
Notes on the irrational rotation nonselfadjoint

algebras

Aristides Katavolos
(partly based on joint work with M. Anoussis and I.G. Todorov)

As before, 1 fix θ P R s.t. θ
2π is irrational. Let A “ CpTq, G “ Z and

pαnfqpzq “ fpeinθzq pf P A, n P Z, z P Tq.

The semicrossed product CpTq ¸α Z` is a closed subalgebra of the irra-
tional rotation algebra CpTq ¸α Z (why?). 2

Thus the representation π ˆ λ : CpTq ¸α Z Ñ BpL2pTq restricts to an
isometric representation of CpTq ¸α Z` given by (flip) 3

pπ ˆ λqp
n
ÿ

k“0

δk b fkq “
n
ÿ

k“0

V kπpfkq

where V is the generator λ1 of tλn : n P Z`u given by

pV gqpzq “ gpeiθzq, g P L2pTq.

The C*-algebra CpTq is the closed algebra generated by ζ and ζ̄, where
ζpzq “ z; hence πpCpTqq Ď BpL2pTqq is generated by U :“ πpζq and U˚ “
πpζ̄q. Therefore CpTq ¸α Z` is generated by tU,U˚, V u and the crossed
product CpTq ¸α Z :“ Aθ is generated by tU,U˚, V, V ˚u. They satisfy:

UV “ eiθV U (the Weyl relation).

For µ P T, let Vµ : L2pTq Ñ L2pTq be given by Vµf “ fµ where fµpzq “
fpµzq. The map µ Ñ Vµ is a SOT-continuous group homomorphism into

1semiuv, March 29, 2015, compiled April 6, 2015
2 This is non-trivial; one shows (see e.g. [2]) that the norm of the semicrossed product

(defined as a sup over all covariant pairs pπ, T q with T a contraction coincides with the
(a priori smaller) norm of the crossed product, where the sup is taken over pπ, Uq with U
unitary.

3This is a minor technicality.
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the unitary group of BpL2pTqq; hence it is weak* continuous (because it

takes values in a ball). Observe that Veiθ “ V . Note that pyVµfqpnq “

µn pfpnq. 4 More generally, if a “ panqnPZ P l8pZq, let Da be given by

pyDafqpnq “ an pfpnq; thus Da is the image, under conjugation by the Fourier
transform, of the diagonal operator on `2pZq given by pxjq Ñ pajxjq. Let
D “ tDa : a P `8pZqu. This is a masa on L2pTq (being unit. equivalent to
the diagonal masa on `2pZq.)

l_rotgen Lemma 1. The weak* closed operator algebra on L2pTq generated by V
coincides with D. In particular, it contains V ˚.

Proof. Since µ Ñ Vµ is weak* continuous and teinθ : n P Nu is dense in
T, the weak* closed algebra generated by the set tV n : n P Nu equals
tVµ : µ P Tu and hence is selfadjoint. Since it is weak* closed, it is equal to
its bicommutant which is clearly D.

Remark 2. By contrast, the weak* closed operator algebra on L2pTq gen-
erated by U is non-selfadjoint; it is equal to tMf : f P H8pTqu. In fact, the
weak* closed operator algebra generated by U and V does not contain U˚.
5

Proof. Recall that H8pTq “ tf P L8pTq : f̂pkq “ 0 for k ă 0u.
It is well-known that the Cesaro means of the Fourier series of any

f P L8pTq converges to f in the weak-* topology on L8pTq induced by
L1pTq. Thus any f P H8pTq is a weak-* limit of polynomials in ζ (analyic
polynomials) and hence Mf is a weak-* limit of polynomials in U .

On the other hand, the weak-* continuous linear form T Ñ
@

Tζ0, ζ´1
D

annihilates all polynomials in U, V (since
@

UkV lζ0, ζ´1
D

“
@

Ukζ0, ζ´1
D

“ 0
when k ě 0) but does not annihilate U˚ (since

@

U˚ζ0, ζ´1
D

“ 1).

p_nest Proposition 3. The w*-closed subalgebra of BpL2pTq generated by tU, V u
is the nest algebra AlgN of all operators T P BpL2pTqq leaving all elements
of N “ tNn : n P Zu invariant, where Nn “ tf P L

2pTq : f̂pkq “ 0, k ă nu.

Proof. Clearly, U and V belong to AlgN , hence so does the weak* closed
operator algebra that they generate.

