,K, V) where 1t is a *-representation of </ on K and
V :H— K is an isometry such that

¢(a)=V*m(a)V forall ac .

We say the *-rep. 7 is a dilation of the cp map ¢ via the
embedding V: H — K.
[There is also a uniqueness condition.]



Reminder: The GNS construction

Theorem (Gelfand, Naimark, Segal)

For every state ¢ on a C* algebra </ there is a triple (7, Hy,&p)
where Tty is a *-representation of o/ on Hy and &y € Hy a cyclic 1
unit vector such that

¢(a) = (my(a)éy, &) forall ac .

The GNS triple (my,Hy, &) is uniquely determined by this relation
up to unitary equivalence.

Stinespring’s Theorem can be considered as an operator-valued
version of the GNS construction.

lie. my (/)& is dense in Hy.



Stinespring: Operator-valued GNS

Theorem (Stinespring)

For every unital cp map ¢ from a C* algebra </ to AB(H) there is
a triple (w, K, V') where &t is a *-representation of </ on K and
V :H — K is an isometry such that

¢(a)=V*r(a)V forall ac <.

When & = B(4#1), one can write % = /i ® 7% and n(a) = a®|.



Proof of Stinespring (Sketch)

Consider the linear space & @ H =span{a® & :a€ &/ £ € H}
When H=C then &/ @ H ~ &/ .

Define semi-inner product (a®&,b®@n), := (5, 9(a"b)n)y
(extend linearly).
When H = C then (a,b), = ¢(a"b).

Since ¢ is cp prove (¥, an®&n, Lmam ®E&m)y > 0.
By Cauchy-Schwarz the set A" :={u€ & ®H: (u,u), =0} is
a linear space.

Define Ko := (&7 ® H)/.#" and complete with respect to
[[u]lly == {/([u],[u]) to get the Hilbert space K
(here [u] = u+ N).



Proof of Stinespring Il

o acts on &/ ® H via mp(a)(b® &) =ab® &
(When H=C, my(a)(b) = ab).

@ Now my(a)(N) C N so mp(a) induces a map m1(a) on Kp.

Prove that ||m(a)([u])ll, < [[all [[[u]lls- Hence m1(a) extends
to a bdd operator m(a) on K.
Easy: m:a— n(a): o/ — B(K) is a *-representation.

B Define V- H—-K: & —>1,0& = [1,®E&]. V satisfies

IVENG = (1ol 1®E]), = (§,0(1 1)), = &
hence is an isometry V : H— ¢ and for all £,1 € H,
(€, Vin(a)Vn)y = (V& m(a)Vm)y = (18] z(a)[l@n])k

= (A&l [awn)k = (5,017 a)n)y
so V'r(a)V =¢(a). O
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