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Let1

A = A(R3) := {f ∈ C0(R3) : ∃φ ∈ L1(R3) s.t. f = φ̂}, ‖f‖A = ‖φ‖1 .

Here φ̂(y) =
1

(2π)3/2

∫
R3

φ(x) exp(−ix · y)dm(x)

where x · y = x1y1 + x2y2 + x3y3 and m is Lebesgue measure on R3. Schwartz showed that the
unit sphere in R3,

E = {y ∈ R3 : |y| := (y21 + y22 + y23)1/2 = 1}

does not satisfy synthesis, i.e. that J(E) ( I(E).
To prove this, we shall construct a linear functional ρ on A, continuous for ‖·‖A, which annihi-

lates all of J(E) but not I(E).

Define

ρ0 : C∞c (R3)→ C : f →
∫
E

∂f

∂y3
dσ

where σ is Lebesgue measure on the sphere E.
The space C∞c (R3) of infinitely differentiable functions of compact support is a dense subset of

(A(R3), ‖·‖A) (exercise). We show that the functional ρ0 is ‖·‖A-continuous:
By Plancherel’s formula,∫

ĥ(y)dσ(y) =
1

(2π)3/2

∫
h(x)σ̂(x)dm(x)

when h and ĥ are in L1(R3). Also recall that D3F = −iFM3, so
∂φ̂

∂y3
= ψ̂ where |ψ(x)| = |x3φ(x)|.

Thus if f = φ̂ ∈ C∞c (R3) then

|ρ0(f)| =
∣∣∣∣∫
E

∂f

∂y3
dσ

∣∣∣∣ =

∣∣∣∣∫
E
ψ̂dσ

∣∣∣∣ ≤ 1

(2π)3/2

∫
|ψ(x)σ̂(x)|dm(x)

=
1

(2π)3

∫
|x3φ(x)σ̂(x)|dm(x)

≤ 1

(2π)3/2
‖φ‖1 sup{|x3σ̂(x)| : x ∈ R3}

and so it suffices to prove that sup{|x3σ̂(x)| : x ∈ R3} <∞.
Recall that

σ̂(x) =

∫
E

exp(−ix · y)dσ(y).

To estimate this integral, fix a nonzero x ∈ R3 of length a and choose an orthonormal basis e1, e2, e3
with e3 = 1

ax. (Observe that a change of basis will not affect the integral, since the integration
is over a spherically symmetric domain). Introducing spherical coordinates y1 = r cos θ sinϕ, y2 =
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r sin θ sinϕ, y3 = r cosϕ where r = 1 (integration is on E), θ ∈ [0, 2π] and ϕ ∈ [0, π], we have
x · y = |x|y3 and so

σ̂(x) =

∫ π

0

∫ 2π

0
exp(−ia cosϕ) sinϕdθdϕ = 2π

∫ π

0
exp(−ia cosϕ) sinϕdϕ = 4π

sin a

a

(indeed
de−ia cosϕ

dϕ
= e−ia cosϕ(ia sinϕ) etc.). Thus we have shown that

|x||σ̂(x)| ≤ 4π

for all x ∈ R3 and hence |ρ0(f)| ≤
√

2
π ‖φ‖1 =

√
2
π ‖f‖A.

It therefore follows that the functional ρ0 extends to a continuous linear functional ρ on
(A(R3), ‖·‖A).

Now ρ vanishes on J(E). Indeed if f ∈ A vanishes in an open neighbourhood of E, it can be
approximated, in the norm ‖·‖A, by a sequence (fn) of elements of C∞c (R3) that also vanish in

an open neighbourhood of E, so that ∂fn
∂y3

also vanishes there and so ρ(fn) = ρ0(fn) = 0, hence
ρ(f) = 0.

On the other hand, ρ does not annihilate I(E). Indeed, take any function g ∈ C∞c (R) with
g(1) = 0 and g′(1) 6= 0 and define f(y) = y3g(|y|2). This is in C∞c (R3), so f ∈ A. When y ∈ E,
f(y) = y3g(1) = 0. Thus f ∈ I(E). But

∂f

∂y3
= g(|y|2) + y3g

′(y)2y3 = 2y23g
′(1)

and therefore

ρ(f) =

∫
E

∂f

∂y3
dσ = 2g′(1)

∫ π

0

∫ 2π

0
cos2 ϕ sinϕdθdϕ = 4πg′(1)

∫ π

0
cos2 ϕ sinϕdϕ =

4

3
πg′(1) 6= 0.
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