By Lemma 1, the weak* closed algebra generated by V is equal to D. On
the other hand, if a P c00pZq, the matrix of U lDa with respect to the basis
tζkukPZ has the sequence a at the l-th diagonal below the main diagonal

4 f Ñ f̂ : L2
pTq Ñ `2pZq is the Fourier transform.

5 This also follows from Proposition 3, since U˚ does not leave Nm invariant.
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and zeros elsewhere. It follows that all lower triangular matrix units belong
to the weak* closed algebra generated by U and V , and hence it equals
AlgN .

Remark 4. Observe that LattU, V u “ tζkH2 : k P Zu. Thus, every invari-
ant subspace of tU, V u is actually reduced by the semigroup generated by V ;
hence it is invariant under the “larger” semigroup generated by tU, V, V ´1u.

After Fourier transform L2pTq Ñ `2pZq:

U „

»

—

—

—

—

—

—

—

—

—

—

–

. . .
...

...
...

...
...

. . . 0 0 0 0 0 . . .

. . . 1 0 0 0 0 . . .

. . . 0 1 0 0 0 . . .

. . . 0 0 1 0 0 . . .

. . . 0 0 0 1 0 . . .
...

...
...

...
...

. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, V „

»

—

—

—

—

—

—

—

—

—

—

–

. . .
...

...
...

...
...

. . . λ̄2 0 0 0 0 . . .

. . . 0 λ̄ 0 0 0 . . .

. . . 0 0 1 0 0 . . .

. . . 0 0 0 λ 0 . . .

. . . 0 0 0 0 λ2 . . .
...

...
...

...
...

. . .

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

We write A`θ and A``θ for the norm-closed subalgebras of Aθ generated
by tU, V, V ˚u and tU, V, Iu respectively.

Now N becomes the Z-ordered nest on `2pZq with non-trivial elements
Nm, m P Z where Nm “ rek : k ě ms; thus UpNmq “ Nm`1 Ă Nm and
V pNmq “ Nm. It follows that U, V and V ˚ lie in the nest algebra AlgpN q
and so

A``θ Ă A`θ Ď Aθ XAlgpN q.

We have shown in Proposition 3 that the weak-* closure of A``θ is the whole
of AlgpN q, and so the same is true for the w*-closure of A`θ (but this might
be obvious anyway). Thus

W ˚pA``θ q “W ˚pA`θ q “ AlgpN q.

On the other hand, since Aθ is an irreducible C*-algebra, its w* closure
is BpHq.

For the proof of the following Proposition, we shall need a conditional ex-
pectation Ψ : Aθ Ñ C˚pV q. This is constructed as follows (see [1, Theorem
VI.1.1] for more details):
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There is a *-automorphism ρt of Aθ given on the generators by ρtpUq “
eitU and ρtpV q “ V . Moreover for all a P Aθ the map tÑ ρtpaq is (norm-)
continuous. Thus the integral

Ψpaq “
1

2π

ż 2π

0
ρtpaqdt

exists. It is easy to see that Ψ is linear positive unital and }Ψ} “ 1.
On easily verifies that if a “

ř

k,l ck,lV
kU l is a finite sum,

Ψpaq “
ÿ

k,0

ck,0V
kU0.

It follows by continuity of Ψ that it is an idempotent mapping Aθ onto the
C*-subalgebra C˚pV q generated by V ; it is a conditional expectation.

The following formula holds for all a P Aθ

Ψpaq “ lim
n

1

2n` 1

ÿ

|k|ďn

V kaV ´k.

This can be verified when a is a finite sum as above; 6 hence it is valid on
the whole of Aθ by continuity.

Any a P Aθ has a formal expansion:

a „
ÿ

nPZ
ΨpaU´nqUn.

When a “
ř

k,l ck,lV
kU l is a finite sum, one verifies that the above formula

is in fact an equality.
For general a P Aθ, the means of the partial sums sum skpaq“

ř

|n|ďk

ΨpaU´nqUn

converge in norm to a. Indeed,

σmpaq :“
1

m` 1
ps0paq ` ¨ ¨ ¨ ` smpaqq

“
ÿ

|n|ďm

ˆ

1´
|n|

m` 1

˙

ΨpaU´nqUn

“
ÿ

|n|ďm

ˆ

1´
|n|

m` 1

˙
ż 2π

0
ρtpaU

´nq
dt

2π
Un

“
ÿ

|n|ďm

ˆ

1´
|n|

m` 1

˙
ż 2π

0
ρtpaqe

´int dt

2π
“

ż 2π

0
ρtpaqknptq

dt

2π

6use the fact that lim
n

1
2n`1

ř

|k|ďn e
iks
“ 0 unless s “ 0
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where kn is Féjer’s kernel. We all know that if f is continuous (even Banach-
space valued), then

ş2π
0 fptqKnptq

dt
2π Ñ fp0q and so σnpaq Ñ ρ0paq “ a.

