
Hilbert modules, TRO’s and C*-correspondences
(rough notes by A.K.)

1 Hilbert modules and TRO’s

1.1 Reminders

Recall1 the definition of a Hilbert module

Definition 1 Let A be a C*-algebra. An Hilbert C*-module over A is a complex vector
space E which is a right A-module and is equipped with an A-valued scalar product satisfying

1. xx, λy � zy � λ xx, yy � xx, yy

2. xx, y � ay � xx, yy a

3. xx, yy� � xy, xy

4. xx, xy P A�

5. xx, xy � 0 ñ x � 0 px, y, z P E, a P A, λ P Cq

and which is complete with respect to the norm

}x}E :� }xx, xy}
1{2
A px P Eq.

An operator T : E Ñ F between Hilbert C*-modules over A is said to be adjointable
(written T P LpE,F q) if there is a linear map T � : F Ñ E such that

xT �f, eyE � xf, TeyF for all e P E, f P F.

When E � F , the space LpEq :� LpE,Eq is a C*-algebra. Recall also the definition of the
‘compact’ operators: For x P F, y P E we define the map θx,y : E Ñ F by:

θx,ypzq � x xy, zy .

This map has the properties

θ�x,y � θy,x, T θx,y � θTx,y, θx,yS � θx,S�y, θx,yθu,v � θxxy,uy,v � θx,vxu,yy.

The closed linear span of the set tθx,y : x P F, y P Eu is a closed subspace of LpE,F q.
We call it the space of ‘compact’ operators and denote it by KpE,F q. When E � F then
KpEq :� KpE,Eq is an ideal in the C*-algebra LpEq.

1katsnotes, 15 April 2013
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1.2 Representing Hilbert modules as TRO’s

If E is a Hilbert module over A and x P E we define two maps

Lx : AÑ E : aÑ xa Dx : E Ñ A : y Ñ xx, yy .

Then we have
pLxq

� � Dx

so that both maps are adjointable (A is a Hilbert module over itself with xx, yy � xy�).
Clearly, }Dx} � }x}; thus the map xÑ Dx is an antilinear isometry into LpE,Aq. Moreover,
the easily verified identity

Dxa� � θa,x

shows that KpE,Aq is contained in the (closed) range of D. The same identity, together
with an approximate unit argument, shows that in fact D maps E onto KpE,Aq. Taking
adjoints, we conclude that

Proposition 1 The map xÑ Lx : E Ñ KpA,Eq is a linear isometric bijection, and
the map xÑ Dx : E Ñ KpE,Aq is an antilinear isometric bijection.

In particular, aÑ La is a linear bijection between A and KpAq and it is easily verified that
it is a *-homomorphism. 2

Thus we may identify E with the linear space KpE,Aq and define its ‘adjoint’ (or ‘con-
jugate’) space Ē to be KpA,Eq (so that Ē is antilinearly isometric to E).

Definition 2 Given T P KpEq, x, y P E and a P A define the following operator on the
Hilbert A-module 3 E ` A:�

T x
ȳ a

�
:

�
ξ
b

�
Ñ

�
Tξ � Lxb
Dypξq � Lab

�
�

�
Tξ � xb
xy, ξy � ab

�
The set of all such operators,

LpEq :�

�
KpEq KpA,Eq

KpE,Aq KpAq

�
�

�
KpEq E
Ē A

�
� LpE ` Aq

is a C*-subalgebra of LpE ` Aq, called the linking algebra of E.

Note that LpEq is in fact a C*-subalgebra of KpE `Aq. In fact, LpEq � KpE `Aq. Indeed,
it is clear that the four “corners” of LpEq are bimodules over the appropriate algebras.
For instance if A P LpEq and B P LpAq then for all θx,a with a P A and x P E we have
Aθx,aB � θAx,B�a P KpE,Aq. Thus if p1, p2 P LpE ` Aq denote the canonical orthogonal
projections onto E and A respectively 4 then given T P KpE ` Aq we see for example that
p1Tp2|A P KpA,Eq � E, etc.

Thus, if one represents LpEq faithfully as operators on some Hilbert space H, then E
can be identified as a closed linear space of operators on H. Of course E is not in general a
subalgebra of BpHq, however it is a ‘ternary ring of operators’ in the following sense

2Labc � pabqc � apbcq � LapLbpcqq and pLaq
�pcq � Dapcq � xa, cyA � a�c � La�pcq.

3with scalar product xpx, aq, py, bqy � xx, yyE � a�b
4 the easily verified fact that xpipxq, yy � xx, pipxqy shows that the pi are adjointable
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Definition 3 A ternary ring of operators (TRO) is a linear subspace X of some BpHq
(or more generally of a C*-algebra B) such that

a, b, c P X ñ ab�c P X .