Proposition 5. We have A`θ “ Aθ XAlgpN q. In other words A`θ is a nest
subalgebra of a C*-algebra.

Proof. Suppose that a P Aθ XAlgpN q, so apNmq Ď Nm for all m P Z.
In order to show that a P A`θ , it suffices by the discussion above to show

that in the expansion
ř

nPZ ψpaU
´nqUn the terms ψpaU´nqUn vanish when

n ă 0.
Claim. Since apNmq Ď Nm, the same holds for each monomial ψpaU´nqUn.
Proof. Recall that ψpaU´nq is the limit of convex sums of terms V kaU´nV ´k

for which we have

V kaU´nV ´kpNmq “ V kaU´npNmq Ď V kapNm´nq

Ď V kpNm´nq “ Nm´n

and therefore ψpaU´nqpNmq Ď Nm´n so that
ψpaU´nqUnpNmq Ď ψpaU´nqNm`n Ď Nm as claimed.

Now ψpaU´nq P C˚pV q; write ψpaU´nq “ fnpV q for some continuous
function fn on the spectrum of V (which is actually the whole of T; why?).

By the Claim, for each m P Z, we have fnpV qU
nem P Nm and so

xfnpV qU
nem, em`py “ 0 when p ă 0. But fnpV qU

nem “ fnpV qen`m “

fnpβ
n`mqen`m (where we write β “ eiθ) and so we obtain

0 “ xfnpV qU
nem, em`py “

@

fnpβ
m`nqem`n, em`p

D

“ fppβ
m`pq.

Since this holds for all m P Z and θ is irrational and fp is continuous, it
follows that fp must vanish identically. Thus fppV q “ ψpaU´pq “ 0 for all
p ă 0, and so a „

ř

ně0 ψpaU
´nqUn is in A`θ .

Proposition 6. The inclusion A``θ Ă A`θ is proper.

Proof. If ppU, V q “
ř

k,lě0 ck,lU
kV l is a polynomial in A``θ , then the diago-

nal of V ˚´ ppU, V q is the operator V ˚´
ř

lě0 c0,lV
n whose norm is at least

1. Thus }V ˚ ´ ppU, V q} ě 1 for every polynomial in A``θ , showing that V ˚

is (in A`θ but) not in A``θ .
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In more detail, for each n P Z (writing β “ eiθ again)

xpV ˚ ´ ppU, V qqen, eny “ xV
˚en, eny ´

ÿ

k,lě0

ck,l

A

UkV len, en

E

“
@

β̄nen, en
D

´
ÿ

k,lě0

ck,l

A

Ukβlnen, en

E

“ β̄n ´
ÿ

k,lě0

ck,lβ
ln xen`k, eny “ β̄n ´

ÿ

lě0

c0,lβ
ln

and thus

}V ˚ ´ ppU, V q} ě sup
n
| xpV ˚ ´ ppU, V qqen, eny | “ sup

n
|β̄n ´

ÿ

lě0

c0,lβ
ln|.

But since tβn : n P Zu is dense in T, the last supremum is the same as
supt|z̄ ´

ř

lě0 c0,lz
l| : z P Tu. But this is at least 1. 7 Therefore finally

}V ˚ ´ ppU, V q} ě 1

for any polynomial ppU, V q, and so V ˚ is not in the closure A``θ of such
polynomials.
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7 The functions ζkpzq “ zk are orthonormal in L2
pTq, and so

supt|z̄ ´
ÿ

lě0

c0,lz
l
| : z P Tu2 “

›

›

›

›

›

ζ´1 ´
ÿ

lě0

c0,lζl

›

›

›

›

›

2
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ě

›

›

›

›

›

ζ´1 ´
ÿ

lě0

c0,lζl

›

›

›

›

›

2

2

“ }ζ´1}
2
2 `

ÿ

lě0

c0,l }ζl}
2
2 ě 1.
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