Indeed, it is immediate that if x, y, z are in E, the corresponding operators X, Y, Z in LpEq
satisfy

XY �Z �

�
0 x
0 0

���
0 y
0 0

�
� �
0 z
0 0

�
�

�
0 x
0 0

� �
0 0
ȳ 0

� �
0 z
0 0

�

�

�
0 x
0 0

� �
0 0
0 xy, zy

�
�

�
0 x xy, zy
0 0

�

and x xy, zy is in E. Sometimes it is useful to think of the scalar product xy, zy as a product
of operators, Y �Z, remembering that this product is not in E � KpE,Aq, but in A � KpAq.

2 C*-correspondences

Definition 4 A C*-correspondence is a quadruple pX,B,A, φq (sometimes written AXB or
pX,φqq where

(a) X is a Hilbert C*-module over B (so we have maps X �X Ñ B : pξ, ηq Ñ xξ, ηy and
X �B Ñ X : pξ, bq Ñ ξbq but also

(b) there is a *-homomorphism φ � φX : AÑ LBpXq.

The correspondence AXB is called injective when φ is 1-1 (hence isometric).

It is called non-degenerate when spantφpAqXu � X.

It is called full when xX,Xy � B (i.e. when spantxξ, ηy : ξ, η P Xu � Bq.

Definition 5 A representation of a C*-correspondence AXB into BpHq, or more generally
into a C*-algebra B is a pair pπ, tq where

π : AÑ B is a *-homomoprhism

t : X Ñ B is a linear map, and

πpaqtpξq � tpφpaqξq

tpξq�tpηq � πpxξ, ηyq a P A, ξ, η P X.

Definition 6 The Toeplitz algebra (or Toeplitz-Cuntz-Pimsner algebra) T pXq of a C*- cor-
respondence AXA is defined to be the C*-algebra C�pπ̄, t̄q generated by the universal repre-
sentation pπ̄, t̄q: it has the universal property that whenever pπ, tq is a representation of X,
there is a *-epimorphism ρ : T pXq Ñ C�pπ, tq satisfying π � ρ � π̄ and t � ρ � t̄.

The Tensor algebra T �pXq is the norm-closed (non-selfadjoint) subalgebra of T pXq
generated by tπ̄paq : a P Au (a selfadjoint subalgebra) together with tt̄pξq : ξ P Xu (a non-
selfadjoint subspace)
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The Toeplitz algebra can be defined as the direct sum of ‘sufficiently many’ representations
pπ, tq of X. But there is an explicit representation, which can be shown to possess the
required universal property, and to be unique (up to *-isomorphism) with that property.
This is the so called ‘Fock representation’.

To construct it, we need the notion of internal tensor product.

2.1 The internal tensor product

Let EA be a Hilbert C*-module over A and let AFB be a C*-correspondence with φ : A Ñ
LBpF q. We construct the internal tensor product E bφ F in three stages:

(i) Let E dF be the algebraic tensor product, and define the B-valued sesquilinear form
x�, �y on E d F as follows

xxb y, ub vy :� xy, φpxx, uyEqvyF ,

i.e.

C¸
i

xi b yi,
¸
j

uj b vj

G
:�
¸
i,j

@
yi, φpxxi, ujyEqvj

D
F
.

This is well defined. 5 In fact x�, �y is positive semidefinite. To see this observe that it may
be written

C¸
i

xi b yi,
¸
j

uj b vj

G
:�

C���
y1
...
yn

�
�� , rφpxxi, ujyEqsMnpAq

�
��
v1
...
vn

�
�� vj

G
F

.

and so, if rai,js is in MnpAq�, then rφpai,jqs is positive because φ, being a *-homomorphism,
is completely positive. 6

(ii) The quotient E bA F � pE d F q{N is balanced over A: thus in E bA F we have

uab v � ub φpaqv.

Indeed, xxb y, uab vy � xy, φpxx, uayEqvyF � xy, φpxx, uyE aqvyF � xy, φpxx, uyEqφpaqvyF �
xxb y, ub φpaqvyF so xxb y, uab v � ub φpaqvy � 0 for all xb y.

Moreover E bA F becomes a right B-module by defining pxb yq � b � xb pybq and x�, �y
induces a scalar product on E bA F satisfying xz, w � by � xz, wy b for z, w P E bA F and
b P B (recall that the scalar product on E bA F is B-valued).

(iii) The completion of EbAF with respect to the norm }z} :� }xz, zy}
1{2
B pz P EbAF q

is a C*-Hilbert module over B (the right action of B extends by continuity). This is called
the internal tensor product of EA and AFB and we will denote it by E bφ F or E b F .

5 For instance if
°

j uj b vj � 0 then for all x P E, since pu, vq Ñ φpxx, uyEqv is bilinear on E � F we

have
°

j φpxx, ujyEqvj � 0 and so
A
xb y,

°
j uj b vj

E
� 0 for all xb y.

6in fact whenever φ is just a completely positive map the above formula defines a semi-inner product on
E d F
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For ξ P E, define
Tξ : F Ñ E bφ F : η Ñ ξ b η

One can check that
T �
ξ : E bφ F Ñ F : xb y Ñ φpxξ, xyEqy .

Indeed, @
T �
ξ pxb yq, η

D
F
� xxb y, TξpηqyEbF � xxb y, ξ b ηyEbF

� xy, φpxx, ξyqηyF � xφpxx, ξyq�y, ηyF
�
@
φpxx, ξy�qy, η

D
F
� xφpxξ, xyqy, ηyF .

It follows that

TξT
�
η : xb y Ñ φpxη, xyqy Ñ ξ b φpxη, xyqy � θξ,ηpxq b y

because, if we write a for xη, xy,

ξ b φpxη, xyqy � ξ b φpaqy � ξab y � ξ xη, xy b y � θξ,ηpxq b y.

Thus
TξT

�
η � θξ,η b I P LpE bφ F q.

Also,

T �
η Tξ : xÑ ξ b xÑ φpxη, ξyqx

so T �
η Tξ � φpxη, ξyq P LpEq.

Definition 7 If AEA and AFA are both C*-correspondences via φ, then E bφ F becomes a
C*-correspondence over A via φ̃ defined by

φ̃paq � φpaq b I, a P A.

2.2 The Fock representation

Let AEA be a C*-correspondence and define a sequence of C*-correspondences over A as
follows

Eb1 � E, Ebn�1 � E bφn E
bn.

Thus each Ebn is a C*-correspondence over A with

xξ1 b ξ2 b . . .b ξn, η1 b η2 b . . .b ηny � xξ2 b . . .b ξn, φpxξ1, η1yqpη2 b . . .b ηnqy

pξ1 b ξ2 b . . .b ξnq � a � ξ1 b ξ2 b . . .b pξnaq

and φnpaqpξ1 b ξ2 b . . .b ξnq � pφpaqξ1q b ξ2 b . . .b ξn i.e. φn � φ̃
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Definition 8 (The Fock space FpEq) This is defined to be the direct sum
À

k E
bk of the

sequence of Hilbert C*-modules over A where Eb0 :� A. Thus

FpEq � A ` E ` pE bφ Eq ` . . .

:� tx � pxpkqq P
¹
k

Ebk :
¸
k

xxpkq, xpkqyEbk converges in the norm of Au.

For ξ P E, recall the map Tξ : F Ñ E bφ F : η Ñ ξ b η. When F � Ebn, we denote this by
tnpξq. Thus

tnpξqpξ1 b . . .b ξnq � ξ b ξ1 b . . .b ξn P E
bn�1.

Note that since tnpξq
�tnpξq � φnpxξ, ξyq, we have }tnpξq}

2 � }φpxξ, ξyq} ¤ }ξ}2. We define
the creation operator on FpEq by

t8pξqpa, x1, x2 . . . q � p0, ξa, ξ b x1, ξ b x2, . . . q

(here a P A and xk P E
bk) and we observe that the map

t8 : E Ñ LpFpEqq

is linear and contractive. We also define the *-homomorphism

φ8 : AÑ LpFpEqq : aÑ diagpa, φpaq, φ2paq, . . . q.

We verify the conditions for the pair pφ8, t8q to be a representation of the C*-correspondence
E:

t�8pηqt8pξq � φ8pxη, ξyq

φ8paqt8pξq � t8pφpaqξq.

The first relation is immediate from t�npηqtnpξq � φnpxη, ξyq. We verify the second:

φ8paqt8pξq : pb, x1, x2, . . . q Ñ p0, ξb, ξ b x1, ξ b x2, . . . q Ñ p0, φpaqξb, φpaqξ b x1, φ2paqpξ b x2q, . . . q

� p0, φpaqξb, φpaqξ b x1, φpaqξ b x2, . . . q � p0, pφpaqξqb, pφpaqξq b x1, pφpaqξq b x2, . . . q

� t8pφpaqξqpb, x1, x2, . . . q

Thus the pair pφ8, t8q is a representation of the C*-correspondence E. Moreover, it is
injective, since φ8 is 1-1. This is obvious since φ8paq � diagpa, φpaq, φ2paq, . . . q.

Theorem 2 The C*-algebra generated by the Fock representation pφ8, t8q is *-isomorphic
to the Toeplitz algebra T pXq.
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2.3 The Cuntz-Pimsner algebra

Definition 9 (The Katsura ideal) For a C*-correspondence AEA, we define an ideal of
A by

JE � ta P A : φpaq P KpEq and ab � 0 @b P kerφu

Note that since FpEq is a right A-module, it is also a right JE-module, i.e. FpEqJE � FpEq.
Consider the ideal of LpFpEqq

KpFpEqJEq � spantθxa,y P KpFpEqq : x, y P FpEq, a P JEu.

Definition 10 (The Cuntz-Pimsner algebra) This is the quotient

OpEq � T pEq{KpFpEqJEq.

This also has a universal property ...

(... to be continued)
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